Calculus 1

Practice exercises for the first midterm test
Complex numbers

1. Solve the following equation on the set of complex numbers: | z [?+2iz+Z=0

Solution. Let z= x+ y i, where x, y e R. Then
|z|2=Xx2+y?, Z=x-Yi.

| 2|242iz2+7=0 &= x>+ y*+2i(x+yi)+(x-yi)=0
= X2+y?+2ix-2y+x-yi=0
= (P+y*+x-2y)+i2x-y)=0

A complex number is equal to zero if and only if its real and imaginary parts are equal to zero, so
the above equation is equivalent to the following equation system:

(1) x> +y?+x-2y=0
(2) 2x-y=0 = y=2x

Substitutinginto (1): x> +4x>+x-4x=0 = 5x*-3x=x(5x-3)=0
6

3
Fromherex; =0, x,=— and y; =0, y,=-—
5 5

3 6
The solutionsare: z; =0, zy=— +—
5 5

2. Find those solutions z of the following equation for which Re(z) > 0 and Im(z) < 0.
Give these solutions in algebraic form.

2+722-8=0

Solution. 2°+72*-8=(2+8)(*-1)=0 < Z=-8or’=1.

3 L k-2 k27T
a)lfz =—8=8(cosrr+/smrr)thenzk=2(cos—+/sm— ,Wherek=0, 1, 2.
3

3
T T
20:2(COS—+iSin—):l+ \Ei
3 3
z1=2(cosm+isinm)=-2
57T 57T

23=2(cos—+isin—)=1— 3i
3 3

From here the condition Re(z) > 0, Im(z) < 0 holds for 1 - \E i.

o k-2 k2m
b) If 22 =1=(cos0+isin0) then z, = cos +isin ,wherek=0,1, 2.
3 3

Zg=cos0+isin0=1
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2 2m 1 43
73 =C0S— +iSiN— = —— +—— |
3 3 2 2
4t 4m 1 A3
73=C0S— +iSiN— =—— ——— |
3 3 2 2

From here no solutions are suitable.

Definition of the limit

4n’*+3n-1 _ o . .
1. leta,= — - Find the limit of a, and provide a threshold index N for € = 0.01.
2n“-n+17
3 1
. 4n*+3n-1 4+7-=  440-0
Solution. g, = = — =2
2n*-n+17 2-141  2-0+0
n n

Let £ > 0. We have to find N(¢) e N such thatifn>Nthen | a,-A| <¢&. (A=2)

| Al 4n*+3n-1 4n*+3n-1-2-(2n*-n+17) 5n-35 | ifpsy 5n-35
ap-A| = —-2|=| |=| = —
2n*-n+17 2n*-n+17 2n*-n+17 2n%*-n+17
5n-35 5n+0 5n 5 5
< ——=—<f & N>-
2n*-n+17 2n*-n*+0 n* n £

5
so with the choice N(¢) 2 max{?, [—]} the definition holds.
&

5
If £ = 0.01 then N = [—] = 500.

0.01
4-5n
2. leta, = - Find the limit of a, and provide a threshold index N for € = 0.001.
n"+n+2
5
. 3n*-5n  3- 3-0
Solution. g, = = — =
n*+n+2 14142 14040
n n

Let £ > 0. We have to find N(¢) e N such thatifn>Nthen | a,-A| <¢&. (A=3)

3n*-5n 3n*-5n-3-(n*+n+2)
vt 2

n*+n+2 |

-8n-6 8n+6 8n+6n 14 14
=| |= < =—<Ee=n> 3 —,
n*+n+2 n*+n+2  n*+0+0 nd £
14
so with the choice N(¢) 2 [—] the definition holds.
€

If € =0.001 then N = 14000.

n*+n+2

Calculating the limit

1

3n+1- \/9n2+5n
1 3n+1+49n%+5n

Solution. g, = =

3n+1-49n?+5n 3n+1++49n*+5n

1. Find the limit of the following sequence: a, =
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3n+1+ \j9n2+5n 3n+1+ \j9n2+5n 3n+1+ \j9n2+5n

(3n+1)2—(9n2+5n)_9n2+6n+1—(9n2+5n)_ n+1
1 5
n 3+F+V9+E 3+0+9+0
_n l+£ l+0 -
n

2. Find the limit of the following sequence: a, = n( \Nn*+8n - yn*-1 )

) \Vn*+8n + yn*-1 _
\Nn*+8n +yn*-1

Solution. a,,:n(\/n4+8n —n*-1

(n*+8n)-(n*-1) 8n+1
\n*+8n + n*-1 \n*+8n +yn*-1
n? 8+%, 8+0

ﬁ -
2
n '1+n_83+ 1_n_14 V1+0 +41-0

1

N4n*+3n -2n

3. Find the limit of the following sequence: a, =

1 N4n*+3n +2n

N4n*+3n -2n 4n*+3n+2n

Solution. a, =

3
N4n*+3n+2n n V4+77 +2 V4+0+2 4
_ _. N -7

(4n?+3n)-4n> n 3 3 3
. - . 7"+5"
4, Find the limit of the following sequence: a, = ¢ .
n°+2
. . 7"+ 5" .
Solution. Because of the Sandwich Theorem, lim 7 . =7 (2p), since
n=e N n°+2
Se) T 7 " 2p [T+ D" (2<P> 2T (1p) TV2 (ip) -
V3 (/n 3n? Vond+2 = (/)
3(/n (/n)
. . . . 7n2_n
5. Find the limit of the following sequence: a, = 7 ;
n’+3

Solution.
Upper estimation:

7n*-n 7n*+0 7
ap=" < - ——>1 Z=1
n+3 n+3nd 4

Lower estimation:
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7n*=n 7n?-n? 6 3 1 1
a, =" . > n - 3=n_=n_.__)]_._=]_
n°+3 n°+3n 4n 2 %ﬁ 1

So by the Sandwich theorem, a,— 1.

The limit (1 + iv)”—)@*
n

1. Find the limit of the following sequences:

3n%+4)" 3n+2\M3
51, = b) b =( )
3n%+1 4n+3
4 \"
: smeay’ (15n)
Solution. a) a] = = — = =e.
3n%+1 1\ e
(l+—2)
3n

Since2<e<3then2<aj] <3ifnislarge enough.
Then Y2 <a, < V3, and since Q/E—)l and %—)l,
then by the sandwich theorem a,— 1.

3n+2y3 (Bn(1+ =)™ 3yms (1+2) (1+2) e 1
b)bnz( ) ) 3 ”3:(_) . 3y s 20— =0
4n+3 (4n(1+--)) Al (1+) (1+2) er 1
2. Find the limit of the following sequences:
n?+1\" n?+1\" n+1\"
a)a = b) by = c)cp=
n*+4 n*+4 n* +4
1\
. n+1\" (l+;) e 1
Solution. a) g, = = —— =
n*+4 4\n*  e* ¢3
[1+23)
n2
n . l l . .
b) b, = \/a,, . Since ah—— and 0< =< 1 then there exists N e N such that if n > N then
e e

1 1 1
—<ap<l =1 <b,<1.Since — 1 then by the sandwich theorem b,— 1.
268 268 268

1 1
c)c,=a). Let = <q< 1. Since ah—>— then there exists N e N such that if n > N then
e e

0<a,<q = 0<c,<q".Since ¢"— 0 then by the sandwich theorem ¢,—0.

3. Find the limit of the following sequences:

2n%+3Y’ 2n+3\n+3
a)a,,:[ ] b)b,,:( )

3n+4

2n*+1
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Since2<e<3then2<a) <3ifnislarge enough.
Then Q/E <a,< \3,and since Q/E—)l and Q/E—)l,
then by the sandwich theorem a,— 1.

2n+3)”+3 (2n(l+2—3n))”+3 (2)n+3 (l+2—3n)n (l+2—3n)3

b)b,,:(
3n+4

Recursive sequences

4
1l.leta; =2 andag,,;=5-— forallneN.
an

(Then a, = 3, a3 = 3.67,...). Prove that (a,) is convergent and calculate its limit.

4
Solution. If3 lima,=A thenA=5-— & A>-5A+4=(A-1)(A-4)=0
A

N—co

= A =1, A =4.

Boundedness: we prove by inductionthat 1 <a, <4 forallneN.
(I)1<a;=2<4

(2) Assumethatl<a, <4

1 1 4 4
3)Thenl>—>- = -4<-—<-1 = 1<0a,=5-—<4
a, 4 an an

So (a,) is bounded above.

Monotonicity: we prove by induction that (a,) is monotonically increasing, thatis, a, <ap,; YneN.
(1)Gl=2<02=3

(2) Assume thata, < a,.
1 1 -4 -4 4 4

(3) Then — >—— (sincea,>1>0) = — <—— = 0,1 =5-—<5-— =0,y
ap dn+1 an On+1 an On+1

So (ap) is monotonically increasing.

Since (a,) is monotonically increasing and bounded above then it is convergent.
Since a; = 2 and the sequence is monotonically increasing then A = 1 cannot be the limit.
So rlgn a,=4.

2.leta; =5 and a,,; = Y10a,-21 forallneN.

a) Provethat3<a, <7 forallneN.

b) Prove that the sequence is monotonically increasing.

c) Calculate the limit of the sequence (a,).

Solution. a) Boundedness: we prove by induction that3<a, <7 forallneN.
(1)3<a;=5<7
(2) Assume that 3 < a, < 7. We need to show that thisimplies 3 < a,,; <7 (neN).
(3) Then30-21<10a,-21<70-21 = 9<100,-21<49 = 3< \/100,,—21 <7
So (a,) is bounded above.
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b) Monotonicity: we prove by induction that (a,) is monotonically increasing, thatis, a, < a,,; V
neN.
(1) =5<a, = 50-21 = y29
(2) Assume thata, <a,.;
(3) Then 10 @, -21 <100y, -21 = Gpuy = V100, =21 < 1005, 21 = Apyy = Gpa1 < Apia
So (a,) is monotonically increasing.

c) Since (a,) is monotonically increasing and bounded above then it is convergent.
Let lima,=A.Then A= V10A-21 &> A2-10A+21=(A-3)(A-T)=0 < A;=3,A,=T.

N—co
Since a; = 5 and the sequence is monotonically increasing then A = 3 cannot be the limit.
So lima,=T.

N—>co

3.Leta; =3 andap,; = forall n e N. Prove that (a,) is convergent and calculate its limit.

7-a,

10
Solution. If 3 lima,=A thenA=—— & A(7-A)-10=0 < A>-TA+10=(A-2)(A-5)=0

n-se 7-A
— A;=2, Ay=5.
Boundedness: we prove by inductionthat2<a, <5forallneN.
(1)2<a;=3<5

(2) Assumethat2<a, <5
1 1 1 10
(3) Then-2>-a,>-5 = 5>7-0,>2 = - < <— = 2<ap =
5 T7T-a, 2 7-a,

<5

So (a,) is bounded above.

Monotonicity: we prove by induction that (a,) is monotonically decreasing, that is, a,, > a,,,; for all

neN.

10 10
(1)01=3>c12=—:—=2.5
7-3 4

(2) Assume thata, > a,.;
(3) Then-a,<-0,,1 = 7T-a,<7-0ap,.Since2<a,<5then7-a,>0

10 10
>

7_(Jn 7_an+1
So (a,) is monotonically decreasing.

= 0pa = =0np+2

Since (a,) is monotonically decreasing and bounded below then it is convergent.
Since a; = 3 and the sequence is monotonically decreasing then A =5 cannot be the limit.
So lima, =2.

N—o0

Accumulation points



