Calculus1-08

The derivative

The derivative

Definition. Suppose that X, is an interior point of Ds. Then the function f is
differentiable at x if the following finite limit exists:

Fo0 -1 F(xo+h) -
£ (x0) = lim (x) (Xo)=lim (Xo + ) = (Xo)

XX X=X h-0 h

df
The number f' (xp) = - (%) € Ris called the derivative of f at x;.
X

f(xo) f(xo)

Remark. f' (xo) gives the slope of the tangent line of the graph of f at the point (xg, f(xo)).
The equation of the tangent line is y = f(xo) + ' (xo) (X = Xo)

f(x) - f(xg) c-c
Examples. 1) f(xX)=c = f'(x)=lim ——— =1lim =0 VxeR
X% X=X XX X — Xo
f(x) - f(xo) X=Xo
2)f(x)=x = f'(x)=lim——— =lim =1 VxeR
X=X X=X X=X X = Xq
2 2

X* =X
3)f(X)=x* = f'(x)=lim 0=lim(x+x0)=2x0 V xp eR.

X=X0 X = X X-Xo
Find the tangent lineof f at x, = 1. Then f(1) =1, f' (1) =2,
sothetangentlineisy=f(1)+f'(1)(x-1)=1+2(x-1)=2x-1.
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One-sided derivatives

Definition. The left-hand and right-hand derivative f at a are

fo)-f Fx) - f
f.'(a)= lim fw-fo and f.'(a) = lim fx)-1(a)
x-a-0 X-a Xx-a+0 X—-a

respectively, if these finite limits exist.

Theorem. Assume that a € int D;. Then f is differentiable at a if and only if
f'(@)=f"(a)=f,"(a)

Definition. Let a < b. Then f is differentiable on (q, b) if f is differentiable at x for all x € (g, b).
f is differentiable on [a, b] if f is differentiable on (a, b) and 3£, " (a), f.' (a) e R.
The derivative function of f is the function f':{xeDf:3f' (x)}, x> ' (x)

Relation to continuity

Theorem. If f is differentiable at x, then f is continuous at x.

00 -f
Proof. lim f(x) = lim (X) - f(xo)

X=Xo X=Xo X = Xo

(X=xg)+ f<xO>] — ' (x0)- 0+ (30) = F ().

Remark. Continuity is necessary for differentiability but not sufficient.

ifx=0 f(x)-£(0 1 ifx>0
For example, let f(x) = |x|={x I X . Thenatxy=0: M={ ' x>
-x ifx<0 x-0 -1 ifx<0
f(x) - f(x f(x) = f(x
= f,"(Xo) = lim M =landf.'(xg)= lim M =-
X-X+0 X = Xo X-Xp—-0 X=Xy
= fis not differentiable at x, = 0.
Examples
Statement. f(x) = x" (n e N*) is differentiable on Rand f' (x) = n x"1.
v
Proof. f'(a) = lim =lim(x"t+x"2a+...+xa"2+a" ) =na"!
X=a x—q X-=a
Statement. f(x) = sin x is differentiable on R and f' (x) = cos x.
. X-a X+a . X-a
sinx-sina 2sin == -cos == sin—=~ X+a
Proof.f'(a) =lim =lim =lim -Cos =1-cosa=cosa
x-a X—-a x-a X-a x-»a X=d
2
Statement. f(x) = cos x is differentiable on R and f' (x) = -sin x.
. X-0 . X+a . X-a
COS X - cosa =2sin=>= -sin == -sin == X+a . .
Proof. f' (a) = lim ——  =lim =lim -sin =-1-sina=-sina
X-a X-a x=a X-a xoa X4 2
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Statement. f(x) = € is differentiable on Rand f' (x) = €*.

1 e*-1 1 1 1
Proof. If x<1 then 1+x<es— = 1< S(——l)-———
X

1-x X 1-x 1-x
e’ -1 1 e*-1
= 1<lim <lim— =1 = lim =1
x>0 x x>0]1—-x x>0  y
X _ g eX-a_
= f'(a) =lim =¢%lim =e9-1=¢"
x>0 x—q X0 x—q

Operations with the derivatives

Theorem. If f and g are differentiable at a and c e R then
(c-f), (f £g) and (f - g) are differentiable at a and
(1) (cf)' (a)=c-f'(a)
(2) (f£9)'(a)=f"(a)xg'(a)
(3) (f-9)'(a)=f"(a) g(a) +f(a)-g'(a)

1 f
If g(a) £ 0 then — and — are differentiable at a and

1 (@) ’
"(a
(4) (—)'(a):—g2
? f'g(a) f '
5) (_] (@)= (a) (0)2- (@)-g'(a)
g g7(a)
-f —(c-f f(x)=c-f fix)=f
Proof. (1) (cf)'(a)=Ilim (€N -(c )(a)=“mc k)-c (a)=limc- () (a)=c-f'(a)
X-a X-da X-a X-d X-a X-a

(2) (f+g)'(a)=lim

(f+g)(x)-(f+g)(a) (f(X)-f(G) g(x)-g(a)
=lim +
X_a X—=a

)=f'(a)+g'(a)

X-a X-a

f- —(f- f(x)- —f(a)- f(a)- —fla)-
3) (f-g)'(a):lim( g) )= 9)(0):“m (x)-g(x) -f(a)-g(x) +1(a)-g(x) -f(a)-g(a)

X-a X=a X-a

) lim(f(x) SiC JNPINE O

X-a X-a

X—=>a

)=f'(a)'g(a)+f(a)'g'(a)
g(a)-g(x)
4) (3).( g gla) g(a)-g(x) g g'(a)

a)=1lim =lim =lim =-
oo x-a  xag(x)gla)(x-a) 0 g(x)ga)  g*(a)

(5) (f)'(a)=(f-f]'<a>=f'(a)-(i)(a)+f(a).(_9;<")) fla) 9@ -fla)g' (@
g g g g“(a)

Examples

Statement. (tanx)' = and (cotx)'=-

cos? x sin? x
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sin x COS X+ COS X —sin x - (-sin x) 1
Proof. (tan x)' =( )' = =
Cos X cos? x cos? x
CcoSs X —Sin X+ sin X — COS X - COS X 1
(cotx)‘:( )': =-
sin x sin? x sin? x

Linear approximation

Theorem. The function f is differentiable at a if and only if it can be approximated by a linear
function at a, that is, there exists A € R (independent of x) such that

f(x)=f(a)+A(x-a) + &(x) (x-a), wherelimg(x)=0.

Then A=f'(a).

f(x)-f(a)

Proof. 1) Assume that f is differentiable at a and let g(x) =

-f'(a).

x-a
= f(x)=f(a)+f'(a)(x-a)+&(x)(x-a) and lime(x)=0.
2) Assume that f(x) = f(a) + A(x —a) + &(x) (x —a) and lime&(x) = 0.
f(x)-f(a)
=%

=A+e(x)—>Aifx—a
X-a

= f is differentiable at a and ' (a) = A.

Remark. If f is differentiable at a, then L(x) = f(a) + ' (a) (x - a) is the linearization of f at a.
The approximation f(x) = L(x) is the standard linear approximation of f at a.
Then lim (f(x) = L(x)) = 0.

Chain rule

Theorem (Chain rule). If g is differentiable at @ and f is differentiable at g(a) then
fogis differentiable ata and (fog)' =f"(g(a)) - g' (a).

Proof. 1) Since g is differentiable at a then there exists ¢; : D,— R such that
g(x)-g(a)=g'(a)(x-a)+ & (x)(x-a) and lime;(x)=0.

2) Since f is differentiable at g(a) then there exists ¢, : Dr—> R such that
f(t)-f(g(a)) =" (9(a)) (t - g(a)) + &(t) (t - g(a)) and tﬂgﬂ(ﬂa) &(t)=0.

3) Substituting t = g(x):
f(g(x)) - f(g(a)) = f' (9(a)) (9(x) - g(a)) + £2(9(x)) (9(x) - g(a)) =
=f'(9(a)) (9" (a) (x - @) + £1(x) (x - @) + £(9(x)) (9" (a) (X - @) + £1(x) (x - @) =
=f'(9(a)) g' (a) (x - a) + £(x) (x - a)
where
£(x) =f'(g(a)) &1(x) + £2(9(x)) g' (a) + £2(9(x)) £1(x)
If x > athen g(x)— 0, so f o g can be linearly approximated at a
= fogis differentiable at a and we obtain the chain rule.
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Derivative of the inverse

Theorem. Assume that f is continuous and strictly monotonic on (a, b),

f is differentiable at c € (a, b) and f' (c) # 0. Then ™! is differentiable at f(c) and

(F)' (Fc) = —
f'(c)

Proof. 1) Let ¢(x) = f1(x) = o(f(c))=c and f(@(y))=y V y ef((a, b)).

f(x)-f(c) @(y) - o(f(c)) oy)-c 1
.Then =

2) Let F(x) = = =
JLetF()=—— y-f©)  FeW)-f©) Foy)

3) @is strictly monotonic = if y #f(c) then @(y) £ ¢

@(y) - o(f(c)) 1 1
4) If f(c) th "(f(c) = llm —— = lim— = ——
JIfy=f(c)then ¢'(f(©) y—|>rf](16) y-f(c) yl—rn Fly) f'(c)

1
Remark.a+[3=7—T = tanatanB=1 = (f)'(f(c)) =tanB=—— = —
2 tana f'(c)

k. f(f1(x)) = FLF00)(FY) (=1 = (f) () =
Remarl. (1(0) =x = £'(0) () (=1 = () (0= - =

Examples

Statement. Let f(x)=x" (neN*, x*0) = f'(x)=-nx""
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-2 -2
3 -3
1 n-1
Proof: (—) = _g ) = f'X)=(x")'= (_) = _nx = _nx 1
9(x) g*(x) " x2"

Statement. Let f(x) = Q/; (neN*). Then Ds = [0, ) if nis even and Df =R if n is odd.

1 .
= f'(x)=— x-""wherex>0ifnisevenand x #0if n> 1is odd.

n
3 3.0
2 25
1 — X 20 — x
‘ __ 13 15l _
-3 -2 A 1 2 3 X X
2t x5 10 /
0.5
_2,
0.0 :
_3 0 2 4 6 8

Proof. Using the derivative of the inverse:

f)=y=Vx = x=fLy)=y", (F) @) =ny™
1 1 1 1 :
=f'(x)= = = == Xn

T o 77 a({E] a7

If n>1isoddthenf'(0) doesn’t exist and if nis even then f,'(0) doesn’t exist.

(The tangent line at 0 is vertical.)

2 p_
Statement. f(x) = x7 (peZ, g e N*, x> 0) is differentiable and f' (x) = P xat
q
. . ' 1 —l—l -1 p E—l
Proof. Using the chain rule: f' (x) = = (xP)s " - pxP™" = = xa
q q

Statement. f(x) = x* (aeR, x > 0) is differentiable and ' (x) = a x*L.

12

1/4

1/6
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301 301
25) » 25[ — x
-1/

X

20 1 20 X1/2
=

15} 15[ — X8
32 ,

1.0 , 1.0+ — X

— X_
05} 05} x3/2
00 L L L L L Il 00 L L L L L Il
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 15 2.0 2.5 3.0
: : ' 1 Inx\1 Inx 1 a 1
Proof. Using the chain rule: f' (x) = (x%)' = (e*"*)' =e* ™ @ — =x*- — = ax®
X X

Statement. f(x) = a* is differentiable for all xeRand f' (x) = a*- In a.

Proof. Using the chain rule: f' (x) = (a¥)' = (¢*"?)' =" Ina=a"-Ina

1
Statement. f(x) = In x is differentiable for all x> 0 and f' (x) = -.
X

Proof. Using the derivative of the inverse: f(x)=Inx, f(x)=€*, () (x)=¢"
1 1 1
—f () ——— = ==

1
Statement. f(x) = log, x (0 <a#1, x> 0)is differentiable and ' (x) = l_
Xlha

Inx 1 1
Proof. ' (x) = (log, x)' =(—)' =—(Inx)'=—-
Ina Ina Ina

x | =

Trigonometric functions and their inverses

Remark. The sine, cosine, tangent and cotangent functions are periodic, so they are
not invertible on their whole domains. In order to define their inverses, they must be
restricted to suitable intervals where they are one-to-one.

Definition. e The arcsine function is the inverse of the restriction of the sine function

to the interval [—g 7—;] :arcsin = (sin |[“Z’f])_l

e The arccosine function is the inverse of the restriction of the cosine function
to theinterval [0, 7] : arccos = (cos | o)~
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JT
Remark: ® Darcsin = [_1; l] and Raresin = [_E’ E]

® Darccos = [—1, 1] and Ryrecos = [0, 71

N

A arcsin x
T
2 arccos x
1,,
sin x
_ I 1 T
2 2
_r| -1
2 ’ 1

Definition. e The arctangent function is the inverse of the restriction of the tangent function

. JT TT -1
to themterval(——, —): arctan:(tan | (-2 z))
2 2 272

e The arccotangent function is the inverse of the restriction of the cotangent function

to the interval (0, ) : arccot = (cot | g,)

T TIT
Remark: e D,an =Rand Ryctan = (__, _)
2 2

® Darccot =R and Ryrecot = (0, 1)
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| | tan(x) |;

l 1 1 l s arctan(x)

1 1 1 \ o TTTTTTTTTTTTToTs 2
i fn I o

l % i :

l l l e = e

l l l l 2

3 | cot(x)

l l R .

l 1 l \ arccot(x)

_:n E E "r B 21” \k

Derivatives
Theorem.
1) (arcsinx)'= Vxe(-1,1) 2) (arccosx)'=- Vxe(-1,1)
V1-x2 1-x2
3) (arctanx)'= VxeR 4) (arccotx)'=- VxeR
1+x° 1+x°
Proofs.
) ) 1 1 1 1
1) arcsin' (x) = (arcsin x)' = = = xe(-1,1).

sin' (arcsinx)  cos(arcsin x) \/1—sin2(arcsinx) \/1—)(2,

1 1 1 1
2) (arccos x)' = = — =- =- , xe(-1,1).
cos'(arccosx) -sin(arccos x) \/1 — cos2(arccos x) ‘/1 _ 2

=—(1+ cot? x), the derivatives are

=1+tan?x, and (cotx)' = -
cos? x sin? x

Using that (tan x)' =

1 1 1

3) arctan' (x) = (arctan x)' = = =
tan'(arctanx) 1+tan®(arctanx) 1+x2

4) arccot' (x) = -
1+x2
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Hyperbolic functions and their inverses

e¥-e™
Definition: Hyperbolic sine function: sinh x = , XeR
2
. . . eX+e™¥
Hyperbolic cosine function: coshx = , XeR
. . sinhx e¥-e™”*
Hyperbolic tangent function: tanh x = = , XeR
coshx e +e™
. . coshx e*+e™
Hyperbolic cotangent function: coth x = = , xeR\{0}
sinhx  e*-
4+ 4
I coth(x)
cosh(x) I
sinh(x)
—‘3 —‘2 —‘1 “I é I; —‘3 —‘2 —‘1 1 é C":
Al ol tanh(x)
_al
Properties:
1) sinh: e Dgyp =R, Rsinh =R 2) cosh: e Deosp =R, Reosh = [1, )

e lim sinhx=%c

X—too

o strictly monotonically increasing,
continuous, odd

3)tanh: e Diynp =R, Regnn = (-1, 1)
Reoth = (_°°7 _l) U (l’ °°)
e |limtanhx=1%*1

X—tco

o strictly monotonically increasing,
continuous, odd

e lim coshx =0

X—>too

o strictly mon. decreasing on (-0, 0],
strictly mon. increasing on [0, o),
continuous, even

4) coth: e D, =R\ {0},

e lim coshx=%1, lim coshx=%c

X—too X-0£0

e strictly mon. decreasing on (-, 0)
and (0, «), continuous, odd

Remark. If a chain oraropeis suspended at two points, then its shape is called a catenary curve

and

it is the graph of the hyperbolic cosine function.
See https://en.wikipedia.org/wiki/Catenary

Some identities:
1.cosh? x—sinh?x=1

2.sinh(x £ y) = sinh x cosh y + cosh x sinh y

5. cosh 2 x = cosh? x + sinh? x
cosh2x+1

2

6.cosh? x =
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cosh2x-1

2

3.sinh 2 x = 2 sinh x cosh x 7.sinh? x =

4. cosh(x  y) = cosh x cosh y £ sinh x sinh y

Area hyperbolic functions

The inverse hyperbolic functions are the area hyperbolic functions.

Definition: Area hyperbolic sine: arsinh =sinh™, Darsinh =R
Area hyperbolic cosine: arcosh = (cosh |(0.))%, Darcosh = [1, o)
Area hyperbolic tangent:  artanh =tanh™, Dartanh = (-1, 1)
Area hyperbolic cotangent: arcoth = coth™, Darcoth = (=00, =1) U (1, o)
| 4r
N l n arcoth(x)
artanhkx) )
1t | |
arcosh(x) | |
-4 -2 2 ;1 6 —‘2 —31“ 1: é é
arsinh(x) /_, | |
| Ll :
-2+ | :

Theorem.

1) arsinhx:ln(x+ \jx2+l) V¥ xeR
2) arcoshx:ln(x+ \/xz—l) V x€[1, o)

1 1+x
3) artanhx=-In Vxe(-1,1)
2 1-x
1 x+1
4) arcothx=-In— V xe (-0, -1)U (1, o)
2 x-1
earsinhx _ e—arsinhx
Proof. 1) x =sinh(arsinhx)=———  xeR
2
1
. y=3
lety=eM¥50 = x=—— = y?-2xy-1=0
2

= Y12 =

Sincey>0 = y=x+ Yx*+1 =X — arsinhx:ln(x+ \/X2+l)

2), 3), 4): homework

W=Xi '\’X2+l

Derivatives

Theorem.
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1) (sinhx)'=coshx VxeR 2) (arsinhx)'= VxeR
x*+1
1
3) (coshx)'=sinhx VxeR 4) (arcoshx)'= V x e (1, )
x*-1
5) (tanhx)'= Vxe(-1,1) 6) (artanhx)'= Vxe(-1,1)
cosh? x 1-x2
7) (cothx)'=- V x e R\ {0} 8) (arcothx)'= V X € (—o0, —1) U (1, )
sinh? x 1-x
Some proofs.
cosh? x-sinh?x=1 = coshx = ysinh? x + 1
sinhx = 4ycosh?x-1
1 1 1 1
2) (arsinh x)' = = = =
sinh' (arsinh x)  cosh(arsinh x) \/sinhz(arsinhx)+1 \/x2+1
1 1 1 1
4) (arcosh x)' = = = (x>1)

cosh' (arcosh x) - sinh(arcosh x) B \/coshz(arcosh x)-1 B \/x2 _1

Mean value theorems

Local extremum

local minimum

Definition. The function f has a { .
local maximum

at the point a e int Dy, if there exists
f(x)=f(a)

f(x) <f(a)

f has a local extremum at a if f has a local minimum or maximum at a.

6>Osuchthatifxe(a—6,a+6),then{

Theorem (Necessary condition for the existence of a local extremum).
If f is differentiable at a € int Dr and has a local extremum at a then f' (@) = 0.

Proof. Assume that f has a local maximum at a € int Dy.

f(x)-f(a) __fe)-f(a)
fa-6<x<athenf(x)sfla) = ——— 20 = f'(a)=f"(a)= lim ————— 20
-a X->a- -qa
f(x)§ - f(a) _ f(x))( —f(a)
fa<x<a+d6thenf(x)sfla) > ————— <0 = f'(a)=f,'(a) = lim ——— <0
X-a x50+ x—q

= f'(a)=0.
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A
f(a)

\J

Rolle’s theorem

Theorem (Rolle). Assume that f : [a, b]— R is continuous on [a, b], differentiable on (a, b)
and f(a) = f(b). Then there exists c € (a, b) such that f' (c) = 0.

\J

Proof. Since f is continuous on the closed and bounded interval [a, b] then by the Weierstrass
extreme value theorem f has a minimum and a maximum on [a, b].
1) If both extreme values are attained at the endpoints, then
f(x)=f(a)=f(b) forall xe[a, b] = fisconstant
= f'(c)=0forallce(a, b).
2) If the minimum or the maximum is attained at an interior point c € (a, b),
then f has a local extremum at ¢, so f'(c) = 0.

Lagrange’s mean value theorem

Theorem (Lagrange’s mean value theorem).

Assume that f : [a, b]—Ris continuous on [a, b], differentiable on (a, b).

. f(b) -f(a)
Then there exists c € (a, b) such that f' (¢) = b—
-a
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Y

a ¢y c, b

Geometrical meaning: There exists a point in the interval where the slope of the tangent line
is the same as the slope of the secant line connecting the endpoints of the graph.

Proof. The equation of the secant line connecting the points (a, f(a)) and (b, f(b)) is
f(b) -f(a)
¥ =hgp(x) = T (x-a)+f(a).

) f(b) -
6)-fa) (x-a)-"f(a).
b-a

Let g(x) = f(X) = hap(X) = () -

Then
1) g is continuous on [a, b]
2) g is differentiable on (a, b)
3)g(a)=g(b)=0
= by Rolle's theorem there exists c € (a, b) such thatg'(c)=0

f(b)-f
=>g'(c)=f'(c)—%=0.

Remark. Rolle’s theorem is a special case of this theorem.

Cauchy’s mean value theorem

Theorem (Cauchy’s mean value theorem).
Assume that f, g :[a, b]—R are continuous on [a, b], differentiable on (a, b)
and g'(x) 0 forall x € (a, b). Then
1) g(a) * g(b) and

. f'(c)
2) there exists c € (a, b) such that — =

Proof. 1) If g(a) = g(b) then by Rolle’s theorem there exists c € (a, b) such that
g'(c) =0 which is a contradiction.
2) Let h(x) = (9(b) - g(a)) f(x) - (f(b) - f(a)) g(x). Then
e his continuous on [a, b]
e his differentiable on (a, b)
« h(a) = h(b) = f(a) g(b) - (b) g(a)
= by Rolle’s theorem there exists c e (a, b) such that

f'(c)  f(b)-f(a)
h'(c)=(9(b)-g(@) f'(c)-(f(b)-f(a) g'(c)=0 = — = :
g'(© gb)-g(a)
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Remark. Lagrange’s mean value theorem is a special case of this theorem with g(x) = x.

Consequence. Assume that f : [a, b]— R is continuous on [a, b], differentiable on (a, b)
and f' (x) =0 forall x € (a, b). Then f(x) = ¢ (constant) for all x € [a, b].

Proof. By Lagrange’s mean value theorem for all [x1, X,] < [a, b] there exists ¢ € (x1, X;)
fxa)-fqa)

X1— Xy -
= fisconstant.

such thatf'(c) = 0 = f(x1) =f(xp) forall x;  x,

Remark. If Df is not an interval then the statement is not true.

Consequence. Assume that f, g :[a, b]—R are continuous on [a, b],
differentiable on (a, b) and f' (x) = g' (x) for all x € (a, b).
= JceR suchthatf(x)=g(x)+c V xe]a, b].

Proof. Apply the previous theorem for f - g.

Exercises

Exercise 1. Prove that f(x) = x” + 14 x - 3 has exactly one root.

Solution. f(0) <0 and f(1) >0 = by the intermediate value theorem f has a root on (0, 1).
Assume that f has at least two roots: f(x;) = f(x,) = 0.
Then applying Rolle’s theorem on [x;, x,]: there exists ¢ € (xy, x,) such that f' (c) = 0.
However, f' (x) = 7 x® + 14 > 0, which is a contradiction.

Exercise 2. Prove that if x < y then arctan y —arctan x < y - x.

. f(y)-f(x)
Solution. f(x) = arctan x = by Lagrange’s theorem 3 c e (x, y): A f'(c)
y-X
arctan y —arctan x 1
= = <1 = arctany-arctanx<y-x.
y-x 1+¢?

Exercise 3. Prove that | cosx-cosy | < | x-y | forall x, yeR.

Solution. Let f(x) =cosx and x>y = by Lagrange’stheorem 3 ce (y, x):
f(x)-f(y) cosx-cosy

=f"'(c)=-sinc
X=y X=y
= |cosx-cosy|=]|(-sinc)-(x=-y)| £ |x-y]|.

Remark. From this it follows that f(x) = cos x is uniformly continuous on R, since foralle> 0, 6 = ¢.
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