Calculus1-11

Limits of real functions

Definitions

A function f : A— B is a mapping that assigns exactly one element of B to every element from A.
The set Ais called the domain of f (notation: D or Dom(f)) and
the set f(A) = {f(x) : x e A} is called the range of f (notation: Ry or Ran(f)).

Afunction f : A— B is one-to one or injective if forall x, y e A: (f(x)=f(y) = x=y).
Afunction f : A— B is onto or surjective if f(A) = B.
Afunction f is bijective if it is injective and surjective.

The function f : D c R— R is

e even, if VxeDyf,-xeDsand f(x) =f(—x) (for example, f(x) = x% or f(x) = cos x)

e odd, if Vx e Ds, —x e Dr and f(-x) = -f(x) (for example, f(x) = x> or f(x) = sin x)

e monotonically increasing if Vx, yeDs (x<y = f(x) <f(y))

e monotonically decreasing if Vx, ye Df (x <y = f(x) 2f(y))

e strictly monotonically increasing if Vx, y e Df (x<y = f(x) <f(y)) (for example, f(x) = \/;, f(x)=x%)
e strictly monotonically decreasing if Vx, ye Dr (x<y = f(x)>f(y))

e periodic with period p>0if V x € Df, x + p € Df and f(x) = f(x + p) (for example, f(x) = sin x)

Limit at a finite point

Definition. The limit of the function f : D c R— R at the point x e RisAe R if
(1) xg is a limit point of Df (x e Dr")
(2) for all £ > 0 there exists 6(¢g) > 0 such that
if xeDf and 0< | x=Xo | <O(¢) then | f(x)-A| <¢
Notation: limf(x) = A

X-Xg

Remark: 0< | x-xp| <6 meansthat xp—-6<x<xg Or Xo<x<Xo+0.

lim f(x) = A ‘ lim f(x) = A
A+e i — Ase o —
A A
A-¢ A-¢
Xo—0 Xg Xo+O . Xo—0 Xg Xo+O i
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One-sided limits:

Notation. The righthand limit of f at xq is denoted as XLIQ; 3 XEXOmw 00 =1to0)
. { left hand limit 0 lim £ ()= lim £(x)=F (X - 0)
X=>Xo— X—=Xo-0

Definition. Suppose xy € R is a limit point of{ Dr N [Xo, ) Then

Dfn(_°°7 XO].
{ lim f(x)=A

o]
. if for all £ > 0 there exists (¢) > 0 such that if x e Df and Ry X <o €l
lim f(x)=A

Xo— O(€) <X <X
then | f(x)-A| <e.

X=X

Consequence. If x; is a limit point of Dy then lim f(x) exists if and only if lim f(x) and lim f(x) exist

X-Xo+ X-Xo—

and lim f(x) = lim f(x).

X-Xo+ X-Xo—

Definition. Letf : X— Y be a function and A c X. The restriction of f to A is the function
fla:A—>Y, fa0)=F().

Remark. lim f(x)=limf | p,p,e) (X) @and lim f(x) = limf | pncenxg X)

8-2x
Example 1. Using the definition, show that lim =

=2 X +2

Solution. We have to show that if x is “close” to xq, thatis, | x - xo | is “small”, then f(x) is “close” to

A, thatis, | f(x)-A | isalso “small”. That is, we have to show that for all € > 0 there exists
6>0suchthatif0 < | x-xo | <6, then | f(x)-A| <e&.
Here x, =-2. If £ >0 then

8-2x 2-(4-x%)
| f00-A] = | -8|= | ———-8|=12:2-0-8]=
X+2 X+2
£
=|-2x-4|=|(-2)(x+2) | =2 | x+2| =2 | x-(-2) | <¢,if |x+2| <-
2

&
= with the choice 6 = 6(¢) = p the definition holds. Remark: -2 ¢ Dy.

Forexampleif =102 then 6 =5-1073.

Example 2. Using the definition, show that lim

X->-3

1-5x =4.
Solution. Let £>0. Then
1-5x-16 5| x=(-3) 5| x+3
| f)-A] = | V1-5x-4|=| |= | L2t
V1-5x +4 Vi-5x +4 0+4

4¢e 4¢e
if | X+3 | <— = with the choice 6(¢) = — the definition holds.
5 5
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Definition. Suppose f : Dr cR— R is a function and xo € D¢'. Then lim f(x) = { ©if
—oo

fix)>P

for all P> 0 there exists 6(P) > 0 such that if xe Df and 0< | x-xo | <6(P) then {f(x)< p

A ' A
: Xo=0_ Xo_Xo+0 .
E lim f(x) = o -P<0 = E
| tm o T
P>0 VAl = | =
Xo-0 Xo Xo+0 - :
Remark. The one-sided limits can be defined similarly:
- f P
o lim f(x) ={ if VP>0 36(P)>0 suchthatifxeDsandxg<x<xy+ 6(P) then { fg; g p
XX+ —oo <~
. o ‘ f(x)>P
o lim f(x) ={ if VP>0 3 6(P)>0 suchthatifxeDfandxy - 6(P)<x<x, then { f(x) <-P"
X=Xo— —oo =T
1

Example 3. lim = oo, since if P> 0, then f(x) =
X2 (x = 2)2 (x =2)?

>P < 0< |X—2 <T
P

1
= with the choice 6(P) = — the definition holds.
P

Limit at oo and -0
Definitions. Assume that Dy is not bounded above.
(1) limf(x) =AeRif for all € > 0 there exists K(¢) > 0 such that if x > K(¢) then | f(x)-A| <e&.
(2) lim f(x) = o if for all P> 0 there exists K(P) > 0 such that if x > K(P) then f(x) > P.

(3) lim f(x) = —co if forall P> 0 there exists K(P) > 0 such that if x > K(P) then f(x) < -P.

X=> oo

\ lim f(x) = A
) N,
AN ANARY
A A A A
| I Y R W |
WY,
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A A
lim f(x) = oo K>0 .
X—>oo 1
/\/ -P<0 \ :
P>0 \/\/ ;
: N lim f(x) = — oo
K>0 X—oo

Remark. If f is a sequence, that is, Ds = N*, then the only accumulation point of D is oo,
so we can investigate the limit only here.

Definitions. Assume that Dy is not bounded below.
(1) lim f(x)=AeR ifforall € >0 there exists K(¢) > 0 such that if x < -K(¢) then | f(x)-A| <e.

(2) lim f(x) = if forall P> 0 there exists K(P) > 0 such that if x < -K(P) then f(x) > P.

X -0

(3) lim f(x) =—oo if forall P> 0 there exists K(P) > 0 such that if x < =K(P) then f(x) < —P.

X—> —o0

Summary

The above definitions of the limit can be summarized as follows.

Theorem. Assume that a e R is a limit point of D; and b e R. Then limf(x) = b if and only if

X=>a

for any neighbourhood J of b there exists a neighbourhood / of a such that
if xelnDs and x*a then f(x)eJ.

Examples
1 1
o [im — = lim — =+ = lim— =+ o [im—=1Ilim—=0
X0-0 x2  x-0+0 52 X0 x2 X0y 2 X3=c0 32
. . l . l . . l . 1
e |[im — =+00, lim —— =-00 = lim—— doesn’t exist e [im— = lim——=0
x>2-02 — x X240 — x X2 —x X0 ) —x  X>-w D) _ x

A |
‘ 1
3t X ——
2t 1 2-x
|
s |
— ] . .
2 1 1 2 3
1t :
|
) 2 |
-3t -3 :
|
|
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The sequential criterion for the limit of a function

In the syllabus it is called transference principle.

Theorem. Suppose f: D c R—Riis a function, a, be R=RU{-o, o}, and aeD;".
Then the following two statements are equivalent.
(1) limf(x)=b
X=>a

(2) For all sequences (x,,) € Dr \{a} for which x,—a, lim f(x,) =b.

F(Xn)

(Xn)

—_— ad -

Proof. We proveitfora, beR.
(1) = (2): @ Assume that for all € > 0 there exists 6(¢) >0 such thatif0< | x-a | <6(¢)
then | f(x)-b | <e.
e Let(x,) be a sequence for which x, € Df\{a} for allne N and x,—a.
e Then for 6(¢) > 0 there exists a threshold index N(6(¢)) € N such that if n > N(6(¢))
then | x,—a | <6(¢).
e Thusforalln>N(6(¢)), | f(xn)-b | <ealso holds, so f(x,)—b.

(2) = (1): o Indirectly, assume that (2) holds but limf(x) # b, that is,

X=>a
there exists £ > 0 such that for all 6 > 0 there exists x e D; for which
O<|x-a| <6and | f(x)-b| =e.

1
e Let 6, =- >0forallneN*. Then for ¢, there exists x, € Df such that
n

1
O< | xp-a]| <6p=—and | f(x,)-b| 2¢.
n

e |t means thatx,—a, but lim f(x,,) # b, which is a contradiction, so limf(x) = b.

Nn—- oo X->a

Remark. The theorem is useful for problems where we prove that the limit doesn’t exist.

Examples

1. Show that the limit limsin(x) does not exist.

X—>o00

Solution. We give two different sequences tending to infinity such that the sequence of the
corresponding function values have different limits. For example:
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JT

1)Ifa,=— +n-2m,then a,— o and sin(a,)=1—1.
2

2)If b, =n-m,then b,— e and sin(b,) =0—0.

37T
3)Ifc,=— +n-2m,then ¢,— o andsin(c,)=-1—-1. = limsin(x) doesn’t exist.
2

X—>o00

1
2. Letf(x) = sin(—), D =R\ {0}. Show that f does not have a limit at 0.
X

1 1
Example. Letx,=— —0andy,=——— —0.Then
nit n

—+2n7T

1
o limf(x,) = lim sin(—) = limsin(nt) =0 and

Nn—- oo n— co Xn

1 7T 1
e limf(y,) =lim sin(—) = lim sin(— +2n n) =1+0 = lim sin(—) doesn’t exist.
n—- oo X o0 Yn X— o0 2 x-0 X

Consequences

Theorem. Suppose Xo € R =R U {-0, oo} is a limit point of D N Dgand limf(x)=A€eR,

X= Xo

limg(x)=BeR,ceR. Then

X Xo

(1) lim (cf)(x)=c-A

(2) lim(fxg)(x)=AzB
(3) lim(f-g)(x)=A-B
f A
(4) lim (—)(x):— if B0
X Xg g B
(5) If lim f(x) =0 and g is bounded in a neighbourhood of x, then lim (f g) (x) = 0.

Remark. The statements (1)-(4) are also true if A, BeR and the corresponding operations are defined
inR.
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Theorem. Suppose x; € R =R U {-co, oo} is a limit point of Df N Dy and
limf(x)=AeR, limg(x)=BeR.
X-Xo

X Xg

If f(x) < g(x) for all x e Df n Dy then A< B.

Theorem (Sandwich theorem for limits). Suppose that
(1) xo e R=R U {-o0, oo} is a limit point of D N Dy N Dy,
(2) f(x) = g(x) < h(x) for all x in a neighbourhood of x; and
(3) lim f(x) = lim h(x) = b eR.

Then lim g(x) = b.

X= Xo
Remark. The theorem is also true for one-sided limits and if b = £ then only one estimation is

enough.

1 1
Example. Show that a) limx sin(—) =0 and b) lim-sin(x)=0.

x>0 X X0 x

b)

Solution.

1 1
a) limxsin(—):O, since - | X | S)(sin(—)s | X |, and lim( | x|)=lim(-|x|)=0
x-0 X X x-0 x-0

1
Or: x—0 and sin(—) is bounded, so the product also tends to 0.
X

sin(x) . 1 sin(x) 1 . 1 1
b) lim =0,since -— < <- ifx>0, and lim(——): lim(—):O.
X—>o0 X X X X X0 X X0 X

1o
or: ~=30and sin(x) is bounded, so the product also tends to 0.
X

Example
sinx
Theorem. im—— =1
x>0 x
. sinx . . . o sinx
Proof. Since f(x) = —— is even, it is enough to consider the right-hand limit lim —.
X x-0+ X

JT
LetO<x<—.
2
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1-sinx

The area of the POA triangleis T; =

12-x
The area of the POAcircular sectoris T, = —.
2

1-tanx
The area of the OAB triangleis T3 = .
A
B
P
X
. tan x
Sin X
X A -
o[ 1 ~A

1-sinx 1%x 1-tanx

ObViOUSly T]_ < T2 < T3 - < <
2 2 2
. . . 2 l
Multiplying both sidesby — >0: 1<— < .
sinx sinx  cosx
. X sinx sinx
Since lim =1then lim—=1 = lim—=1=lim —
x-0+ COS X x-0+ 5in X x-0+ x x-0-  x
n . .
Remark. If0<x<—,thensinx<x = |sinx| < | x| VxeR.
2
Continuity
continuous

Definition. The function f : Df cR—Ris{ continuousfromtheleft atthe point x, € Dy if

continuous from the right
| Xx=Xo | <6(€)

for all £ > 0 there exists 6(¢) > 0 such thatif xeDs and { xo—6(€) <x<xg
XoSX<Xo+ O(€)

then | f(x)-f(xo) | <e.

A
f(xo) + & _
f(xo)
f(x0) - € F——
Xo — o Xo Xo+ o g
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Remarks. 1) f is continuous at x, € Df < for all £ > 0 there exists 6 > 0 such that
if x € (B(xg, 0) N Dr then f(x) € B(f(xp), ).
. [ continuous from theright
2)fis .
continuous from the left

f ] yxosee)

atxp e Dy = { is continuous at xo.

F | Dyeeyia
3) fiscontinuous atxy e D < f is continuous at x, from the right and from the left.

Theorem. Suppose f: D cR—R and xy € D N D¢'. Then f is continuous at xq
if and only if lim f(x) exists and lim f(x) = f(xo).

X-Xg

Definition. f is continuous if f is continuous for all x € Dy.

Notation. If AcRthen C(A, R) or C(A) denotes the set of continuous functions f : A—R.
For example, f € C([a, b]) means that f : [a, b]— R is continuous.

The sequential criterion for continuity

Theorem: The function f: D c R— R is continuous at xy € Dr if and only if

for all sequences (x,) c Dr for which x,— x,, lim f(x,) = f(xg).

Consequences

Theorem. If f and g are continuous at x, € Dr N Dy then cf, f g and f g is continuous atx, (c€R).

f
If g(xo) £ 0 then — is also continuous at xq.
g

Theorem (Sandwich theorem for continuity): Suppose that
(1) there exists 6 >0 such that /= (xo - 6, xo + 6) € D N Dg N Dy,
(2) f and h are continuous at xg
(3) (o) = h(xo)
(4) f(x) = g(x) < h(x)forallx el
Then g is continuous at xg.

Definition. The composition of the functions f and g is (f o g) (x) = f(g(x)) whose domain is
Df.g={xeDgy:g(x) e Ds}.

Theorem. If g is continuous at x, € Dy and f is continuous at g(xo) € Dy then f o g is continuous at xo.

Theorem (Limit of a composition). Let a be a limit point of Dy, 4 for which lim g(x) = b.

Assume that

(1) be Dy, f is continuous at b and f(b) =c or
(2) be D'\ Df and linr;f(x) =c or

(3) g isinjective, be Df' and lirr;f(x) =C.

Then lim(fog) (x) =c.
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Examples

1. Show that the constant function f : R— R, f(x) = c is continuous for all x; € R.

Solution. Let ¢ >0, then withany 6 >0if | x-xo | <d,then | f(x)-f(xo) | = | c-c|=0<e.
A A
f(x)=c Flx) = x
C+é& f(xg) + €
A
£
Cc
f(Xo)
L
c-¢ f(xg)-¢€
Xo Xo — o Xo Xo+ o

2. Show that the function f : R—R, f(x) = x is continuous for all x, € R.
Solution. Let £ >0, then with 6(¢) = €if | x-xo | <S(e)=¢,then | f(x)-f(xo) | = | Xx—Xo | <E&.
3.f:R—R, f(x)=x"is continuous for all x, e R, ne N, since

f(X)=x"=X"X"...:X—> X" Xg ... Xo = X3 = f(Xo)

4. Polynomials (Pp(x) = a, X" + a,_1 X" + ...+ a, x + ay, a;€R) are continuous for all x, € R.

5.f(x) =sinx and g(x) =cosx are continuous for all x e R.

Proof. We show that f(x) = sin x is continuous at a e R. Let x e R, x # a and consider the right-angled
triangle with vertices (cos a, sina), (cosx, sinx), (cosx, sina). Then the lengths of the legs are
less than the length of the hypotenuse, which is less then the arc length x - a, that is,
| sinx-sina| < |x-a].

If e>0and 6 =ethenforallxeR forwhich | x-—a | <6 wehave that
| f(x)-f(a) | = | sinx-sina| < | x-a| <¢g,sofiscontinuousata.

A X

sinx —-sina
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6. Investigate the continuity of the following functions:
1, hax>0
a) the sign function or signum function: sgn(x)={ 0, hax=0
-1, hax<0
b) the floor function: f(x) = [x], where [x]=max{ke Z : k < x}
c) the fractional part function: f(x) = {x} = x — [x]
Solution. a) lim sgn(x) =1 +#sgn(0) =0 = f(x) =sgn(x) is not continuous at 0 from the right

Xx->0+
(and similarly not continuous at 0 from the left) = f is not continuous at 0.
If x £ 0 then f is continuous at x.
b)IfkeZthen lim [x]=k-1, lim [x]=k=[K]
x-k-0 X—k+0

= f(x) =[x] is continuous at k from the right but not from the left.

¢)IfkeZthen lim {x}=1, liLn xy={k}=0
0 X->k+0

X—>k-

= f(x) = {x}is continuous at k from the right but not from the left.

A
f)=Ix1 | .
2l o 2 f(x) = {x}
1+ @O
-3 -2 -1 2 3 4
o—0
—O 2f
—0

NS ifx 20
7. f(x):{xSIn % X is continuous for all x e R.
0 ifx=0

1 ifxeQ

is not continuous at any x e R.
0 ifx¢Q J

8. Show that the Dirichlet function f(x) = {

Solution. e Ifx,e@,thenletx,eR\Q V nsuchthatx,—xp. Thenf(x,)=0—0*1=f(xg).
o If xe R\ Q, then letx, e Q@ V nsuchthatx,—x,. Thenf(x,)=1—1+0="f(xp).

9. Show an example for a function f : R— R that is continuous only at one point.

X, haxeQ

.Then f is continuous only at 0
-x, haxeR\@Q y

Solution. Let f(x) = {

Since f(x)= | x | forallx eR, then
X—0 = | x,| 20 |f(xy)| =0 < f(x,)—0.

tc.

h h
Similarexamples:f(x):{ X, haxeQ ()={ X, haxe@

0, haxeR\Q’ 2x, haxeR\Q €
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Types of discontinuities

Definition. We say that the function f is discontinuous at x, € R or f has a discontinuity at x, e R
if X is a limit point of Dr and f is not continuous at xg.

Classification of discontinuities:

1) Discontinuity of the first kind:
a) f has a removable discontinuity at x; if 3 lim f(x) € R but lim f(x) # f(xg) or f(x) is not defined.

b) f has a jump discontinuity at x, if 3 lim f(x)eRand 3 lim f(x) eR but lim f(x)* lim f(x).

- Xo— X Xo+ X Xo— X Xo+

2) Discontinuity of the second kind:
f has an essential discontinuity or a discontinuity of the second kind at xj if f has a discontinuity

at xo but not of the first kind.

Remarks: 1. In the case of a discontinuity of the first kind, both one-sided limits exist and are finite.
2. In the case of an essential discontinuity, at least one of the one-sided limits doesn’t exist
or exists but is not finite.

Examples
1. Discontinuity of the first kind

2

X -
a) f(x) = has a removable discontinuity at xo = 1.
x-1
A
X P [X]
3t 3r —O
20 x*-1 2
X 1 @O

x-1 — - |
/ -3 -2 -1 1 2 3
‘ ‘ ‘ ‘ . 1 -3 -2 A 2 3 4
_%1 1 2 3 I —0
_17

-2 o <

b) f(x) = sgn(x) has a jump discontinuity at x = 0.
¢) f(x) = [x] has a jump discontinuity for all x e Z.

2. Discontinuity of the second kind

1 1 1
a)fix)=—, HL(x)= - and f; = sin — have an essential discontinuity at x = 0.
X X X



calculus1-11.nb | 13

1
3t xp - 3t
2+ X 2t
1 1t
1 2 3 3 -2 - 1
L 1t
L _2»
L _3»

b) The Dirichlet function has essential discontinuities for all x e R.
c) The function f(x) = ex has an essential discontinuity at x = 0.

1 1
o If x— 0 +, then — — o, and since lim e* = w0, then lim ex = co.

X X o0 x- 040

1 1
e If x— 0 -, then - — -0, and since lim ¢ =0, then lim ex =0.

X X —c0 x-0-0
A
5 L
1
4r\ x b ex
3 L
2 L
|
L
5-4-3-2-1,] 123 4
_2 L
_3 L
4}




