Calculus 1, Midterm test 1, A

20th October, 2025

1. (8+12 points)
Z+6

a) Letz=1+2/. Calculate and give the result in algebraic form.

3z+7
b) \j3 8i =7 Give the roots in trigonometric form and also plot them.

6n°-n+10
2. (16 points) Let a, = ——— . Find the limit of a,, and provide a threshold index N for £ = 0.01.
2n*+5n%+8

3. (12 points) Find the limit of the following sequence: a, = n2( \Nnf-7n-n+3n )

2"+n%+5
4, (14 points) Find the limit of the following sequence: a,= | ———
n+3

5. (8+8 points) Calculate the limit of the following sequences:

3n+4\2n n?2+2n\"
a)a,,:( ) b) b, =
3n+7 n?+2

6. (8+8+8 points) Let 0, =2 and a,,; = \/5 a,-4

a) Prove that for the terms of this recursive sequence 1 < a, <4 foralln.
b) Prove that the sequence is monotonically increasing.

c) Prove that the sequence has a limit and calculate it.
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Calculus 1, Midterm test 1, B

20th October, 2025

1. (8+12 points)
Z+7

a) Letz=1-3i. Calculate and give the result in algebraic form.

z+27
b) \j3 -27i =7 Give the roots in trigonometric form and also plot them.

. 16n*-2n+3 _ o ) )
2. (16 points) Let a, =——— . Find the limit of a,, and provide a threshold index N for
8n*+3n3+7

£=0.001.

3. (12 points) Find the limit of the following sequence: a, = n3( \/n8 +9n - \/n8 -5n )

/5”+n3+2
4, (14 points) Find the limit of the following sequence: a,= | ——
2n+7

5. (8+8 points) Calculate the limit of the following sequences:

2n+5\3n n?+n\"
a)an:( ) b)bn:
2n+9 n2+3

6. (8+8+8 points) Let 0, =3 and a,,; = \/8 a,-12

a) Prove that for the terms of this recursive sequence 2 < a, < 6 forall n.
b) Prove that the sequence is monotonically increasing.

c) Prove that the sequence has a limit and calculate it.



Solutions

A 1. (8+12 points)

. Z+6
a) Letz=1+2i. Calculate

3z+Z
b) \j3 8i =7 Give the roots in trigonometric form and also plot them.

and give the result in algebraic form.

Solution.
)z+6 1+2i+6 T+2i 1 7+2i 1-i 1 9-5i 9 5i
a = = = - . =

3z4Z 3(1+20)+(1-2i) 4+4i 4 1+i 1-i 4 1+1 8 8

' T b
b)8I:8(cos—-+ign—j
2 2

5 §+k2n §+K2n
Zi = \j8i =2|cos—— +isin———— |, k=0,1,2 (4 points)
3 3

T T 57T 57T

= zozz(cos—+isin—), zl=2(cos—+isin—)
6 6 6
9 9 T T .

zz=2(cos— +isin—)=2(cos(——)+isin(——)) (4 points)

6 6 2 2

n

Y 7 (4 points)

2 -0

B 1. (8+12 points)

. zZ+7
a) Let z=1-3. Calculate

and give the result in algebraic form.
Z+27

b) «j3 -27j =7 Give the roots in trigonometric form and also plot them.

Solution.
) Z+7 1-3i+7 8-3/ 1 8-3i 1-i 1 5-11i 5 11i
a - - =" " — - —'— = = -_-—
z+2Z 1-3i+2(1+3i) 343/ 3 1+i 1-i 3 1+1 6 6
. 3T 3T
b)—271=27(cos—+isin—)
2 2
3 k-2 k2
. 2 .. 2 .
Zy=N-27i =3|cos ——— +isin—— |, k=0,1,2 (4 points)
3 3

P2 § 7m0 T
=>zO=3(cos—+/sm—), 21=3(cos—+lsm—)
2 2 6 6
117 11w .
+isin—) (4 points)
6

Z,=3 (cos
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(4 points)

6n°-n+10
A 2. (16 points) Leta, = . Find the limit of a,, and provide a threshold index N for
2n+5n%+8

€=0.01.
1 10
6n*-n+10 6--+5  6-0+0 .
= — =3 (3 points)
2n*+5n%+8 2+§+£3 2+0+0
n n

Let £ > 0. We have to find N(¢) e N such thatifn>Nthen | a,-A| <&. (A=3) (3 points)

Solution. g, =

6n°-n+10 6n*-n+10-3-(2n*+5n*+8) -15n*-n-14
| ap-A| = —_3|=| |=|— -
2n*+5n%+8 2n®+5n%+8 2n®+5n%+8

15n* +n+14 .
=——— (4 points)
2n3+5n%+8

15n°+n+14 15n’+n’+14n*> 30n* 15 15 .
< = =— <£ & n>— (4points)

&

2m3+5n2+8  2m3+0+0 2n* n

15
so with the choice N(¢) 2 [—] the definition holds.
£

15
If e=0.01then N2 [—] =1500. (2 points)
0.01

. 16n*-2n+3 o ) .
B 2. (16 points) Let a, = —— . Find the limit of a,, and provide a threshold index N for
8n*+3nd+7

£=0.001.

1 3
16n*-2n+3 16-75+7—  16-0+0 .
= — =2 (3 points)

Solution. g, = =
8n*+3n3+7 g+34L 8+0+0
n

n4

Let £ > 0. We have to find N(¢) e N such thatifn>Nthen | a,-A| <&. (A=2) (3 points)

| Al 16n*-2n+3 16n*-2n+3-2-(8n*+3n%+7) -6n*-2n-11

ap-Al = ——2|=| |=|—=

! 8n*+3n3+7 8n*+3n3+7 8n*+3n3+7
6n°+2n+11 .

= (4 points)

8n*+3n3+7

6m+2n+11 6n*+2n*+11n* 19n® 19 19 .
< = =— <£ & n>— (4points)
8¢

8n*+3m+7  8n*+0+0 8n* 8n
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19
so with the choice N(¢) 2 [—] the definition holds.
8¢

19
If £=0.001 then N = [
0.

] (2 points) =2375
008

A 3. (12 points) Find the limit of the following sequence: a, = nz( \/n6 -7n - \/n6 +3n )

\/n6—7n + \/n6+3n

\/n6—7n + \/n6+3n
(n®=7n)=(n®+3n) " -10n
:n . —n .

Solution.a,,:nz(\/nG—?n - \/n6+3n)'

\Nnf-7n+\n+3n \Nnf-7n+\n+3n
-10

-10
3 — =-5
n ]__154. ]_.pi5 Vl—0+\ll+0
V n V n

B 3. (12 points) Find the limit of the following sequence: a, = n3(\/n8 +9n - \nt-5n )

\Nné+9n + \nd-5n

«/n8+9n + «/n8—5n
14n

\/n8+9n + \/n8—5n
14

14
T — =7
L V1+0+1-0

n n

) 2"+n%+5
A 4. (14 points) Find the limit of the following sequence: a, = 1 0
n+

Solution. Upper estimation, if n is large enough:

2"+ n?+5 2"+274+5-2" 727 N7\ T2 12 )
ay= 0 < =0 = = — — =2 (7 points)
n+3 n n Q/; Q/; 1

Lower estimation:

2"+n%+5 27+0+0 2" 2" 2 2 .
an= 4 2 7 =f— = = — — =2 (6 points)
n+3 n+3n 4n Q/ZQ/Z Q/ZQ/Z 1-1

So by the Sandwich Theorem, a,— 2. (1 point)

5" +n3+2
B 4. (16 points) Find the limit of the following sequence: a, = 1”’ ﬁ
n+

Solution. Upper estimation, if n is large enough:

57403 +2 57 4+574+2-5" 450 Na-s7 a5 15
anz n <nn =0 = = —)—:5
2n+7 2n+0 2n N2n N2-4n 11

Solution. an=n3(«/n8+9n - \/n8—5n)-

(n®+9n)-(n®-5n)

} 3
\/n8+9n + \/n8—5n
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Lower estimation:

5" 40342 514040 51 /5" 5 5
a, = n =1 = 1— = = ——=5
2n+7 2n+7n 9n Q/EQ/; %% 1-1

So by the Sandwich Theorem, a,—>5.

A 5. (8+8 points) Calculate the limit of the following sequences:

3n+4\2n n2+2n\"
a) a,,:( ) b) b,,:( ]
3n+7 n*+2
Solution.
1 4 \2n 4 \M\2 (e:)z
+3n (1+3:)) su
a)a,,: . = 7n2—) 72=e33=e
1+ ((1+53)) (e's)
(L+2)7 (@e2y) 3
b)b,=—"— > _— > — 50, therefore b, —>co.
(l+l)”2 e’ e’

n

2\n
We use that since (1 + —) —se?, then the terms are greater then 3, if n is large enough.
n

B 5. (8+8 points) Calculate the limit of the following sequences:

2n+5\3n P2+n\"
a)a,,:( ) b)b,,:( ]

2n+9 n?+3

Solution.

ey €€

n
We use that since (1 + —) — e, then the terms are greater then 2, if n is large enough.
n

A 6. (8+8+8 points) Let a; =2 and a,,; = \/5 a,-4

a) Prove that for the terms of this recursive sequence 1 < a, <4 foralln.
b) Prove that the sequence is monotonically increasing.

c) Prove that the sequence has a limit and calculate it.

Solution.
a) Boundedness: we prove by induction that 1 <a, <4 foralln.
1)1<a;=2<4
(2) Assumethatl<a, <4.
(3)Then5-1-4<50,-4<54-4 = 1<50,-4<16 = 1l<ap,; = \/50,,—4 <4
So (a,) is bounded. (8 points)

b) Monotonicity: we prove by induction that (a,) is monotonically increasing, that is, a, < a,.;
forall n.
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(a=2<a,=\52-4=+6

(2) Assumethata, <a,,;

(3) Then5a,-4<50p,1-4 = ap1 = \/50n -4 < \/50,,+l -4 =0p) = Upy1 < Ane2
So (a,) is monotonically increasing. (8 points)

¢) Since (a,) is monotonically increasing and bounded above then it is convergent.
Letlima,=A. ThenA= \V5A-4 < A2-5A+4=(A-1)(A-4)=0 < A, =1,A, =4.

N—oo

Since a; = 2 and the sequence is monotonically increasing then A = 1 cannot be the limit.
So Ll_r)n a,=4. (8 points)

B 6. (8+8+8 points) Let a; =3 and a,,; = \/8 a,-12

a) Prove that for the terms of this recursive sequence 2 < a, < 6 for all n.

b) Prove that the sequence is monotonically increasing.

c) Prove that the sequence has a limit and calculate it.

Solution.
a) Boundedness: we prove by induction that 2 < a, <6 foralln.
(1)2<a;=3<6
(2) Assume that2<a, <6.
(3) Then8-2-12<8a,-12<8:6-12 = 4<80,-12<36 = 2<0,,;= Y80,-12 <6
So (a,) is bounded. (8 points)

b) Monotonicity: we prove by induction that (a,) is monotonically increasing, thatis, a, < a,,;
forall n.
(1)a,=3<a,= \8-3-12 = Y12
(2) Assumethata, < a,.
(3) Then80a,-12 <80y, - 12 = Gy = V80, - 12 < V801 - 12 = Upyy = Upa1 < 0pia
So (a,) is monotonically increasing. (8 points)

c) Since (a,) is monotonically increasing and bounded above then it is convergent.
Letlima,=A.ThenA= {8A-12 < A*-8A+12=(A-2)(A-6)=0 < A;=2,A,=6.

N—>oco
Since a; = 3 and the sequence is monotonically increasing then A = 3 cannot be the limit.
So lima, =6. (8 points)

N—>co0



