Calculus 1 - Homework 4.

1. (5 points) Find the local extrema of the function f(x) = (x> + 3x* + 3x - 3) €*.

Determine the intervals where the function increases or decreases.

Solution. ' (x) = x(x +3)2=0 < x; =0and x, =-3

X [ Xx<-3 | x=-3 [ -3<x<0 | x=0 X>0

f' - 0 - 0 +

f N N min:0 2

f is strictly monotonically decreasing on (-, 0] and strictly monotonically
increasing on [0, oo).

2. (5 points) Find the inflection points of the function f(x) = (x + 1) arctg(x - 1).

Determine the intervals where the function is convex or concave.

Solution.
X+1
f'(x)=arctg(x - 1) + —
1+(x-1)?
£ ) = 1 +l+(x—l)2—(x+l)-2(x—1)
1+(x-1)° (1+(x-12)
B T+(X-12+1+(x-1)2-(x+1)-2(x-1) 2+2x*-4x+2-2(x*-1)
(1+ (-1 ) (1+(x-1)%° )
6-4x 3
= =0 &= x=-
(1+(x -1 2
X X< = X:é X>=
2
f + (%)

3 3 3
f is convex on (—oo, —) and concave on (—, oo) = f has an inflection point at -.
2 2 2

3.* (4 points) The widths of two perpendicular corridors are 2.4 m and 1.6 m, respectively.
What is the longest ladder that can be moved (in a horizontal position) from one corridor
to another?
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1st solution.
| | 5
y 1.6m
a
b
X
a
A a
2.4m

The ladder is denoted by the line segment AB in the figure. The lengths x and y can be

2.4 1.6
-+

expressed with a, so the length of the ladderis AB=f(a)= -
cosa sina

-

24sina  l.6cosa 0.8 3 3
f'(a)= - = (3sin’ a-2cos’ a)
cos?a sin2a  sinfacos’a

2 2
f'(a)=0if3siffa=2cos’a = tana= \/j = a:arctan(i/j)20.718025
3 3

= a=41°. Thelengthof the ladderisAB=3.2+2.4=5.6m

Remark. f has a local minimum at a = 0.718. f' changes sign from negative to positive.
The graph of f: The graph of f:

dop 200}
2071 100 |
05 1.0 15 0 o5 10 15 20
-201 -100}

2nd solution.

y 1.6m

a
2.4m

) . a 16 1.6-2.4
According to the figure, — = ?, SO a=
2.4

1.62x2.4?
f(b): ‘/2-42"'02 + '\/1.62+b2 = \/2424.; + 1’1.62+b2 —

b2

. The length of the ladder is
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=24 1+—+\] 24 b? = —\/162+b2+\/162+b2—(—+1) 1.6% + b?

2.4 2.4
F(b)=——2 1.62+b2+(—+1
b2 b

2.4 b3
= 16%+b*= (—+1) = 16%+b*=

b 2.4

4

2 b?
b:+— < b=
2.

V1.62-2.4 ~1.83154

2.4
Substituting this value into f( b) = (7 + 1) 4 1.6% + b? , the length of the ladder is

approximately 5.61879 m.

Remark. f has a local minimum at b =

changes sign from negative to positive at this point.

N1.62-2.4, since ' (b) =

-6.144 + b3

b2 42.56 + b*

4. (4 points) Estimate the value of «/8_2 by the Taylor polynomial of order 3 of the function

fx)= V; at center 81. Give an upper bound for the error of the approximation.

Solution. The derivatives and substitution values are

f(x) = Vx

1 5 1 1
fro)=—xi=———
RNt
3 31
f"(x)___XA___z' 4—\7
42 4 (\/;)
21 uw 21 1
f’”(X):_X":_‘

43 43 ( i/;)ll

4) 231 s 231 1
fOx)= — x5 =—-

44 44 ( i/;)lS

f(81)=3

11
f'(8l)=--—

4 33
fll 3

(81):—;-—

21
fr(81)=—

4

1
37

311

The Taylor polynomial of order 3 with center xo = 81 is

(x-81)%=

1 ) ' (81)
T5(x) = f(81) + f' (81) (x - 81) + (X = 81)% 4——
3!
1 21
=3+ — (x-81)-— - — — .
33 42 7 | 3 11 31
If x =82 then f(82) = T5(82), that is,
1 1 1 21 1 1
\82 =f(82) % T5(82) =34+ = — - —— — 4=
4 33 42 37 21 43 311 31
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f(n+l) )

Lagrange remainder term: R,(x) =
(n+1)!

Taylor’s theorem: f(x) = T,,(x) + R, (x)

(x = xo)™, wheren=3, xp=81,x=82, 81<£<82

The error for the approximation f(x) = T3(x) can be estimate from above:

[El=1f0)-Ts() | = | Rs(x) | =

Q)
|

231

1 1 231 1

1
S <— - — . =2.62025x107°
44 (i/g)ls 4 44 315 4

For the upper estimation we use that 81 < ¢ < 82.

Comparison of the numerical values:

(82 - 81)* | -

231 1

4% (%)15 41

14|

/82 =3.009216698

T5(82) = 3.009216701

Remark. T(82) is a Leibniz series (starting from the second term), so

231

1 1

an upper bound for the error for the approximation is — - — - —

44

315 4|

5. (4 points) Estimate the value of cos 0.5 by an appropriate Taylor polynomial with an error

less than 1073,

Solution. Let f(x) = cos x, xo = 0, x = 0.5. We need to determine n such that the error of the

approximation f(x) = T,(x) is less than 1073,

Since | f(x) | <1, then forthe error we have

f(n+l)(§) n+l
| E|=|cos0.5-T,(0.5) | = | Rs(0.5) | = | 0.5-0 | < <1073, ifn = 4.
(n+1)! (n+1)!
(Here n can be determined by substituting a few values.)
0.5 0.5* 1 1
It means that cos 0.5 = T4(0.5)=1 - - +—' =1-- +— =0.877604 is a good approximation.
2! 4! 8 384

As a comparison, cos(0.5) = 0.877583.

6. (4 points) Find the Taylor series of f(x) =

(x-2)°

convergence.

Solution. If | x+1 | <3,then

1 d 1 d 1 d l 1
S CHETE
(x-2)% dx\2-x/ dx\3-(x+1)/ dx 31 x4l

i[d (x+l)”) in(x+l)‘ i (n+1)(x+1)

_n=0 dx 3n+l _n=0 3n _n=0 3n+1

with center -1 and find the radius of

® (X+l)”)

5l

3n+1
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Remark. The Taylor series can also be determined by calculating the derivatives and

e = f(xo)
substituting into the formula Z : (x=xp)".
=0 n!

X2
7. (4 points) Find the Taylor series of f(x) = —— with center 0 and find the radius of
32-x°

convergence.

Solution. If | X | < 3/3_2,then
1

3\73 3n n,3n+
f(x):f(1+(_ . ]] :fg(-i)[_ i ] S () e
2 332 2. 5\n 332 o2\ n 32




