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Chapter 1

Introduction

1.1 Background

Chaotic, “stochastic” behavior of deterministic systems is much interesting from both theoretical and
applied points of view. An archetype of such systems is the Sinai billiard - or equivalently, its periodic
extension, the periodic Lorentz process. The motivation for studying these models is multiple. In the
physics literature, Hendrik Lorentz [L05] introduced Lorentz gas as a model of motion of electrons in a
metal. By considering the dynamics of just one classical electron in a crystal, one obtains the (periodic)
Lorentz process. Nowadays, a central problem in statistical physics is to derive macroscopic laws from
microscopic dynamics. In the optimal case, the microscopic dynamics are Newtonian which makes the
model more realistic. The two model families, where such rigorous results are available, are mathematical
billiards and oscillators.

On the other hand, Sinai was also interested in physically relevant examples, where the mathematically
precise notions of chaotic dynamical systems can be verified. Most importantly, this means the precise
formulation and proof of Boltzmann’s Ergodic Hypothesis which is roughly speaking the following: in any
large enough physical system, the time average (as time tends to infinity) of a physical quantity coincides
with its spatial average (with respect to the equilibrium). Sinai [S63] conjectured that this is true, more
precisely ergodicity holds, for hard ball systems - hard balls moving on a flat torus and colliding with
each other solely - once the trivially conserved quantities (total momentum, center of mass, total kinetic
energy) are fixed. This statement is now called Boltzmann-Sinai Ergodic Hypothesis. The motion of
any number of hard balls in any dimension can be encoded into the motion of a point particle on a
possibly higher dimensional torus with some restricted regions (scatterers). In particular, this led to the
definition of Sinai billiard (or dispersing billiard following Sinai’s terminology) in the celebrated paper
[S70]. Here Sinai also proved the Boltzmann-Sinai Ergodic Hypothesis in the simplest case (two balls in
two dimensions) and other properties of the planar Sinai billiard (hyperbolicity, K-mixing) which reflect
strongly chaotic nature.

The definition of semi-dispersing billiard is the following. Fix some convex subsets Bi,... By of the



d dimensional torus, whose boundaries fulfill some regularity conditions. These sets are thought of as
scatterers. The continuous dynamics, called the billiard flow is the free flight of a point particle among
the scatterers and its specular reflection on their boundaries. The speed of the particle is constant (equals
to one, say), thus the phase space of the billiard flow consists of a spatial component (d dimensional torus
minus the scatterers) and a velocity vector, which is an element of the d — 1 dimensional unit sphere.
Lebesgue measure is a natural invariant measure in both coordinates. The same motion is described by
the billiard ball map, which is the Poincaré section of the flow on the boundaries of the scatterers. Hence
its phase space has spatial dimension is d — 1 and full dimension 2d — 2. The simplest case is of course
the planar one (d = 2), where the phase space of the billiard ball map is two dimensional.

If the scatterers By, ... By are strictly convex, then the billiard is called dispersing, or Sinai billiard. If
one encodes the motion of hard balls into semi-dispersing billiards, then the scatterers are going to be
strictly convex if and only if the number of hard balls is two. Since in the case of more hard balls, some
cylindrical scatterers are also needed, proving the Boltzmann-Sinai Ergodic Hypothesis is even much
harder in this case (see [S09] and references therein).

Some spectacular results for the Sinai billiards were the convergence to equilibrium in [KSz83a], the linear
Boltzmann equation in the case of small scatterer size limits, [BBS83], [MS10] and the (super)diffusion
in the planar case. In the sequel, we focus on the latter.

The development of the theory of planar Sinai billiard in the last decades is miraculous (consult [CMO06]
for lot of details). Besides ergodicity and hyperbolicity, the most interesting statistical properties are
the decay of correlation and the central limit theorem (CLT), or diffusion. For an abstract dynamical
system (M, F, 1), the former means that [ f(goF™)du is exponentially small in n if [ fdu = [ gdp =0
and f and g are chosen from a nice set of functions (definitely containing the free flight function for the
billiard ball map). With this terminology, CLT means that ﬁ ZZ=1 foFFk asarandom variable with
respect to p, weakly converges to a Gaussian distribution.

The classical method of proving CLT in hyperbolic dynamical systems consists of the construction of
Markov partition, switching to the symbolic space and applying functional analytic methods to the
Perron-Frobenius operator. Although in the case of Sinai billiards this was basically done in [BS81]
and [BSCh91] thus providing the first proof of the CLT, this method is cumbersome (for instance, the
Markov partition is not finite), and does not provide exponential decay of correlation. It is also a crucial
fact, that a geometric assumption in needed for the above results, namely, that the free flight function
should be bounded.

Definition 1. We say that a Sinai billiard (or periodic Lorentz process) has finite horizon, if the free
flight function is bounded. Equivalently, it has infinite horizon, if there is an infinite line which is disjoint

from the interior of all scatterers.

The following breakthrough in this theory was the paper of Young [Y98]. She introduced the tower
technique which was strong enough to prove exponential decay of correlation for the billiard ball map and
also provided a new, transparent proof of the CLT. Her method was successfully applied by Szdsz and
Varju in the case of infinite horizon [SzV07]. According to their most interesting result (also conjectured

by Bleher [B92] much before), the presence of infinite horizon yields a slightly super-diffusive behavior.



The displacement of the particle in n steps, rescaled by v/n log n, converges to some Gaussian distribution.
In fact, they proved a local version of this limit theorem and also that of the CLT in case of finite horizon
[SzV04].

Chernov and Dolgopyat managed to further simplify the proof of the CLT with their method of “standard
pairs”. This method allowed them to treat a model of two moving particles, which is in some sense a
parametric family of billiards [ChD09b] (note that this model is much more complicated then the case
of just one moving particle). The standard pair technique, which is in fact the state-of-the-art method,
is also applicable to many other problems. Besides the proof of the limit theorem in both finite and
infinite horizons ([Ch06b, ChD09a]), it also yielded more delicate statistical properties (e.g. convergence
to Brownian motion, law of iterated logarithm) and also limit theorems for related models (e.g. for
billiards under external fields). Further, several arguments from probability theory has been successfully
reapplied to Sinai billiards, thanks to this technique. Dolgopyat, Szdsz and Varju [DSzV08] proved
delicate recurrence properties of the periodic Lorentz process with finite horizon. These properties are
all the same, as if the billiard particle was substituted by a random walker (of course, the proof is much
more involved). They also managed to prove CLT for a non-periodic Lorentz process with finite horizon

[DSzV09], where periodicity is spoiled in a compact domain. A related conjecture is the following.

Conjecture 1.1. Modify the scatterer configuration of a periodic Lorentz process with infinite horizon
on a compact subset (the modification still satisfies the assumptions of the Sinai billiard). Then, the

super-diffusive limit theorem remains valid.

Going back to the motivation by the work of Lorentz [L05], one sees that these kind of problems
are also physically motivated (crystals often have impurities). In the last few years, some other non-
homogeneous modifications of the periodic Lorentz process were also considered, see for instance [SYZ12]
for a very recent one. As both the delicate statistical properties of the periodic Lorentz process and the
basic statistical properties of some non-homogeneous versions are current active research fields, there

are plenty of interesting, challenging questions, a few of which we are going to address in this thesis.

1.2 Structure of the thesis

This thesis consists of six more or less self-contained chapters. Chapters 2 3 4 and 5 contain (almost
verbatim) the articles [N11a, N11b, NSz12, NSzV12a], respectively. Chapter 6 is the preprint [NSzV12b],
while Chapter 7 is an unpublished work, also joint with Domokos Szasz and Tamés Varji. I would also
like to remark that Chapter 2 heavily overlaps with my MSc thesis. At several points - mainly in the
introductions -, the Chapters may overlap (by not much, though).

The high level logic of the thesis is the following: Chapters 2 and 3 are about some stochastic models
(random walks) that are motivated by the periodic Lorentz processes. Chapter 4 is about a specific
type of inhomogeneity (both in space and time) in Lorentz process. On the technical level, Chapters
2-4 require ideas almost exclusively from Probability theory. Chapter 5 suggests an approach to study
general time inhomogeneity in dynamical systems (at its present state, not strong enough to treat two di-

mensional dynamics, though). Chapter 6 deals with Lorentz processes with infinite horizon in dimension



d > 3, while Chapter 7 is roughly speaking a new proof for the convergence to the Brownian motion in
the plane, again, in the infinite horizon case. On the technical level, Chapters 5-7 require ideas primarily
from the theory of Dynamical systems and elementary geometry, although Probability theory is still
an important ingredient. We also mention that the motivation of Chapters 3 and 7 is mainly (but not
exclusively) is the hope that they might be useful at attacking Conjecture 1.1. Each Chapter starts with
an introductory Section and some of them has some remarks in the end pointing out some possible ex-

tensions and open questions. In the rest of this Section, we introduce each Chapter in some more details.

Chapter 2 is about the number of distinct sites visited by a random walker that has a finite memory
(internal state). In fact, we extend the results of Dvoretzky and Erdés [DE51] for Simple Symmetric
Random Walk. These are the asymptotics for the expected value and the variance of the number of
visited distinct sites, and both weak and strong laws of large numbers. In this problem, the “intermittent
dimension” is 2, thus the computation in the plane is much more delicate that that of d =1 and d > 3.
As a tool for these results, the error term of the local limit theorem of [KSz83b] is also estimated. Sinai’s
motivation behind this model of Random Walk with Internal States (see[S81]) is the better understanding
of the periodic Lorentz process with finite horizon. We also point out the fact that in the case of planar
Lorentz process (with finite horizon), the same questions has been answered by Péne [P09a].

Chapter 3 is about some delicate recurrence properties of a random walk, the step distribution of which
has the same tail asymptotics as the planar Lorentz process with infinite horizon. We address exactly the
same questions Dolgopyat, Szdsz and Varji were dealing with in [DSzV08] (which were also important
by the proof of the convergence to the Brownian motion in locally perturbed periodic Lorentz process
with finite horizon [DSzV09]). These questions include the tail asymptotics of the distribution of the
first return time to the starting position (origin), limit theorem for the local time at the origin and for
the hitting time of the origin as started from far away. The consequence is that in case of the infinite
horizon, the recurrence properties are weaker, as expected - for instance, the local time up to n is scaled
by loglogn in compare to logn in finite horizon. Some of these results can be proven to the Lorentz
process too, but some of them are open. As in Chapter 2, a refinement of the local limit theorem is also
needed here.

In Chapter 4, we consider a periodic planar Lorentz process with finite horizon, restricted to a horizontal
strip. In this setting, the diffusively rescaled trajectory converges to the Brownian motion, which is an
easy consequence of the same statement in the plane. Now, if one puts a vertical wall to the zeroth cell,
then the trajectory converges to the reflected Brownian motion, but if there is a hole on the wall - thus
the particle eventually get through it -, then the limit is again the Brownian motion (see [DSzV09]). In
Chapter 4, we prove that if one puts a hole of decreasing size to the wall, then the limit is the so-called
quasi reflected Brownian motion, a joint generalization of Brownian motion and reflected Brownian
motion. It is worth mentioning that this is a stochastic process which is Markovian but not strong
Markovian. The most important ingredient of the proof is the local limit theorem for planar periodic
Lorentz process with finite horizon, see [SzV04].

In Chapter 5, we prove functional central limit theorem for deterministic time-dependent dynamical



systems. The result itself is applicable only in restricted settings - mainly for one dimensional expanding
maps - but the time inhomogeneity is general. The latter means that instead of proving the central
limit theorem for a typical sequence of some mappings, we can prove it for fixed sequences under some
conditions. These are connected to the zero-cohomology condition in the autonomous case.

Chapter 6 is about periodic Lorentz process in dimension d > 3 and with infinite horizon. Note that
the high dimensional case is much more difficult than the planar one. Even for finite horizon, much
less is known than in d = 2, see [BT08] for the present state of the theory. The infinite horizon also
makes the picture more difficult. Recall that in the planar case, the scaling of the trajectory is slightly
super-diffusive. In d > 3, the first step is to ascertain the tail asymptotics of the free flight function.
If it is the same as the one in the planar case, then it is reasonable to expect the same super-diffusive
behavior. In [D12], Dettmann formulated conjectures, which provide the tail asymptotics in quite a
generality. The essence of the conjectures is that super-diffusion is expected if and only if there is a
horizon of maximal possible dimension. In Chapter 6, we prove the first two conjectures of Dettmann.
It is worth mentioning that our proof uses results from the theory of the small scatterer size limit of
Lorentz processes, see [MS10].

Chapter 7 has the closest connection to Conjecture 1.1. In the proof of the CLT for locally modified
periodic Lorentz process with finite horizon, [DSzV09] uses the “martingale method” of Stroock and
Varadhan. Hence it is reasonable to expect that this method could be useful by attacking Conjecture
1.1, too. In Chapter 7, we prove that the only possible limit point of the super-diffusively rescaled
trajectory is the Brownian motion with the appropriate covariance matrix by a combination of the
standard pair and the martingale methods. Chernov and Dolgopyat proved the same in [ChD09a] by

combining the standard pair technique with Bernstein’s big block-small block method.



Chapter 2

Number of Distinct Sites Visited by
a Random Walk with Internal States

2.1 Introduction

The model of a random walk with internal states (or, alternatively, random walk with internal degrees
of freedom; briefly RWwIS) was introduced by Sinai in 1981 in his Kyoto talk [S81]. His aim was to
get an efficient tool for examining the Lorentz process (in this context, internal states would represent
the elements of the Markov partition or of a Markov sieve). For this kind of argument see, for instance,
[PSz12]. Beside the Lorentz process, however, several other motivations and applications have appeared,
among others, in some models of queueing systems, cf. [H95] as for an extensive treatment of other
motivations. Nevertheless, the investigation of this model is important for its own sake, as it is a
manifest generalization of a gem of probability theory: the simple symmetric random walk. Let us begin
with the definition of RWwIS with the notation in [KSz83b] and [KSz84] (or of [KSSz86], where RWwIS

served as a model of Fourier law of heat conduction).

Definition 2. Let E be a finite set. On the set H = Z3x E (d = 1,2, ...), the Markov chain &, = (9, €n)
is a random walk with internal states (RWwlIS), if for Vo, xpi1 € 2%, jn,jns1 € E

P(§n+1 = (l'n+17jn+1)|§n = (mmjn)) = Pzpip1—Tn dnodnt1-

In fact, E could be countable, as well, but we will consider only the finite case. We will denote
s =#F.

There are some basic assumptions which will throughout be supposed. These are the following:

(i) (e0,€1,...) - obviously a Markov chain - is irreducible and aperiodic (its stationary distribution will

be denoted by )

(ii) the arithmetics are trivial, with the notation in [KSz83b], L = Z¢



(iii) the expectation of one step is zero provided that eg is distributed according to its unique stationary

measure

(iv) the covariance matrix, which is exactly defined in Section 2.2, exists and is nonsingular.

In general, we will assume that 79 = 0. Let Lg(n) denote the number of distinct sites visited by
(&), up to n steps. The expectation of L4 (n) is E4(n), and the variance is Vg (n). {e;};=1,..s is the
standard basis in R®, and 1 = (1,1, ..., 1)T. Our aim is to find asymptotics of E4 (n), further, by using
bounds on Vj (n), we want to prove weak and strong laws of large numbers. Similar results in terms
of simple symmetric random walks (which will later on be referred to as SSRW) are found in [DE51].
Recently, in the case of two dimensional Lorenz process, Péne discussed the same question in [P09a).
There are numerous fairly new papers on Ly (n) for random walks with independent steps (see [BRO5]
and references therein).

This Chapter is organized as follows: in Section 2.2 the main theorem of [KSz83b] is generalized.
Namely, a remainder term of the local limit theorem is computed, as it will be necessary for estimating
E5 (n). A further refinement of the local limit theorem will also be given as it will be useful when
proving the strong law of large numbers in the plane. Although these results are used in the forthcoming
Sections, they can be interesting in their own rights. In Section 2.3, the number of visited points in the
high dimensional case, i.e. when d > 3, is dealt with. We prove asymptotics for E4 (n), and estimate
Va (n), from which we can prove both the weak and strong laws of large numbers. In this Section, we
will not use the result of Section 2.2, Theorem 5.2. in [KSz83b] will be enough for our purposes. In
Section 2.4 the d = 2 case is discussed. For Ej (n), same asymptotics (const—2—) is found as in [DE51],

logn

but with some different constant. V5 (n) is also estimated, and the weak law of large numbers is also

proved. The proof of the strong law in the plane is a little bit cumbersome calculation, so it is postponed
to Section 2.5. In Section 2.6, the one dimensional settings are considered. This case requires a little
bit different approach from the previous ones (and is not treated in [DE51]), so the application of a

Tauberian theorem will be very useful. Section 2.7 gives some remarks.

2.2 Preliminaries

2.2.1 Local limit theorem with remainder term

In this subsection, we calculate a remainder term for Theorem 5.2. in [KSz83b]. Furthermore, another
refinement of this theorem will be proved, as it will be used when proving the strong law of large

numbers in the plane. First, we reformulate the mentioned theorem. We have to start with some



definitions. Denote

Ay = (py,.jvk)j7k=1,_,,7s :C° = C,
Q = Z Ay,
yeZ4
M = )y,
yez?
Zl,m = Z ylymAy
yEeZ4

So, the transition matrix of the Markov chain (g9, 1, ...) is @ and its unique stationary measure is p.

Theorem 2.1. (Krdmli-Szdsz [KSz83b]) Consider a RWwIS in Z¢ and assume that the matriz o =

(01,m) 1 <1 m<a Whose elements are

O1m = (1, Viml) — <u, M(Q-1)"" Mml> - <u7 My (Q—1)"" le>

(which can be called a covariance matrix) is positive definite, then

. _ x
5 [P 6= @it = 0.0~ g ()] 0
(z,k)eH

as n — oo, where g, (x) denotes the density of a Gaussian distribution with mean 0 and covariance

matrix o.

Of course, the condition concerning the positive definiteness of the matrix in one dimension means
o > 0. We omit the proof, it can be found in [DE51]. In fact, there is a typo in [DE51] as they write

n~1/2 instead of n=4/2

but it is easy to correct it even in the proof.

Our calculation will be similar to the one of [KSz83b]. The main point is that while in [KSz83b] it is
sufficient to consider the Taylor expansion of the largest eigenvalue up to the quadratic term, now, we
have to calculate the third term, as well.

Define the Fourier transform

. d
at) = Z exp (i (t,y)) Ay, t € [—m,7]".
yEZ?
Now, we have to consider the Taylor expansion of the largest eigenvalue of a(t), which is denoted by
A(t), up to the third term.

Let us first assume that d = 1. From our basic assumptions it follows that M = 3 yA, and
yEZL
¥ = Y y*A, are convergent series. But now, we also suppose the absolute convergence of
yEL

E=) yA, (2.1)
YyEL
The existence of M, Y and = implies
t? it?

alt)=Q +itM — FE-GESF o(t®) (t—0). (2.2)

10



Now, by perturbation theoretic means (i.e. the straightforward extension of Theorem 5.11. of Chapter
II. in [K80]) it can be easily proved that

At =1+t + %# + %Sﬁ Fo(t?) (t—0). (2.3)
From [KSz83b] we know that ri = 0 and ro = — (31, p1) + 2 (M(Q — 1) " M, ).
Using the notation 02 = —ry we can now formulate our theorem:

Theorem 2.2. For a one dimensional RWwIS the existence of (2.1) imply
1 T Z"I“3 2 2 11 1
e —— ) [1——2(3 — ——|=o0(—-
o (-25) [~ et 2] o (2).

where the small order is uniform in x.

Proof. The proof is similar to the one of Theorem 2.1. in [KSz83b]. In the neighborhood of the origin,
we have a™(t) = A"(t)p(t) + bn(t), where p is the projector to the eigenspace associated to A(t), and
by (t) is the contribution of the other eigenvalues. The term b, (t) is in O(a™) for some « € (0, 1).

Because of (2.3) we have

o242 n
a™ (t) = (1T +tp' (0) + O(t?)) (1 -5+ %3 +o0 (t3)) + b (). (2.4)
Elementary calculations show that

0%s?  ry s 83 " o282 r3 83
1-— —— — = - 1+ 2s3— 2.5
(- reln) =) s e B) e

holds uniformly for |s| < n® with 0 < ¢ < 1/6. In order to prove the statement, we use the Fourier

transforms and the usual estimations

H\/ﬁ/ exp (—ixt) e] o (t) dt
V2T z? irs 2
—1 Te p( ){I—Gx(i’)an—x 06n2]H

2no?

eI pO)N" (ﬁ) T exp(- 70 (1 +% f)‘ ko Qﬁ)
|s|<ne

sell [ aasyen-TSws s [ e (2]
C||H S )exp B S €jOé \/H S

|s|>ne ne<|s|<yyv/n
T n s
+ e;a | —
J \/ﬁ

yVn<ls|<my/n
1
= T —_— I+ 13+ I
1+0<\/ﬁ>+ 2+ 13+ 14,

IN

ds

11



where 0 < & < § is arbitrary. The term o (ﬁ) is the contribution of the terms ﬁp’(O) + O(%) in

(2.4), as we can see that

n( 5 ) 5
() g
|s]<ne
o%s?\ s , a?s?\ 2 s,
= / exp (— 5 )np (0)ds + O / exp (— 5 >\/ﬁ\/ﬁp(0)ds ,
|s]<ne |s|<n®

which is 0 + o (ﬁ» and

/

|s|<ne

() g ()

It is clear that proving I; = o (ﬁ) , j = 1,2,3,4 is enough for our purposes. (2.5) yields that

the integrand in I; is equal to i(f}g 53 exp (— "2282), where 6(n) — 0 uniformly in s. Thus we have

L =o (ﬁ) It is clear that I = o (ﬁ), and I, converges exponentially fast to zero. Finally, if v > 0

2.2
v nf S o°s

; 2 < - )
e;a (\/E>Hds_ / exp( 1 )ds

is small enough, then

v

ne<|s|[<yvn ne<|s|<yyv/n
So we have I3 = o (ﬁ), too. O

Remark 2.3. In Theorem 2.2 for the expression subtracted from the appropriate probability we have:

1 22 irs 11

~ ) - B (3020 — a?) = —
RPN S A
1 o < y
- exp| -
i V2mno P 2
where y = =, and the q (y) is the function defined in [P75], Chapter VI. (1.14). In this sense, the

local limit theorem concerning RWwIS is analogous to the one of Simple Symmetric Random Walk (see
[P75] Chapter VII. Theorem 13).

The extension of Theorem 2.2 to the multidimensional case is straightforward. Analogously to (2.3),
we have:
Mt =1 5t + £ () +ollil’) (]~ 0),
d
where f(t) = >

=1y

> 73,4,5,ktitjtx is the third term of the Taylor expansion. Denote
1k=1

/2 T iy
= nd/2 = (x,. = N = xp (—1 (x eTan .
Q = n2P(¢, = (z,.)|6 = (0,7)) wwlléem (. t)) eTa () dt

12



So the analogue of the expression subtracted from the appropriate probability in Theorem 2.2 (multiplied

Using Lebesgue’s Theorem, it is easy to see that I(™ = O (n_1/2). One can estimate I, I, I3, I4 the

nd/2

Y ) 1

same way, as it was done in the proof of Theorem 2.2 (see [KSz83b] Section 5. for more details). So we

have arrived at

Proposition 2.4. Supposing that (2.1) exists, for a d dimensional RWwIS

P&, = (k)60 = (0.0)) = —ztage (=) + 0 (w+072)

holds, where g, () denotes the density of a Gaussian distribution with mean 0 and covariance matriz o

and the great order is uniform is x.

A further refinement of the local limit theorem will be useful in the sequel. Now, we would like to go
further in the asymptotic expansion, and apply our techniques in the two dimensional case. Nevertheless,
we are interested only in an estimation, not in the exact result which will simplify the calculation. Just

like previously, let us begin with the one dimensional case. Assume the convergence of the series
T=> y'4, (2.6)
yEL
Now, just like previously, we may write

a(t)—Q—&—itM—iZ—E:—l—ﬁT—&—o(t‘l) (t — 0)
N 2 6~ 24

for the Fourier transform, and

2
At) =1+t — %tQ + %3753 +O(tY (t—0) (2.7)

for the largest eigenvalue of «(t). As previously, we have
o%s?  ry 83 s\
1-— ——=+0|=
( o T n3 * <n2>>

o252 T3 1 st 4 s8
= — 14 2g3
o (%) (15 o (500))

uniformly for |s| < n®. A very similar argument to the previous one (with I; = o ( 1) , J=1,2,34)

n

leads to
P(&n = (z,k)[60 = (0, 7)) (2.8)
1 22 irs 9 o 11 1
= — 1 _— — _— —_—
Wk Tﬂ_ﬂgexp( 2n02> [ 5 x(3an T )UGnQ} —I—O(n3/2>,

where the great order on the right hand side is uniform in x.
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Now our aim is to formulate an assertion similar to (2.8) in two dimensions. Applying the one

dimensional proof to the two dimensional case it is easily seen that

P&, = (@Rl = 0.9) = mgon (J) + Fle) =0 (5.

n2
where the great order is again uniform in x, and F(z,n) is equal to
1 2T sTos s
27”13/2“2_1122_1232_1_/00_/00 exp (—2 —1 <33, \/ﬁ>> T'3.i1 in,is Siy Sig SizdS.
We estimate F'(z,n) just like it was done in [P09b]. Observe that with the notation

U(z) = 7 7 exp (-‘ST;S y <x7s>> ds = \;%exp (-””T”;x) ,

— 00 —00

we have with an appropriate Cy constant

|F(z,n)| < Cy

L
8% 8931265623 \/’E ’

—75 max
n3/2 i iais

Further, observe that

*v
2

T . —1
3 xr~ o xr
5 @] < Ca (el + el exp (-5 ).

So we have arrived at

Proposition 2.5. Assume that for a two dimensional RWwIS (2.6) exists. Then there is a C' constant,

such that for every x € R? and for every 1 < j, k < s the following estimation holds

P&, = (z, k)& = (0,7)) — “’“%g" (%)‘

3 _
oo L (dell Y (w1
= n3/2 \ nl/2 n3/2 p m n2 |-

By an elementary argument (see, for instance in [IL65] Theorem 4.2.2), using Proposition 2.5 one

can easily deduce

Corollary 2.6. Under the conditions of Proposition 2.5

> P =xlno = 0) — %go <x> ’ ) (n—1/4) .

TE€Z2

2.2.2 Reversed walks

The so-called reversed walk will be important in the sequel. If a RWwIS is given with the appropriate

(py.i,;) probabilities, then we define the (g, ; ;) reversed random walk for which

o MiP—y,ji
Ay,i,j = .
1223

Obviously, the stationary measure of the reversed walk is also p. As we would like to apply the local

(2.9)

limit theorem for the reversed walk, we need

14



Proposition 2.7. If the primary RWwIS fulfills our basic assumptions, then the reversed walk fulfills
them as well. Furthermore, the so-called covariance matriz of the reversed walk is the same as the one

of the primary walk.

Proof. Basic assumptions (i)-(iii) are fulfilled obviously. So it suffices to prove the second statement.

Let us introduce some notations

Ay = (Qy,j’k)ﬁk:l,,,,}s )
Q = XA
y€ezd
Ml = Z ylAvy7
yeZ4
il,m = Z ylym;{ya
yeZ4
and a new inner product
() : R°xR° =R,

S
(u,v) = Zuiuivi.
i=1

Let us denote by A* the adjoint of the linear operator A, i.e. (u,Av) = (A*u,v) for all u,v € R®.
Elementary calculations show that Q@ = Q*, A, = (A_,)", M; = —(M))*, S = (Sim)" for all
y € Z% 1 < l,m < s. Now, for an arbitrary element &, of the ”covariance matrix” defined for the

reversed walk

Fim = (1,§l,m1) — <1,1\71 (é— 1)_1z\7m1) - (1,J\7m ((g — 1)_11\711)
(S1ml, 1) — (Mm Q-1 M, 1) - (Ml Q- 1) M1, 1)

= Jhnr

Hence the statement. O

2.3 Visited points in high dimensions

In the high dimensional case, we find that E;(n) grows fast, i.e. linearly in n, as we could have
conjectured it from the transiency of the RWwIS. In Theorem 2.8 we prove this fact and compute
remainder terms, too. Our approach is based on the one of [DE51], but there are some main differences.
First, we have to consider the reversed random walk which is trivial in the case of [DE51]. After it,
the renewal equation is written with matrices and vectors, which is more technical than in the case of
[DE51]. Moreover, there will be a technical difficulty, namely we will have to consider the case, when
the distribution of ¢y is arbitrary. This will be treated separately in Proposition 2.9. After it, we will be

able to estimate V; (n). In fact, o (nz) is enough for proving weak law of large numbers, and O (nzf‘;)
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for strong law of large numbers, but our estimations will be sharper. Nevertheless, these estimations are
weaker than the ones of [DE51] because a symmetry argument, used in [DE51], fails here. That is why

the computation is longer and it uses Proposition 2.9, too. Let us see the details.

Theorem 2.8. Let d > 3. Assuming that €q is distributed according to its unique stationary measure,

we have

Ez(n) = ny3+0(Vn)
Ey(n) = ny+O(logn)
Eq(n) = nya+Ba+O0n*> Y%  ford>5

with some constants vq, Bq, depending on the RWwIS.

Proof. Fix some dimension d > 3. For the sake of simplicity, we skip the index d and denote E4(n) =
> ~(k). Consider an {&; = (nx,ex),0 < k} RWwIS fulfilling our assumptions. Let {5} = (M, €x),0 < k}
k=1

be the reversed walk, i.e. for which the transition probabilities are defined by (2.9). Put 79 =0, v(0) =1
and define

() =P (n & {10, s Mn—1})

which is just the probability that the walk visits a new point at step n. Obviously

!

y(n) = Pmi#n. i=0,.n—1)
= Php—1m#0 i=0,.n—1)
= P(ijn_i#0 i=0,.n—1)
= P #0 j=1,.n).
It is clear that we have to examine the reversed walk.
Define Uy € R**® with
(U, = P (& = (0,9)1& = (0,1))
and Rj € R® with
(Ri); = PO & {71, ., ik} [€0 = (0,))-

Obviously, we have:
ZU kR =1
k=0

We are interested in (R,,u) = v(n). From the definition of Ry, for ny > ny we have R,, — R,,, > 0,
which means that all the components of the vector are non-negative.
We know from Proposition 2.7 and [KSz83b| Theorem 5.2. that (Uk), ; = c;k™% +0; (k™ %). Here

we have c¢; = cpy, but this fact will not be used. So we have

(£0e) —svo)

.3
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Using the monotonicity of Ry, we infer
1> (iUk> ‘R,
k=0
Defining ¢; the following way
(0 (5) -25eot-aeote)
S k=0 ;S 7

we have
1> <(a+o(n1—%),...,68+0(n1—%)),Rn>. (2.10)
For all j, (Ry); has a limit in n, being a decreasing non-negative sequence. So write (Ry,); = R/ + ),

n?

where a, \, 0. It will be enough to estimate the order of a,, because y(n) = Y u; (Rj + a{L).
j=1

For the estimation of the other direction let k < n. We have:

1 T k 1 T n
(1) : (ZM) Ry + <1> : ( Z Ui) 1>1
5 i=0 5 i=k+1
k
Since (U’f)ij > 0 for all k,7,j, we have (%l)T . (EU1> < (¢1,..,¢5). On the other hand, (%l)T .
’ i=0

< i Uz‘) -1=o0(1), as k — oo, thus
i=kt1
((1,,¢), Bnk) = 14 0(1). (2.11)
So if we let n — 00, k — 00, n — k — 00, (2.11) together with (2.10) yields
GR'+ .. 4R =1

Substituting to (2.10) we have:

> Gt +0 (n'F) R0 (n'H) ad] <0,

Jj=1

whence

S
chafl <0 (nl 2) .
=1

Since ¢; > 0 and af, > 0, we conclude that a, = O (nl_%> for 1 < j < s. This yields y(n) =

Zﬂj (R+al)=v+0 (nl_%). Hence the statement (just like in [DE51]). O
j=1

Proposition 2.9. The assertion of Theorem 2.8 remains true when the distribution of g is arbitrary.
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Proof. With the notation v(n) = v 4+ h(n) we already know that h(n) = O (nl_%). Define 7% (n) =
P (n & {n0ys s M—1} g0 = j) and 7% (n) = v+ h’(n) for j = 1,...,s. As in the previous proof, it would

d

be sufficient to prove h’(n) = O <n1’ 2) for all j.

For the present, let K be a fixed, great natural number, and
pe + LK) =Pex =kleo=7) jk=1,..s

We know from the ergodic theorem of Markov chains that bi(K ) tends to zero exponentially fast in
K.

Denote by p(K,n) the probability of visiting such a site at time n that was visited during the first
K steps, but was not visited in the following (n — K — 1) steps, provided that eg = j. We know from
[KSz83b] Theorem 5.2. that p(K,n) =0 (K- (n— K)fg)7 whence

S

~% (n) = Z Kuk + bfc(K)) ~ (n — K)} +0 (K (n— K)fg) . (2.12)
k=1
Recall 4% (n) = v + h7(n) to infer that h7(n) is equal to
S uht(n - K) + 3 bL(K)RF(n - K) + 0 (K (n— K)*%)
k=1 k=1
— [+ II+III. (2.13)

Now, put K = K(n) = |[n®| with arbitrary 0 < a < 1. Tt is clear that I is equal to h(n — K),
so the proof of Theorem 2.8 yields I = O ((n - n‘l)l_%> <0 (nl’%) Since b),(K) tends to zero

exponentially fast in K we have Il < O (nk%). Finally, III = O (n"‘ (nfna)_%> <0 (nk%).

Hence the statement. O
Now, let us see the estimation of Vy (n).
Theorem 2.10. For d > 3 assuming that eg ~ p we have
Va(n) =0 (n“'%) :

Proof. Let v (n,m) denote the probability that the RWwIS visits new points in both the n*" and the
m!" step under the condition that g9 ~ u, and let A = {n; # 7, i = 0,...,m — 1}. Obviously,

va (n,m) = vq (m,n), so, when estimating 7 (n, m) one can assume n > m.

P(A&nj#mn, j=0,..,n—1)
P(A&n]#nna j:ma"'anfl)

v (m,n)

IN

Here, P (n; # 0y, t=m,..,n—1 | A) is the probability that the RWwIS visits a new point in
the (n —m)'" step, assuming that the distribution of €q is some p (n). So the condition A is involved in

u (n), and because of the Markov property, it has no other contribution. The probability of this event is
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u(n)( w(n )(

denoted by ~y m). Because of Proposition 2.9 we know that —m) — Y4, as (n—m) — 0o,
and it is easy to see that this convergence is uniform in u (n). So we know that for Vé > 03 N = N (9),

such that for Vn — m > N the following estimation holds.
7™ (n Zu n)jvg (n—m) < (L+6)ya(n —m).

In addition, using Proposition 2.9, one can estimate N (§), which will be done a little bit later. Now,

let us see the estimation of Vy (n)

Va(n) = Zw (i4) = Z’Yd

1,j=0 1=0 Jj=

<2 > | —va (1) 74 (4))
O<z<j<n

<2 Y ()= @aG)+2 D a6 d)
0<i<i+K<j<n 0<i<n

i<j<itK
= :Sl+52.

Let K be big enough, such that for n —m > K one would have 74 (n —m) < (1 + §)v4(n —m) for

arbitrary v. Estimating S7 and Sy separately, we get

Sl n—-K n o n—K n ' ' n—Ki+K '
5 = Z Z Ya (4, J) — ZZ%I (1) va (J) + Z Z%l (4) va (J)
i=0 j=i+K i=0 j=i i=0 j=i
n—K n
< Z’Vd(i)oéri%ﬁ;{ Z(1+5 )va (J — 1) Z’Yd
i=0 == j=i

i+K

n—K
+> 7)) > va ()
i=0 =i

which can be bounded by

Z%t [6Ed + Eq(n — [gJ) — E4(n) + Ea( {gJ )}

+ Z Ya (i) K
i=0
On the other hand,
Sy < 2 Z ) < 2K E4(n).
0<i<n
i<j<it+K

From the proof of Proposition 2.9, one can easily deduce that for k£ large enough

Yi(k) < (140G =%)) 7alk),
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uniformly in v. So replacing K to K (n) in the above argument, one can change § to O (K(n)l_%>,
thus

Vi) < O@)[0(Km)'#)0m)+0 (V)| +KmoMm
Vi(n) < O(n) [o (K(n)l—%) O(n)+0 (logn)] + K (n)O(n)
Vi(n) < O(n) [O(K(n)l_g)O(n)—kO(l)]+K(n)0(n) d>5.

Now, the choice K(n) = {n%J completes the proof. O

Proposition 2.11. The assertion of Theorem 2.10 remains true when the distribution of €y is some

arbitrary v. Moreover, the great order is uniform in v.

Proof. Let us introduce the notation E” [.] for the expectation when gy ~ v. For convenience, we also

write EY (n) and VY (n) for the expectation and variance of Ly (n) when ¢ ~ v. Obviously,
Vi (1) = B |(La ()’ = (B (). (2.14)

On the other hand,
S vVt (n) =Y v B {(Ld (n))ﬂ =S v (B (). (2.15)
j=1 j=1 j=1

Since E¥ [(Ld (n))ﬂ =

S

v; B [(Ld (n))z}, subtracting (2.15) from (2.14), we conclude

vy () = YoV (n) = 0(n3/2), (2.16)
v;(n)fzij;j (n) = Of(nlogn) d> 4. (2.17)

It is clear that the great order on the right hand side is uniform in v. In the sense of (2.16) and (2.17)
it is enough to prove the statement for v = e;,(j =1, ..., s). To do so, substitute ¢ = v to (2.16) and
(2.17) and use Theorem 2.10 to infer

;ujv;f (n) =0 (n1+§') . d>3.

Since for all d, j and n p; and V;" (n) are non negative, we have proved the statement for all e;. O
Corollary 2.12. For RWwIS in d > 3 the weak law of large numbers holds, namely

P(|Lg(n) — E4(n)| >ecEq4(n)) — 0
for Ve > 0.

Proof. Since Vy(n) =o (ng), Chebyshev’s inequality applies (just like in [DE51]). O
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From Theorem 2.10 one can deduce even strong law of large numbers:

Theorem 2.13. For RWwIS in d > 3 strong law of large numbers holds, namely

P ( lim Ze(?) _ 1> =1

n—oo By (n)

Theorem 2.13 can be proved almost the same way as it was done in [DE51]. The difference is that if

we have V; (n) = O (n™) with some 7 < 2, then we have to choose parameters a and § to fulfill

1+7 < <1
«
3
1 1
< < —.
200 — T b 1l -«

After it, the argument of [DE51] works. So the main point is that we should have some 7 < 2 such that
Va(n) =0 (n") as it was mentioned at the beginning of the Section.

Identifying the constant «y is an interesting question, though we cannot give a closed formula in the
general case.

We only know that for the constant v we have
y=Pnp #0: k> 1lgg ~ p). (2.18)

To see this, first, observe that the constant v is the same for the primary and the reversed walk. We

have seen that
A(n) = P £0 j=1,.n).

Taking n — oo, (2.18) follows.

2.4 Visited points in two dimensions

In this section we calculate E5 (n) and estimate V5 (n). The arguments (assuming that g9 ~ p) are
similar to the ones of Theorem 2.8 and 2.10, or [DE51] Theorem 1 and Theorem 2. The computations
are longer than in [DE51]. We have to write the renewal equation in terms of vectors and matrices, which
is a new idea, and we use the above proved Proposition 2.4 because it is essential that the remainder
term of the probability of returning to the origin should be summable, which was trivial in the case of
[DE51]. We have to consider the case of arbitrary initial distribution, separately, just like in Section 2.3.

In this case, we formulate the fact that after some steps the distribution of £ will be very close to p.

Theorem 2.14. Let d = 2. Assuming that g ~ p and that (2.1) exists, we have

214/ |o|n 0 <n10g10gn> '

E =
2 (n) logn 1Og2 n
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Proof. As in the proof of Theorem 2.8, we examine the reversed RWwIS and write the renewal equation

n
> Uk Ry =1 (2.19)
k=0
Proposition 2.4 yields ) )
=— O (k=32
(k)zj QW\/HMJI{:—F ( )a
thus
ZUk> ,u] log (¢;,5n) + O ( *1/2> . (2.20)
(k—O i,j 2m \%

Our purpose is to estimate (R,,, u) = v(n). Exactly as in the high dimensional case, R,, is decreasing,

o0 (2.19) yields
(i1>T- (éUl) “Ry_p + < ) (l;1U1> -1>1. (2.21)
= +

Let k — 0o, n — co. The relation between k and n will be fixed later. From (2.20) it follows that

[r1\T (& 1
-1) - (Do = ——puilog (Gk)+O (k12 2.22
) (2) g o () 22
for some ¢;. So we have for k < n
1> <§ Ul) pjlog +0 (K V2). (2.23)
| \F I=k+1 j 2/

Substituting (2.22) and (2.23) to the left hand side of (2.21) we get

zs: l%\l/mm log (&%) + O (k,—l/Q) (Ra-r), (2.24)
n Z NGR log ) (k‘W) .

Put k = . This yields logk ~ log (n — k). Using the fact y(n — k) = i (Rn—k)., (2.24
/’I’] 7

log n

can be written as

v(n—k) log k (2.25)
2m+/|o]|
~| 1 —1/2 n ~1/2
Z; 27T\/mujlogcj+0<k ) (Rn_k)j+010gk+0(k )
‘7_

Since log # — 0, and (Rn,k)j — 0, as n — k — oo (the latter is the recurrence property of the two
dimensional RWwIS, which is proved in [T83]), it follows that

y(n—k)> 2n/lo] <log k) (2.26)

log k
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Hence, by the choice of k&,

y(n—k) > 2ry/lo] 0( ! > (2.27)

log (n — k) log (n — k)

Now let us give an upper estimation to v(n). From (2.19) it follows that

k=0

Multiplying by the vector %l, we get

—1/2 <
2[2 \/—IJJIOgCJ)‘f'O( ) (Rn); <1,
thus
S1 + S+ 85:= \/\»ZMJ logn
al
—1/2 <
+ %fzu] g + ;O (n772) (), < 1.
Since (R,); — 0, it follows that S + 53 = o(1). So we have the upper estimation
2/ |o
1(n) < 217 (2.29)
logn logn
From (2.27) and (2.28) we get
2m/|o]| 1
= . 2.2
7 () logn +O<logn> (229)

Unfortunately, the estimation (2.29) is not good enough for our purposes (but observe that we have not
really used (2.4) yet). Now, (2.28) yields (R,); = O(

) Obviously S3 = O( L

T ) for all 1 < j < s. Hence, with the previous
gn

notation, Sy = O ( ) Thus we arrived at

logn logn
27T\/|0' ( 1 )
. 2.30
() < ET 40 (o (230)

This estimation will be sharp enough.

Now, we have to improve our lower estimation. From (2.29) and (2.25) it follows that

v(n—k) [271- logk+ O (1)

= +clog%+o(kf%) >1,

thus

v (n—k)log (n — k) = (2mv/[o] - C2n\/lollog 7 + 0 (k1)) m

Now, similarly to the case of [DE51], it follows that

214/ |o| log logn)
n) = +0 | —— ). 2.31
v = o (SESE 231
Now, an elementary calculation completes the proof. O

23



As in the high dimensional case, the initial distribution does not influence the asymptotic behavior.

More precisely
Proposition 2.15. The assertion of Theorem 2.14 remains true when the distribution of g is arbitrary.

Proof. The proof is very similar to the one of Proposition 2.9. We know that

2 log1
v (n) = T a|+0(ogogn>.

logn log®n

274/ o]
logn

With the notation y% (n) =
(2.12) is

+ h7 (n) our aim is to prove h? (n) = O (log log"). The analogue of

logZ n

logn
= ; (Mk +b-],<;(K)) (1();7(1-71 |UI|{) + h* (n K)) +0 (K-(n—K)_l),

and the analogue of (2.13) is

W) = S wh*n—K)+ Y bl (K)h*(n— K)+0 (K (n— K)_1>
k=1 k=1

N 2m4/|o| 274/ o]
log (n — K) logn

= I+ IT+1IT+1V.

With the choice K (n) = |y/n] elementary calculations show that I+ II+IIT+1V <O (l‘ifgl%n"). O

Now let us see the estimation of the variance.

Theorem 2.16. If (2.1) exists, then we have with arbitrary v distribution of £
n?loglogn
Va(n) = O (ig) .
log” n

Moreover, the great order is uniform in v.

Proof. First, suppose €9 ~ . The beginning of the proof of this case is the same as in Theorem 2.10.
log log K (n)
log K (n)

of Proposition 2.15. From now, just like in the proof of Theorem 2.10, it is not difficult to deduce that

n loglog K (n) n nloglogn n
0 <logn> [ log K (n) © logn +0 log®n +K(n)O logn

is an upper bound for V5 (n). Taking K (n) = Log%nJ proves the statement. For the case of arbitrary

The difference is that when we change K to K (n), we can write O ( ) instead of § in the sense

initial distribution, one can repeat the proof of Proposition 2.11. O

Corollary 2.17. For a RWwIS in d = 2 dimension weak law of large numbers holds.

Proof. Since O (M) <0 ( n ), Chebyshev’s inequality applies. O

log3 n log? n

The proof of the strong law of large numbers is quite complicated, so we treat it in a different Section.
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2.5 Law of large numbers in the plane

This Section is dedicated to the strong law in d = 2.

Theorem 2.18. For any RWwIS in d = 2, for which (2.6) exists, strong law of large numbers holds,

P ( lim 2200 _ 1) =1

n—oo fy (n)

namely

Almost the whole proof in [DE51] can be easily generalized to our case with the observation that
since our estimations for Ea(n) and V2(n) are uniform in the initial distribution, the computations,
used in [DE51], can be repeated. That is why we write here the only non-trivial part (i.e. formulae
corresponding to (5.13) and (5.15) in [DE51]) of the generalization. In fact, there is apparently a gap in
the argument in [DE51], as it was already remarked in [JP70]. What we represent here is a simplified
version of a proof in [P09a]. For the other parts of the proof the reader is referred to [DE51].

Proof. Denote
K = |loglogn|,

and let M;; (1 <14,j < K) be the number of lattice points which are common in path parts M; and M,
where M; denotes the set of points which are visited between |(i — 1)n/K|+1 and |in/K]| (1 <i < K).
First, we would like to prove the formula corresponding to [DE51] (5.13):

nlog logn>
supE (M;;) =0 | ———— | . 2.32
wpt (11,) = 0 (L CE! 2:3)
If it is done, then for every ¥ with 0 < 9 < 1 we will have
nloglogn ) ( 1 )

supP (M;; > ———— | =0 ———— | . 2.33

i<Ij) ( K log1+ﬂ n logl_l9 n ( )
Let C;; denote the event whose probability is estimated in (2.33). As (2.32) yields

supE (M) = O <n10g10gn)
J

Klog*n

for arbitrary v initial distribution of internal states, and under the condition Cj; the probability of Cj

with 1 <i < j <i’ < j < K is only affected via the distribution of €;/, we conclude

1
1<i<j<i'<j'<K log n
If we were able to prove
2]og?1
sup B (My;Myy) = O (H) , (2.35)
W4, 3 K2log™n

where the supremum is taken over indices for which # {i,j,7',j'} =4 and either 1 <i < < j ' <j< K
or1<i<1i <j<j <K holds, then using

nloglogn nloglogn

P (Mi' > 7,Mi/j/ > K]oglJrﬂn

n?log?logn )
KlogHﬁ n

> <P <MijMi’j/ > m
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and (2.34) we could infer that the probability that two events C;; and Cy;» with # {i, 7,4, j'} = 4 occur

K4

which is the formula corresponding to [DE51] (5.15).
So our aim is to prove (2.32) and (2.35). The idea of [P09a] is that in order to prove (2.32) and (2.35)

it is useful to cut down the points of M; which are visited in the extreme [n / log? n1 steps. The number

is

of these points can be roughly estimated, while the others are visited in steps quite far from each other
and this will be enough for us. However, the precise arguments need some awkward computations.
Proof of (2.32) We introduce the notations

Qg b = {Vt =a, ab —1: Mt 7é Ub} and ﬂa,b = {vt =a-+ 15 7b *Na % 771‘}
which will be useful in the sequel. Following [P09a], we define
ne—y = [(i—1)n/K]+ [n/ log? n] and ng; 1) = lin/K| — [n/ log? n].

A point, which is common in the paths Mnge—ys s Mg oy A0 T sy Mng; L, and not visited in the ex-
treme [n/ log? n] steps of M; and M, has a pair of indices (k,1), k € ng, ), ..., N4y, L € NG —ys o N4
such that it is visited at steps k and [, and it is not visited during steps | (i — 1)n/K| +1,....k — 1, and
steps [+ 1,..., [jn/K]. So we have

N4y MGH)

3n
E (M;;) < od? + Z Z P (a(i—1yn/x)+1,6 V06 = m} O By sk )
08T kmngoyi=ng o
3n
S o
log”n
G, +)  TE+)
1 1 1
+C _ .
L2 2 g (= D K] T e (/K] =)
logn — 1 log?
< 3721 Lo, logn ogz(n/ og”n) _O(nloglc;gn>.
log“n K log“n Klog®n

Note that we have used our estimations for the probability of avoiding the origin in some steps, visiting
a new point, and returning to the origin, and these estimations are uniform in the initial distribution
(with an appropriate C7). Because the events whose intersection’s probability is estimated above are
dependent only via the internal states, it is obvious that the great order is uniform in 7 and j. So we
arrived at (2.32).

Proof of (2.35) Let us prove

sup E (MijMi/j/) =0 <

1<i<i/ <j'<j<K

n? (loglog n)*
K2log*n '

Let us introduce the notation £ for the set of (k,k’,1’,1) such that
(i) Sk <y, ne o) SE <,

neoy S U<y, ngoy <L 0G4
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As it was mentioned before, we estimate the number of pair of points one of which is visited in either
extreme [n/ log? n] steps of M;, M;, My or Mj in a very obvious manner. The other pairs of lattice
points (z and y, say) have a (k,k’,1’,1) element of £, such that z is visited at step k but not visited
during | (i — 1)n/K|+1,...,k—1, and it is visited again at step [ but not visited during I +1, ..., | jn/K |;
while y is visited at step k' but not visited during k¥’ + 1,..., |i'n/K |, and it is visited again at step I’
but not visited during |(j' — 1)n/K| +1,...,I" — 1. So we have

E(MijM,;/j/)()(” loglog"> Yy P, (2.37)

Klog'n MeZ2 (kK ' 1)EL
where
A = a—vn/K]+1.6 VM — M = M} 0 B Lirmyx ) O {me —mie = (0,0)}
N (G —1yn K )+1,0 A — v = =M} OBy /K|

Denote the seven events, whose intersection is A, by A, ..., A7. Observe that for every 2 < m < 7 the
probability of A,, under the condition A; N...NA,,_1 is just the probability of A,, with an appropriate
initial distribution of . As we have uniform estimations in the initial distribution, we will be able to
use them.

In the first step, let us estimate the part of the sum in (2.37) corresponding to M € [—n,n]%.

Proposition 2.5 yields the existence of @ > 0 (which depends only on the RWwIS), such that

1 C
Ppk—mo=M) < Cgexp(——MTM) [k ]+3

2k k3/2 k2
1 . 1
So the formula ) ) )
— | — —  MTM™m —_ 2.
s logn <k’ 5 P < (k’ 3) > (K — k:)2> ’ (2:38)
is an upper bound for P(A; N Az), and the formula
1 1 a 1
— | — - M"™M . 2.
5 iogn (ll’ eXp( 20— 1) ) T z')2) (2:39)

is an upper bound for P(Ag N A7| A1 N...N As).

Consider the following factorization

P(A)=P(A1 N A)P(AsNAsNAs] A1 N A)P(As N A7[ A1 N ... N As), (2.40)
and observe that
S P(As (AL N A5y 0 As) < CoBE(Mi) = O (’“Ogl‘;g”) . (2.41)
o Klog“n

So we have to take the product of the expressions in (2.38), (2.39) and P(As NA4 N A5 A1 N Ay) and
sum them up in all of the four indices to estimate (2.37). First, let us consider the product of the first
terms in (2.38) and (2.39). We have to estimate

a 1 1 P(AsNAsNAsl AL N As)
— [ — MTM
X (5 (e w) ) ST e
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where the to sums are taken over M € [—n,n]? and (k,k’,1’,1) € L, respectively. Using the fact
1

- f—MTM> 9.42
igd Z exp( 54 < 400 (2.42)
MeZ?2

it suffices to estimate

Z (K —Ek)1-=1) PAsNAsNAs| A1 NAs)
wairec A=+ E =k) (K —k)(1—1)log’n
1 Z P(AgﬂA4ﬂA5|A1 ﬁ.AQ)
(= ngr+) + () — k)

2
log " ek 1 0)el

Using (2.41), it remains to estimate

Z 1
log n Mij (I —=ng,—y) + (n@4) — k) +2n/ log?n —1

k,l
0 n? (loglogn)?
K2log*n
uniformly in ¢ and j, by an elementary computation.

Now, let us consider the product of the first term in (2.38) and the second term in (2.39) (the product
of the second term in (2.38) and the first term in (2.39) can be estimated equivalently). In this case the

and it is just

easier estimation
1

(AgﬂA4ﬂA5|AlﬂA2) <Ogl %

(2.43)

will be enough. Thus our aim is to estimate

1 a T 1
e ) @ e

IOg n (k,k' I 1) eLM €[—n,n]?

As above, we use (2.42) to handle the exponential terms. So the following estimation is enough for our

purposes

1 Z 1 < 1 n74 log? nlog®n
log? n (=12 =F) — log?nK* n? n

0 n? (loglogn)?
K?log'n '
Our last task is to estimate the product of the second term in (2.38) and (2.39). The previous
estimation (2.43) and

(kKU D)EL

1 1
2 Z Z (k' _ k)Q(l _ l/)2(l/ _ k/)

1
O8 T (kb 1 eLME[—n,n)?

6 1 log*nlog®nlog?n _0 <n2 (10g10gn)2>

log?n n? n? n K?log*n
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yield the required estimation.
In the second step, we estimate the part of the sum in (2.37) corresponding to M € Z2 \ [-n,n]%.
Corollary 2.6 implies that
1
sup Z P(AglA1N...NAs5) <

(kK LI)EL MEZA\ [wn,n)? TL1/4—€
for small € > 0. Thus

supz sup P(A; N Ay) Z P(As N A7l A1 N ...NA5)

kU Kl MeZ2\[-n,n)? MEZ2\[—n,n)?

9 1 log?n 1 1
logn n lognnl/i-e’

The above estimation together with (2.41) yield the required error term.
A modified version of the proof presented above can be repeated for indices 1 <i < < j < 5/ < K.
So we have finished the proof of formula (2.35). O

2.6 Visited points in one dimension

Investigating the one dimensional case is not as important as the higher dimensions, as Lorentz processes
used to be examined mainly in higher dimensions. However, one dimension is also interesting, as we will
see some new features. We need some different means from the previous ones to prove asymptotics for

E; (n), namely Tauberian arguments. Let us see the details.

Proposition 2.19. For a one dimensional RWwIS with €9 ~ p we have

20| _
() ~ 4 2

Proof. Just like in the higher dimensional cases we consider the renewal equation for the reversed walk

iUk Ry =1.
k=0

Now, from row ¢ we obtain

ZZ (Uk)i,j a® (Rn—k)j "k =" (2.44)

j=1k=0

Let us introduce the notations

> W) 2 = ay()

k=0
d (Bi);a* = B (x)
k=0
ka = w(x)
k=0



Obviously, these power series are convergent for 0 < z < 1. In these terms, (2.44) means

Zaijﬁj = Ww. (245)
j=1

In order to obtain the order of the coefficients of y1 (n) = > y1; (Rn); we use a Tauberian theorem which
j=1
may be found in [F71] (Theorem 5 of XIIL.5). According to this we have

1

For the coefficients of ay;
- 1
Z (Uk)m' ~2 Mjnl/Q'
k=0 27 o]

So, using the Tauberian theorem, we infer

1 3 1
;i (z) ~ 2 () ——- r—1—. 2.47
J( ) /727T‘0'|MJ (2) (1—1‘)1/2 ( )

From (2.45) we obtain

Y Mg = 2 (2.48)

. aZ’L all
Jj=1
Now, (2.47) yields
g (@) Ky (2.49)
i () Hi

Whence

V27 |o] 1

- 2
2 g T

S
Since > p1j (Rk); is monotonic in k, using the mentioned Tauberian theorem we conclude

Jj=1
. 27T|0'| ~1/2 2|U| ~1/2
) = 3y (Re), o el vz = 200y
2. (R~ 5r e .

2

Proposition 2.20. With arbitrary distribution of ey the following holds
8
E;(n) ~ ﬂnlm.
0

Proof. From Proposition 2.19 the assertion immediately follows in the case of g ~ p. However, the case

of arbitrary initial distribution requires a little care. Analogously to (2.12), we have

S

i (n) = S ey (n — K) + 3 L)y (0 — K) + p(K, ). (2.50)
k=1 k=1
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But now, the rough estimation of p(K,n) used in higher dimensions is not enough, as the local limit

—1/2

theorem provides a term of order n and our aim is to prove o (n’l/ 2). Nevertheless, because of the

definition of p(K,n), we have to estimate the probability of the first return to some place after m steps.
In particular, if we proved that this probability is O(m~3/2), then taking K = |\/n] and multiplying
(2.50) by v/n we would find that the right hand side converges to \/m as n — 0o. So, in order to finish
our proof, we need the following lemma.

O

Lemma 2.21. For a one dimensional RWwIS fulfilling our basic assumptions with arbitrary v distribu-
tion of g

f'(n) =0 (n_3/2> : (2.51)
where f¥(n) denotes the probability of the event that the random walker starting from the origin with

€g ~ v returns to the origin at time n for the first time.

Proof. First of all, observe that proving the statement for v = p would be enough as since our basic
assumption (i) all component of 4 are positive. In the proof, we generalize an argument in [BLPWO04].
Define

Let n =3m and 1 < ¢ < m. The cases n = 3m £+ 1 can be treated the same way.

fei(n ZQ" 0,4,0,1) = Y > Q™0,i,y,/)QF (v, 4, 2, k)Q™ (2, k, 0,1)

y,2#0j,k,1=1

< sup QU (y,d 2 k)P £ 0.Y1 < k< mlgo = (0,03 S Q" (2,k,0,1)

Y,2,5,k 2740k, 1=1

From the local limit theorem it follows that

sup Q™ (y, j, 2, k) = O(m~/?).
y,2,5,k

Proposition 2.19 yields P(n;, # 0,V1 < k < m|& = (0,i)) = O(m~'/?). So, it suffices to prove
- m _ —-1/2
3> Q™ (z,k,0,1) = O(m™'/?). (2.52)
z#0k,l=1
In order to prove (2.52) we use the reversed walk, again. (2.9) yields that for all ((0,41), (y1,%2), (y1 +
Y2,83), ey (Y1 + Y2 + oo + Ym—1, tm)) trajectories
Hiy Pyi i iz i Pys i iz Fim -1 Pym—1,im—1,im

HioQ—y1 iz iz PigQ—yszis,ia - Him A—ym—1,im,im—1>

where the factors p,, ..., tt;,,_, drop out. Thus

ZZQ"‘ (z,k,0,1) < 122‘;}25;]22@”1 0,1,z k), (2.53)

240k, =1 2#£0k,1=1
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where Q is the same object as @ defined for the reversed walk. The right hand side of (2.53) can be
bounded by some constant times the probability of the event that the stationary reversed walk does not

return to the origin in the first m steps, which is O(m~'/2). Thus we arrived at (2.52).
O

So, we have ascertained the asymptotic behavior of F;(n) in each dimension. While strong law of
large numbers holds in d > 2, even the weak law of large numbers for one dimensional SSRW fails to

hold, which is a consequence of, for instance, Theorem 1 in [Ch06a].

2.7 Final remarks

1. Our asymptotic investigations show that RWwIS behaves like the simple symmetric random walk
in an asymptotic sense. The main features are very similar, only the involved constants differ. The
results showing that the asymptotic behavior is independent from the initial distribution on the
internal states (e.g. Proposition 2.9 and 2.15) are intuitively trivial as after some steps ¢ will be
very close to u. Nevertheless, these assertions need formal proofs as well, especially as they are
used in the sequel. Of course, this similarity to the simple symmetric random walk could change
if the generalization were carried further, for instance, if a countable set of internal states was

allowed. This model is not yet discussed, it must need some more involved techniques.

2. Our basic assumption (ii) is not essential. The above theorems could be generalized to the case of
dropping basic assumption (ii), as the limit theorem in [KSz83b] is proved for this case, as well.

Only the computations would become longer. The other three assumptions are essential.
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Chapter 3

Recurrence properties of a special

type of Heavy-Tailed Random Walk

3.1 Introduction

The appearance of the Brownian motion as a limit object in either stochastic or deterministic models is
an extremely important and interesting phenomenon. The first result in this field is due to M. Donsker
(see [D51]) who proved that the diffusively scaled Simple Symmetric Random Walk (SSRW) converges
to the Brownian Motion in each dimension. Later, D. Szdsz and A. Telcs in [SzT81] proved that the
local perturbation in the integer lattice of dimension at least two does not spoil the Brownian limit.

In the case of Lorentz process, the first such result was the appearance of the Brownian motion in the
diffusive limit in finite horizon (see [BS81] and [BSCh91]). Analogous result with slightly super-diffusive
scaling in infinite horizon is proven in [SzV07] and [ChD09a]. Again, the question of the effect of local
perturbations naturally arises. This topic has a physical motivation as well, since Lorentz process can
be thought of as the movement of a ”classical” electron in a crystal, when local perturbation can be
some impurities or some locally acting external force. The Brownian limit for diffusively scaled periodic
Lorentz process with finite horizon and local perturbation was proven in [DSzV08] and [DSzV09]. Note
that here a more involved investigation was needed than in the case of SSRW, namely, the wide treatment
of recurrence properties in [DSzV08] was essential.

Recently, D. Paulin and D. Szdsz proved ([PSz10]) that the random walk, which is very similar to the
Lorentz process with infinite horizon, with local impurities, enjoys the Brownian limit. However, they
only treated some simplified local perturbation (see later), and did not consider the recurrence properties
similar to the ones in [DSzV08], which are expected to be important in the case of infinite horizon (that
is, Conjecture 1.1), too. Here, we are going to focus on these recurrence properties.

This Chapter is organized as follows. In Section 3.2, basic definitions, statements are given and another
motivation for our calculations (i.e. the proof of the polynomial decay of the velocity auto correlation

function for some perturbed random walk) is provided. The quite well known local limit theorem for our
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specific type random walk will not be enough for our purposes, i.e. we need to estimate the remainder
term of it. Section 3.3 is devoted to this computation. In Section 3.4, the desired recurrence properties

are obtained, while in Section 3.5 we give final remarks indicating possible directions of further research.

3.2 Preliminaries

Let us consider a Random Walk, the behavior of which is close to the one of the Lorentz process with

infinite horizon. Namely, define independent random variables X;, such that
P(X; =n)=cln|7?,

if n # 0, and E; to be uniformly distributed on the 4 unit vectors in Z2. Now put & = X;F;. (Here,
of course, ¢; = Tl(?)), but this will not be important for us.) Define the Heavy-Tailed Random Walk
(HTRW) by S, := >0, &i.

This distribution is the same, as the one of the free flight vector of the Lorentz process with infinite
horizon (see [SzV07]). However, one could think that our choice is rather special, as the walker can only
step along the z and y axis. But this is not the case, as a particle performing Lorentz process can have
arbitrary long steps only in finitely many directions, too. Here, we choose that two particular directions,
but this is not essential.

Further, define the one dimensional HTRW as

The quite well-known local limit theorem in one dimension states that
1 x?
P =)~ —————exp| ———
(@n ) 2y/meinlogn P ( 4c1n10gn)

and in two dimensions that

P(S) = 2) ~ ———exp ( W) . (3.2)

- 4dmeinlogn _401n10gn

These can be found in [R62]. Later, we will need estimations on the error terms in (3.1) and (3.2),
and by computing them, a proof of (3.1) and (3.2) will be provided.

Further, we will use the notations

uz(n) = P(S, =(0,0)),
ui(n) = P(Q,=0).
In the case of billiards, a quite frequent strategy is to prove exponential decay of correlations (an
interesting result for its own sake) and then to use this to prove convergence to the Brownian motion

(see [ChOG6D], for instance). As a motivation for our further calculations, we are going to illustrate that

in the case of local perturbation, this does not seem to be a good strategy.
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For this consider the simplest case: a perturbed SSRW (T},) in Z?, where perturbation means that in
the origin there is no scatterer, i.e. outside of the origin 7;, behaves like an ordinary SSRW, while it flies

through the origin. More precisely,
P(Tn+1 = 67;|Tn_1 = 7€i,Tn = 0) = ]., (33)

where e; is some neighboring point of the origin in Z?. The following Proposition is well known in the
physics literature (see, for example [S80]) but surprisingly, I was unable to find a mathematical proof

for it.
Proposition 3.1. The velocity autocorrelation function of T, is O (n_(d/2+1)).

Proof. First, suppose that d = 1 and Ty = 1. We can identify our process with an unperturbed SSRW -
U,, say - by simply dropping the origin and the extra step from it. Formally, define 7(n) = #{1 <k <
n: Ty = 0}. Now, if T3, > 0, then let U(n — 7(n)) =T,. If T,, <0, then U(n — 7(n)) = T,, + 1. Now,

we have to show that
P(U(2n) = 0,U(2n+1) =1) = P(U@2n +1) = 1,U(2n + 2) = 0)
_ % PU(2n) = 0) ~ BU2n + 1) = )] = 0 (n%/2),

which is an elementary consequence of the well known Edgeworth expansion.

Now, suppose that d > 1 and Ty = (1,0, ...,0). It suffices to prove

/ Iir, =1y — I{1,=—10}dP = O (n_(d/2+1)) : (3.4)
Q
Let V be the orthogonal complement space of T and define

H={w:(V\0)N{Tp,..T,} # 0} C Q.

Because of the reflection principle, the part of the integral in (3.4) over H is zero. The integral over
Q\ H can be treated similarly, as it was done in the one dimensional case.
O

3.3 Local limit theorem with remainder term

The aim of this section is to estimate remainder term in the limit theorem (3.2). To do this, first we
have to deal with the one dimensional case. Similar calculations were done previously, see, for example
[dHP97] and [JP98]. However, in these articles only one dimensional, non-lattice distributions were
considered. Fortunately, we do not need precise calculation of the remainder term, i.e. summability is

enough for our purposes. As usual, we start with the computation of the characteristic function.

Lemma 3.2. For the characteristic function ¢ of X3
o(t) =1 —2c1t*|log |t]|| + O (¢?),

ast — 0.
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Proof. Since the distribution is symmetric, it suffices to prove for ¢t > 0. Fix € > 0 such that 1 —2? —23 <

cosw < 1 — 2%+ 23 if |z| < . Now, let us consider the decomposition

elt™] 0o
. 201 201
o(t) = E(exp(itX)) = Zl 3 cos(tn) + Ltzj 1 ey cos(tn) =: S1 + Ss.
n= n=ce|t—1|+

It is easy to see that

Sy = 201/ Coxsggvdact2 +o0 (t2) =0 (t2) .
I

On the other hand, since

€

S1 = 2c; Z t3m ™3 cos m,

m=t,metZ
we have
S € g g
1 _ G _ G
2 E t3m =3 + E t3m™ < E 3. (3.5)
(&
1 m=t,metZ m=t,metz m=t,metZ

Now the estimations

€
1 t2
Z t3m™3 = +O<)
261

m=t,metz 62
€
Z t3m~t = t%log (§> +0 (tz)
m=t,metzZ t
and
€
> =0
m=t,metZ

finish the proof.
O

Now, we turn to the estimation of the remainder term in the one dimensional local limit theorem.

Theorem 3.3. For the one dimensional HTRW the following estimation holds uniformly in x

S S G WY
" V2my/2ciy/nlogn P 4cinlogn Vnlog®n

Proof. Let g denote the probability density function of the standard Gaussian law. Then we have

I 52
g(z) = Dy /_OO exp (—izs - 2) ds.

On the other hand, according to the Fourier inversion formula,

P(Qn=12) = ! /7T exp (—itz) ¢" (t)dt.

2 J_,

By an elementary argument (see, for example, [IL71]) our result follows from the statement

1 (7 . T loglogn
2 1 - " _ — = _— .
‘\/ cinlogno— [W exp(—itx)o" (t)dt — g < 2c1nlogn> 0 < log 1 ) , (3.6)
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where the great order on the right hand side is uniform in z. As it is quite usual in the theory of limit

theorems (see again [IL71]), we estimate the left hand side of (3.6) by the sum of several integrals

/s|<10g1/3 n

+ /
log!/3 n<|s|<yy/2cinlogn

S 82
() - ~2 )4
(Fmm) o (3|

" 5 )|ds
V2cinlogn

" 5 )|ds
v2cinlogn

ds =: 11 + Iy + I3 + 1,.

+ /
Yv2cinlogn<|s|<my/2cinlogn

52
+ / exp (—)
log!/3 n<|s| 2

So it suffices to prove that I; = O (%) for j € {1,2,3,4}.

For the estimation of I, observe that for |s| < log'/®n Lemma 3.2 yields

" s B s? (s +1)loglogn
o (Gammen) = oo () [reo ()

where the great order on the right hand side is uniform in s. Hence

2 log1 log 1
I < / (52 + 1) exp <_8> 45O (Ogogn> _0 (Ogogn> ,
|s|<logl/? n 2 logn logn

It can be proven (see Theorem 4.2.1. in [IL71]) that there exists v > 0 such that

T S —
@ <\/W> <exp (=Cls]),

with an appropriate C if |t| < 7. This estimation implies I < O (lolgol%). Observe that |¢(¢)| < 1 and
|¢(¢)| = 1 holds if and only if ¢ € 27Z. As |¢(¢)| is continuous in ¢, there exists some C’ < 1 such that
lp(t)| < C' for t € [y,n]. Tt follows that Is < O <1°1301$). Finally, I, < O (%) by elementary
computation. Hence the statement.

O

Now, we turn to the two dimensional case. Define the two dimensional characteristic function ¢o :
R? — C, ¢o(t) = E(exp(it'&1)), where ’ stands for transpose, and write t = (t1,t2)", s = (s1, s2)’. Lemma
3.2 implies that

¢a(t) =1 — erti|log [t1|| — cit3|log |ta]| + O (|tf?) .

as [t| = 0. Similarly to the one dimensional case, the local limit theorem with remainder term reads as

follows.

Theorem 3.4. For the two dimensional HTRW the following estimation holds uniformly for x € R?

1 | |? loglogn
P(S,=a)— ———exp [~ )= 2&0%"
( z) 2m2cinlogn eXp( 4clnlogn> <nlog2n
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Proof. The proof is similar to the proof of Theorem 3.3. Let g denote the probability density function

of the two dimensional standard Gaussian law. Then we have

_ b b OOe —it’z—t,—t dt
@em? ) )P 2 )"

On the other hand, according to the Fourier inversion formula

P, =) = ooy | [ ew(-itn)j0ar

Just like previously, it is enough to prove that

2c1nlogn [ [ exp(—it'x)py (t)dt (\/2612—10%)’ (3.7)

isin O (M)_ The analogue of the previous decomposition in the present case is

logn
/s|<1og1/3

+ /
log!/3 n<|s|<yy/2cinlogn

oo s . s's s
% ) Cexp =22
nl ? v2cinlogn P 2

S
5| —]|d
¢2 (\/2clnlogn)‘ s

S
D ——|d
ds =11 + I, + Is + 1.

+ /
Yv2cinlogn<|s|<my/2cinlogn
s's
+ exp | ———
log!/3 n<|s| 2

So it suffices to prove that I; = O (logl#), for j € {1,2,3,4}.

log

All the above integrals can be estimated as it was done in the proof of Theorem 3.3 except for I5. For

the latter, we adapt the argument of Rvaceva (see [R62]). It is easy to see that

Rlog ¢o(at) 9
Rlogda(t)

as [t| = 0 (here R denotes real part). Hence, for v small enough,

Rlog pa(t) > eRlog pa(t/e)

holds for || < . Now, pick k € N such that exp(k) < vv2cinlogn < exp(k 4+ 1) and write

I /| 0
exp(m)<|s|<exp(m+1)

% log logn

S
2| ——||d

k

s
2 1 _ .
< 12 exp(2m) /1<|S<e exp (nexp(m)?]? og ¢ (\/W)) ds

m=gz loglogn

The argument used in the estimation of I; implies that

s El&
1 —_— | =—— 1
nitlog ¢y <\/2clnlogn> 2 o)
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holds uniformly for s € [1, €], whence for some C" < 1

k
I, < Z exp(2m)(e — 1)C" Pm),

m:% log log n

1

Togn ) hence the statement.

So we proved Is = O(

3.4 Recurrence properties

In this section we discuss the recurrence properties of .5,, and @, that are supposed to be important in
the case of billiards, too (note that these are analogous to the ones considered in [DSzV08]). For SSRW,

these kind of results were proven in [ET60] and [DK57]. We begin with the two dimensional case.

Definition 3. Let 7o be the first return to the origin in two dimensions, i.e.

T =min{n > 0: S, = (0,0)}

Theorem 3.5. P(my > n) ~ lo‘ggén

Theorem 3.6. Let N} = #{k <n:S;=(0,0)}. Then
Ny
loglogn

1
4meq ”

converges to an exponential random variable with expected value

Theorem 3.5 and Theorem 3.6 can be easily proven combining the original proofs (see [DE51] and
[ET60]) with (3.2).

Definition 4. Let t, be the hitting time of the origin, starting from the site v € Z2, i.e.
t, = min{k > 0: S, = (0,0)|Sy = v}.

The following recurrence property is less known but is of crucial importance in the argument of
[DSzV09].
Theorem 3.7.
loglogt, 1
loglog|v] ~ U

as [v| — oo, where U is uniformly distributed on [0,1] and = stands for weak convergence.

Proof. We adapt the proof of [ET60]. Let

Clz,n)=#{1<k<n:S,=axa}
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be the local time of the walk at site  up to time n and
y(n) =P (2 > n).

Further, we will need the estimation on the remainder term of the local limit theorem. More precisely,

we will use the following estimation

1 1 loglogn
P(S, =y) = —— — [0 ———) +0 ) 3.8
(Sn =) 4meinlogn & <n2 log2n> <nlog2n (3:8)

where the great orders are uniform in {y : |y| < v/nlogn}. Note that (3.8) is a consequence of Theorem

3.4. We are going to prove the following assertion.

1
|| ~ exp (2 log® n)

P (¢ (zpn,n) =0) — 6, (3.9)

If we choose z,, € Z2 such that

for some fix 0 < < 1, then

as n — oo. It is easy to see that (3.9) implies the statement of the theorem.
As in [ET60], we consider the identities

Z uz(i)y(n—i) =1 (3.10)
=0
and .
P (¢ (2n,n) =0)+ Y P(S; =an)y(n—i)=1. (3.11)
i=1
Combining (3.10) and (3.11) we obtain
P (¢ (wn,n) =0) = y(n) = Y _ (uz(i) = P(Si = z4)) y(n — ). (3.12)

i=1
Using the fact that 7 is monotonic, Theorem 3.5 and the estimation (3.8) we conclude that the right
hand side of (3.12) is smaller than

exp(log® n
4mey + o(1) p(zg ) 1
loglogn 4dmerklogk
NG n
4 1 1 1
;Tlco1 TOO(n) Z 2?0 (k21 Qk) * Z o0 <k21 2k>
608 k:exp(log‘; n) 08 k=vn 08

= loglog k:)
+ (@) =d+o(1).
> ( Fog’h (1)
k:exp(log“S n)
So we arrived at the upper bound. For the lower bound define
exp (log‘s n)

k1=
logn
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Theorem 3.5 and Theorem 3.4 imply that the right hand side of (3.12) is bigger than

k1
V() > [us(k) = B(Sg = wn)] >
k=1
k1
dmer + of loglog k
0
loglogn ; [47rclklogk + (k10g2 k ) }
k1 2
47rc +o(1 Ty
1 ) Z [ exp [ — |n| ]
loglogn — 47rclk: log k 4c1klogk
o) 1 a2 Vs 1
0 -0 —— —
> +o(l)+ loglogn <loglogn) exp( k1log kq ;klogk
> 6+o(l).
Thus we have proved (3.9). The statement follows. O

Remark 3.8. Note that for the adaptation of the Erdds-Taylor type argument for our setting, the
summability of the remainder term in the local limit theorem - i.e. Theorem 3.4 - was essential. The

situation was basically the same in Chapter 2, however, in a different context.

It would be interesting to find an intuitive reason for the appearance of the exponential and the
uniform distributions as limit laws. However, neither Erdés and Taylor gave explanation in [ET60], nor

the present author can give any. Now, we turn to the one dimensional case.

Definition 5. Let 71 be the first return to the origin in one dimension, i.e.
7 =min{n > 0:Q, =0}

Theorem 3.9. P(ry > n) ~ 22, [ln

n

Proof. Theorem 3.9 can be easily proven by the usual way. One has to consider the renewal equation
> ur(k)P(ry > n—k) =1,
k=0

and the identity

where
U(x) = Zul(k)mk
k=0

Viz) = i[@(ﬁ>k):ck
k=0

Now, the well known Tauberian theorem (Theorem XIIL5. in [F71]) implies that
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as x — 1, thus

| W
V@)~ VIi—al (3

as  — 1. Since P(m; > n) is monotonic in n, the previous Tauberian theorem infers the statement. O
Theorem 3.10. Let N7" = #{k <n: Qi =0}. Then
Niy/logn
vn

converges to a Mittag-Leffler distribution with parameters 1/2 and (2y/c1)™?, i.e. to the distribution, the

k" moment of which is
1 k!

OV T (1)

Proof. As in the case of [DSzV08], it suffices to prove that for k fix:

E 2 T(1/2)
2 ! Jrilogn;  log"?nT(k/2+1) (3.13)

n;>3,n1+n2+...4+np<n j

Note that I'(1/2) = /7. Elementary calculations show that (3.13) holds for k = 1. For k > 1 define

Hi = {n; > ;n1+ng+ .o+ ng <nj}
logn
no_. n
Ho = {n;> \F,sznj<—,n1+n2+...+n;€§n}
logn logn
n
Hy = {niZS,EIj:nj<£,n1+n2+...+nk§n}
logn

Now, split the sum in (3.13) into three parts, sums over H;’s, 1 <i < 3.

Define s; = n;/n and observe that
S S S
\/njlogn; B V55V /log s; +logn
Since log s; +logn = (1 4 o(1)) log n uniformly in 4, it is not difficult to deduce that

3 H;
(n1,n2,....;nk)EH1 J W

,,,,

7// L
log"/? n O<ti<ta<..<ty<1 VI1 V2 =11 /T —Th—1

nk/2  T(1/2)F
log*/?nT(k/2+1)

For the sum over Hs, consider the case when 13@1 <ng <

oan and n; > i for 2 < (other cases

can be treated similarly). Now, log sy +logn > (1/2+0(1))logn and log s; +1logn = (1 + o(1)) logn for
2 < i, uniformly. Thus,
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Y Mg

/1 logn
J J
e <M< iy i > ey :2<i J

1 nk:/?

< (V2+o0(1) Y [] <2 o(1).
/s-n 1 k/2

R <n < gl > o 12<i sjniosmn log™"m

For the third sum, the proof goes by induction on k. Assuming that (3.13) holds for k£ — 1, one has

log n

k k—1
(n1,n2,...,ng)EHs j=1 W logn

[ ———
nit+no+..4ng_1<n j=1 W
. . k/2
which is o ( z

s ) (3.13) follows.

3.5 Final remarks

1. It would be beneficial to extend the results of this Chapter to a more general class of random
walks. Namely, choose p(|n|) = P(X; = n) with

n3

p(n)c— —1=20(n), and |§(n)| < Cn~¢
1
with some £ > 0 (e.g. for planar Lorentz process with infinite horizon, £ = 2)

In this case, we need to adjust the estimations of Section 3.3, since a nontrivial modification is
needed in the proof of Lemma 3.2. Namely, the second sum in the formula (3.5) is now
p(n) 5,0 p(n) o, ﬁ ﬁ
RICHVRED Sl R T ED DR DR
n=1,2,...|e/t] n=1,2,..K n=(K+1)...le/t] n=(K+1)...|e/t]
Now, the first sum on the right hand side is bounded by K?t?. The second sum is t?(log(/t)
log K + O(1)), while the modulus of the last one is bounded by 2K ~¢(log(e/t) — log K + O(1)).
Now choose K = |log |t||ﬁ to conclude that

o(t) =1 —2c1t?|log ||| + O (t2| log |t\|ﬁ) .

The error term in the local limit theorem should also be modified accordingly, namely the right
hand side of the formula in Theorem 3.3 is now

0 logﬁ n
Vnlog®n

0 <log2”2r§ n)
nlog”n

Since the last expression is summable in n, the recurrence properties in Section 3.4 follow exactly

and in Theorem 3.4 is

the same way, as before.
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2. Extending the results presented in this Chapter to periodic Lorentz process with infinite horizon
is an important, challenging question. We claim that the extension of Theorems 3.6 and 3.10 is
straightforward. Indeed, the local limit theorem for periodic Lorentz process with infinite horizon
states that the recurrence to the origin (more precisely, zeroth cell) has the same asymptotic
probability (more precisely, Liouville measure), as our above models: see [SzV07] (and its adapted
version to the Lorentz process is a strip in the spirit of Proposition 3.6 of [DSzV08]). Thus the
same argument, presented here, is applicable. However, the extension of Theorems 3.5, 3.7 and
3.9 is not that obvious. The most challenging is probably Theorem 3.7, since in our argument,
the error term of the local limit theorem was used, which is expected to be difficult for Lorentz

processes.

3. As it was mentioned in Section 3.1, in the case of Lorentz process with infinite horizon, another
type of 'recurrence’ can happen. Namely, if a scatterer is moved into a corridor (here corridor
means infinite trajectories without collision), then there are arbitrary long flights where in the
periodic Lorentz process there would not be collision, while in the perturbed one there are some.
In the random walk context, it can happen that the unperturbed walk would fly over the origin,
while the perturbed one has to stop. Note that this phenomenon is evitable if one considers finite
horizon, or in the case of infinite horizon just shrinks one of the scatterers as a perturbation.
However, the same behavior (i.e. the Brownian limit with the same scaling) is conjectured in this
general perturbation, as well. The aim of the following computation is to give some reason for this
conjecture. As the constants do not play important role in the sequel, they will not be computed
and every appearance of C' may denote different constant.

Define
an =P((0,0) € Sn, Spt1,(0,0) # Sy)

to be the probability of the event that step n + 1 flies over the origin. Observe that
1
ap = ip((sn)l =0, ‘Xn+1| > |(Sn)2|) )

where (S,,); denotes the i*" coordinate of S,,. The local limit theorem implies a,, < C ﬁbn,

where

bp =P (| Xnta] = [(Sn)2l) -

For the estimation of by, observe that if |(S,,)2| > dy, then b, is bounded by C "2 ; k=% = O(d,,?).
On the other hand, the probability of |(S,)z2| being smaller than d, is roughly estimated by

O(dnﬁgn) Thus

P 1

by = O(d2) + O(an) —0 ((n 1ogn)*1/3) ,

whence

an =0 ((n log n)*S/G) .
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If p,, denotes the number of jumps over the origin up to time n and 6,, = E(p,), then we have just
proved
0, = o(nl/ 6.

Note that in the case of [SzT81] and [PSz10] the key observation was that the time spent at the
perturbed area up to n is much smaller than y/n. That is why it is reasonable to expect the same
Brownian limit in the case of such perturbation, where we introduce some nice further step at the
time of flying over the origin, too. Here nice means that presumably the step distribution should

have some finite moment of order €. This could be subject of future research.
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Chapter 4

Lorentz Process with shrinking holes

in a wall

4.1 Introduction

In the last decade after a broad and thorough study of Sinai billiards - or equivalently of periodic Lorentz
processes - the non-homogeneous case got also widely examined. Here, non-homogeneity may appear
either in time (cf. [ChD09b] as to a mechanical model of Brownian motion or [GR-KST11], [DK09],
[LChK10] as to models of Fermi acceleration) or in space (cf. [DSzV09] as to local perturbations of
periodic Lorentz processes). In the present work we investigate a question where non-homogeneity is
present both in time and space. Consider a periodic Lorentz process with a finite horizon given in a
horizontal strip, where the scatterer configuration is assumed to be symmetric with respect to a vertical
axis - through the origin, say. Now, put a vertical wall at the symmetry axis and a tiny hole onto the
wall. The hole is getting smaller and smaller with time, thus giving the particle less and less chance to
cross the wall. It is an intriguing question at which speed the hole should shrink to result a non trivial
scaling limit of the trajectory of the particle (if such a speed exists at all). Here, non trivial means that
it is neither Brownian motion (BM), nor reflected Brownian motion (RBM) since, if the hole was of full

size or absent, then these two processes would appear in the limit (see [DSzV09]).

Indeed, if one takes the hole arbitrarily small, but fixed of size € > 0, then the limiting process is a
BM whereas if the hole is empty, then it is a RBM. The essence of this observation is that the limiting
process does not change continuously as € — 0 and our goal is precisely to understand the situation

when the limit is taken in a more delicate, time-dependent way.
To be more precise, let the configuration space in the absence of the wall be D := (R x [0, 1])\U$2, O;.

Here, {O;}; is a Z-periodic extension of a finite scatterer configuration in the unit square, which consists

of strictly convex, pairwise disjoint scatterers, with C* smooth boundaries, whose curvatures are bounded
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from below by a positive constant. Further, we assume that U2, 0; is symmetric with respect to the
y-axis. The wall without the hole is W, = {(z,y) € D|z = 0} = UX_| [Jk.1, Jk,»] where the subintervals
of the y-axis, denoted by [Ji.i, Jk.r|, are the connected components of W,. For later reference, put

K

€1 = Z(jk,r — Tr1)-

k=1

The holes will be subintervals I,, C W, thus we will be considering a sequence {W,, = W \ I}, of
walls. Now, the n-th configuration space of the billiard flow is D,, := (R x [0,1]) \ (W,, UUX,0;). A
massless point particle moves inside D,, (at time ¢ = 0 the first hole is present, i.e. n = 1) with unit
speed until it hits the boundary 9D,,. Then it is reflected by the classical laws of mechanics (the angle of
incidence equals to the angle of reflection) and continues free movement (or free flight) in D,,41. Thus, at
the time instant of each reflection, the hole is replaced by an other one (meaning that the shrinking rate
of the hole corresponds to real time). We also mention that the reflections on the horizontal boundaries
of the strip does not play any role in our study. Thus one could define the horizontal direction to be
periodic (formally replace [0,1] by S! in the definitions of D and D,,) yielding the same results (with
some different limiting variance).

Since we change the configuration space in the moment of the reflection, it is more convenient to use
the discretized version of the billiard flow (the usual Poincaré section, which is often called billiard ball

map). Thus define the phase spaces
M, ={z = (q,v),q € OD,,v € S, (v,u) > 0if ¢ € ID },

where u denotes the inward unit normal vector to 0D at the point ¢ € 0D. Here, ¢ denotes the position
of the particle at a collision and v is the post-collisional velocity vector. If ¢ € 0D, v can be naturally
parameterized by the angle between u and v which is in the interval [—-7/2,7/2]. If ¢ € OW,, = W,,, one
can parameterize v by its angle to the horizontal axis. Thus, if this angle is in the interval [—m /2, 7/2],
then the particle is on the right-hand side of the wall, while it is on the left-hand side if this angle is
either in the interval [7/2, 7] or in (—7, —7/2].

Thus, the discretized version of the previously described billiard flow can be defined by the billiard ball
maps Fn : My — M, 41. Further, denote by x,, : M,, — R the projection to the horizontal direction
of the free flight vector from M,, to M1 (that is, if © = (¢,v) € M,, and F,(z) = (¢, ), then &, (z)
is the projection to the horizontal axis of the vector § — ¢). We also assume that the billiard has finite
horizon, meaning that, in the Z2-periodic extension of the scatterer configuration, there is no infinite
line on the plane that would be disjoint to all the scatterers. Further, write Z,, = {I;}1<k<n for the

collection of the first n holes, and
Sn(@,Ln) = Sn(@) = Y #rFi ... Fi(@),
k=1

where x € Mj.
What remains is the definition of the holes I,,. For this, fix some sequence o = (v, )p>1 With o, — 0
and, independently of each other, choose uniformly distributed points &,, n > 1 on UX,[7; ,, Tir]. We

will use the following three special choices:
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1. Assume that &, € [Ji, Jir], and denote l,, = J; , — &, If 1, > @, then put I, = (&,, &, + an),
otherwise put I, = (&, Jir) U (Jit, Jig + o — 1), which is a subset of W, for n large enough.

With this particular choice, write
S,}‘(x,g) = S}‘(m) = Sn(.’L‘,In)

and
Fo=Fp.

2. For each 1 < k < n, let the random variables §,(Lk) be independent and distributed like &,,. Assume
that f,(Lk) € [Ji1, Jir), and denote lék) =Tir— §T(Lk). If le) > q,, then put I,(Lk) = Slk), ,(lk) + ay),
otherwise put I8 = (&5, 7:.0) U (Fin, Tiat + o — 1), and finally Z,, = (I¢)1<p<,. With this
particular choice, write

S=(z,a) = S5 (z) = Sp(x, Zn).
3. Let I, = W,,. With this particular choice, write

SPer) (z) = Sn(x, ),

St(Per)

and for a fixed z, define (z) for t > 0 as the piecewise linear, continuous extension of siper) ().

Finally, write

Flper) Fi.
Mper)  — M.

Here the first choice - the only really time dependent - is the most interesting one. In the second
case, one has to redefine the whole trajectory segment ST ,... S, for each n, thus we have a sequence of
billiards (in other words, the increments of S form a double array), while the third one is just a usual
periodic Lorentz process.

There is a natural measure - the projection of the Liouville measure of the periodic billiard flow - on
M®e") which is invariant under F®¢"). Denote the restriction of this measure to the two neighboring
tori to the origin by P. Note that P is finite, so normalize it to be a probability measure.

Finally, define 7 € M®¢") as such points on the discrete phase space without any wall, from which be-
fore the forthcoming collision, the particle crosses UiKzl(Ji’l, Jir). Note that the finite horizon condition
implies that J is bounded.

Now we proceed to the definition of the limiting processes. (The intuition behind their appearance in
our result and in its proof as well will be explained after the formulation of the theorem.) Since we are
going to have two very similar processes, we call both quasi-reflected Brownian motions and distinguish
between them only in the abbreviation.

Consider a BM B = (B¢);¢[o,1) with parameter o on [0,1]. Its local time at the origin is denoted by
£ = (£¢)tejo,1)- That is,

1
Qt:g%%/() I ms|<e}ds.
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Now, given B, consider a Poisson Point Process II with intensity measure cd£ with some positive constant
c. The intuition behind this process is roughly speaking the following: since the local time describes
the relative time process a Brownian motion spends in an infinitesimal neighborhood of a point, in our
case of the origin, it can also be interpreted as telling us the density process of number of visits of the
origin by the Lorentz process. Out of them only those visits are successful, i. e. resulting in getting
to the other side of the wall, when the particle hits the hole, and these instants of time are precisely
given by a Poisson process — according to the Poisson limit law. With probability one, the support of
the measure ¢(d£) is 3, where 3 = {s: 0 < s < 1: 9B, = 0} is the zero set of B. Denote the points
of II by Py, Ps, ... in decreasing order. In fact, II has finitely many points. If it has m points, then
put Pnt+1 = Ppio = ... = 0. Further, write Py = 1 and introduce a Bernoulli distributed random
variable n with parameter 1/2 (where the parameter means the probability of being equal to 1) which
is independent of 28 and II.

Now, the process Q = (Q¢)te[0,1] With Qo = 0 and

9, — (—1)”‘%15‘ if In € Z+ U {0} it e (P2n+1,P2n]
' (=1)1=7|%B;| otherwise

is called the quasi-reflected Brownian motion with parameters ¢ and o, and denoted by qRBM(c,0).

The definition of QRBM is similar to that of qRBM. The difference is that ¢(d£) now should be replaced
by c%(diﬁt). As a result, the Poisson process will have infinitely many points, which accumulate only
at the origin. Now, denote by P;, Ps,... these points in decreasing order (N. B.: there is no smallest

one among them), put Py = 1 and define n and QRBM(c,o) as before.

Remark 4.1. One can easily check the following statements. The gRBM/c,0 ) is almost surely continuous
n [0, 1], homogeneous Markovian but not strong Markovian (think of the stopping time T = min{t >

1/2:9Q; =0} A1) and Q; has Gaussian distribution with mean zero and variance to>.

The QRBM, similarly to the qRBM, is continuous, Markovian (however not time homogeneous), not

strong Markovian, and has the same one dimensional distributions as gRBM. Contrary to the ¢qRBM,

the QRBM is self similar in the following sense: if Q; is a QRBM, then

d 1
(Qt)tefo,1/p) = (th> ,
g \/ﬁ te[0,1/p]

where 1 < p.

Further, one can easily extend the definition of both processes to R, .

As usual, C[0, 1] will denote the space of continuous functions and D[0, 1] the Skorokhod space over

[0,1] (for the definition of the latter, we refer to [B68]). We will also use evident modifications, for
instance, Dgz|[t, 1] will denote the Skorokhod space of R2-valued functions over an interval [to, 1].
Let the function W » be the following: W (k/n) = Sk\/\/ﬁ for 0 < k < n and define W x(¢) for
t € [0,1] as its piecewise linear, continuous extension. Let p,» denote the measure on C[0, 1] induced
by W, where the initial distribution, i.e. the distribution of z, is given by P. Analogously, define p=
with Wi, where W= (k/n) = Si- /v/n.

Now, we can formulate our main result.
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Theorem 4.2. There are positive constants o and co depending only on the periodic scatterer configu-

ration, such that

1. if 3¢ > 0 : ap/n — ¢, then p,* converges weakly to the measure induced by QRBM (coc, o).

n

2. if e > 0 : ap/n — ¢, then p= converges weakly to the measure induced by qRBM (cac, o).

3. if any/n — 0, then both p > and p= converge weakly to the convex combination of the measures
induced by RBM and -RBM with weights 1/2.

4. if apy/n — o0, then both u, > and = converge weakly to the Wiener measure.

Returning to the intuitive picture provided at the introduction of the process ¢gRBM (cac,0), it,

indeed, explains statement 2 of the theorem. Since, in the setup of the definition p,, the holes are not
1

n’

uniformly small, but are only decreasing as of order the chances to get over the wall are larger but
also decreasing as in the definition of QRBM (cac, o).

Instead of introducing the holes on the wall one could think about the wall as a trapdoor, i.e. some-
times it is open and then the particle crosses it without collisions, other times it is closed. If one opens
the door randomly with probability «,/c1, then obtains the same result.

The analogue of Theorem 4.2 for random walks is, of course, easy to formulate in the following way.

Define the stochastic process &,, by: Prob(Gg =1) = Prob(6g = —1) = 1/2 and for k > 0:
P’l"Ob(Gk+1 = Gk + ].‘Gk 75 0) = PTOb(Gk+1 = Gk - 1|6k 7é 0) = ]./2,
and
Prob(Sy41 = Gk_1|6k =0)=1-—¢, (4.1)
PTOb(6k+1 = —Gk,1|6k = 0) = €. (42)
Here - and also in the sequel - Prob stands for some abstract probability measure.
In the definition of & put first € = oy and denote by v, the measure on C|0, 1] induced by W,,,
where W, (k/n) = &/y/n for 0 < k < n and is linearly interpolated in between. Analogously, de-

fine v;; for each m with the choice ¢ = . Then, if we replace each p with v in Theorem 4.2, then

the statement remains true (with o = ¢o = 1), and can be proven the same way as we prove Theorem 4.2.

In the next section, we discuss some results concerning the periodic Lorentz process, that are necessary

for proving Theorem 4.2. Finally, Section 3 contains the actual proof of Theorem 4.2.

4.2 Limit theorems for the periodic Lorentz Process

In this section, we present some facts about the periodic Lorentz process in a strip. Whereas Proposi-
tion 1 is simply a strengthening of Theorem 4.2 of [SzV04], Proposition 3 is a completely new statement
interesting in itself. For later reference, we need to introduce some abstract stochastic processes.

As before, B = (B¢);c[0,1) denotes a BM with parameter o (to be specified later) and £ = (£¢):¢[o,1]
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is its local time at the origin. We also use the notation B%f = (‘B?’to)te[to’l] for a BM with pa-
rameter o starting from a at time tp; and £%% = (Ef’to)te[tmu denotes its local time at the origin.
Finally, B tobt1 — (%?’tOWb’tl)te[to)tl] stands for a Brownian bridge with parameter ¢ starting from
a at time ¢y and arriving at b at time ¢; (that is heuristically a BM with pinned down endpoints), and
gastobiti — (E?’tOWb’tl)tG[to,tl] is the local time of B»0~bt1 at the origin. For a thorough description
of all these processes, see [RY91].

Similarly to the previous notations, denote by L., t € [0,1] the number of visits to J in the time

interval [1, |nt]], and Ly is the number of visits to J in the time interval H.

The first statement is a local limit theorem, formulated in a fashion tailored to our purposes. For

this, let ¢ denote the density of the standard normal law. Now, the assertion reads as follows.

Proposition 4.3. Fiz some positive integer k and a subset Z of the set {1,2,...k}. For all i €
{1,2,.. .k} \ Z, let t; € [0,1], b) € R be real numbers such that if i < j, then t; < t;. Write
b = b /n| and n; = |nt;| for any positive integer n. Define ng = b = 0. Fori e Z, write
bgf) = 0 and choose some sequences ny such that for any i,j € {1,2,...k} with i < j, n; < n; holds.

Then

P (Vie{l,2,.. k}\Z:[SP")(2)] =bD;vi € Z : (f@”))”“ () € J)

(i) _p(i—1)
(i) + 0i(1)

o \Z\ H o’ Vni—ni—1
- b
O/ — Tj—1

with some constants o and ¢y depending only on the periodic scatterer configuration. Further, there exist

a sequence s(n) — 0, such that |0;(1)] < s(n; —ni—1) for alli € {1,2,...k}.

Proposition 4.3 is an extension of Theorem 4.2 in [SzV04] in two aspects. On the one hand, it is
formulated for k-tuples, while in [SzV04] it is only stated for k = 1,2. On the other hand, the error term
is claimed to be uniform in the choice of n; (it is, in fact, uniform in more general choices of bgf ), but we
only use it for be ) of the form presented in Proposition 4.3). Both generalizations follow from the proof
presented in [SzV04], thus we do not provide a formal proof here. We also note that Proposition 4.3 is
an extension of Proposition 3.6 in [DSzV08], too. From now on, all stochastic processes derived from
the BM will have parameter ¢ of Proposition 4.3.

The next important fact is the weak invariance principle for the position, which was first proven in

[BS81] and [BSChO1].

Proposition 4.4.

(L = (%t)te[o,l]a
\/ﬁ t€[0,1]

where = stands for weak convergence in the space C[0,1].

The novelty of this section is in fact the following statement. The position of the particle and its
local time at J jointly converge to a BM and its local time at the origin (the latter being multiplied by

a constant). Formally,
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Proposition 4.5.

sther Lnt>
= —= = (B, c0lt)tefo.1)
( \/ﬁ \/ﬁ te[0,1]

as n — oo where the left hand side is understood as a random wvariable with respect to the probability

measure P, and = stands for weak convergence in the Skorokhod space Dy2[0,1].

Proof of Proposition 4.5. As usual, one has to check the convergence of finite dimensional distributions
and the tightness (see [B68] for conditions implying weak convergence on some function spaces).

First, we prove the convergence of the finite dimensional distributions. Note that the convergence of
the first coordinate follows from Proposition 4.4 (and even from Proposition 4.3), while the convergence
of the second coordinate follows from an extended version of the proof of Theorem 9 in [DSzV08]. But
the joint convergence is a stronger statement then the convergence of the individual coordinates, and it
requires a formal proof.

To obtain the joint convergence, first observe that the convergence of the first coordinate (the rescaled
position) is well known, even in the local sense (eg. Proposition 4.3). Thus we are going to prove that
under the condition that the rescaled position is close to some specific number, the second coordinate
converges to the desired limit. In order to do this computation, we need to define some new measures
on MPer),

First, choose 0 < t9 < 1, a € R and write a,, = |\/na]. Restrict the measure P to such points x where
1S ()| = a,, and rescale it to obtain a probability measure. The resulting measure is denoted by

[nto]
P,. Thus, with the notation

Ar = Ai(n) = {2 ST (2)] = an} € M@,

Lnt()j

for M C M®¢") measurable sets, Py, (M) = P(M N A;)/P(A;). Then, choose ty < t; < 1, b € R and

write b, = |/nb]. Define Q, as the conditional measure of P, on such points z, where | .S Ep irj( )| = bn.

That is, with the notation

As = As(n) = {z: [S7) (2)] = bu} € MPeD,

Lntlj

for M C M®Pe") measurable sets, Qn(M) = Py (M N As)/Pn(As).

Now, we prove the following lemma.

Lemma 4.6.
L[nto,ntl /(CO\/>) = 20. Jto~b, tl

where Lint, nt,1/(cov/n) is understood as a random variable with respect to Qn. Similarly,

Lnto/(CO\/ﬁ) = 'Qgéowa’tov

where Ly, /(cor/n) is understood as a random variable with respect to Py.

Proof of Lemma 4.6. We prove only the first statement, since the second one can be proven analogously.

Similarly to the proof of Theorem 9 in [DSzV08], we are going to use the method of moments (see [B68§],
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Chapter 1.7, Problem 4., for instance). That is, we are going to estimate

Ik .= /(L[ntml])den.

For some fixed positive integer k and for |ntg] = ng < np < n2 < ... < ng < ngy1 = |nty |, define the
set

Mg
As = As(ni, ... ny) = {z : {( P”) 2, 1<i<k}cJ}c MPer),
Representing Lins,nt,] @s a sum of [nty] — [nto]| + 1 indicator variables, one concludes
1% ~ k! > Qu(Asz(n1,...11)). (4.3)
[nto|=no<ni<nas<...<np<np4i1=|nti |

In fact, there should be k — 1 similar sums, for n; < --- < n;, 1 <[ < k — 1, respectively, but the
contribution of them is of smaller order of magnitude, as we will see in the forthcoming computation.
Thus, we need to estimate Qp(Asz(n1,...nk)). By definition,

P(.Al NAsN A3)
P(.A1 ﬂAz)

Qn(A3) = (4.4)

Using Proposition 4.3, one obtains the asymptotic equalities

P(A1 NA; N ./43)
P(A)

k k+1
S YA NI | R
gh+1 (QW)k%l ov/ny —ng o\/Mik41 — Nk -1/ — N1
and
¢ by —an
P(Al n Ag) oy/n(t1—to)
P(-Al) O'\/n(tl —to) '
Next, we substitute (4.4) by the product of the right hand sides of (4.5) and (4.6) in the sum of (4.3).

The resulting sum is a Riemann sum which is asymptotically equal to the following Riemann integral

(4.6)

n dkklo—k2m) - Vi — o {qﬁ (ba)] - (@7)

O‘\/tl — t()
// ds
0<s51<82<...<s<t1—to

d)( : ) 1 1 1 ¢< b )
O'\/§ \/5\/32—31"'\/sk—sk_l\/tl—to—sk o\/t1 —tg — sk ’

where s = (s1,...,8;). Note that when we substituted (4.4) by the product of the right hand sides of

(4.5) and (4.6), we made an error. Due to Proposition 4.3, this error is bounded by
ket 1

C'\/>§(1rmn{nZ ni—1}) H \/le
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k

no

with some constant C'. Thus, in order to see that (4.7) is asymptotically equal to I
that

it remains to prove

k+1 1
E Vne(min{n; —n;_1}) H _ (4.8)
[ y ng —nj—1
Lntgj:no<n1<n2<..‘<nk<nk+1:[nt1j j=1

isin o (n%> To prove this, pick € > 0 small and K such that ¢(K) < e. The sum over indices ny, ... ng,
where all n; —n;_1 is larger then K, is asymptotically bounded by

// ds
0<s1<82<...<5<t1—1to
1 1 1 1

VS VS2 —s1 Sk — Si—1 vVt —to — sk

Now, choose a subset H of the set {1,2...k+1}, with |[H| =1 > 1. Then the sum over indices nq,...n,

[SES

EN

where n; —n;_1 < K for i € H, and n; — n;—1 > K otherwise, is asymptotically bounded by K Inzt
multiplied by an integral similar to the previous one. Thus, we have verified that (4.8) is in o (n%),
which implies that I* is asymptotically equal to (4.7). One can compute explicitly the integrals not

involving the function ¢. Namely, use the identity

bt (g —a) e D+ 1)0(1/2)
[ A e = -t oy

k — 2 times, to deduce the following formula from (4.7):
, _ b—a \]7'[L/1\]"' 1
¥ ~nb ckklo ™ (2m) "7 VL — 1 o — (=
n n2cyro ( 71') 1 0 (b O_m 2 r (%)

a b
d81d82¢ (\;f) ’ (J\/STSI) (t1

0<s1<s2<t1—to

(4.9)

for k > 2 (for k = 1 a simpler formula holds). Finally, one can slightly simplify the formula (4.9), since

I'(1/2) = /7. In order to complete the method of moments, on the one hand, one needs to prove that

lim T¢cg*n=r/2 = J*, (4.10)

n—oQ

where J* is the k-th moment of S‘Z{toﬁb’tl. It is easy to derive from the formulas computed in [B89] and
[P99] that

Prob <£?£t°Wb’t1 > y) = exp {— ((|a| + 10| + 02y)2 - (- a)z)] ,

1
20’2(tl — to)

whence J* can be expressed with an integral. On the other hand, one needs to prove that

1/k
lim,, oo]Ik -k, —k/2
lim sup ( e IZ‘CO r < (4.11)
:— 00 :

so as to verify that the limit distribution is uniquely determined. Observe that (4.9) immediately implies

(4.11), but proving (4.10) turns out to be a nontrivial computation.
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That is why we need to argue in a slightly different way. Namely, we are going to prove the first
statement of the Lemma for random walks and then - since the moments for the random walk have the
same asymptotic behavior, and these moments do converge - we arrive at the original statement.

To be more precise, pick a one dimensional simple symmetric random walk that starts from a, and
denote its position after [n(t; — tg)] steps by Y,. Similarly, its total number of visits to the origin
until [n(t; — to)] is denoted by Z,. Write f; for the probability density function of %?{to with o

y—a

being replaced by 1 (that is, fi(y) = ﬁ(i)(m)) Similarly, F|1(z|y) stands for the conditional

a,to

cumulative distribution function of £{* under the condition B} l’to = gy, again with o replaced by 1.

Note that Fb);(z]y) is the cumulative distribution function of sﬁ;towy’“. Let y be a real number and

The following two statements are well known for random walks (see for example [B89] and [R90]):

Prob (Yn < Yn, % < z) — Prob (B <y, £ < 2), (4.12)
and
gProb (Yo € {yn,yn +1}) = fi1(y). (4.13)
We want to prove that
S Prob (Yo € Qi + 11 7 < 2) = pal02) = Fi0)Fap 1) (4.14)

Note that in (4.13) and (4.14) the division by 2 is needed because of the periodicity of the random
walk (i.e. it can return to the origin only in even number of steps). Also notice that using (4.13), one
easily sees that (4.14) is equivalent to the first statement of the Lemma for simple symmetric random
walks. Further, we mention that (4.14) is proved in [T99] for the case y = a. The well known local
limit theorem for random walks, and our previous computation yield that the k-th moment of Z,,/y/n,
under the condition Y,, € {yn,yn + 1}, have the same asymptotics as H’flcg Fp=k/2 with b replaced
by y, and ¢ = 1. Thus (4.11), the method of moments and (4.13) imply that the distribution of
Zn/+/n - under the condition Y,, € {y,,yn + 1} - weakly converges to a uniquely determined limit
distribution. Whence, p(y, z) := lim, .0 Pn(y, z) exists. Now suppose that there exist some yo, zo such
that p(yo, 20) # f1(yo)F21(20ly0). For this fixed 2o, fi(y)Faj1(20ly) is clearly continuous in y. Further,
since the integral representation in (4.9) is continuous in b, the method of moments imply that the limit
distribution, as n — oo, of Z,//n - under the condition Y,, € {y,,y, + 1} -, continuously depends on
y (with respect to the weak topology). Hence, p(y, z9) is also continuous in y. Thus one can find an
interval I containing yo such that [, p(y, z0)dy # [, f1(y)Fs)1(20|y)dy, which is a contradiction to (4.12).
So we have verified (4.14). But (4.14) together with (4.11) implies (4.10) and the first assertion of the

Lemma. O

Now, we prove of the convergence of one dimensional distributions by a standard argument. That is,

we need that for any open intervals A, B,

g(per) I
P ( % €A, \/”% € B| — Prob (B, € A,co&, € B). (4.15)
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The second statement of Lemma 4.6 implies the local version of (4.15) in the first coordinate, namely

\/EP( Ger) _ |/, ;i e B> (4.16)

= it (v ) Prov (st € 8) ot

Now, define the real function ¢,,, by setting ¢, (z) to be equal to (4.16). Note that for fix n, ¢, is
constant on the intervals [k//n, (k + 1)/4/n) for any integer k. We have for any z,

1 0,0~x,t
n — Prob (oL’ e B) = .
on(x) — 0\/%¢< \F) 70 (co € ) o(z)
Thus, by Fatou’s lemma,
lim inf/ on(z)dz > / o(x)dx = Prob (B, € A, cols, € B). (4.17)
n A A

Analogously,
lim inf/ on(x)dx > / p(x)dx = Prob (B, € A% coLls, € B). (4.18)

As it was already mentioned in the beginning of the proof of Lemma 4.6, the rescaled local times converge

to the appropriate limit. Thus,

/Asﬂn(m)dx—i—/ccpn(x)dm —p (L\;% c B> .

Prob(cpLs, € B) = /AQO(:C)dz + /C p(x)de. (4.19)

Now, using (4.17), (4.18) and (4.19), we conclude that the inequalities in (4.17) and (4.18) are, in fact,
equalities and the lim inf can be replaced by lim. This, together with the observation that the difference
of [, ¢n(x)dz and the left hand side of (4.15) is bounded by a constant times n~1/2, implies (4.15).

The convergence of any finite dimensional marginals can be proven analogously, as we proved the one
dimensional ones. The only main difference is that one needs a multiple version of the statements of

Lemma 4.6, but its proof is also analogous.
Now we turn to the proof of tightness. Proposition 4.4 implies that the first coordinate converges

weakly to the desired limit (in Cltg, 1] thus in D[to, 1] as well), hence is tight, too. We are going to
establish the tightness of the local times. Then it will follow that

<S£LI;€T‘) I/nt>
\/ﬁ \/ﬁ t€0,1]

Since the process L,; is nondecreasing in t, tightness, in fact, can be deduced from the convergence of

is tight, by definition.

finite dimensional distributions. Namely, Theorem 15.2 in [B68] yields that we only have to verify the

following two statements:
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1. For each 1 > 0 there is a d € R such that

Ly,
— > 1. .
P<\/ﬁ>d><n,n_1 (4.20)

2. For each positive n and € there is a §, 0 < § < 1 and an integer ng such that

P (wLm (0) > 5) <mn, n>ng. (4.21)
n

Here,

wy () = ;gf} [nax (lim ¢(r) —(ti-1)),

where the infimum is taken over finite sets {¢;}, for which 0 < t; < ... < ¢, =1, ¢; — t;_1 > ¢ for

all 7.

Since we have just verified that L, /+/n converges weakly, (4.20) follows.
Again, the convergence of finite dimensional distributions implies that for fix n > 0 and € > 0 one can
find 6 > 0 and ng such that for all n > ng, 0 < ky < [1/4]

Vng V6

Now the equidistant partition {t;} is enough to verify (4.21). Thus we have finished the proof of

(per)
: 1
P(#{k nki8 <k <n(k + 055" €T} e ) <nd,

Proposition 4.5.
O

4.3 Proof of Theorem 4.2

Note that, though in its spirit our statement is very close to the results of [DSzV09], their proof cannot be
applied here since the limiting process is not strong Markovian (see Remark 4.1) thus leaving no chance
to apply the martingale method. Thus we need to argue in a more direct way, using Proposition 4.5. In
Subsection 4.3.1 we prove the first statement of the theorem. That proof with trivial modifications is
easily applicable to cases 2 and 3. The only non trivial modification is needed in case 4, which is treated

in Subsection 4.3.2. Everywhere in this Section, we also use the notations introduced in Section 2.

4.3.1 Proof of case 1

In order to prove the statement, we need some technical lemmas.

Lemma 4.7. Let E and F' be any Polish spaces, X, X,, any random variables taking values in the space
E such that X, = X. Then for any continuous function f: E — F one has (X,, f(X,)) = (X, f(X))
in the product topology.
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Proof. Pick any U C E x F open set and define V = {z € E : (z, f(z)) € U}. If x € V, then one can find
an open product set U, = E, x F,, C U containing (z, f(z)). Since f~1(F,) is open, z € E, N f~1(F,)
is also open. Now x € E, N f~!(F,) C V implies that V is open, too. Thus

Prob((X,, f(X,)) € U) = Prob(X, € V)
and the Portmanteau Theorem (see [B68], for instance) yield the statement. O
Next, we prove the following Lemma which is an extension of Proposition 4.5.

Lemma 4.8.

S(Z;er) Lnt ! 1 LnT ( i 1
T sy T > = = %taCOSt,CO d£7> )
< \/ﬁ \/ﬁ T=to \/F \/77“ te[to,l] T=to \/F tE[to,l]

where the left hand side is understood as a random variable with respect to the probability measure P

and = stands for weak convergence in the Skorokhod space Dgslto, 1].

Proof. Use Proposition 4.5 and Lemma 4.7 with the choice

E = {¢ = (¢1,%2) € Drgz[to, 1] : ¥2 is non decreasing},
F = Dlto,]]
b
f((P1,2)) = ( . \ﬁd%)te[to,u
to infer Lemma, 4.8. O

Note that we needed to restrict the processes of Proposition 4.5 to Dgz[tg, 1] in order to the above
stochastic integrals be finite. (This technical difficulty can be avoided in the proof of case 2.) Finally,

we will need Le Cam’s famous inequality which was proven in [LC60].

Lemma 4.9. Assume X, is the sum of m independent, non-identically distributed Bernoulli random

variables €5; 1 < j < m such that Prob(ej = 1) = p;. Then
3 ‘Prob(Zm — k) — e—Wf/k!( <23y,
k=0 j=1

where A\=p1 + -+ + D

Now, we can proceed to the proof of case 1 of Theorem 4.2. First, we are going to prove a simplified
version of the assertion, namely, the convergence of the measures p,* restricted to Cltg,1]. Then the
statement of the first part of the Theorem will follow easily.

Note that one can think about our model as having two sources of randomness. The first one is the
choice of x and the second is the choice of £’s. In Section 2, we were only dealing with the first source,
but now we are going to treat the second one, as well.

It would be more convenient to consider S, as if the time instants of the reflections on the wall W
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(1 < k < n) were not computed. Since Proposition 4.5 and the scatterer configuration being symmetric
to the y-axis imply that [{i <n: ]-'i\ .. .}_1\ € J} is asymptotically of order y/n, the diffusively scaled
limits of S and of this "modified S;*” (i.e. when we do not count the reflections on the wall) have
the same limit. Thus it is sufficient to prove our statement for the "modified S,>” - which will also be
denoted by S, in the sequel.

Note that the assumption of the periodic scatterer configuration being symmetric implies
ENE RN (4.22)

Now for fix z, define p(nt) as the probability, generated by the choice of &,’s, of the event that
SL\ntJ (x)SL\ﬁtHl(x) < 0, i.e. after step number |nt], the particle crosses the hole. Lemma 4.8 implies
that - by Skorokhod’s representation theorem, cf. [B68] - there exists a probability space (2, Q) together

with random variables (X'n, Yn, Zn) having the same joint distribution as

S(I;er)) < c /t 1 Lm_) (/t
& [ —=d ) p(nT)dLnT>
( vn te[to,1] €1 Jr=to VT oVn t€[to,1] T=to t€(to,1]

with respect to P, and also with random variables (X , }7) having the same joint distribution as

t
cco 1
(CBt)tE[to’l] ’ <Cl r=tq ﬁdzf)te[t 1]) ’

such that (Xn,f/n) — ()N(,Y/) Q-almost surely. Here, ¢ = lim,, ay,y/n Now, for Q-almost all w € Q we

define the measures v(w), vy, (w), An(w) on Clto, 1] in the following way. Consider the modulus of X (w),

ie. |X(w)| € Clto,1] (if X(to)(w) > 0; otherwise consider —| X (w)|), pick a Poisson point process -
on some abstract probability space (Q,,Q,) - with intensity measure dY (w), and denote its point by
P, < P, < ... N.b. there are finitely many points. If it has m points, put P41 = 1. Now reflect the
subgraph of | X (w)|[Pait1, Paiy2] to the origin for each i (if X (to)(w) > 0; otherwise reflect —| X (w)|).
The distribution of the resulting random function - with respect to Q,, - generates a measure on C[tg, 1]
which we denote by v(w). The construction of v, (w) is similar, with two differences. The first is that
one should replace X and Y by X, and Y,, and the second is that instead of the Poisson point process,
one introduces independent Bernoulli random variables for each discontinuity of the function Y, (w) with
parameters being equal to the size of jump of ?n(w) at the corresponding discontinuity. Then denote
by P < P, < ... the positions, where the Bernoulli random variables are equal to 1. Finally, A, (w) is
defined the same way as v, (w) with Y,, being replaced by Z,,.

Using Lemma 4.9, one can infer that for Q-almost all w, v,(w) = v(w) on Cltg, 1]. Further, aypy/n — ¢
implies that for any fixed # and € > 0, if L|,rj—1 < L{n7, i.e. in |n7] steps the particle arrives to
J, then |p(|n7]) — ¢/(e11/[n7])| < £/+/n assuming that n is large enough. Whence, one can naturally
couple the Bernoulli distributed random variables used by the definition of v,, and A, in such a way that
the resulting random functions in C[tg, 1] coincide on a subset of Q,, whose @Q,, measure tends to 1 as

n — oo. Consequently, A\, (w) = v(w) on C[tg, 1] for Q-almost all w, too.
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Define the measures g and g, on Cf[tg, 1] by

o(4) = /Q (w)(A)dQ(w),

on(4) / A (@) (A)dQw).

Using that A\, (w) = v(w) for Q-almost all w, Fatou’s lemma and the Portmanteau theorem, we obtain

for any A C C[to, 1] open set:
liminf 0, (A) = lim inf/ An(W)(A)dQ(w)
n n O

> /Q lim inf A, () (A4)dQ(w) > / v(w)(A)dQ(w) = o(A).

Q

Whence - by the Portmanteau theorem, again - g, = ¢ on C[tg, 1].

Observe that by construction, o is the measure on Cltg, 1] generated by a QRBM(ccq/c1,0). Similarly,
0n is the restriction of W » to Clto, 1].

Now, one can easily prove the first part of the Theorem. Since the choice of ¢y was arbitrary, a limit
theorem of any finite dimensional distributions is implied by the above computation. The tightness is
also easy since the moduli of the random functions are tight. Thus we have finished the proof of the

first part of the Theorem (in fact, with the constant ¢y = ¢g/c1).

4.3.2 Proof of case 4

As in the previous subsection, the tightness is trivial since the moduli of the random functions are tight.
The convergence of one dimensional distributions follows from symmetry and Proposition 4.3. Here, we
are only going to prove the convergence of two dimensional marginals since the convergence of any finite
dimensional ones can be proven similarly.

The idea of the proof is that we know the convergence of (|S’D‘LtOJ l/v/n, |S’D‘mj |/+/n) to the desired limit,
thus we only need to care about the sign. For the latter, assume that SL\nto | /+/n is in a fixed positive
interval, while |SL\n " |/+/n is in another fixed positive interval. Using Proposition 4.5, and the results of
the previous subsection, we can estimate the asymptotic probability of the local time being zero under
the above condition. If the local time is zero, then the trajectory avoids the origin, hence SD‘LM >0. If
not, then the particle arrives at the origin eventually in [ntg, nt1], and we need to verify that at time nty,
it will end up in the positive half line with probability 1/2. The heuristic reason for this is that once it
is near the origin, since a,,+/n is large, it will cross the holes many times, and thus forget that it came
from the positive half-line. This argument will imply that the weak limit must be the two dimensional
marginal of the BM.

Let us make the above argument precise. To do so, we will use the notations of the previous subsection.

Especially, introduce the modification of S, as in the previous subsection. Thus (4.22) still holds. Fix
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0 <ty <ty <1and Jy, J; compact subintervals of R, U {0}. Our aim is to prove that

S S
P ( %’J € Jo, %J € J1> — Prob (B, € Jo, By, € J1), (4.23)
and
S S
P < L\/ﬂgJ € Jo, L\/ﬂﬁﬂ e J1> — Prob(By, € Jo, By, € 1), (4.24)

as n — oo. Once we verify (4.23) and (4.24), by symmetry, they will also hold true for Jy being a
compact interval in R_ U {0}, and hence the convergence of two dimensional marginals will follow.
Define the probabilities

PJo,J1 :P’I“Ob(VS:to < s <t:B, >0|§Bt0 S Jo,‘%tl‘ S Jl)

Now let A be the set of functions ¢ in C[0,1] for which ¥ (tg) € Jo, Vs : tg < s < t1 : ¥(s) > 0, and
Y(t1) € J1. Then the Wiener measure of 0A is zero, thus Proposition 4.4 implies that

(per) ‘S(Pef‘) |
P (per) [nto] [nt1]
Vig < s<t: Sns > 0| \/rﬁ € Jo, \/’E eJi| — PJo,Jrs (425)

as n — 0o0. On the other hand, the strong Markov property of the BM obviously implies
1
Prob (%tl S Jl‘%to € Jp,ds:tg < s<t1:Bs =0, ‘%tl‘ S Jl) = 5 (426)

Now, with the notation

Sy (@) 1S e (@)]
Aa(n) = {z: *"3% =€ Jo, Ttg < s < t1: SE(x) =0, 7“\% €},
we want to prove that
S 1
P nl S J1|.A4(n) — 5 (427)

Note that combining Proposition 4.4, (4.22), (4.25), (4.26) and (4.27), one can deduce (4.23) and (4.24).
Thus it remains to prove (4.27).
To do so, first observe that by Proposition 4.5, for every € > 0 there exists 6 > 0 and N such that for
alln > N,

P (Linto nty) > 0v/nlAs(n)) > 1 —e. (4.28)

Now consider the Markov transition matrices

1_
Ap:< p P )
p 1-—p

on the space {+,—} and a time dependent Markov chain M} such that My = + and the transition
between k and k + 1 is described by A,, with some numbers p;. Now, for a fixed = € M®er) and n,
define Dy (z) as the k-th leftmost discontinuity of the function s — L, (x) on s € [to,t1). With the
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choice pr () = anp, (2)/c1, 1 <k < Lijnto],|nt, |—1) (%) for each z, one easily sees that for n large enough,
the probability in (4.27) is equal to

1
PA) Prob(M = +)dP(z). 4.29
P(A4(n)) /A4(n) T MLy g1, sy -yt@) = )P () (4.29)

If fact, this is only true for the case of y,>, while in the case of y=, one needs to set py(z) = a,/c;.
On the other hand, elementary computations show that if one selects sequences B(n) — oo, m(n) — oo
and non-negative numbers py »,1 < n,1 < k < m(n), then with the transition matrices corresponding

to Pimny s Pm(n),ns

P’I’Ob(Mm(n) = +)

(10) A, Ay, ( ; )

1 0 1/v2
(12 Wi)(o I (1 - 201.0) ) ( 1N§>
1/2 4 o(1),

asn — oo. Further, o(1) converges to zero uniformly in m and py, if m(n) > dv/n and ming <<, (n) {Pr,nv/1} >
B(n). Now, choose B(n) = minys|n, {anVN/ci}. This estimation together with (4.28) and (4.29)
yields (4.27).

62



Chapter 5

A central limit theorem for

time-dependent dynamical systems

5.1 Introduction

Time-dependent dynamical systems appear in various applications. Recently, [OSY09] could establish
exponential loss of memory for expanding maps and, moreover, for one-dimensional piecewise expanding
maps with slowly varying parameters. It also provided interesting motivations and examples for the
problem. We also mention that the memory loss result of [OSY09] has been extended very recently to
two dimensional Anosov diffeomorphisms in [S11]. For us - beside their work - an additional incentive
was the following question: bound the correlation decay for a planar finite-horizon Lorentz process which
is periodic apart form the O-th cell; in it, the Lorentz particle encounters a particular scatterer of the
0-th cell moderately displaced at its each subsequent return to the O-th cell. (Slightly similar is the
situation in the Chernov-Dolgopyat model of Brownian Brownian motion, where - between subsequent
collisions of the light particle with the heavy one - the heavy particle slightly moves away, cf. [ChD09b].)

The results of [OSY09] say that - for sequences of uniformly uniformly expanding maps - distances
of images of a pair of different initial measures converge to 0 exponentially fast. In the same setup it is
also natural to expect that probability laws of the Birkhoff-type partial sums of some given function -
scaled, of course, by the square roots of their variances - are approximately Gaussian. The main theorem
of this Chapter provides a positive answer though our conditions are surprisingly more restrictive than
those of [OSY09]. Let us explain the difficulty and some related results.

In functional central limit theorems for functions of autonomous chaotic deterministic systems the
zero-cohomology condition is - in quite a generality - known to be necessary and sufficient for the
vanishing of the limiting variance (see [L96] for instance). For time-dependent systems, however, such a
condition is only known for almost all versions of random dynamical systems (see [ALS09] and [CBR12])
and for other models the situation can be and definitely is completely different. In fact, for time-

dependent systems, first [B95] had proved a Gaussian approximation theorem in quite a generality; its
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author, however, assumed that the variances of the Birkhoff-type partial sums tend to oo sufficiently
fast; the paper, however, did not provide any example when this condition would hold. The more recent
work [CRO7] proves under some reasonable conditions a dichotomy: either the variances are bounded or
the Gaussian approximation holds; the article also provides an example for the latter in the case when
the time dependent maps are smaller and smaller perturbations of a given map. But still there is no
general method for ascertaining whether the variance is bounded or not. Finally we note that [KKO05]
has interesting results for higher order cohomologies but its setup is different.

The present work is, in fact, the first one where non-random examples are also found, that are not
small perturbations of a given map. The proof of our main theorem uses martingale approximation
technique in the form introduced in [SV05] for treating additive functions of inhomogeneous Markov
chains. The organization of this Chapter is simple: Section 5.2 contains our main theorem and provides

examples when it is applicable. Section 5.2 is devoted to the proof of the theorem.

5.2 Results

Let A be a set of numbers and (X, F,u) a probability space. For each a € A define T, : X — X.
Suppose that p is invariant for all T,’s. Now consider a sequence of numbers from A, i.e. a : N — A.

Our aim is to prove some kind of central limit theorem for the sequence
f OTal’f OTa‘Z oTa]? e

with some nice function f: X — R.

As usual,

Tug(z) = 9(Tux)

and T* is the L?(u)-adjoint of T' (the so called Perron-Frobenius operator). Further, introduce the

X To, ... To, ifi<j
Tii.5 = ‘ :
Id otherwise

notation

and for simplicity write T[j] =Tn. -

Similarly, define

Ty Ty i<y

{ Id otherwise
and 175 = 1p; -
Further, define o-algebras Fo = F, F; = (T,,) "' ... (Ta,) ' Fo. We will need this sequence of o-algebras
to form a decreasing systems (cf. Assumption 2 of Theorem 5.1), restricting our approach to non-
invertible maps. Let us assume that there is a Banach space B of F-measurable functions on X such
that ||g]| := [|glls > [|gllo for all g € B.

Finally, for the fixed function f, introduce the notation
k
up = ZTﬁH..k]f
i=1
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With the above notation, our aim is to prove a limit theorem for S, (z) =Y _, Zf’[k] f(x).

Theorem 5.1. Assume that f, a and Ty, b € A satisfy the following assumptions.

1. [ fdu=0.
2. Ty is onto but not invertible for all b € A.

3. f € B and there exist K < co and 7 < 1 such that for all sequences b and for all k, HTg‘lT;ka <
ET"|If].

4. (accumulated transversality) Define x as the L?-angle between uy, and the subspace of (T,, )~ ' Fo-
k+1

measurable functions. Then
N

min (1 — cos?(y;
> i, (= o ()

converges to co as N — 00.

Then
Var(S,) — oo
and
Sn(z)
Var(Sy)

converges weakly to the standard normal distribution, where x is distributed according to p.

Assumption 3 roughly tells that there is an eventual spectral gap of the operators T;J which is quite
a natural assumption. Assumption 4 guarantees that there is no much cancellation in S,,, for instance
f cannot be in the cohomology class of the zero function when |A4| = 1.

Before proving the statement let us examine a special case.

Example 5.2. Define (X, F,u) = (S, Borel, Leb), A = {2,3,...}, T,(z) = ax( mod 1), B=C! =
ci(sh),

lgll :== sup [g(x)| + sup |¢'(x)].
reSt reSt

Fiz a non constant function f € C* satisfying [ fdx = 0. Then there exists some integer L = L(f) such

that with all sequences a for which
#{k : min{ay, axt+1,a5+2} > L} = 00
the assumptions of Theorem 5.1 are fulfilled.

Proof of Example 5.2. It is easy to see that for all ¢ € C' with zero mean, and for all b: N — A,
I3, 9l < 267" (lgl|

and similarly,
|75, .- Tr.gl <2-27"|g].- (5.1)
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Hence Assumption 3 is fulfilled.
In order to check Assumption 4, select x,y € S', € > 0,6 > 0 such that

min f(z) >d+ max f(z).
z€[z,x+e€] z€y,y+e]

This can be done since f is not constant. Now choose

16]£1 2

L > max{ 5 6}.

Whence
IT7 £l < 6/8.

Thus if ap > L, then
k—1
1D Tisa gl < 35/8
i=1
is true independently of the choice of ay,...axr_1. This yields

min ug(z) >6/44+ max ug(z).
z€[z,z+e] z€[y,y+el

Since L > 2, for all g which is (T,,,) ' Fo measurable (with a1 > L), one can find h : [0,e/2) — R
and €1 < ¢/2 such that g(y +e1 + 2) = g(z + z) = h(z) for all z € [0,¢/2). Hence,

lur — gll3
z+e/2 z+eite/2
> / (un(2) = )"z + ORI
€/2 ) €/2 )
_ / (un( + 2) — h(2)) dz—l—/ (un(y + 1 + 2) — h(2))? dz
0 0
e/2 2¢
> %/0 (uk(m+z)—uk(y+€1+z))2dz2 66—4 (5.2)

Since

lurllz < fluxll

is bounded, (5.2) implies that (1 — cos?(xx)) is uniformly bounded away from zero if min{ay, ax1} > L.

Hence, Assumption 4 is fulfilled if there exist infinitely many indices k such that
min{ag, ag+1,apr2} > L.

O

In Example 5.2, expanding maps with large derivative were needed in order to obtain the Gaussian
approximation. Naturally arises the question that what happens in the case when one uses only finitely
many dynamics, for instance, only To and T3 of Example 5.2. That is why we discuss the following

example.
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Example 5.3. Define X, F,u, A, Ty, B as in Example 5.2. If a is a sequence for which there is a b € A
such that for all integer K, one can find a k for which

af = Qg41 = ... = Qp+K—1 = b,

and f € B, [ f =0 is any function for which the equation f = Tyu — u has no solution u, then the
assumptions of Theorem 5.1 are fulfilled.

Proof of Example 5.3. 1t is enough to verify Assumption 4. To do so, for K € Z pick k such that

ap—K = Qk—K+1 = ... = Q42 = b. (53)
Then (5.1) implies that
NG
lus = > () fl< 2 (5.4)
i=0

holds for j = k,k + 1 with some C' uniformly in K. Now, if g := > %, <Tb*>zf is not (Tp) "1 Fo-
measurable, then necessarily its L?-angle with those functions is positive. Since (5.3) and (5.4) hold for
infinitely many k’s, min{xx, Xx+1} exceeds a uniform positive number infinitely many times, inferring
Assumption 4. On the other hand, if g is (T}) ! Fp-measurable, then g = Tng‘g and g — Tb*g = f imply
that foru:Tg‘g, Tyu—u=f. O

Note, that in Example 5.3, Var(S,,) can be arbitrarily small. Indeed, pick a C! function f, for which

f= Tgu — w has no solution u, but there is some v such that f = Tgv —v. Now, pick a sequence of

integers d;,l € N, d; — oo fast enough, and define

{3 i3 d <k<d +1
ar =

2 otherwise.

It is easy to see that (5.1) implies E(|Tj;f - Tij1f]) < 2179141 f||? (formally it follows from (5.16)),
which in turn yields that Var(Sk) is bounded by some constant times k. Now, with the notation

I, := max{l : d; < n}, write

Var(S,) < 4Var(Sq, _,v1,) +4Var(Sae, — Sa, 1+1.)
+4Var(Sq, +1, — Sa,, ) +4Var(Sy — Saq,, +1,,)-

On the other hand, f = Thv — v implies that Thf + ... + Tgmf is uniformly bounded in m. Thus the
second and the last term in the above sum are bounded. Whence Var(S,,) is smaller than some constant
1
times d;, _1. Especially, if d; = 22° | then
Var(S,)

na

— 0

as n — 0 for any « positive. Note that in this case the conditions of [B95] for the Gaussian approxima-

tion are not met.
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We mention that the choice of T,’s in the above examples are very special (especially, they are commut-
ing). In fact, we used the explicit form of them - the fact that a T,-measurable function is 1/a-periodic
- only in Example 5.2. Indeed, Example 5.3, and the discussion after it, can be formulated with other

dynamics that satisfy Assumptions 1-3. For instance, one could use T and replace T3 by the map

Ts3(z) ifx€[0,2/3]

Ts5(x) =
(=) {Tg(a:)—i—a( mod 1)  otherwise

with some constant a # 0 ( mod 1). The resulting maps are not commuting any more, but the Lebesgue
measure is still invariant for both of them and they still satisfy Assumption 3 with B being the Banach
space of functions of bounded variation. The latter statement is a consequence of [CRO7]. For more

examples of sets of maps that satisfy Assumption 3, we refer to [CRO7].

5.3 Proof of Theorem 5.1

This section is devoted to the proof of Theorem 5.1.

As in [CROT], [L96] and [SVO05], the proof is based on martingale approximation. That is, we are going
to define a reverse martingale - just like in [CRO7] and [L96] -, verify the conditions of some abstract
martingale CLT, and prove that the difference between S,/ \/W(Sn) and the reverse martingale is
negligible.

First, observe that
Tio Ty = 1d (5.5)
and
Ty Tiy (5.6)

is the orthogonal projection onto the F,, measurable functions (for the proof of the latter, see [L96]).

Now we proceed to the definition of our approximating reverse martingale, which is analogous to the
one of [SV05]. To do so, first define Zy = 0 and

k k k
Z,=) E [T[i1f|fk] = TwTiTuf = > T Tier.mf = T, (5.7)
=1 i=1 =1

where we also used (5.5) and (5.6). Since

T[i]f = Z; —E[Z;i1|F] (5.8)
= (Zi — E[Zi|Fisa]) + (B [Zi| Fipa] = E[Zi1|Fi]) (5.9)
one obtains .
S, = (Zk —E [Zk|]:k+1]) + Z,.

ES
Il

1

Now, for fix n and 1 < k < n — 1, define
1

e = Wi (Zr — E[Zk| Frta)) -

68



Since E [E lin) |.7-';€+1} = 0, by definition, {¢ ,(Cn)}lg k<n—1 is a reverse martingale difference sequence for the
o-algebras Fi,...F, (which are indeed coarser and coarser due to Assumption 2). Thus, in particular
n—1
Var(Sy) = Var(Z,) + Y _ Var (Zk — E[Zk| Fria]) - (5.10)
k=1
Using our martingale approximation and the well known martingale CLT (see [SV05] for the specific
form used here, or [HH80] for the proof and general discussion), it is enough to prove that the difference
between the martingale approximant and S,/+v/Var(S,) is negligible, and further, the following two
conditions:

(n)
max € 0 (5.11)

and

18| (67) 17 - 11 0. (5.12)
i=1

Heuristically, (5.11) means asymptotic negligibility of all components, while (5.12) is a law of large
numbers for the conditional variances. To prove (5.11) and (5.12), we adopt the ideas of [SV05]. In
order to verify (5.11), observe that by Assumption 3,

k k
1Zklloo < D T w1 flloo < D 110 lloo
i=1 j=1

J
koo k '
< D T g Il <D K| f| < Gy (5.13)
Jj=1 j=1
Thus
|E [ Zk|Frs1] oo < Cf (5.14)

also holds. Now, we prove that the variance of S,, converges to infinity:
Var(S,) = u(5?%) — oo (5.15)

as n — oo. Since (5.13) implies that Var(Z,) is bounded, (5.10) can be written as

n—1
Var(S,) = O(1)+ Y E(Z}) +E (E[Z|Frs1]?) — 2B (ZLE[Zy| Frs1])
k=1

= 0(1)+ i E(Z}) — E (E[Zk|Frt1]?)
k=1

n—1
O(1) + Y llurlls = urll3 cos® x-
k=1

Here, we used (5.7), and the fact that T[k] is L?(p)-isometry. Now, since

Var(f) = Var(j“[i]f) <2Var(Z;) 4+ 2Var(E[Z;—1|F;]) < 2”%”% + 2||u1-,1\|§,
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one obtains
n—1

1
1% >0()+ -V i 1 — cos® x;
ar(S,) > O( )—|—4 ar(f) kilje{r}cl,lkgl}( cos” x;)

which converges to infinity as n — oo by Assumption 4. Thus we have verified (5.15).

Now, (5.13), (5.14) and (5.15) together imply (5.11) and that the difference between the martingale and

Sn/\/Var(Sy) is negligible, i.e.
1Znloo

— 0,
Var(S,)

as n — o0.

To verify (5.12), first observe that for i > j

1T T3 T lloo = 1T T 110 F oo = IT410f lloo
Er 7| 1]

IE [T11/17] Nl

IN

Then one can prove the assertion obtained from Lemma 4.4 in [SV05] by replacing vl(n) with

A CRANE

the same way as it was done in [SVO05], which yields (5.12).
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Chapter 6

Tail asymptotics of free path lengths
for the periodic Lorentz process.
On Dettmann’s geometric

conjectures.

6.1 Introduction

In planar periodic Lorentz processes, the limiting distribution of the rescaled displacement is Gaussian
and that of the rescaled orbit is a Wiener process. The scaling, however, is either the diffusive v/n or
the slightly super-diffusive /nlogn depending on whether the billiard has finite or infinite horizon. In
the first case the limiting covariance is given by the Green-Kubo formula (cf. [BS81], [BSCh91]), which
- though explicit - nevertheless does not permit precise calculations (the formula contains an infinite
sum of time correlations of the free flight vector). In the infinite horizon case, however, - as it was
conjectured by [B92] and established by [SzV07], [ChD09a] - the stronger v/nlogn scaling suppresses
time correlations and the limiting covariance has a simple form expressed by geometric parameters
of the billiard in question. For multidimensional Sinai billiards - under the complexity hypothesis! -
exponential decay of correlations is known in the finite horizon case, only (cf. [BT08]). Then the central
limit theorem with the diffusive scaling is a consequence and the limiting covariance is again given by
the Green-Kubo formula. Physicists are always emphatically interested in expressions that are easy
to calculate and check. Dettmann, [D12], motivated by a problem of [Sz08], was assuming that the
aforementioned 2D infinite horizon case picture is also valid for multidimensional dispersing billiards
and made a guess as to how the limiting covariance looks like. The difficulty is that, in this case, the
structure of the horizons, i. e. orbits which never meet any scatterer, is much more complicated than in

the planar case.
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In fact, Dettmann formulates three conjectures for Z?-periodic Lorentz processes. The first two
make claims for the tail asymptotic of the free path length. Roughly speaking the first one is related to
the generic cases whereas the second one to certain degenerate cases. (In both cases a Wiener limit is
expected with diffusive or super-diffusive scaling.) These conjectures are of purely geometric nature and
the main goals of our work is to establish them. We do this in a wider generality: 1) for semi-dispersing
billiards, 2) possibly with corner points, 3) and permitting arbitrary lattices £ of finite covolume rather
than only Z%. By accepting the dynamical hypothesis that the multidimensional picture is analogous to
the 2D one (i. e. 1. there is an exponential decay of cross correlations, and II. whether there is super-
diffusive or diffusive behavior only depends on the tail asymptotic of the free path length), the first
conjecture, among others, implies that - similarly to the planar case - the super-diffusivity covariance
has a simple form that can be calculated from the geometry of the billiard. The second conjecture
supports the hypothesis that, indeed, degenerate billiards, without open configuration sets of collision-
free orbits, always have diffusive behavior. These questions are related to Pdlya’s visibility problem
(1918) (cf. [P18],[K08]), to theories of Bourgain-Golse-Wennberg (1998-) (cf. [BGW9S8]) and of Marklof-
Strémbergsson (2010-) (cf. [MS10]). The results also provide the asymptotic covariance of the periodic
Lorentz process assuming it has a limit in the super-diffusive scaling, a fact if d = 2 and the horizon is
infinite. Dettmann’s third conjecture supports the previously mentioned dynamical hypothesis since it
is about exponential decay of correlations being the subject of future progress of the theory.

The Chapter is structured as follows. In Section 6.2, we provide the definitions and formulate
Dettmann’s conjectures together with our results. In Section 6.3, we prove some finiteness lemmas
and introduce an important tool which is the fattening of the configuration space (or shrinking of the
scatterers, in other words). The key lemma of our proofs is the so-called Proportionality lemma, which
we discuss in Section 6.4. Section 6.5 and Section 6.6 are devoted to the proofs of Dettmann’s first and
second conjectures, respectively. In Section 6.7, we present interesting examples where the super-diffusive
limiting covariance matrix can be calculated: one of them is the first multidimensional semi-dispersing
billiard whose ergodicity got ever proved: a three-dimensional toric billiard with two cylindrical scatterers
(cf. [KSSz89]). The second one is the model of two hard balls on T? : d > 3. Finally, we make some

concluding remarks in Section 6.8.

6.2 Setup and main results

6.2.1 L-periodicity and the dynamics

Definition 6. For a finite dimensional real, Fuclidean vector space V' we call a lattice a discrete additive

subgroup L C 'V, from which a basis of the vector space can be chosen.

The discreteness in the above definition is equivalent to saying that every compact set of the vector

space contains only finitely many elements of the lattice.

Definition 7. A linear subspace is called a lattice subspace if it can be generated by lattice vectors.
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Periodicity We consider an infinite configuration space Q C R? and a lattice £ defining the periodicity
of the Lorentz gas. Namely, the configuration space is invariant under translations in £. We will also

consider the compact configuration space @ = Q/ L.

Scatterers The complement of the compact configuration space consists of finitely many open, convex
sets R?/L\ Q = ', O; (called scatterers, or obstacles). Equivalently R4\ Q = I, Uic(Oi +1). We
assume that the boundary of each O; is a C3-smooth hypersurface.

Notice that we do not require the scatterers to be disjoint, nota bene different scatterer configurations
can lead to identical configuration spaces, if the differences are covered by other scatterers. Points in

the boundary intersections ¢ € 00; N 00; are called corner points.

Curvature upper bound We also require that, at any point of the boundary 0Q), the curvature
operator K is uniformly bounded from above: there exists a universal constant K.y, such that for every

tangent vector v of the hypersurface 9Q, the inequality 0 < K (v,v) < Kmax||v]|? holds.

Dynamics and phase space The continuous time dynamics ®; acts on the phase space M = Q X
R?/ ~ where ~ is the identification of pre-collisional and post-collisional velocities on dQ, which are
mirror images with respect to the tangent hyperplane of the boundary at that point. We also write
@y, 1,)7 for the set {@x|t; < s < tp}. For later definitions and statements if we write x = (¢, v) with
q € (9@, then v is chosen as the post collisional one. At corner points there are more than one such
hyperplanes, and mirroring generally does not commute, so the dynamics is either not defined, or has
multiple values. (Since the speed |v]| is invariant under the dynamics, in the literature one usually takes
the phase space M = Q x §4-1 / ~ but for our purpose it is more suitable to consider M as introduced
above.)

The action is free flight ®;(g,v) = (¢ + tv,v) as long as g + vt ¢ Q. On the boundary the velocity
is reset to the post collisional one, and free flight follows with that vector. Moreover, even if it hits
a scatterer and if the collision is tangent (sometimes called grazing), the dynamics is still free flight,
since the velocity is in the mirroring plane, so it does not change. The dynamics is invariant under
L-translations, so the compact phase space of the flow is M = Q x S9!/ ~. For simplicity, we will
use the same notation ®; for the flow on the compact phase space as well. The Lorentz dynamics has
natural invariant measures, the Liouville-ones: du = const.dqdv on M. The const. = 1 measure is called
Lebesgue. Similarly the invariant probability measure for the billiard dynamics on M is dy = c,dgdv
with ¢, = (vol @ vol S2~1)~1. We will also use the notation Ay for the Lebesgue measure in dimension
d <d.

Billiard and Lorentz process

Definition 8. Under the aforementioned conditions, the dynamics ®.(t € R) on the phase space M is
called a semi-dispersing billiard and that on the phase space M a (semi-dispersing) Lorentz process. If

the scatterers are strictly convex, then the billiard is called a dispersing one or a Sinai-billiard.
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In this Chapter we will consider a fixed semi-dispersing billiard (or the corresponding Lorentz process)

satisfying the aforementioned conditions.

The free flight function For z = (¢,v)
T(x) =inf{t > 0| ¢+ tv € U;0;}

as usual, the infimum of the empty set is co. This definition is slightly different from the usual definition.
In fact, at points where the first collision is tangential, the new definition gives a larger value. The
advantage of this change is seen by the semi-continuity Claim 6.10. It is obviously invariant under
L translations, so we will not distinguish whether the function is defined on the compact or on the
non-compact phase space.

Our main focus will be on the tail distribution of the free path length: F(t) = u(r > t), i. e. of the

probability of surviving without collision for time ¢.

6.2.2 Horizons

Definition 9. For a configuration point q € Q a free subspace V is a mazimal (for containment) linear
subspace of R?, such that ¢ +V C Q This latter is equivalent to requiring 7(q + v,w) = oo for all
v,w e V.

Claim 6.1. Any free subspace V is a lattice subspace.

Proof. If we have a vector v € V, then by invariance ¢ +tv+1 € Q for all t € R and [ € £. If this vector
v is not parallel to a lattice vector, then the set tv + [ is dense in some lattice subspace V', concluding

q+V' CQ,soV'CV by maximality. O

Now, we proceed to the definition of the horizons. Pick a phase point (g,v) such that 7(g,v) = oo
and choose a free subspace V' at ¢ which contains v (note that there might be more such free subspaces).
Project orthogonally all the scatterers of the periodic Lorentz process to ¢ + V* (here, V= is the linear
subspace perpendicular to V'), and denote by quL the complement of the projection of all the scatterers.
Obviously, ¢ € Qq7VL, and V is a free subspace for ¢q. For all ¢’ € Qq,vL, either V is a free subsapce
for ¢/, or there exists some infinite line e C Q%VL containing ¢’. Indeed, by the definition of Q%‘/L,
7(¢',v) = oo for any v € V, so the only reason for V not being a free subspace for ¢’ is the possible
lack of maximality (see Figure 6.1). Now, the maximal connected subset By of Qq’vL containing ¢
and such points ¢’ for which V is a free subspace, is called the basis of the horizon. The horizon itself
is H= By xV C Q. Thus a horizon is a subset of the infinite configuration space. Note that by
construction, for every ¢ € H,V is a free subspace for q. Further, a horizon determines its basis By
uniquely (up to translations in V') and its free subspace, which will be sometimes referred to as V.
Accordingly, the dimension of a horizon is dg = dim V.

We also define the horizons as subspaces of the compact configuration space Q. Given a horizon H € Q,

the corresponding horizon H € @) consists of the image of all points g € Q under the natural projection
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projection\(;f a scatterer

Figure 6.1: Basis of a horizon with Vi = (), A, 0) in Z3, and spherical scatterers of radius 1/2 — e.

Figure in V*.

R? — R?/L. Observe that for two disjoint horizons H, H, in the infinite configuration space, both
intersecting with a parallelepiped defining £, the corresponding horizons H; and Hs in the compact
configuration space can coincide. Finally, we write H=HxV CMandH =HxV C M for the phase
space analogues. If we talk about the base By of a horizon H, then we think of By for an arbitrary
q € H as represented in Q.

The conjectures and the results will use the probability of remaining within a horizon H that is
Fru(t)=pn{(qg,v) e M| q+sv e H, Vsel0,t]})
a quantity easier to calculate exactly. (cf. Equ. (26) of [D12] or (6.1)).
Definition 10. (/D12])
e A maximal horizon is one of the highest dimension for the given billiard (or Lorentz process).
e A principal horizon is one of the highest dimension possible, which is d — 1 if there are scatterers.
e A horizon H is incipient if its basis By has (d — dy dimensional) measure zero.

Denote the set of maximal non-incipient horizons by H. It can be empty if all maximal horizons are
incipient, or there are no horizons at all.

We conclude this point with a simple lemma.

Lemma 6.2. The boundary of the basis of a horizon consists of C3, concave pieces except for principal

horizons when it consists of two endpoints of an interval.

6.2.3 Dettmann’s conjectures, [D12]

Conjecture 6.3. Consider an L-periodic Lorentz process with at least one non-incipient mazimal hori-

zon. Then, ast — oo we have

F(t)~ Y Fu(t).

HeH
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Conjecture 6.4. Consider an L-periodic Lorentz process with incipient (but no actual) principal hori-

zon. Then, ast — oo, we have
2, d<6
F(t) < ¢t 2logt, d=6

t— I<ag<?2), d>6

These two conjectures are of purely geometric nature, whereas the following one concerns the dy-

namics, too.

Conjecture 6.5. Consider an L-periodic Lorentz process and let f,g: M — R denote zero-mean (wrt

the invariant measure ) Hélder functions. Then, as t — oo, we have
/ (F)(g 0 ®)dp = o(F(1).
{zeM|7(z)<t}

6.2.4 Main results

Now we can formulate the main results of this Chapter.

Theorem 6.6. Consider an L-periodic semi-dispersing Lorentz process (possibly with corner points).

Assume it has at least one non-incipient mazximal horizon. Then, as t — oo we have
F(t)~ > Fu(t).
HEH

Theorem 6.7. Consider an L-periodic semi-dispersing Lorentz process (possibly with corner points).

Assume it has at least one incipient (but no actual) principal horizon. Then, as t — oo, we have

Further, if we also assume that the curvature is bounded away from 0 (from below) uniformly at every

point of 0Q (dispersing case), then

2, 3<d<5
F(t) <t 2logt, d=6
24d
t2=d, d> 6.

Remark. According to the dynamical theory of semi-dispersing billiards super-diffusive behavior can
only arise if the asymptotics of F(¢) is non-integrable. Therefore Theorems 6.7,6.6 and (6.1) suggest that,
in the absence of principal, non-incipient horizon, no super-diffusive behavior is possible (cf. Section
6.7). Moreover, in the case of super-diffusivity the scaling is v/tlogt - again by (6.1).
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6.3 The method of fattening, finiteness and stability lemmas

6.3.1 Lattice geometry

Lemma 6.8. For any K > 0 the number of lattice subspaces V', such that vol (V/V N L) < K is finite.

Proof. Consider the Grassmannian algebra A(R9), and construct a lattice A(L) as follows. Choose a
base a; of the lattice £, by definition this is a base in the linear sense for R?. All wedge products of a;
forms a base for the Grassmannian. Consider it as a base for a lattice. Observe, that this construction
does not depend on the choice of the basis, only on the lattice £. Since A(L) is a lattice there are only
finitely many points with length not greater than K.

If we have a lattice subspace V, then choose a base in it b;. The length of A;b; € A(L) is exactly the
covolume of V' N L inside V. Therefore all the less than K covolume sublattices are in the above defined

finite set, and these are distinct elements, consequently there are only finitely many of those. O

By this lemma the minimal covolume of k£ dimensional sublattices exists, and we will denote it by £j.
For example ¢; is the minimal length of nonzero lattice vectors, ¢4 = vol (Rd / £), and ¢y = 1 as usual

for empty products.

Claim 6.9. If we have a lattice subspace V, and we take its orthogonal complement V*, and we project

L orthogonally onto V* to get L, then we have
vol (R%/L) = vol (V/V N L) vol (V£ /L)

Proof. Take a basis {ai}?i:nf(v) for £NV, and extend this to a basis {a;}¢_; of £. Then |det(a;)| =
vol (Rd / ﬁ). The determinant does not change if we project the last d — dim(V') vectors orthogonally
to the orthocomplement of the first dim(V') vectors. The projections give rise to a basis of £i:, and by

dim(V) d

orthogonality |det(a;)| = [ A=y aill Af_gim(vy 41 a;t|, which is the claim. O

Now we can provide the asymptotic form of Fy(¢). Indeed, in our notations, Equ. (26) of [D12] reads

as )
Pl ~ volSay -1 [, Jp, A8y (@ 0)dadd’ 1 1 6.1)

(1 —P)vol Sg_yvol (V£/L)  td—dum td—dn
where P = 1 — #{35) is the volume fraction covered by scatterers and AY® (¢,¢’) is the visibility

function providing the number of possible connecting intervals ¢, ¢, lying in By, of the points ¢, ¢’ (toric
geometry!). Note that the value of the integral is invariant under V-shifts of By and is finite since
A‘gf{ (¢,q') is bounded. So as to verify the latter, assume by contradiction that for each n > 0 one finds
Gn, ), such that AY® (gn,q),) > n. Since the sets A, = {(¢,¢')|A%® (¢,¢') > n} are closed subsets of
each other, they have a nonempty intersection containing some (goo, ¢5,) with A‘g; (goos ¢l,) = 00. Thus

an infinite line is part of By, which contradicts to its definition.

Remark. In the much interesting case of a principal horizon H, By is an interval and the previous
formula becomes simpler:

2vol Sy,,—1|Bu|? 1
(1 —=P)vol Sg_1vol (VL/Li) td—du

Fy(t) ~ (6.2)
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6.3.2 Fattening, and its properties

The curvature upper bound implies in particular that, at any point of the boundary, a tangent sphere

1

of radius k_,.  is contained completely in the scatterer. This allows us to define the shrinking of the

max

scatterers, or equivalently the fattening of the configuration space by 0 < § < xk-.  as a parallel domain

max

(which is typically not homothetic to the original one). Indeed, define Of as the centers of all balls of

radius 4, which are contained in O;:
O! = {q € O; | dist(q,00;) > 6}.

This leads to new configuration spaces Q° = R%\ U; Ui (02 41), and Q° = Q°/L, which satisfy all the
above assumptions, with (kL — §)~! as a curvature upper bound.

The definition can be extended to negative values of §. Also note our previous comment that dif-
ferent scatterer configurations can lead to the same configuration space. Since fattening is defined from
scatterers, the same configuration space can have different fattenings for the same §. The semigroup
property of this operation holds Q° = @, and (Q‘S)J/ = Q%+ as long as 4,8’ and & + & are all smaller

than k-1

max*

(By the latter restrictions this is not exactly a semigroup.)
It is then natural to denote the corresponding dynamics by ®!. We denote by 7° the free flight

function on the fattened space.

—1
max

Claim 6.10. 7° as a function on (—oo, kL ) x M is upper semi-continuous (to be abbreviated as USC)

in all of its variables (9, x).

Proof. This only requires a proof at points z = (g, v), where 7°(x) < co. By the definition of 7, for a
small € > 0 we have g+ (7°(z)+¢)v € OF for some i. Since both the free flight dynamics and the fattening
are continuous, we have for nearby points 2/, and nearby parameters &, that ¢’ + (7°(z) + €)v’ € Of/.
The dynamics of a nearby point 2’ may differ from the free flight dynamics only if it had a jab (non
tangent) collision 'before’, but then 79" (') is even smaller than 7°(z) + €. ( ‘before’ permits equality as

well thus the argument is also valid for simultaneous collisions at corner points.) O

Monotonicity Of course, the fattening of the configuration space makes free flights longer. We will
use it not only for the above defined parallel domain, but for a larger set of inclusion relations, too.

Denote by V<(q) (or by V(q)) the set of free subspaces at ¢ € Q° (or at ¢ € Q, respectively).

Claim 6.11. For q € Q, V°(q) is an increasing function of € € [0, kL) in the sense that V0 < & < &’
and YV € V°(q) 3V* € V¥ (q) such that V C V*.

Moreover, in the case of the previously defined fattening, the equality T(x) = 7¢(x) holds with € > 0
if and only if T(x) = oc.

Also, if for (q,v) € M 75(q,v) = 0o for every € > 0, then 7(g,v) = 00, too.

Proof. If Q C @', then for any x € M we have x € M’, too. Then we can consider both free flights 7

and 7" and we have 7(z) < 7'(z). O
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6.3.3 Local stability and finiteness of free subspaces

For ¢ € Q and 6 > 0 denote by B(q, d) the j—neighborhood of ¢g. Unless specified otherwise, it will be

considered as a neighborhood in Q. (We use the same notation analogously for ¢ € Q.)

Lemma 6.12 (Local stability). For any q € Q there exists € > 0 such that, for every ¢ € B(g,&)N Q
and any free subspace VE(q') for ® at ¢, there is a free subspace V (q) for ® at q such that V&(q') C V(q).

In other words, the set of free subspaces as a function of the base point ¢ € @ and of € > 0 is
upper semi-continuous at ¢ € Q,e = 0 in the sense that for any ¢, — q and €, \ 0 and for any
V e limy, oo Uk>n Vo (qi) there is a V* € V(q) such that V C V*.

Proof. We prove the claim in its second form. Assume the contrary. Then there exists a velocity vy, and
sequences ¢, — ¢, Up, — Uso and €, — € such that 7°(¢, v ) < 00 and 7" (gy,, v,) = co. This contradicts
Lemma 6.10. O

Lemma 6.13. For any configuration point q € Q the set of free subspaces is finite.

Proof. The proof is inductive by codimension d — dim(V'). If dim V' = d, then there are no scatterers at
all and R? is the only free subspace. Assume we have proven the statement for dimensions larger than
d' (< d).

The induction step is indirect. We are going to show that, if the number of d’ dimensional free
subspaces is infinite, then for every positive € there exists a free subspace of higher dimension in Q¢. We
will apply the inductive condition to Qe (e > 0 sufficiently small) to derive a contradiction.

For any given 6 > 0 there are only finitely many d’ dimensional lattice subspaces, for which the
lattice translates are d-separated. By the indirect condition we have a free subspace, for which the
lattice translates are d-dense in a higher dimensional subspace. This higher dimensional subspace is
therefore free in Q¢ (as long as € < (1/7)0%Kmax), but is not free in Q (free subspaces can not contain
each other by maximality).

By the inductive condition the number of higher (i. e. > d’) dimensional free subspaces is finite. For
each € we create a vector 71¢ such that the first coordinate is the number of d dimensional free subspaces
for ¢ in QF, the second is the number of d — 1 dimensional free subspaces for ¢ in Q¢, and so on, the last
coordinate is the number of d’+1 dimensional free subspaces for ¢ in Q¢. We consider the lexicographical
ordering on these vectors, so the biggest is (1,0,...,0), and (0,2,3,0,1) > (0,2,2,23,11). The set of
possible vectors is not finite, but well ordered.

€ is right continuous in €. For the

We claim that 7€ does not increase as e decreases, and that 7i
first claim, observe that new free subspaces can only appear, if they were covered by higher dimensional
free subspaces for higher e values. So the first changing coordinate is decreasing. For the second claim,
observe that Q = Nc>oQF, so if a free subspace is present for all small enough e > 0, then it is also
present for e = 0. Therefore
0

lim 7 =min7i® =7
eN0 >0

the first equality follows from monotonicity and well-orderedness, the second from right continuity.

This is a contradiction with the previously proven statement: 7€ > 7i° for all € > 0.
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Lemma 6.14. There are finitely many maximal horizons.

Proof. (see also Lemma 1 in [D12] and Lemma A.2.2. of [Sz94]) For every ¢ € @ pick a stability
neighborhood using Lemma 6.12. Since @ is compact, one can choose a finite cover of @ by such
neighborhoods. This yields that there are only finitely many maximal dimensional free subspaces. It
remains to prove that for such a free subspace V, there are only finitely many corresponding horizons. For
this, project the scatterer configuration to V. Note that there is no higher dimensional free subspace
than V', thus the complement of the images of the scatterers is the union of the bases of horizons with free
subspace V. Since the complement of finitely many convex sets has finitely many connected components,

the statement follows. O

6.4 The Proportionality lemma

The next lemma states that any long enough free flight has a fixed proportion of its time spent in a
horizon without leaving it. The technical formulation is a little bit different, and formally we will use

the statement below, where instead of a horizon we use the vicinity of a free subspace.

Lemma 6.15. For every e > 0 there exist T > 0 and ¢ € (0,1), such that for anyx € M if oo > 7(x) > T
then there exist T(z) > s > t > 0 with s —t > cr(z) and a free subspace p+V C Q such that the

configuration component of ®,(x) is € close top+V in Q for every s > u > t.

Proof. The proof is indirect. We are going to suppose that there exists an € > 0 such that for all 7" > 0
and ¢ € (0,1) there exists € M with oo > 7(x) > T such that for any free subspace p + V C Q and
for any time segment 7(z) > s >t > 0 if the configuration component of ®,(z) is € close to p+ V for

s> wu>t, then 7(z) > (s —t)/c.

Choice of constants Choose T,, — oo, and ¢, — 0, and choose (g,,v,) = x, € M according to
the indirect assumption. By compactness of M we have an accumulation point eo = (goos Vo). Apply
lemma 6.12 to get £ as the stability fattening factor for g... We have an € from the indirect statement.
Choose 7, such that %77 < e, and 2% < €. For 1 < k < d let us define

I A A N A
o= (5) Dk, (6.3)

where D7 is the j-dimensional volume of the j-dimensional unit ball, and D° = 1. Choose n such that
lgn — goo] < m/2 and

1
Tn ) 64
> o (6.4)

—d .
e < 2 0 min T (6.5)
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Inductive assumptions We are going to prove the following statements in an inductive fashion for
1<k<d.

e We have linearly independent lattice vectors {Zi}le, all from a free subspace for ¢, in 6:2

e We have 0 < t; < 7(x,), such that the parallelepiped ¢, + Zle Ailiy Ai € [0,1] is contained
in the (2¥ — 1)n radius tubular neighborhood of the trajectory segment ®@(0,,)Tn (the p tubular
neighborhood of a line segment [a, b] is the set of such points in R? which are p-close to the line
line segment [a, b], and whose orthogonal projection to the line defined by a and b lies between a

and b).

e Denote by v;-* the component of v,, which is orthogonal to Span{li}f;f (this gives vy, for k = 1).

‘We require that:
k
tr < Qk_i
1

1=

1
o[ s

(6.6)
The last statement is purely technical.

Start of induction By condition (6.4) the tubular 7/2 neighborhood of the free flight trajectory of
x, has a bigger volume than vol (Rd / E), therefore it has a self intersection in @ = Q/ L. This means
that, in this tubular neighborhood, there are two points ¢, and ¢’ + I; which are lattice translates with
0+#1; € L. Moreover |¢' —qn| <n/2 and |¢' + 11 — (gn +t1v,)| < n/2 and 0 < ¢; < 7(2,). Consequently
in the fattened space Q"2 the line segment ¢/, ¢’ +1; is collision free and periodic, hence 77/2(¢',11) = co.
Applying the stability lemma we conclude that [; is part of a free subspace for go, in Q. We also note
that the line segment gy, g, + 1 is in the tubular n neighborhood of the trajectory segment @ ;12

Note that we only used 7(x,) > 1/r; about the length of the free flight, so actually ¢; < 1/r1, which
gives equation (6.6) for k = 1.

Inductive step Suppose we have all the inductive statements for k — 1. For simplicity we denote the
lattice subspace V = span{li}f:f, and its orthocomplement V+. Consider the orthogonal projection of
the free flight (I)[J(_);T(mn)] (). Since |¢n — ¢oo] < 1/2 and € > 3n/2 the projection of the free flight lies in
at least 7 length (and equivalently for at least /|v;-*| time) in the e neighborhood of ¢, meaning that
the non projected free flight spends the same n/|v;-*| time in the e neighborhood of the free subspace
containing V. By the indirect condition, the complete length of the projection |v-*|r(z,,) is at least

n/cn > 1/ry, therefore
T(2n) > Ivﬁ% (6.7)
By the definition of r; we have that the ((d — k + 1)-dimensional) volume of the tubular 7/2 neigh-
borhood of the projected free flight trajectory, is bigger than £4/f;_1, so in particular bigger than
vol (R%/L) /vol (V/L£N V), which is by Claim 6.9 the covolume of the projected lattice £i;. Therefore
this neighborhood contains a pair of points ¢'*, and ¢'* + i+, with 0 # [;- € £{>. The latter means that
there is [y € £\ V, such that [{ is its projection. We can choose ¢’ such that |¢' — ¢,,| < 1/2 and

¢+ Uk — (gn + tvn) —v] < /2, (6.8)
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qn + (@t +t)v,

14

— v
projection
Gn + oy

° q/L + ll
q + q + 1l —v k

=

Figure 6.2: Constellation of vectors in the inductive step in the proof of lemma 6.15

for some 7(x,) >t > 0, and some v € V. We can suppose, that v is in the parallelepiped Zi:ll Ails,
since the lattice component can be added to I, it does not change the property that I € £\ V. The
2k71

inductive condition gives that v is in the tubular ( — 1)n neighborhood of the trajectory segment

(0.4, _,)Tn, we have from equation 6.8 that

1
ld" + 1 — (qn + (t+t)v,)| < (2’“ - 2) n, (6.9)

where 0 < ' < ty_1. The positivity of ¢ comes from the sign of v in equation 6.8 and the fact that all
l; has positive scalar product with v, by construction. It follows, that the line segment ¢, g, + lx is in
the tubular 2~ neighborhood of ®(0,4+4/1Tn, and therefore the parallelepiped g, + Zle Ail; is in the
(2’c — 1) n neighborhood of @9 144144, ,1Tn-

We declare t = t +t' + tx_1, and note that in the construction of ¢ we have only used 7(z,) >
1/rk |vi‘k| about the length of the free flight, so actually ¢t < 1/ry |vf;k{. Using ¢’ < tj_1, and equation

6.6 from the inductive condition for k — 1 we get

1
te < +222’“ 1-i Z ok—i
Tk |v”€| — v”|rZ — v“|n-’

which is equation 6.6 for k. To show t; < 7(zy), observe that ’v | is decreasing with 4, hence

b < ZZk 1\ j\r < ZQk l \vlkﬁnlnr <2 \vf;kﬁninri = \v#7’3| Cn
i=1
The last inequality follows from equation 6.5. The last expression in the row, and hence ¢; is smaller
than 7(z,) by equation 6.7.

In the fattened space Q(Zk_l)” we have a k dimensional lattice parallelepiped, and (by £ periodicity)
the generated lattice subspace free of scatterers. By the choice of n we can apply the stability lemma to

conclude that {I;}¥_; are from a free subspace for g, in Q.
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Contradiction The last (k = d) claim in the above induction states the existence of a d dimensional
free subspace, which means that there are no scatterers. Even in that case the indirect condition states

that the trajectory leaves this free subspace, which is the whole configuration space. O

6.5 Proof of Theorem 6.6

Here, we prove the generalization of Dettmann’s first conjecture (i.e. Theorem 6.6).

6.5.1 Lower estimate

First, we prove the lower estimate, namely

limsup, ,, Y Fu(t)/F(t) < 1. (6.10)
HeH
Since Uy {(¢,v) € M | g+ sv e H, Vs € [0,t]} C {(q,v) € M | 7(q,v) > t}, (6.1) implies that (6.10)

follows, whenever
1({(g,v) € M |3Hy # Hy € H, Vs € [0,], ¢+ sve H NHy}) =o(t %)

is established. Since there are finitely many maximal horizons, it suffices to prove that for every pair
(Hl, HQ) € H2,

Fr, m,(t) = ({(g,v) € M | g+ sv € Hi N Hy, Vs €[0,t]}) = o (t7 7).

Now assume that for fix (Hy, Hs) and for every n > 1, one can find x,, € M such that the trajectory
segment ®(g )7, lies entirely in Hy N Hy (if not, then obviously Fg, #,(t) = 0 for ¢ large enough). Since
maximal horizons are closed, there is an accumulation point o, = (oo, Vo) With Dy o] T € H1 N Ha.
Thus the set Vi, #, = Vi, N Vu, is a non-empty subspace of Vp,. Obviously it is strictly smaller than
Vi, , otherwise H; and Hy would coincide. Now project the scatterer configuration to VI}I) Hy In this
projection, the intersection of the images of H, and H, does not contain any subspace (indeed, if it
contained a line, that could be added to Vi, m,). Then the same argument used to prove (6.1) provides
F, 1, (t) = O (02 174),

6.5.2 Upper estimate

The estimate will work as an induction by dimension. If d = 1 the claim is trivial, the d = 2 case was
proved in [SzV07].

The idea of the present proof is briefly the following. The measure of points for which the trajectory up
to time t is spent in a horizon of dimension d’ is of order 9= In order to prove the upper bound, one
needs to overcome two difficulties. First, there are trajectories which travel from one horizon to another
- this problem is solved by the Proportional lemma. The second problem is that although there are

finitely many maximal horizons, but there are infinitely many lower dimensional “attached” horizons,
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thus the above naive estimation cannot be summed up. To solve this problem, we slightly extend the
maximal horizons in the estimation - this way, they swallow all, but finitely many attached horizons,
while their leading constant (Crr) do not change a lot.

Formally, in the general d dimensional case, we prove the following statement. For every d > 0 there

exists a T' < oo such that for every ¢t > T,

F(t)< (1+6) ) Cythme—, (6.11)

HeH
where d,.x is the dimension of the maximal horizons. To prove this, let us introduce the fattened version
of the maximal horizons. Since N.0Q° = Q, for € small enough, the maximal horizons of the fattened
configuration space QE are in one to one correspondence with those of Q7 and are slightly thicker then

those. Thus one can choose ¢ > 0 such that

> Cyse <(1+6/4) Y Ca,

HeH HeH
where H?¢ is the fattened version of the horizon H - which can also be written B} x Vi - and Cps-
is the corresponding constant defined in (6.1). Note that the 3e neighborhood of H (Bpy, resp.) is a
proper subset of H3® (B3, resp.). Fix this € for the rest of the proof.

Estimator environments Now, for any fixed € > 0, we construct a finite net of environments, called
estimator environments, which will be used by the estimate. In fact, this finiteness will have an essential

role in our arguments so despite of its simplicity we formulate the statement in a lemma.

Lemma 6.16. Given ¢ > 0, one can find a finite set of points qu,...,q; with V(¢;) = {Vj(q:) : 1 <
j < j(qi)} such that for arbitrary q € Q and any free subspace V€ V(q), there are some q; and
J 1< j <j(g) such that q is in the ¢ neighborhood of ¢; and V' C V;(g;).

Consequently, the 2 neighborhood of q; + V; ; contains the ¢ neighborhood of ¢ + V.

Proof. Using Lemma 6.12, for every point ¢ € @Q pick a stability neighborhood U(q) of radius £(q) < e.
By the compactness of @, fix a finite subcover ULlU (¢;) of @ from these environments and remember
that by Lemma 6.13 each V(¢;) = {V;(¢:) : 1 < j < j(g;)} is finite. Then by the definition of stability
neighborhoods, we have that for arbitrary ¢ € @ and any free subspace V' € V(q), there are some g; and

j 1 <j<j(g) such that ¢ is in the ¢ neighborhood of ¢; and V' C V;(g;). O

Remark Those ¢; +V; ;’s with dim V; ; = dmax are necessarily subsets of some maximal horizons. Since
H?¢ contains the 2e neighborhood of H, the 2¢ neighborhoods of these ¢; + V; ;’s are covered by the
H?%’s. Thus we call the sets H?® for H € H, and the 2¢ neighborhoods of the remaining ¢; + Vij's
(i € I,j € J;) estimator environments. Remind that dim Vij < dmax for all i € 1,5 € J;, and that
the ¢ neighborhood of any affine free subspace is covered by some estimator environment - thus the
Proportionality lemma asserts that the ¢ portion of a long enough free flight is spent in an estimator

environment.
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Proof of (6.11) In this paragraph, we finish the proof of Theorem 6.6. First, with the already fixed
€, use the Proportionality lemma to obtain some ¢ and 7. From now on, we always assume ¢ > T. For

the estimation of (7 > t), we distinguish three cases.

Case 1 Such points z = (¢,v) € M with 7(z) > ¢, for which the time interval [sq, s3] with
0 < s1<s1+cer(z) < s2 < 7(x) guaranteed by the Proportionality lemma is spent in the 2¢
neighborhood of ¢; +V; ; for some i € I,j € J;,.
Since there is a line segment of length at least ¢t/2 spent in the neighborhood of ¢; +V; ;, the angle of v
and V; ; is necessarily smaller than 2/(ct). As it was also used by the proof of (6.1), the d—1 dimensional

Lebesgue measure on S¢~! of such velocity vectors v is asymptotically

9\ dim Vi;—d
@

Since dim V; ; < dmax and there are finitely many estimator environments, for ¢ large enough the pu-

measure of points of Case 1 are smaller than
/4 Cpytmexd,
HeH

Case 2 (Main term) Such points x € M with 7(z) > t, where the configuration component
of @[y ,z is a subset of H3¢ for some H < H.

The same argument used to prove (6.1) implies that the u-measure of such points is asymptotically not

§ CHBE tdmax_d7

HeH

larger than

thus for ¢ large enough, is smaller than

(1+6/2) Y Cpthed,
HeH

Case 3 Such points z € M with 7(z) > t not treated in Case 2, for which the time interval
[s1,s2] with 0 < s1 < 81+ c7(x) < s2 < 7(z) guaranteed by the Proportionality lemma is spent
in H?® for some H € H. It is worth noting that one difficulty of this case comes from the fact that it
covers an infinite number of lower dimensional ”attached” horizons.
Note that Ilg®,+(z))* for such an = has a part of length at least c7(x)/2 in the region H?* \ H* and
also crosses this region in the sense that intersects with both H?* and the complement of H3¢. Thus
there are some s3, s5 with 0 < s3 < s3 + ¢7(2)/2 < s5 < 7(z) such that IIo®,,x is in OBz X Vi and
IIo®,,x is in dByse x Vi (or llg®,,x is in 0Byse X Vi and [P, x is in 0By2- x Vi, which case can
be treated analogously). As a starting idea, one can think about this trajectory segment as a long free
flight in a dyax dimensional billiard, which guarantees that the Lebesgue measure of points of Case 3

are not large. More precisely, write

Py x = (¢t + gl vt +v”),
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where ¢t and v are in Vi, while ¢l and vl are in V. Note that ¢ € Q by definition, but the
components g-, ¢l are in R%. The projection of the trajectory segment HQCID[S&SS]Q: to Vi, prescribed
by ¢t and v, is going to be used to construct the billiard table of dimension dpax, while ¢l and v/l are

going to define the trajectory in this lower dimensional billiard table. There is a point z € 9By such

-1
max

that in the intersection point of z + Vg and 9Q the d dimensional sphere of radius touching the
appropriate scatterer from inside has a center, the projection of which to Vi is collinear with 2 and
q*. (See Figure 6.3.) Let us denote this sphere by S. Now, consider the affine subspace ¢* + V. By
definition, there exists a point ¢ 4 p in this affine subspace such that the d dimensional ball of radius
2¢ and center ¢ + p is contained completely in S and hence in a scatterer.

Now let us define a dyax dimensional billiard configuration space: the periodicity is £ N Vg, there is one
spherical scatterer of radius & and the center of this spherical scatterer is p (when R%max is identified with

V). Denote its configuration space by Qd . Note that the intersection of Q and ¢ + Vy is contained

max

in Qq,,.. (again, with R%ax being identified with V7). Further, we claim that with the notation
54 = s5 Amin{s > 0 : dist(¢*, ¢ + (s — s3)vt) > ¢},

Indeed,

since dist(¢*, ¢~ + (s — s3)v) < ¢, the d dimensional ball of radius € and center ¢~ + (s — s3)vt +p

for every s3 < s < s4, the intersection of Q and ¢ + (s— 33)1)J- + Vg is also contained in Qd

max *

is contained in the ball of radius 2¢ and center ¢ + p. The latter statement is in general not true for

s = s5, since g~ + (s5 — s3)v+

can be outside of the projection of S (see Figure 6.3), that is why we
needed to introduce s4.

Now, we can easily map a long free flight in this dy.x dimensional billiard to our trajectory segment
Pps,,55(7). Namely, let us choose the free flight of the phase point (¢, vl) in Qq,... Due to the
construction, this free flight is longer than (s4 — s3)/2. We claim that this is longer then a universal
constant (in the sense that does not depend on z but may depend on ¢ and also on H since there are

finitely many of them) times t, i.e.

Lemma 6.17. There is a constant ¢'(g), such that s3 < s3 + 2¢/(e)7(x) < 84 < s5.

Proof. Tt is enough to prove that there exists some ¢’(¢) such that sz + ¢’(e)(s5 — s3) < s4. Since

|(s4 — s3)vt| > ¢, it is enough to give an upper bound for |(s5 — s3)v*|. Thus we need that the function

Ay, z) =max{r|3l € L:y,z+ 1 C Byscanddist(y,z + 1) = r} (6.12)

on Bys: X Bpyse is bounded (then e divided by this bound is an appropriate choice for ¢”(g)).

In order to see that (6.12) is bounded, first we prove that the set {A(y, z) > n} is closed for any integer
n. Choose any convergent sequence (y;, z;) — (Yoo, 200) from the above set. There are corresponding
l; € L vectors by the definition of A(y, z). Then the set {l; : ¢ > 1} cannot be infinite, since if it was,
then one could choose a convergent subsequence of [;/|l;| and the line with this direction containing y.c
would be a subset of Byse which is a contradiction. Thus the set {l; : ¢ > 1} is finite. Hence one can
choose a subset (Y, , 2i,) = (Yoo, Zoo) With I;, = I, yielding A(Yoo, 200) > n. Whence {A(y,z) > n} is
closed. Now assume by contradiction that A(y, z) is not bounded, thus the sets {A(y, z) > n} forn > 1
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Figure 6.3: Construction of the dyax dimensional billiard table - figure in V}Jf

are closed subsets of each other. Thus there is a pair (y, z) such that A(y, z) = oo. Just like before, one
can easily deduce the existence of an infinite line in Bps- through y which is a contradiction. Thus we

have proved that (6.12) is bounded and thus verified the existence of an appropriate ¢'(). O

Now, we finish the proof of Case 3. Since at least ct time of the free flight is spent in H?2°, the angle
of v and Vj is smaller then C /¢ with some C;. Thus the points z = (g, v) of Case 3 are elements of the
set RY/L x V(t), where

V(t)={veSt: L(v,Vy) < Cy/t}.

As before, A\g_1(V(t)) < Cotdmax=2 Every point (g,v) € R?/L x V(t) can uniquely be written in the
form
(g,v) = (a5 +ab, v +0l)

with ¢g-, vt € Vi, q(l)‘,v” € Vi. The conditional measure of Ay x A\q_; on RY/L x V(t) to such points

1

where g3, vt are fixed, is also Lebesgue on the possible set of pairs (q(l)‘,v”). Note that since |[v*] is

small, the set of possible v/’s is a diax dimensional sphere of radius close to one. But the set of possible

qg’s depends on ¢g, since Vﬁ is not necessarily generated by lattice vectors. Thus write
a(q) ={7€R/L: G5 = ap }-

One can easily prove that there exists some 77 > 0 such that

Cgé
SCMOQ '

Aa{q : Mo (a(9) <} <

Thus 5
1({a : Mo (a(q)) < m} x V(1)) < gCth‘“‘“—d-

Now we can assume that
Adpax (4(q)) > 1. (6.13)
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Since the ¢ portion of the line segment Il 1 Tlg®p +(x)@ is spent in H?¢, once qy,vt are fixed, the
number of possible ¢*’s (that is, the projection of g®,,x to Vi) is bounded. This, the inductive
hypothesis (used on the billiard table Qq,,, ), Lemma 6.17 and (6.13) imply that once ga-, v are fixed,
the Ag —1 measure of such coordinates (q(l)‘7 vl) with which the free flight is longer than ¢ is
bounded by some universal constant times t~!. Consequently, for ¢ large enough, the ; measure of points
55 Gt
4

HeH

X)\d

max max

in Case 3 are smaller than

6.6 Proof of Theorem 6.7

6.6.1 Lorentz process with small scatterers

First, we recall the following result of Bourgain, Golse and Wennberg (see [BGW98] and [GW00]).
Consider a billiard table with periodicity Z” (D > 2) and one spherical scatterer of radius r < 1/2.
Define iz, and 77, for this billiard table as before. Then there exist ¢/(D) and C’(D) such that

(D)
trD-1

C'(D
D—-1

~—

< pz, (2, > 1) < (6.14)

o~~~

r

is true whenever
t>rt=P, (6.15)

In the case t ~ 7”1 the so-called Boltzmann-Grad limit, much more is known than (6.14), see [MS10].
In order to prove Theorem 6.7, we need a slightly extended version of the above estimation.

Let £’ be any D-dimensional lattice and let g, ...g,, € RP/L’. Consider the billiard table with period-
icity £’ and finitely many disjoint spherical scatterers of radius r centered at qi,...q, . Let Q', M’, u'
and 7’ be defined accordingly.

Lemma 6.18. There exist ¢/ (L") and C' (L") such that

L) sy < €L

e (6.16)

is true whenever
t>rtP, (6.17)

Remark Obviously, Lemma 6.19 also implies that for any fixed > 0, (6.16) is true if ¢t > nr'=P with
some ¢/(L’) and C'(L") depending also on 7. Thus, whenever we refer to (6.17), it may be true only with

some 7, but in order to make the exposition simpler, we do not keep track of the 7’s.

Proof. First, we prove the upper estimate. Pick a basis {a;}2, of the lattice £ and denote by A the
matrix whose i-th column is a;. Also write ¢; for the i-th smallest singular value of A~!. Further, identify
RP /ZP with the unit cube and RP /£’ with the parallelepiped (a;)2 ;. Without loss of generality, we
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may assume that one of the spherical scatterers is centered at the origin (i.e. ¢; = 0).
Now assume that for some 2’ = (¢’,v') € M’, 7/(2") > t. Then for the point
Aflv/
/ -1 7
x)i=x7=(4 —_—
d)( ) Z ( q, HA_LU,H)a
we have

Tzro, (Xz) > toy.

Indeed, the image under A~! of the sphere of radius r centered at the origin contains the sphere of radius
roy (the images of the possible other scatterers are simply omitted). The Lebesgue measure on @’ is
transformed by ¢ to det(A~!) times the Lebesgue measure in R /ZP minus an ellipse centered at the
origin, which is dominated by the Lebesgue measure on R” /Z? \ B(0,70;). The image of the Lebesgue
measure on SP~! by ¢ is ﬁdv’.

Thus, using (6.14), one can prove the second part of (6.16) with
C'(L') = det(Ao,o; P71 (D)

at least, for ¢ > Ul_DrD’l, but consequently for ¢ > P~ too, possibly with a different C’(L’).

Now, we prove the lower estimate. Observe that it is enough to prove the statement for the special case
L' = 7P Indeed, once c¢(ZP) is found, one can prove the existence of ¢(L£’) for any £’ the same way as
in the upper estimation.

Thus the statement we going to prove is indeed a slight modification of the first part of (6.14): the
difference is that we have n’ spherical scatterers of radius r centered at arbitrary points qi, . . . g,, instead
of just one scatterer. We claim that an obvious modification of the proof of Golse and Wennberg applies
here. Indeed, if ¢ is an integer vector with g.c.d.(¢) = 1 and one projects the scatterer configuration to
the line with direction ¢, then observes a gap of length at least (1/|q| — 2n'r)/n’ among the images of
the scatterers, assuming of course that r < (2n/|g|)~!. Hence there is a principal horizon perpendicular

to ¢ (or “sandwich layer”) whose middle third has width

1/1 1
Qgr = = ( - 2n’r> —.
3 \lgl n

Considering only those ¢’s for which |g| < gmax = (4n'r) !, the density of the middle third layers is larger
than (12n/)~! (instead of 1/6, see page 1158 in [GWO00] for more details). With these modifications, the
proof of [GWO00] yields the statement.

O

6.6.2 Upper estimate

We assume that there is one principal incipient horizon, if there were more, an analogous proof would
apply. As in Subsection 6.5.2, let us fix an ¢, define the estimator environments - one of them is the
2e neighbourhood of the principal incipient horizon (H?¢), the others have dimension at most d — 2.

The proportionality lemma implies that the ¢ portion of a long enough flight is spent in one of the
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estimator environments. The p-measure of such points for which this is not H?¢ is O(t72) as in Case 1
of Subsection 6.5.2.

The essence of the proof is the following statement:

Lemma 6.19. For a fized ¢ small enough,

Ad X Ad—1 ({Jf = (Q7v)‘q € HQE,T(Z‘) > SvnQ(b[O,s]x C H26})

O(s72), 3<d<5

Proof. Denote by V' the d — 1 dimensional hyperplane defining the incipient horizon. Without loss of
generality, we may assume that the origin is in this horizon, that is H = V. Since V is a lattice subspace,
one can choose a lattice vector vy € £\ V such that VN L and vy generate £. Since R/L can be identified
with a parallelepiped generated by v1,...,vq with v1,...vq_1 € V, for every ¢ € Q N H?®, there is a
unique decomposition

q=qv +qw

with gy € V, qw || va and |qw| < 2¢ cot o, where « is the angle of V and vy. We also write
v =0l + vt

where v € S9! ol e Vvt e VL.

The idea of the proof is reminiscent to that of Case 3 in Subsection 6.5.2. If there is a long flight in H?¢,
then v is close to V. Thus we can think of this trajectory as a long free flight in a d — 1 dimensional
billiard. Note that here, the d — 1 dimensional scatterer size can be arbitrary small, since the trajectory
is close to V. Thus a delicate analysis of this scatterer size, and the upper estimation of (6.16) are
needed.

Let us chop the set of possible gy ’s and v*’s into the following pieces:

Vi = {vt e VHvt| € 274,271} i > log s — log 2¢

Qj = {avglla] € 277 cot @, 27T cot )} j > —log 2e.

Accordingly, we write
9—i+1

Hy=H>""\H>".

Here, and also in the sequel, log always stands for log,.
Now assume that v € V; and q € Q; for some fix ¢, 7. We want to estimate the A\g—1 X Ag—2 measure

of parameters gy, vl with which (g,v) is an element of the set
Qiong = {2 = (q,v)|q € HQE,T({E) > 5, ll®p g2 C HQE}.

We can assume that the projection of gy and v' are oppositely oriented. If they are not, a simpler
version of the forthcoming proof is applicable.

From now, we distinguish four cases.
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Figure 6.4: H?¢ - a d dimensional picture. Densely dotted trajectory: j < i — logs. Densely dashed
trajectory: j > i — logs.

e Case ai < d%‘glogs and j <17 —logs.
In this case, there is a line segment of IIg®(y 2 of length at least s/5 spent in the strip Hj .
Note that for every ¢ € Hjyi, the intersection of @) and ¢ 4+ V is a billiard configuration of
dimension d — 1. Further, this billiard configuration is contained in a larger one, where there is
only one spherical scatterer of radius approximately v/ kmax2~7. Indeed, there is at least one d
dimensional scatterer touching V' from the appropriate side. If one takes the d dimensional ball of

radius k2L

max touching V' in this point and considers the intersection of the ball and a close enough

affine hyperplane, obtains a d — 1 dimensional ball of the desired radius (which is roughly the
square root of the distance of the hyperplanes). As in Case 3 of Subsection 6.5.2, by projecting
the previously obtained trajectory segment of length s/5 to the “lower boundary of H;1” (i.e.
OH 2_'7) we obtain a free flight of length at least s/6 (if € is small enough) in a d — 1 dimensional
billiard table with periodicity £NV and one spherical scatterer of radius v/ kmax2~7. Note that this
mapping to the lower dimensional billiard is simpler then that of Subsection 6.5.2, since V- is one
dimensional, thus the billiard configuration space in ¢+ V is increasing as ¢ moves from 0H? to V
(the issue of moving scatterers is simply absent). Observe that i < ﬁfQ log s and j < ¢—logs imply
j < ;%5 log s which yields that (6.17) is satisfied by t = s, r = pmil?279/2 and D = d — 1. Thus
the second part of (6.16) implies that whenever v+ € V; and gy € Q; are fixed, the \g_1 X Ag_2

measure of parameters qy, vl with which (¢,v) € Qjong is O(s~127(4=2)/2),

e Case b d%logs <i< %logs and j < ﬁlogs.
The same estimation as in Case a yields that the A\g_; X Ag_» measure of parameters gy, vl with

which (q,v) € Qrong is O(s~120(4=2)/2),

e Caseci< leogs and j > 1 — log s.

Note that distance of gz and I ®,x (here, I is the orthogonal projection to V1) is at
least s27°, which is larger than 277. Hence there is a k such that a line segment of lg®[y g of
length at least s/8 is spent in Hj and 27% is larger than s27%/4. Now using the same estimation
as in Case a in the strip Hy, one obtains that the A\y_1 X A\y_2 measure of parameters qy, vl with
which (g,v) € Qiong 18 0(5—1—%21(%2)/2).
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e Case d ;% logs <i < HZlogs and j > 525 logs, or i > 2 logs.

In this case, we simply estimate the measure of the appropriate parameters gy, vl by a constant.

Note that A1 (V;) ~ 27% and A\;(Q;) = 279. Taking into account this fact and the estimations of Cases

a-d, one obtains that 1(Qiong) is bounded from above by some constant times the following expression:

ﬁlogs i—log s
§ § 9—i9=Jg 12](d 2)/2 4+ 2759 g 1-%5 2z(d 2)/2
i=log s—log 2e j=—log2e
%logs dzleogs
—io—j —T1oj(d— i 2 24d
+ > > 272 IsT IR oTigrma | 4 gaa
i:ﬁlogs j=—log2e

An elementary computation shows that this is the same order of magnitude as stated in the lemma.
O

In order to finish the proof of the upper estimate, we need to bound the measure of points z = (¢, v)
for which 7(x) > t and the proportionality lemma gives the estimator environment H?¢. Observe that in
this case, the angle of v and V' is necessarily smaller than 2¢/t. The Lebesgue measure of point for which
q € H* is bounded by the desired order of magnitude due to Lemma 6.19. Thus assume that q ¢ H?.
For every such point = (g,v), there is a point ¢(x) = x, = (gp, v), which is the initial point of the free
flight segment in H? (i.e. 3s < (1 —¢)7(z) : D5(2) = (g, v), @p € OH?*, H®(s 51 cr(ay@ C H?). The

proportionality lemma also implies that for any such xy,
_ 1
M (o)) < - max{s : s < 7(zp), Ho®(o g2 C H*}.

Thus, also using Lemma 6.19 (with s = ¢t/2), the integral

/ M (6~ (@) as (2) X A1 (v)
OH?2e x{v:£(v,V)<2e/t}

can be bounded by the desired order of magnitude which yields the upper estimate of Theorem 6.7.

6.6.3 Lower estimate

Now, we prove the second part of Theorem 6.7, which is a lower estimate in the dispersing case.

In dimension d < 5, the statement is straightforward, since obviously there are horizons of codimension
2 “attached” to the incipient horizon (indeed, a hyperplane parallel to the incipient horizon and close to
it, intersects the scatterers in tiny convex bodies - approximate ellipsoids - which depend continuously
on the distance of the hyperplanes). Then the same argument used to prove (6.1) provides a subset of
the phase space of measure O(t~2) consisting of points having free flight longer than ¢.

In dimension d > 6, we use a simplified version of the proof of Lemma 6.19. The main observation is
that due to the lower bound on the curvature, the scatterers touch the incipient horizon in finitely many

points (in ¢, ...q,, say). Further, the intersection of the scatterers and a hyperplane parallel to the

-1
min

incipient horizon at distance h from it, is contained in n’ spheres of radius 1/k_. h centered at q1, ... ¢y .
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Thus in Cases a-d of Lemma 6.19, by such a choice of i and j, where s27% ~ 277, using the first part of
(6.16) instead of the second, one easily obtains a lower bound of the same order of magnitude. In fact,

for d > 6, only one pair of indices (4, j) is enough. Namely, choose

. d
Z—[d_Qlogﬂ

and j = [i —logs]. With this choice and the notation r = /s ! s2=¢ s = t, (6.17) is fulfilled, hence
the Lebesgue measure of points z = (g, v) with v+ € V; and qw € Q; having free flight longer than s is
at least some constant times 27?277, thus another constant times s5od,

In dimension d = 6, one needs to consider all indices ¢ with log s — log2e < i < 3/2log s — 10g Kmin and
for a fix i, the index j = i — logs. Similarly to the case d > 6, the lower estimation of order s—2logs

follows.

6.7 Examples

Equ. (35) of [D12] provides the form of the limiting covariances for the super-diffusive limit of dispersing
Lorentz processes assuming his Conjectures 1 and 3 hold. His derivation of Equ. (35) from the conjectures
can be extended to the semi-dispersing case thus our Theorem 6.6 can be used. His Conjecture 3 is of
dynamical nature and for clarity we briefly summarize what is known and what we expect in general.
For brevity - beside [D12] - we rely here on the works [Y98, BT08] where, for instance, the complexity
hypothesis is also used and the precise forms of exponential decay of correlations (EDC) and of the

central limit theorem (CLT) are given.

e [BTO08] For multidimensional (d > 2) dispersing billiards with finite horizon satisfying the com-
plexity hypothesis, EDC and CLT hold and the diffusivity covariance is given by Green-Kubo;

e Conjecture A (Dynamical) For multidimensional (d > 2) semi-dispersing billiards without a
principal horizon and satisfying the complexity hypothesis, EDC and CLT hold and the diffusivity

covariance is given by Green-Kubo;

e Conjecture B (Dynamical) For multidimensional (d > 2) semi-dispersing billiards with at least
one principal horizon and satisfying the complexity hypothesis, EDC and the super-diffusive limit
statement with scaling v/nlogn or v/tlogt hold. (cf. [SzV07, ChD09a] for d = 2).

Example 1: Two hard balls of radii 0 < » < 1/4 on T?. Under the complexity hypothesis it

follows from [BT08] and from Theorem 6.6 that the super-diffusive limiting covariance of the system is

1 |Bg—1|,1 9
= — —2r
1-— (2T)d|Bd‘ |Sd,1| (2 )

D2

Here By is the d-dimensional unit ball, and Sy_; is its surface (cf. Equ. (37) of [D12]).
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Example 2: Cylindrical billiard on T3. (We note that this was the first semi-dispersing billiard
whose ergodicity had been established (cf. [KSSz89]).) We assume that on T? we are given two non-
intersecting cylindrical scatterers C; and Cj - for simplicity - of equal radii 0 < r < 1/4. Suppose that
the generator of C; is parallel to the coordinate direction e;, i = 1,2 and the distances between the two
cylinders - in the coordinate direction 3 - are z and w. In this case we have two principal horizons of
widths z and w parallel to the coordinate plane (e, es) and super-diffusion is expected in the directions
e1, es whereas regular one in the direction of the axis es.

D11 =Das =

=2 )

D33 =0

Of course, - if in the direction of the axis e3 - we apply diffusive scaling, then the limiting covariance

should again be given by the Green-Kubo formula.

6.8 Concluding remarks

1. In order to prove the above Conjecture B, a first step could be determining the limiting joint
distribution of 7 and the forthcoming free flight (i.e. 7o ®,;, where ®., means that the velocity
is the post-collisional one), when 7 is large (see also Conjecture 3 in [D12] and [B92], [SzV07] in

the planar case). Thus we formulate another conjecture.

e Conjecture C (Geometric) In a d dimensional dispersing billiard with at least one principal,

non-incipient horizon, if 7 is large, then 7 o ®, is typically of order 71/

Now we explain why we expect Conjecture C to be true. Note that if 7(x) is larger than some large
t, then & = (gq,v) - with probability close to one - is such that ¢ is in a principal horizon H, and
the angle of v and Vi is roughly 1/¢. Further, the component of v in Vj is uniformly distributed.
After some time, the free flight from x reaches the boundary 0By x Vi of the horizon. Now we
claim that the remaining time until the collision is typically t¥, or in other words, the distance
of HVI# Hg®; )z and By is roughly t=2/?. Indeed, in the hyperplane ¢, + Vi at distance h from
By + Vg, there are d — 1 dimensional scatterers (approximate ellipsoids of bounded eccentricity
due to the dispersing assumption) of diameter Vh. Thus (6.16) yields that in this hyperplane, a
Ad—1 X Ag_o-typical phase point does not collide until time ht if and only if ht << h*Z*. Now a
similar argument used to prove of Lemma 6.19, implies that typically the distance of HV; Mo®r @)z
and By is roughly h = t=2/¢. Denote the post collisional velocity by v/. We expect that the angle
of v and Vy is typically of order t—/¢ which would provide Conjecture C. Nevertheless, this angle

can be smaller.

2. [Sz08] also raised the problem of the limiting behavior of a quasi-periodic Lorentz process, for

instance that of the Penrose-Lorentz one. As [W12] points out the tail distribution of the free path
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length is exponential in random Lorentz processes with non-intersecting scatterers whereas - as
we have seen - it is algebraic in the presence of horizons. The simulations of the author suggest
that for a 1-dimensional quasi-periodic paradigm of the Lorentz process, this tail behavior is not
exponential. On the other hand, [KS12] stresses that for the random non-intersecting Lorentz
process one has normal diffusion and observes computationally three different regions for a 2-

dimensional quasi-periodic Lorentz process showing super-diffusion, diffusion and subdiffusion.
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Chapter 7

Lorentz process with infinite horizon

and the martingale method

7.1 Introduction

As it was mentioned in Chapter 1, the super-diffusively rescaled trajectory in planar periodic Lorentz
processes with infinite horizon converges to the Brownian motion. This was first conjectured by [B92],
later proven in [SzV07] (in a slightly weaker form, namely the convergence of finite dimensional distri-
butions), and recently in [ChD09a]. The two proofs are essentially different: [SzV07] uses Young towers,
while [ChD09a] combines the standard pair technique with Bernstein’s big block- small block technique
from Probability theory.

In case of finite horizon, local perturbation does not spoil the Brownian limit, as it was proven in
[DSzV09]. The proof of this result is based on the standard pair technique, but the probabilistic in-
gredient is the martingale method of Stroock and Varadhan [SV06]. Thus there is some hope that the
martingale method might be useful in attacking the corresponding problem in infinite horizon (i.e. Con-
jecture 1.1), too. This is the motivation of our present work.

Here, we identify the possible limit points of the super-diffusively rescaled trajectory in planar periodic
Lorentz processes (which is, of course, Wiener process, solely) with the use of the martingale method.
This is almost the same, as giving a third proof for the Brownian limit in periodic Lorentz process with
infinite horizon - what missing, is checking that the weak limit indeed exists, i.e. proving tightness. We
also stress the fact that our proof is strongly based on the one of [DSzV09] and also uses similar cut-offs
(although not the same) as, and other technical results from [ChD09a].

In Section 7.2 we formulate our statement and provide the basic definitions and lemmas for its proof,

while in Section 7.3, we present the actual proof.
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7.2 Preliminaries

Here, we summarize very briefly the most important notions and notations from Sinai billiards needed
in the present work. For a much ampler description, consult [CM06]. Define D = R?\ U2, B;, where
Bi,..., By, are disjoint strictly convex domains inside the unit torus, whose boundaries are C*-smooth
and whose curvatures are bounded from below. By, Bjt2, ... are the translational copies of By, ..., By
with translations in Z2. The billiard flow is the dynamics of a point particle in D, which consists of
free flight inside D and specular reflection on 9D. It is common to take the Poincaré section on the

boundaries of the scatterer (billiard ball map). The phase space of the billiard ball map is
M ={z = (q,v) € 9D x S*, (v,n) > 0},

where n is the normal vector of 9D at the point ¢ pointing inside D, and the map itself is denoted by
F : M — M. The natural invariant measure on M, which we denote by p, is the projection of the
Lebesgue measure on the phase space of the billiard flow. In fact, du = const cos ¢pdrdeo, where r is
the arc length parameter on 0D and ¢ € [—7/2,7/2] is the angle of v and n. We will write ¢(z) for
the the projection of the point z to its first coordinate (that is ¢(x) € D). The free flight vector is
o) = g(F(x))—g(x). We will also write gi(x) = g(F*(2)) and Ag(x) = Ao(F¥(2)) = ghsr (=) —x (2).
Analogously, one can define the Sinai billiard on the torus T? = R?/Z2. Then one needs to introduce
Dy = T? \ UX_, B;, and define My, Fy and g as before. Now p is the periodic extension of . Since
w1 is infinite and g is finite, we choose the constant in the definition of p such that pg is a probability
measure. The functions g and Ag can also be defined on My as the restriction of the corresponding
functions on M.

Hyperbolicity and ergodicity of Fy (nice properties) were proven by Sinai [S70]. An unpleasant property
of the billiard map is the presence of singularities (corresponding to grazing collisions). An elegant and
flexible approach to overcome this problem and prove statistical properties is the standard pair method
developed by Chernov and Dolgopyat [ChD09b]. What follows, is an informal description of this method.
For almost every z € M, stable and unstable manifolds through z exist. There is a factor of stretching
in the unstable direction, which is bounded from below by some A > 1. Nevertheless, these factors
are not bounded from above (the closer is z to the grazing collisions, {cos¢ = 0}, the stronger is the
expansion), which makes difficult to control the distortion of unstable manifolds. That is why it is

common to introduce the following additional (secondary) singularities
Sk ={(r,¢) : ¢ =+m/2 F k?}

for k larger than some kg, yielding bounded distortion of an unstable manifold disjoint to all singularities.
An unstable curve is some curve W C M such that at every point x € W, the tangent space T, W is in
the unstable cone (slightly weaker property than the unstable manifold). Further, W is homogeneous,
if does not intersect any singularity. A pair [ = (W, p) is called a standard pair, if W is a homogeneous
unstable curve and p is a regular probability density supported on W. In order to define the desired
regularity of the density p, we need one more notion. For two points z,y on W, we write s1(z,y) for the

smallest integer n such that f()i”(ac) and foi" (y) are separated by some singularity curve. A function f
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is called dynamically Holder continuous, if there exists some ¢ < 1 such that for any = and y lying on

some unstable (stable, resp.) curve W, the following inequality holds

£ (@) — fy)| < K055,

Now, the regularity property required for the density p is that logp should be dynamically Hélder
continuous. For a standard pair [ = (W, p), we write E; for the integral with respect to p, P;(A) = p(A)
and length(l) = length(W). Once we have a standard pair, its image under the map Fy is a bunch of
unstable curves and some measures living on them.

A nice property of standard pairs is that this image is in fact a weighted sum of standard pairs. That
is why we call weighted sums of standard pairs standard families. Formally, a standard family is a set
G = {(Wy,v4)},a € A of standard pairs and a probability measure Ag on the index set 2. This family
defines a probability measure on Mg by

4o (B) = / va(B N W,)dAg(a).

Every € W, (for some a € 2), chops W, into two pieces. The length of the shorter one is denoted by
rg. Now the Z-function of G is defined by

<e
2 = supalro <€),
e>0 3

Note that if G consists of one standard pair, then Zg = 2/|W|. In any case, we assume Zg < 00.
A most important property of the billiard map is that while the unstable curves are expanded due to
hyperbolicity, they are also cut by the singularities of Fy; and in some sense, the expansion prevails

fragmentation. Formally, the following Growth lemma holds true:

Lemma 7.1 ([DSzV09] Prop 1.). Let 1 = (W, p) be some standard pair. Then
Ei(Ao F§) = camFu,,(A),

where can >0, > Can = 1; lan = (Wan, pan) are standard pairs such that U,We,, = FgW and pay is
the push-forward of p by F§ up to a multiplicative factor. Finally, there are universal constants s, C

(depending only on D), such that if n > | loglength(W)|, then

Z Cam < Cie.
length(lan)<e
Another way of stating basically the same lemma is that there are universal constants 6 < 1,5, C3
(depending only on D) such that for a standard family G = {(W,,v,)},a € A, and G,, = FJ(G), one has
Zg, < Cof"Zg + Cs.

If we fix some large constant C), and call a standard family proper if its Z function is smaller than C,,
then briefly one can say that the image of G becomes proper in log Zg steps.

The essence of the standard pair technique is that the measures carried on two proper standard families
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can be coupled together exponentially fast. Then one of the two standard families is chosen to be g
itself (it can be proven that there exists G such that pug = pg). As a result, one obtains the following

Equidistribution statement.

Lemma 7.2 ([Ch06b] Theorem 4). Let G be a proper standard family. For any dynamically Hélder

continuous f there exists some 0y < 1 such that for any n > 0,

[ foFpdug - / Fdyuo| < B0},
Mo MO

We want to identify the possible limit points of the rescaled trajectory of the particle in case of
infinite horizon. We assume that there are at least two non-parallel infinite corridors. The observable,
we are interested in, is Ag. One difficulty is that Ag is not dynamically Holder continuous if the horizon
is infinite. To overcome this problem, we introduce a cut-off of the free flight vector, thus we obtain a
dynamically Holder continuous version. That is, we define Aj to be equal to A; once the distance of
the scatterers hit by the particle at time j and j + 1 is less than R, otherwise let Aj be zero (we will set
R =+v/Nlog” N). Note that this is slightly different than Aj1;a,<ry. With this notation, write

The following lemma is proven in its form in [ChD09a] (note also that the first half of part (a) is a

purely geometric statement, (b) is a consequence of the Equidistribution, (c) was essentially proven in
[SzV07)).

Proposition 7.3. Let [ be a standard pair.

(a) My is divided by the singularity curves of Fo to cells D, such that Ag ~ Cm on D,,. Then for
any n >0,
110 [Dimy N F~"(Diny)] < min{Cms?, le_g/4m2_2}.

(b) For any i >0,
E (Ai) =0 (A) +O(0'R) = O (6'R),

and analogously, for k > 1 and iy < iy < -+ < iy,

E; (A“ ®"'®Aik) = ko (Azl ®"'®Aik) +O(0i1Rk)’

and
Eu (1A 1A 1) = o (IAall 1A ]) + 0 (6™ RY) .
(c)
o <AJ ® AJ) =202 log R + O(l),
where o is a non degenerate 2 x 2-matrix, explicitly given in [SzV07].
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(d)

o

A @A) < CoIH,
whenever j # k.

Now, we proceed to our main statement. Let Wy (z) be element of C([0, 1], R?) with Wy (z)(j/N) =
¢;(x)/v/Nlog N and linearly interpolated between j/N and (j + 1)/N. When z is chosen according to
some standard pair [, W (z) generates a measure Wy ; on C[0,1]. In this Chapter, we are going to

prove the following statement.

Theorem 7.4. Suppose that for some fized | there is a sequence of integers Ny such that Wy, ; is

weakly convergent. Then its limit is the Wiener measure with covariance matriz 2.

Remark 7.5. The statement of Theorem 7.4 is also true for | being replaced by some proper standard

family G. Consequently, for the invariant measure, too.

7.3 Proof by martingale method

Here, we are going to prove Theorem 7.4 by the martingale method of Stroock and Varadhan. That is, we

prove the following statement: For any W limit point of the super-diffusively scaled billiard trajectory,

1 [t
HWB) - oW~ 5 [ 3 DEeW(s)akds
0 abef1,2)
is a martingale, where ng is an element of the super-diffusive covariance matrix, ng stands for partial
derivatives of second order, and ¢ : R? — R is a smooth function with compact support. In order to see
this, it suffices to prove that for any smooth functions 1, ...10,, and for any 0 < s1 < s9 < -+ < 8y, <
t1 < tQ,

1 [t b

B | [¢(W(t2)) — o(W(t1)) — 5/ > DUo(W(s))ogds| [[vwi(W(sy) | =o0. (7.1)
g be{1,2} j=1

We will prove the following simplified version of (7.1) (it will be clear, how its proof provides also

the more general statement (7.1)):

1
B 0(W(0) ~ 6(W(0) - / S D20(W(s))oZds | =0, (7.2)

a,be{1,2}

(where Wis a limiting point of the super diffusively scaled variant of the process ¢; and [ is a standard
pair) and
—1 A
qm — Z;n:o A
max —————— =0, 7.3
m<N y/Nlog N (7.3)

where the weak convergence is with respect to the measure generated by [.
For this fixed [ = (W, p) and any € W, n > 0, define r,(z) the following way. The image of W under
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F{ is cut into several homogeneous unstable curves Wi, Wy, .... There is an ¢ such that Fgx € W.
Now, W; is cut by FJ'z into two pieces, the length of the shorter one is denoted by r,(x). Observe that
the growth lemma implies the existence of some C depending on [ such that for every ¢ > 0 and every
n € Zy,

Pi(rn(z) <€) < Ce.

Important remark: from now on, every appearance of C' might mean a different constant. Nevertheless,
each C depends only on the length of I (and of course on D). Similarly, O has some involved constant
which only depend on D and the length of [.

Since the free flight of length m is attained by point on M which belong to some homogeneity strip of

width m ™2, one obtains
Py(An(z) > VNlog? N) < Pi(rp(z) < N~'log 2 N) < CN~'log % N.

Thus

P(31<n<N:A,#A,)=0(®og ? N) (7.4)

which implies (7.3).

The rest of this Chapter is devoted to the proof of (7.2). Let @ > 0 be small, m, = pN®, and fix

some p > 2 integer. For a smooth ¢ with compact support:

(htm) -+ (i) = 5, o (em) -+ () -
Nlog N Nlog N Nlog N Nlog N

j=myp

mpy1—1 1 g .
- g; \/NlogN<D¢(\fN1i)gN>’Aj>

mpy1—1 R mpt1—1 A 13
1 1 g; - > itme 1A
5 D% [ ——L—) A, A.> o Zizme 0T
T3 j; NlogN< ¢ <\/NlogN> p24)F (Nlog N)3/2
= S48 +5;
Now, using Proposition 7.3 b, we have
\/ﬁlogBN 1
E, (||Aju3) <c Y K40 (9JN3/2 log®/2 N) -0 (N1/2 log? N) : (7.5)
k=1

ere, we also used that due to p > 2, we have << or any m, < j). us we conclude
(here, 1 d that d p>2, h. 0’ N f y my j)- Th lud
(1) =0 (NaNl/2 log? NN~3/2]0g3/2 N) -0 (Na—l log? 3/ N) .

Further, for m, < j < mp41,

~ ~ j—1 ~
d; dmpa 1 2 mp s A
Dp| ———|=D D — | A
¢<\/NlogN) ¢(\/N10gN>+\/NlogNk; d)(\/NlogN)

1 ‘ (jm _ ~ ~ ®2
D? po1 g —. 524 g2 g2
+0 <NlogN ¢( NlogN> (@ = Gm, ) > St Sz 455,
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where S? is the error term in the Taylor expansion. Now, we want to substitute S? + S2 + 53 to St.
The substitution of S? + SZ will be computed, while the one of S? is an error term. To estimate the
latter, observe that both coordinates of S? are bounded by

2

1 il
. A
Cxiogn | 2 Il

Thus, when substituting S2 to S, one obtains a term whose modulus has [-expectation not larger than
some constant times

1 mpt1—1

e ND DI DR LY LA E Y]} (7.6

Jj=mp mp_1<ki1<ka<j—1

To estimate (7.6), we introduce a second cut-off: let ﬁj to be equal to A; once the distance of the
scatterers hit by the particle at time j and j + 1 is less than Ay, otherwise let Aj be zero (we will set
Ay = N%).

Now, we compute the contribution of the A’s for fixed k; < ko < j with (the indices ny,ns,ng stand

for the realization of Ay, , Ay,, Aj, respectively):

Eu[ 1Ak = Al ks 1A 1] < 0 [I1 A0, = Ay I Awa [1411] + 06" N*/210g™ N)

\/ﬁlogﬁ N \/ﬁlogﬁ N
< C\/JVlogB N Z Z nlngnl_g/4n§2

ni=An nz=1

< VNlog” NA;\,l/4 log N. (7.7)

In the first inequality, we used the Equidistribution (note that Ay — Ay is also dynamically Holder
continuous), while in the second one, we used Proposition 7.3 (a) and the fact that p > 2. One can
similarly compute that for ky < ks < j,

Eu 1Ak 1A 1851] < ANE: 1Ak ]11A,1] + O(An6™ Nlog® N)

VNlog? N v/Nlogf N
< CAx Z Z n2n3n59/4n§2 < CApnlogN.

no=1 ng=1

Combining the above estimations we conclude that (7.6) is bounded by

CN=3/210g73/2 N(N3“ VNlog’ ' NAZM* 4+ N* . Ay log N)
— O(Nozfl)’
if we choose Ay = N, and « is small. At the last step, we want to substitute
D2 (—di__ 7.8
¢ ( NlogN) (7.8)
in S3 with
D?¢ _Ampr ) (7.9)
v Nlog N
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It is easy to see that the difference between Si and the formula obtained from S3 with (7.8) being

replaced by (7.9) is in

1 N .
O\ Niognpz 2 S AR
& mp<j<mpy1—1my, 1<k<j

As before, we have

VN log? N

EZ[HA;CHHAJHQ] < CAy Z n§3ng+O<AN9leog2ﬁN) < CApnlogN.

n2:1

This, and (7.7) imply that the expectation of (7.10) with respect to [ is bounded by
CN73/210g73/2 N . N2 (\/N log” ' NAG* + Ay log N) — o(N*1).
Hence, for p > 2 we obtain

¢< Grmp sy )_¢< Gm, )
/Nlog N /Nlog N

Mmpt1—1

B 1 /- A
B j§ \/NlogN<D¢(\/NlogN>’Aj>

Mpr1—1 N o
* legN [% j;p <D2¢ (¢?W> Aj’Aj>
"o, () B8] e

My <j<mpi1,mp_1<k<j
where E;(hy,) = o (N*71).
With the notation A A
_ Qmp+1 (I‘) anp (x)
@) =0 ) ¢ | === |-
v/ Nlog N v Nlog N
for any z € M,
() () \_\~
an (T do\x _
¢ (\/NlogN> ¢ (s/NlogN> - pz:(:) Jol®)
Thus, in order to verify (7.2), we need to prove

Nl—a

E Y [fp(x) —Na*% Y Do (%) agb] = o(1).

p=0 a,be{1,2}

First, we verify that E;(fo 4+ f1) = o(1). Note that Proposition 7.3 (b) implies

ma

EilGm, — doll < Y mo(|Akll) + O(0*VNlog” N) = O(VNlog® N).
k=0

(7.10)

(7.11)

(7.12)

(7.13)

Since B < 1/2, the Markov inequality and the fact that ¢ has compact support and is in C!, implies

Ei(fo + f1) = o(1).
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For p > 2, as in [DSzV09], we want to use the Markov decomposition at time 7, = (mp_1 + m,)/2.
Now, we will also need some Markov decomposition at time 7, = (3m,_1 + m,)/4. However, observe

that since G,,, is not necessarily equal to ¢, fp(z) and

R N
Jo@) = ¢ JNTos N —¢ JNTos N !

which is easier to deal with using the Markov decomposition, are not equal in general. That is why we

need some more computation. Observe that the decomposition (7.12) can also be written in terms of f}

instead of f,. The difference is that ¢,,_, should be replaced by

N2

Ty y = Aomypstmy)/2 — Z Aj,
j=1
and hy, should be replaced by some h;,. Observe that our previous computation also yields E;(h;,) =
o(No1).

Now, we claim that
lea

Jlim B (f, - /) =0 (7.14)
p=2

To prove (7.14), observe that with the notation
L={reM:3 <N:Ajx)#A7(x)}

for the set of points having long flight, f, coincides with le> on M\ L, which has [-measure at least
1—Clog 2’ N by (7.4). Since > fp is bounded,

/ﬁzp:fpdl =o(1).

Thus in order to prove (7.14), is is enough to establish

/ > fhdl=o(1). (7.15)
c

P

This statement is not obvious, since Zp fl’) is not bounded. However, with the notation

Liz)=#{p< N'7:3j ¢ [mp, mpi1], Aj(x) # Aj(m)},

we have for any z € L,

> f@) < 2(L() + 1)|g]]-

Thus, it is enough to prove

/ L(z)dl = o(1). (7.16)
c

104



We will prove that
/ Leyen(z)dl = 0(1), (7.17)
c
where
Leven(w) = #{p < N'™% p is even and 3j € [m,, mp+1]A;(z) # Aj(x)}

This, together with a very same computation for the odd p’s implies (7.16). To prove (7.17), first observe
that

Py(Leyen(z) = 1) < Clog™2? N.
We claim that analogously,

Py(Leyen(z) = k) < CFlog™2* N (7.18)
for every k positive integer, with a uniform C. This implies (7.17), since >, _; kC* log 2P* N = o(1).
Now pick any 1 <i < i+ N* <j < N. We prove that

P(A; # Ay, Aj #Aj) < C?N~2log™** N, (7.19)
which obviously implies (7.18) for k = 2 (for larger k’s, the proof goes the same way). We have

Py(A; # Ai A # D) =D el (A5 # A ), (7.20)

where {l,}, is the collection of standard pairs in the image of [ under F*!, for which for any point z in
Yay Do(F~tx) # Ao(]:_lm). We already know that Y, c, < CN™1 10g72ﬁ N. Let S + S5 be the sum
in (7.20), where S; corresponds to a’s, for which length(l,) < N—3. Then the growth lemma implies
S1 < ON73. For a’s, where length(l,) > N3, the image of [, becomes proper in C'log N steps, thus
(the proof of (7.4)) implies S» < >, cCN ™! log™2" N with a uniform C. Thus we have verified (7.19),
and finished the proof of (7.14).

As it was already mentioned, we will also need a Markov decomposition at time (3m,_1 + m,)/4.
Thus, we still need to slightly adjust f,, that is to define

Ne /4
Gy = A3y +mp) /4 — Z Aj,
j=1

and
Mp41—1 1 g
" = ——— (D¢ | —=Z==L_ | A,
1y (@) j;; \/NlogN< ¢<\/NlogN>7 j>

TR R ey A U
+ NlogN[i Z <D2¢<¢J\%W>Aj’Aj>

J=myp

+ 3 (D% (%) Ar,Aj)

mp§j<mp+1;mpflgkgmp—l"r%Na

- > <D2¢ (%) Ay, Ajﬂ + hl. (7.21)

mp<j<mpy1,mp_1+EN*<k<j
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Next, we prove that the contribution of this adjustment asymptotically vanishes, i.e.

E(|f, = fy) =o(N"T1). (7.22)
In order to prove (7.22), write

1 1 A
Ly ={we M:3j € [mpr+ N my1 + 5N Ay(2) # Ay(2)}

for the set of phase points, where fl’, #* f[’)’ . Further, observe that for any € £,, the only difference
between f(z) and f,'(z) is that in the fourth line of (7.21) gy,
fp(x). Thus, for any = € L,

is replaced by ‘j;np, in the case of

—1 1

1 o "
\f,;—f;,’|<omjv VNIog® N > A

mp<j<mpi1

Consequently, the Markov decomposition at time m,_1 + N®/2 implies

/|f;—f;’|dz<czv—1+a+1/2zca Z Ei, (JIA;]), (7.23)
L

P a mp<j<mpii1

where {l,}4 is the collection of standard pairs in the image of I under F™»-1*+N"/2 for which for any
point z in 7,, there is a j € [0, N®/4], such that Ag(F~7z) # A¢(F7z). Note that 3, ¢, = I[(L,). If
we denote by S; + Sy the sum in (7.23), where Sy corresponds to a’s with length(l,) < N~2, then using
the obvious estimation E;, (||AJ 1) < v Nlog? N and the growth lemma, we obtain S; < CN22~2log? N.
Since in C'log N steps the standard pairs of the sum Sy develop to proper families, Proposition 7.3 (b)
and (7.4) imply So < N=1Fet1/2](L )N < N~1Hatl/2Ha=14a (799) follows.

Combining (7.14) and (7.22), (7.13) is equivalent to the statement

E (f)) = N‘H% Y OE (ngqs (\/’%)) o2, (1+ o(1)). (7.24)

a,be{1,2}

Since E;(h),) is in o( N“~1), in order to prove (7.24), it suffices to verify that Ty + T + T3 + T} is equal
to the right hand side of (7.24), where T; is the I-expected value of line 4 in formula (7.21) - except for
Ty, where we omit hj,. The proof of this is similar to the one in [DSzV09].

So as to estimate T7, T» and T3, we use Markov decomposition at time (m,_1 + m,)/2. Since in any
case, the first three lines of (7.21) are bounded by C N2%, the standard pairs that are shorter than N2
contribute to 71 + Ty + T3 with a term which is bounded by CN =222, If we denote by T}, T4 and T}
the contribution of the standard pairs that are longer than N2, then we have

1 L e
T =0 ———N*02""V/Nlog’ N | . 7.25
: (WgN IV /N log (7.25)

v Nlog N
is some constant with error O(#2N™), thus Proposition 7.3 (b) implies (7.25).

Indeed, the value of D¢ ( Trpo ) on some points which will form a standard pair at time (m,_1+m,,)/2
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Now, using Proposition 7.3 (c) one can analogously compute that

Ty = N‘H% Z E, <D§b¢> <\/q]’;1%)> o2, (14 0(1)). (7.26)
a,be{1,2}

At

Similarly to the estimation of T}, we can bound T4. Note that D?¢ < T3 ) Ay, on some points which

VN log N
will form a standard pair at time (m,_1 + m,)/2 is some constant with error O0(0zN"), but now, this
constant is only bounded by v N logB N. Thus again, Proposition 7.3 (b) yields

1 L e
T =0 ——-N2*/Nlog’ NosN"V/Nlog’ N | . 2
3 O(NlogN og 8 og (7.27)

Finally, we use Markov decomposition at time (3m, + mp41)/4 to estimate Ty. As before, since the
last line of (7.21) is bounded by C'N2%, the standard pairs that are shorter than N2 can be neglected.
Using the same argument as in the proof of (7.25), and now also Proposition 7.3 (d), we conclude that

the contribution of the longer standard pairs is in

ngN > (eﬂ'—’“ + 05N Nlog?’ N)

mp§j<mp+1,mp,1+%N”<k<j

This, together with our previous estimations, yields (7.24). We have finished the proof of (7.2).
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