Calculus 1, Practise Course

12th week

I. Integrals with substitutions

1. Evaluate the following integrals. Apply the fact that if F'(z) = f(z) then [ f(g(z))

J(x) dz = F(g(x)) + C.
(a) [ c;:';’;

)
)
)
d) fShf dzx
)
)
)

2. Evaluate the following integrals with the proposed substitutions.

(a) [avz—5dz, t=vz -5
(b) 1+ex,t-l—i—e

)
(

1+Inz _
ey dr,u=3+zlnzx

(c
(d fcos‘f dz,u=+z

)
(e) [ Axda,t=a+1
) [22V1I—zda,t=1—2x

)

g) fcsc reotx dx, u=cscx

(h) pda, t=1—/z
)

(i fezﬂda: t=e"+1




3. *If necessary, use two or more substitutions to find the following integrals.

(a) [zsin*z?cosz?® dx
(Hint: Begin with v = z?, and then use ¢ = sinu.)

S S
®) J s 4o
(Hint: Begin with u = /1 + z.)

(¢) [tan'®4dzsec’ 4z dx
(Hint: Begin with u = 4z.)
I1. Integration of trigonometric functions

1. Evaluate the following integrals with the help of the following identities.

1
sin ax sin bx = 5(608((1 —b)z — cos(a+ b)x)

1

cos az cos br = =(cos(a — b)x + cos(a + b)x)
1

sin ax cos bx = é(sin(a —b)z +sin(a + b)x)

(a) [sin9zsin2z dx

(b) [sinbzcos3z dx

(¢) [cosmrsinbrr da
(d) [cosTzcos9z da

(e) [cosllzsin(—5z) dx

2. Consider the integral [ sin™ zcos”x dx, where m and n are integers. We showed
that the following substitutions can solve the problems:

If m is odd positive, then apply the substitution ¢ = cos .

If n is odd positive, then apply the substitution ¢ = sin x.

If m+n is an even negative, then apply the substitution ¢ = tanx or t = cot x.

If m and n are even non-negative, then use the formulas

9 1 —cos 2z 9 1+ cos2x
sin“z = ————, cosT=——" .

Evaluate the following integrals.



(g) [ o2et du
(h f@dx

sin® x

)
)
)
)
)
) [sinz da
)
)
)
)
)

ITI. Substitutions with trigonometric functions
1. Recall that if the integral contains

e a? — 22, then the corresponding substitution is = asint

e a® + 22, then the corresponding substitution is = atant

e 22 — @2, then the corresponding substitution is x = asect = Pl

Evaluate the following integrals. Drawing the corresponding right triangle is very
useful!

(a) 251%2 dx
(b) [+ da
() [ A= daz
(d) f(1+a:12)3/2 dz
(©) [ e da
(f) J (25112)2 dz
(g) [ ¥ da
(h) [ x21764 dz
(i) [ Y= da



IV. Integration of rational functions
1. Find the following integrals
(a f 4x—2 dax

—z

(b ‘f%dx

x? 10:1:2+9

22 —102+25

)
)
)
)
)
) S (z—1) igi4a¢+5) dz
)
)
)
)
)

(e f z 1022427z dz
(

h fm4 — dx
() [ =5ty de
() [ &2 da
(k) J x34:91x da

(1) f x(x2+1 dz

2. Find the following integrals with the appropriate substitution.

(a fz+1 dx
(b 6dx

e’ —3

4dx
e2r—4

l14sinz
l—cosx

)

)

(c)

(d)

(e) [avbr+3dx

(f) [¢ 3I+e21+e dx
)
)

(e2*+1)2

(g fx\/%
(h) [ =S dx

(e4+1)(e*+2)



