Calculus 1

Topics of the second midterm test
e Limits of real functions

e Types of discontinuities
o sin x
e The limitlim — =1
x>0 x

e The derivative (definition, differentiation rules, equation of the tangent line)
e Elementary functions and their inverses

e | ’Hospital’s rule

¢ Analysing graphs of functions

Practice exercises for the second midterm test

(1) Limits of real functions, L’Hospital’s rule

6. (10+10+10+10 points) Calculate the following limits:

1 1
a) lim(\/x2+x—\/x2+5x+3) b)lim( ——)
X —c0 x->0\g2X_1 2x
~ sin(4x?) ~ e“cosh(2x)
c) lim—— d) lim —
x-0 [n(cos(2x)) x> sinh(3x)

Solution.

\/x2+x + \/x2+5x+3

a) lim (\/x2+x - \Ix2+5x+3)= lim (\/x2+x - 1/x2+5x+3)-
X —co X —c0

X +x + \x2+5x+3
(x> +x) = (x* +5x+3) -4x-3
= lim = lim (6p)
o \/x2+x+\/x2+5x+3 o \/x2+x+\/x2+5x+3

=2 (4p)

x -4-0
= lim =(-1)-
X —c0 ’Xz J1+)_1(+\}1+;5(+% \’1+0+‘\J1+0+0
X
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b) lim

x>0

1 1)  2x-(e"*-1)
=\l e ——
PR L e
The limit has the form g = L’Hospital’s rule can be applied:
. 2-2e* '
Zlim (4p) Zim
x20 (2 - 1) +2x-e**-2 x204e2 4 402 4+ 4x-€2%-2

—4¢e%

ap) =— -2
(p)—8——2(p)

¢) The limit has the form g = L’Hospital’s rule can be applied:

sin(4x?) Ly cos(4x%)-8x
—— = |lim

im = (5p)
x0In(cos(2x)) x>0 msfm “(-sin(2x))-2

= limcos(2x)- cos(4 x%)
x>0 sin(2 x)

{(-2)=1-1-1(-2) = -2 (5p)

d) By the definition of the functions:
eX(eZX + e—zx) 3x -X 3x -4 x

e* cosh(2x) (3p) =—— =1(3p)
1+0

e
lim — =lim =lim (4p) = lim —
X o0 Slnh(3X) X o0 e3x _ e—3x X o0 e3x _ e-3x X oo e3x 1+ e-Gx

4. (9+9+9 points) Calculate the following limits:

~ y1+8x-e*X ) L _ sinh(2x+3)
a) lim— b) lim(cosx)sin”x  ¢) lim ———
x>0 xsin2x x>0 x> cosh(2 x - 5)

Solution. a) The limit has the form % = L’Hospital’s rule can be applied:

1
l ——
 NLe8x—et*,, 5 (1+8x)72-8-4e*X
lim—— = lim (4p)
x>0 xsin2x x>0 Sin2Xx+2XxC0S2X
3
s -3 (1+8X)72-64-16¢*" -3 64-16
= lim (3p) =——— =-8(2p)
x>02c0S2Xx+2C0S2Xx+2x(-Sin2x)-2 2+2+0

1

1 ln((cos X)E]
e

b) The limit has the form 1*: (cos x)sin*x =

- e(?lzx ln(cosx)) (3P)

The limit of the power has the form g:

In (cos x) ;. — (-sinx) 1 1
lim ———— 2 [jm < = lim - (ap)
x>0 sin? x x>0 2sinxcosx *»02cosx 2
1 1
= lim(cos x)sin’x =e2 = \/E (2p)
x-0

) By the definition of the functions:

sinh(2 x +3) e2X+3 _ o=(2x43) e2X @3 _ g=4x-3 o3

lim = lim : (3p) = lim — ————(3p) =
X=> oo e

X200 cOsh(2 X —5) X @2%5 4 g=(2x-5 X @75 4 @m4x+5

0 e (3p)

e+

(2) Types of discontinuities;
Elementary functions and their inverses
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| x+2] -sin(x*-3x)
2. Letf(x)= .

xB+x2-2x
Find the points of discontinuities of f. What type of discontinuities are these?

. | [ x+2] sinp-3x) |
Solution. The function f(x) = is continuous except the points 0, -2, 1.
x(x+2)(x-1)
sin(x>-3x) (x-3)- | x+2 -3)-2
e limf(x)=lim ( )-( )V |=1~( )
x-0 x>0 x2_3x (x+2)(x-1) -2

= f has a removable discontinuity at x = 0.

=3

| x+2| sin(x*-3x)

sin 10
e lim f(x)= lim *

X--2%0 X->-220 x 4+2 X(X — ]_) 6

= f has a jJump discontinuity at x = -2

| x+2]|sin(x*-3x) 1
e lim f(x)= lim . =Foo
Xx-1+0 Xx-1+0 X(X+2) x-1

= f an essential discontinuity at x =1

3. (18 points) Determine the points of discontinuity of the following function. What type of
discontinuities are these?

1 x*-1
f(x)=arctan(—)+—
X+2 X2 +2x-3

. x-1)(x+1)
Solution. f(x) = arctan( ) —_

x=1)(x+3)
Since the arctan function and the polynomials are continuous and the composition and ratio of

X+2

continuous functions is continuous if the denominator is not 0, then f is continuous on its domain.
The points of discontinuities are x; = -2, x, = 1, x3 = -3. (3p)

1 1 1 7T
a)lfx;=-2: lim =— =+c0 = lim arctan(—):—
x>-240x+2 0+ X =2+ X+2 2
1 1
lim =— =-c0 = lim arctan( )——— (2p)
--2-0x+2 0- x=-2- X+2 2
) T o (x-1)(x+1) T
= lim fx)=t— + lim ——  =+— -1 (1p)
X- =20 2 x>-240 (x = 1) (x + 3) 2

= f has a jump discontinuity at x; = -2. (2p)
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1 x-1)(x+1) 1 1
b)Ifx,=1: lim f(x)=arctan- + lim ———  =arctan- +- (3p)
X120 3 10 (x-1)(x+3) 3 2

= f has a removable discontinuity at x, = 1. (2p)

x-1)(x+1) T 1
c) Ifx3=-3: lim f(x)=arctan(-1)+ lim —— =—— +(-2) lim =
X =310 Xx--3+0 (X - 1) (X + 3) 4 x>-310 x + 3
T
==t () (o) =Feo (3p)

= f has an essential discontinuity at x; = -3. (2p)

2. (9 points) Determine the points of discontinuity of the function f(x) = x arctan o
X(x+2

What type of discontinuities are these?

Solution. The arctan function is continuous and the composition and ratio of

continuous functions is continuous if the denominator is not 0, so the points of discontinuities
arex; =0and x, = -2 (1p).

If x; =0: IX'D?) f(x) =0 (1p), since the arctan function is bounded (1p)

= f has a removable discontinuity at x; = 0. (1p)

T
If x, =-2: lim f(x)= lim xarctan = lim (—2)arctany=—2-(——)=rr
X =2+ X =2+ X(X + 2) Y - 2

JT
lim f(x)= lim xarctan = lim (-2)arctany =-2-— = -7 (4p)
X -2- X -2- X(X + 2) Yo 2

= f has a jump discontinuity at x, = -2 (1p)
(3) The derivative

3. Calculate the derivatives of the following functions. Where are these functions
differentiable?

a) f(x) = cos

3 2
(m) B = [ oA ] (s

In case b), use the definition to calculate g' (0).

Solution. a) The function f is everywhere differen-

tiable.
23 arctan(x?)) (6x*arctan(x?)+2x*- )2 -2 arctan(x?)-2* In 2
f'(x):—sin( ) X
2 4
Xx)-g(0 X X
b)g'(0)= limM = lim( X1 “In(| x| +1))=0, since X1 =+1is bounded
x-0 x=-0 x-0 X X

andlimln(| x| +1) =0.
x-0

If x>0,theng'(x)=(x-In(x+1))'= ln(x+1)+i
X+ lX
If x<0,theng' (x)=(-x"In(1-x))'=-In(1-x)+ —
1-x
The function g is everywhere differentiable.
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4, (10 points) Find the values of the parameters such that the following function
2
X .
be differentiable onR:  f(x)={ x+1 IL TR
ax’+b ifx<1

Solution. The function is differentiable for all a, b except x = 1.
1
If f is continuous at x=1then lim f(x)= lim f(x)=f(1) = - =a+b (3p)
x-1+0 x-1-0 2
2x-(x+1)-x* X*+2x
. = ifx>1
f'ix)= (x+1)? (x+1)? (2p)
2ax ifx<1

3
If f is differentiable at x = 1 then limof'(x)z lim f'(x) = Z =2a(3p).

x-1+ x-1-0

3 1
The solution of the equation systemisa=-, b=-.(1p)
8 8

5. (9 points) Find the values of the parameters such that the following function

ifx=1

be differentiable onR: f(x) = { X2+l
bx*+1 ifx<1

Solution. The function is differentiable for all a, b except x = 1.

a
If fis continuous at x = 1 then lim f(x)= lim f(x)=f(1) = - =b+1 (3p)
0 x-1-0 2

X->1+
a
- 2x ifx>1
frg={ (*+1) (2p)
4bx3 ifx<1

X->1+

a
If f is differentiable at x = 1 then lim 7' (x)= lim f'(x) = -— =4b(3p).
0 X-1-0 2

8 1
The solution of the equation systemisa=—-, b=--.(1p)
5 5

(4) Equation of the tangent line

cos(2x) + In(x + 1)
— a

5. (10 points) Find the equation of the tangent line to the function f(x) = t

X +1
X0=0.

1

Solution. ' (x) = ((—2 sin(2x) + ) Vx?+1 = (cos(2x) + In(x + 1)) % ()(2 + 1)"; ~2x) (5p)

x“+1 x+1

f(0)=1, f'(0)=1 (1p)
The equation of the tangent lineis y =f(0)+f'(0) (x - 0), thatis, y=1+x (3p)

e’ In(2 x +5)

3. (9 points) Find the equation of the tangent line to the function f(x) = —— at x, = 0.
Cos X
. 2 2 1 2
Solution. ' (x) = [(ex 2x-In2x+5)+e* - 2| cosx-€e* In(2x+5)-(-sinx)| (5p)
cos? x 2x+5

2
f(0)=In5, f'(O):g (1p)
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2
The equation of the tangent lineis y =f(0)+f'(0)(x-0), thatis, y=In5+ g X (3p)

(5) Analysing graphs of functions

5. Analyze the following function and plot its graph: f(x) = (x* - x) e*.

Solution.
Di=R; f(x)=0 < x=0o0r x=1; lim f(x)=c, lim f(x)=0

X—>+oo

f'l(x)=e"(xX*+x-1)=0 = x:xlzg(—l— \/E) or x=x2=§(—1+ «/E)

X X<Xq X=X1 X1 <X<X3 X=X3 X>Xo
f' + (4] - (%] +
f 2 loc. max N loc. min 2

(x1 -1.61803, x,=0.618034, f(x;)=0.839962, f(x,)=-0.437971)

f'(X)=eX - x(x+3)=0 &= x;=-3, x,=0

X X<-3 X=-3 -3<x<0 X=0 0<Xx

_FII 4 %) _ (%) o

f U "in-Fl.:le—Z N infl.: o | U

=> Ry = [f(xy), o) = [<0.437971, oo)

X+x+1

6. (18 points) Analyze the following function and plot its graph: f(x) =
X“+1

Solution.
Di=R; f(x)*0; limf(x)=1

X—too

2

f'(x)= =0 & x=%1(3p)
()(2+l)2
X | Xx<-1]| x=-1 | -1<x<1 x=1 x>1
f' = 0 + 0 = (4p)
f N min:i 2 max:—z N
2x(x*-3)
f'"(X)=——— =0 <x=0o0r x=x+3 (3p)

(1+x%)?
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X x<—\/§ x:—x/g -4 3<x<0 X=0 0<x<\/§ x:\/g x>\/§

£ - 0 + 0 - 0 N (4p)

iz N |inf1:43 U infl: 1 N infl: “*f U




