Calculus 1, Midterm Test 2

1st December, 2022

Name: Neptun code:

1.0 20| 3 | 4 | 5 | 6| 7. >

1. (10 points) Find the interval of convergence of the following power series:

= (-1
- - 5)"?
> o 0+

2 (n+3)-2"
2. (12 points) Let A= ([0, 2]\ Q) U (4, 5) U (5, 6].

a) Find the set of interior points, boundary points, limit points and isolated points of A.
b) Find the closure of A.

3. (18 points) Determine the points of discontinuity of the following function. What type of
discontinuities are these?

1 x*-1
f(x):arctan( )+
X+2) x*+2x-3

4. (10 points) Find the values of the parameters such that the following function
X2 ‘

- i >

be differentiableonR:  f(x)={ x 41 ihx=1

ax*+b ifx<1

. . . . . cos(2x) + In(x + 1)
5. (10 points) Find the equation of the tangent line to the function f(x) = atx, =0.

VX2 +1

6. (10+10+10+10 points) Calculate the following limits:

1 1
a) lim(\/x2+x—\/x2+5x+3) b)lim( ——)
X —c0 x=>0\g2X_1 2x
sin(4x%) e cosh(2 x)
c) lim—— d) lim —
x>0 [n(cos(2 x)) x> sinh(3 x)

7.* (10 points - BONUS) Is it true that if x>0 then x < (1 +x) In(1 +x) <x(1 +x) ?
(Help: Investigate the function f(x) = In x on the interval [1, 1 + x].)
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Solutions

1. (10 points) Find the interval of convergence of the following power series:

o _l n
ZL (x +5)"
n=1

(n+3)-2"
. . (-1 .
Solution. The coefficients are a, = ——— and the center is
(n+3)-2"
Xo = -5.
) (-1)" 1 1 1 1
Vian| =0/ | —— | =———>—=2== = R=2.(3p)
(n+3)-2" N3, 12 2R

n\jn+3 —> 1 by the sandwich theorem, since 1 < Q/n+3 < 'Vn+3n = Q/Z %—)1-1:1.
Let H denote the domain of convergence. Then (-7, -3) c Hc [-7, -3].
The endpoints of H:
. (1)
If x =Xy + R=-3then theseriesis ) ——— 2" =
o (n+3)-2"

This is a Leibniz series, so it is convergent. = -3 eH.

)’ <

oo (_l
If x=xy— R=-7thentheseriesis Y ——— (-2)"=
%(n+3)-2” %n+3
. 1 1 1 > 1 . i .
Since > =— and Z— diverges, then by the comparison test, Z also diverges. =
n+3 n+3n 4n a1 4n o n+3
-Te¢H. (2p)

The domain of convergence is H= (-7, -3]. (2p)

2. (12 points) Let A= ([0, 2]\ Q) U (4, 5) U (5, 6].
a) Find the set of interior points, boundary points, limit points and isolated points of A.
b) Find the closure of A.

Solution:

a)

Set of interior points: intA=(4,5)U (5, 6) (2p)
Set of boundary points: 0A=[0,2]u{4,5,6} (3p)
Set of limit points: A'=[0,2]U[4, 6] (3p)
Set of isolated points: g (2p)

b)

The closure of A: A=[0,2]UI[4, 6] (2p)

3. (18 points) Determine the points of discontinuity of the following function. What type of
discontinuities are these?

1 x2-1
f(x):arctan( )+
X+2) x*+2x-3
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x=-1)(x+1)

x=1)(x+3)

Since the arctan function and the polynomials are continuous and the composition and ratio of
continuous functions is continuous if the denominator is not 0, then f is continuous on its domain.

1
Solution. f(x) = arctan( )+
X+2

The points of discontinuities are x; = -2, x, =1, x3 =-3. (3p)

1 1 1 7T
a)lfx;=-2: lim =— =400 => lim arctan( ]:—
>-240x+2 0+ X =2+ X+2 2
. l l .
lim =— =—00 = lim arctan( ):—— (2p)
x>-2-0x+2 0- X=-2- X+2 2
T x-1)(x+1) T
= lim fx)=x— + lim ——— =+x— -1 (1p)
X->-2%0 2 x»>-220 (x — 1) (x + 3) 2

= f has a jump discontinuity at x; = -2. (2p)

1 x-1)(x+1) 1 1
b)Ifx,=1: lim f(x)=arctan- + lim —— =arctan- +— (3p)
X 1+0 3 x->1x0 (X— ]_) ()(+3) 3 2

= f has a removable discontinuity at x, = 1. (2p)

x-1)(x+1) 7T 1
c) Ifx3=-3: lim f(x)=arctan(-1)+ lim ———— =—— +(-2) lim =
X--3+0 x>-3%0 (x — 1) (x + 3) 4 x->-3:0 x + 3
T
= 2 +(=2)" (2 o0) = Foo (3p)

= f has an essential discontinuity at x3 = -3. (2p)

4. (10 points) Find the values of the parameters such that the following function
X2
be differentiableonR:  f(x)={ 41

ax*+b ifx<1

ifx=1

Solution. The function is differentiable for all a, b except x = 1.

1
If fis continuous atx=1then lim f(x)= lim f(x)=f(1) = - =a+b (3p)
2

x-1+0 x-1-0
2x-(x+1)-x* x> +2x
‘ = ifx>1
frix)= (x + 1) (x + 1) (2p)
2ax ifx<1

3
If f is differentiable at x =1 then lim f'(x)= lim f'(x) = - =2a(3p).
4

x-1+0 x-1-0

3 1
The solution of the equation systemisa=-, b=-.(1p)
8 8

. . . . . cos(2x) + In(x + 1)
5. (10 points) Find the equation of the tangent line to the function f(x) = at

X +1

X0=0.
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1

Solution. f' (x) =
X+1

[(—2 sin(2.x) + ] VX* +1 = (cos(2x) + In(x + l))é (x> + 1)"i -2)() (5p)

X2 +1
f(0)=1, f'(0)=1 (1p)
The equation of the tangent lineis y=f(0) +f'(0) (x - 0), thatis, y=1+x (3p)

6. (10+10+10+10 points) Calculate the following limits:

1 1
a) lim(\/x2+x—\/x2+5x+3) b)lim( ——)
X— —o0 Xx-=0 e2X_l 2x
sin(4x%) e cosh(2 x)
) lim——— d) lim ———
x>0 [n(cos(2 x)) x> sinh(3 x)

Solution.

\/x2+x + X2 +5x+3

a) lim (\/x2+x - \/X2+5X+3)= lim (\/X2+X - \/x2+5x+3)-
o o X+ X + \/x2+5x+3
(x* +x) = (x* +5x+3) -4x-3
= lim = lim (6p)
o \/X2+X+\/X2+5X+3 o \/X2+X+\/X2+5X+3

-4-2 -4-0
=(-1)- =2 (4p)

l. X X
= lm
X =0 'Xz x/l_'_;l(_'_\/]_+)_5(_'_% \/l+0+\/l+0+0
X

Here =—— =—=-1,sincex<0.

=lim

b) lim
X202 x(e?* - 1)

x-0

1 1 2x-(e*-1)

(ez" -1 ZX)

The limit has the form g = L’Hospital’s rule can be applied:
2-2e* -4e**

L'H L'H . -4 1
= lim (4p) =lim (4p) =— =--(2p)
X—>02(e2x_1)+2X.e2X.2 X_)0462X+4'82X+4X'82X'2 8 2

¢) The limit has the form g = L’Hospital’s rule can be applied:

sin(4x?) . cos(4x%)-8x
lim¥ M lim (4x) (5p)

x>0 [n(cos(2x)) x>0 __1 -(=sin(2x))-2
cos(2X)

= limcos(2x)- cos(4 x°) (-2)=1-1-1-(-2)=-2 (5p)

x>0 sin(2 x)

d) By the definition of the functions:
e* cosh(2x) ef(e** + e7?¥) 3y eX e 1-e
=lim =lim (4p) = lim —
x> sinh(3x) Xow  @3X _ g=3xX X0 g3X _ g=3X X0 @3X 1 4 o76X
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7.* (10 points - BONUS) Is it true that if x > 0 then x < (1 +x) In(1 +x) <x(1 +x) ?
(Help: Investigate the function f(x) = In x on the interval [1, 1 + x].)

Solution. Let x > 0, then the function f(x) = In x is continuous on [1, 1 + x] and differentiable on
(1, 1 +x), so by Lagrange’s theorem there exists c e (1, 1 + x) such that

IN1+x)-lnl In(1+x) 1
= =Iln'(c)=-
1+x)-1 X c
) 1 1 In(1+x)
Since 1<c<1l+x then—<-<1 = < <1.

l+x ¢ 1+x X
Multiplying by x(1 +x) >0 we get that x < (1 +x) In(1 +x) <x(1 + x). (10 points)



