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I.
STATIONARY SEQUENCES, ERGODIC THEOREMS



STATIONARY SEQUENCES OF RANDOM VARIABLES

(2, F,P) a probability space
(S5,8) a measurable space
;2 — S measurable functions, j € N (or j € Z)

Definition. The sequence of (S-valued) random variables &; is
stationary iff (Vk e N) (or (VkeZ)) and (VI > 0):

distrib (£0,€1, - - -, &) = diStrib (&, &1, » ket



Elementary remarks:

1. A stationary sequence (€j>jeN can always be embedded into
a stationary sequence (gj)jeZ'

2. If <€j)jeZ is a stationary sequence of (S,S)-valued random

variables, (S,S) is another measurable space, g : SZ — S is
measurable map, and

g] = g( 3 7€j—17€j7£j—|—17 X )

Then: (gj)jEZ is a stationary sequence of (S, S)-valued ran-
dom variables



The essential content of ergodic theorems: generalizations of
the laws of large numbers

If <X«7);io is a stationary sequence of R-valued random variables,

such that E( ‘Xj ) < 00, then

1n—1
- ZOXJ- —E(X1)
j=

asymptotic time averages — state-space averages

— almost surely and in L1(Q, F,P) (Birkhoff, difficult)

—in L2(Q,F,P), (von Neumann, easier)



Examples of stationary sequences:

Ex 1: L.i.d. sequences:
(gj)jez i.i.d. sequence of (S,S)-valued random variables.

Ex 2: Finitely dependent sequences:
Let (£j>j€Z i.i.d. sequence of (S,S)-valued random variables,

(S,S) another measurable space, m > 0 (fixed), g : Sm+t1 — §
measurable map. Then

is a (S,8)-valued stationary sequence.
E.g. & i.i.d. Bernoulli, & := max{§;,§;41}-



Ex 3a,3b:
(&) oy, 1-1-d- Bernoulli, P(¢;=0) =1/2=P(§=1).

G = > 27" gy

k=0
— k—1
nj = > 2 §j—k
k=0
Then:
distrib (gj) — UNI[0, 1] = distrib (nj) .
Remarks:

Ci+1 = {2¢;} :=2¢; — [2¢;] deterministically!

(nj)jzo is @ Markov chain on [0, 1].



Ex 4: Stationary Markov chains

Let S be a finite or countable state space, P = (Paﬁ)aﬁes

stochastic matrix, = : S — [0,1], > ,ecg57(a) = 1 stationary for P:

Z W(Q)Pa,ﬁ = m(8).

aeS

(£j>j20 the stationary Markov chain:

P(&O = ap,§1 = a1, - - 7€l — al) — 7"-(OéO)POéo,Ozl . -Pozl_l,ozl



Ex b:
Rotations of the circle: S =[0,1), S = Borel, P = Lebesgue.

0 € (0,1) (fixed), {j(w) ={w+0}, jeZ

Ex 6:
“Bernoulli shift”: (see also Ex 3a) S = [0,1), § = Borel,
P = Lebesqgue.

§i(w) = {Pw} =2Jw—[2uw], 20
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MEASURE PRESERVING TRANSFORMATIONS, DYNAM-
ICAL SYSTEMS

Let (€2, F,P) be a probability space. The T : 2 — 2 measurable
transformation is measure preserving if

VA e F: P(T7'A)=P(A)

We call (2, F,P,T) an endomorphism or a dynamical system.
If 7" is a.s. invertible we call it an automorphism

Let (S,S) be another measurable space and ¢ : 2 — S a measur-
able function. Then

£ = g(T’w)
IS a stationary sequence of S-valued random variables.
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Remark: Any stationary sequence of random variables can be
realized this way!

(S,S) measurable space, (gj) stationary sequence of S-valued

random variables.

00
7=0

Q= SNZ{wz (wo,w1,w2,...) twj € S}
J—":=a(8><8><8><...)
P = joint distribution of (.gj);?o_o

T :S2 — €2, (Tw)j = Wj41

g:Q — S, g(w) = wq
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T he invariant sigma-algebra, ergodicity:

Let (2, F,P,T) be an endomorphism. Then

T:={AcF:P(AoT 'A)=0}CF
IS the sub-sigma-algebra of invariant sets.

Definition. The dynamical system (2, F,P,T) is ergodic iff the
invariant sigma-algebra I is trivial with respect to P:

VAeT: P(A)e{0,1}.

Equivalently: (2, F,P,T) is ergodic iff for f: 2 — R measurable
{f(Tw) = f(w) a.s.} & {f(w) — const. a.s.}
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Ex1: L.i.d. sequence: (S,S,P1) a probability space,
Q= 5N = {w=(wo,w1,ws,...) i w; €S}
]—":=a(8><8><8><...)
P=P{xPy{xP1x...

T — <2, (Tw)jzwj_H

Theorem. The endomorphism (2, F,P,T) is ergodic.

Proof. The tail sigma-algebra is

T = ﬂa (wn,wn+1,wn+2, : )

n

Fact: 7 C 7. Not very difficult.
Kolmogorov's 0-1 law: 7 is P-trivial.
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Ex 2, 3: Factorgi o N
(2, F,P,T) and (2, F,P,T) dynamical systems, ¢ : Q2 — 2 mea-
surable, such that

P(p 1(A4)) = P(A) VA€ F
poT =Tog P —a.s.
then (Q,F,P,T) is a factor of (Q,F,P,T).

Theorem. If (2, F, P T) is a factor of (2, F,P,T) and (X2, F,P,T)
is ergodic then so is (0, F,P,T).

Proof. Homework ]
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EXx 4: Ergodic Markov chains:
The state space: (S,S) finite or countable
T he stochastic matrix P = (P“ﬁ)a,ﬁes’

7 probability measure on S, stationary for P: #wnP = .
Q= SNZ{wZ (wo, w1, w2,...) w; € S}
f:za(SxSxSx...)

P(wo,wl, . ,wl) = m(wo) Pug,wy - - - Pup_1,w;

T . — <2, (Tw)j=wj_|_1

Theorem. The dynamical system (2, F,P,T) is ergodic iff P is
irreducible.
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Proof. . Proof of =: trivial
Proof of «: Denote F, :=oc(wg,...,wn) and let A e 7.

Then E( 114 |7, ) is a bdd martingale w.r.t. the filtration 7, and

B(Da|7)@) EE(1407"| 70 ) (@) D hwn)

(1): due to invariance of A
(2): due to the Markov property

Due to the martingale convergence theorem

h(wn) = BE( L4 | Fn ) (@) 22 B( 14| Foo ) (w) = Lp(w)
This can hold only if h = const.
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Ex 5: Rotations of the circle:
Q2 =[0,1), F = Borel, P = Lebesgue, Tw := {w + 0}

Theorem. The dynamical system (2, F,P,T) is ergodic iff 0 is
irrational.

Proof. Fourier method: let f € L2(2, F,P).

f(w) L:2 k;iioo CkeiQWkw, cp = /01 e_izﬁkwf(w)dw
Then
{f(w) = f(Tw) a.s.} = {‘v’k el c (eizﬂf@ — 1) = O}

{9€Q3 ck = 0.0 }
&

(9:%96@: Ckzck]l{k:mq}
|
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Ex 6: “Bernoulli shift”:
2 =[0,1), F = Borel, P = Lebesgue, Tw := {2w}

Theorem. The dynamical system (2, F,P,T) is ergodic.

Proof. (See Ex1) Let @ = {0, 1}, F =..., P = (5 5)-Bernoull;
T = left shift
—~ m . 1
0. — N p(@) = > 2777 W;
j=0

e i Q—-Q go_l(w)j = [27w] mod 2
Then (Q, F,P,T) 25 (Q, F,P,T), and (Q,F,P,T) is ergodic,
according to Ex1. N

Alternative proof: by Fourier method (Home work).
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Ex 7: Algebraic automorphism of the 2-d torus:
2=1[0,1) x [0,1), F = Borel, P = Lebesgue,

T(x,y) .= ({z+ 2y}, {x + y}) (picture on blackboard)

Ex 8: The “Baker’s Transformation”:
2=[0,1) x [0,1), F = Borel, P = Lebesgue,

T(x,y) ;= ({2z},{2x + y/2}) (picture on blackboard)

In both examples:

Theorem. The dynamical system (2, F,P,T) is ergodic.

Proof 1. Fourier method
Proof 2. “Markov partition”
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Ex 9: Statistical physics:
(2 = phase space of physical particle system,

F = Borel,
P = Liouville measure

— Lebesgue meas. restricted to manifold of conserved quantities,
T; .= Newtonian dynamical flow

Theorem (Liouville's theorem). The dynamical flow t — T} con-
serves the measure. le. (2, F,P,T;) is a continuous time dy-
namical system.

Ludwig Boltzmann’s ergodic hypothesis: In physically rele-
vant cases (2, F,P,T}) is ergodic.

Major open question! Answer known in very few cases.
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KOOPMANISM AND VON NEUMANN'’S (MEAN, L?) ER-
GODIC THEOREM

(2, F,P,T): dynamical system,
JF D Z:. its invariant sigma-algebra,
H = LQ(Q,}",P): Hilbert space of square integrable functions,

K:=L%(QZ,P)={feH: f(Tw) = f(w) P-a.s.}: subspace of
T-invariant L2-functions.

Two linear operators:
n:H— K, Mf(w) ::E(f|I>(w)
U:H—H, Uf(w) = f(Tw)
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[1 is the orthogonal projection to the subspace I
U is Koopman’s representation of the action T.
K=Ker(U-1I)={feH:Uf=f}

Lemma. U is a (partial) isometry.

Proof.
(UfUg) = [ F(Tw)g(Tw)dP(w)

&L | 7@)g(@)dP @) = (£,9)

(1): due to invariance of the measure under the action T.

Remark: If 17" is a.s. invertible then U is unitary.
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Theorem (von Neumann's mean ergodic theorem). Let
‘H: a separable Hilbert space,

U e B(H): a (partial) isometry,
K := Ker(U - 1),

[1: the orthogonal projection to the closed subspace K.
T hen

_ lim = J —
st nl|_>m00n Y U =n,

j=0
That is,

:O
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Corollary. (2, F,P,T): adynamical system, Z: its invariant sigma-
algebra.

If f € L2(Q2, F,P) then

2

lim o dP(w) = 0.

n—1
LY f(1w) ~ B( £ T)(@)
=0

In particular, if (2, F,P,T) is ergodic then

n—aeo

5 1n—1 j
L2- lim ;jgof(T W) :/QfdP.
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Proof. Proof of von Neumann’s mean ergodic theorem:

H O, Ran(U - 1) @ Ker(U* — 1)

2 Ran(U — 1) ® Ker(U — 1)

(1): VAeB(H): H=RanA® KerA*
(2): Since U € B(H) is an isometry, Ker(U* — 1) = Ker(U — I).
(Homework)

For f € Ker(U — I):
17’1,—1

Uf =f=nNf = “ N vlf=nf

26



For f € Ran(U —I): (Ve > 0) (3g,h € ‘H) such that
|h|| <e and f=Ug—g-+h.

Thus:
=N Ulf —(U”g 9) + — Z U’h
" 5=0 " ;=0
and hence
17 1 2
> vif| < (S+¢) lol
n ._ n
7=0
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BIRKHOFF’'S “INDIVIDUAL” (POINTWISE, ALMOST
SURE) ERGODIC THEOREM

Theorem (Birkhoff's individual ergodic theorem).
(2, F,P,T): a dynamical system, I: its invariant sigma-algebra.
If f € LY(Q,F,P) then
> (1) = E(f]T)()
J=0
P-a.s. and in L1(Q, F,P).
In particular, if (Q2,F,P,T) is ergodic then

n

1 n—1

=3 (17— | fdP

P-a.s. and in LY(Q,F,P).
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Proof. [Birkhoff 1931, Yosida & Kakutani 1939, Garsia 1965]

X = Xj(w) = f(T'w), X = X,
k—1

Sk = Sp(w) == > X;(w), So =0,
j=0

My = Mp(w) ;= max{S;(w) : j =0,1,...,k}, Mgy = 0.

Lemma (The maximal ergodic lemma).

E(XLj),50)) 20
Explicitly spelled out:

/Q F) T pg (wy>03dP(w) 2 0

Mind the strict inequality: M; > 0!
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Proof of the maximal lemma (Garsia 1965)

ok 4+ 1} —max{S;(Tw) : 5 =0,...,k}
ok} —max{S;(Tw) : 5 =0,...,k}
,k} — Mk(TCU)

X (w) (=) max{S;(w) : j =1,
> max{S;j(w) :j =1,
max{S;(w) : j =1,

(1): Since S;11(w) = X(w) + S;(Tw), j=0,1,....
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Hence
/Q X (@) Iy ()>0}dP (W)

> /Q (Max{S;(w) 1§ =1,...,k} = My(Tw)) Lipp (y>01dP (W)

(2 /Q <Mk(w) - Mk(Tw)>]1{Mk(w)>0}dP(w)

> /Q (Mj(w) — My(Tw))dP(w) = 0.

(2): Here we use the strict inequality M, > 0.
(3): Due to invariance of the measure under the action T.
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Proof of Birkhoff’s theorem:
Without loss of generality assume E(f‘I) = 0. Fixe >0 and

define
Sn(w)

L(w) := ”!I‘fo‘ép — Df '={w: L(w) >e} €T,
k—1

X% (w) := (X (w) — &) pe(w), Si(w) ==Y X5(w),
=0

Mp(w) ;= max{S;(w) 1 j =0,...,k}, F°:=Up{w: Mg(w) > 0}.

Note that
F¢ ={w:sup M(w) >0} = {w :sup Si(w) > 0} = D°
k k
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0 < B(X o)) D B(XT)
2 B(xnp ) LE((X-91p) 2 —eP (D7)

(1): due to the maximal lemma

(2): dominated convergence

(3): since F¢ = D¢

(4): by definition of X¢

(5): since D €T and E(X(Z) = 0.

It follows that Ve > O : P(D€) — 0, and

P(L>0)="P( UsgD) =€Ii_r1r(1)P(D€) = 0.
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BACK TO THE EXAMPLES

Ex 1: I.i.d. sequence: X, i.i.d., E( ‘Xj ) < 00

1 n—1

> X;—E(X;)

LLaws of large numbers.

Ex 2, 3: Factors: Laws of large numbers for factors of i.i.d.
seguences.
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Ex 4: Stationary denumerable Markov chains:

§;: stationary MC on § = Um S (8(m) jrred. comp.)

f:S—R: Y 7w(a)|f(a)] < oo
acsS
= S oy (@) ()
gjz::O f(gj) - %: ﬂ{foes(m)} Zeaes(m) 7'('(04)

Law of large numbers for MC
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Ex 5: Rotations of the circle: 0 ¢ Q, f € L1([0,1), B, dw):

1! ” 1 p din L1
Ejgof('ﬂ )_>/O f(w)dw, a.s. and in L-.

Remark: For f:= I, ;) stronger:

l n—1

Vw € [0,1) : - > Lppy(w+340) —b—a.
j=0

Proof: Homework.
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A consequence:

Fix k € {1,2,...,9}. Then

H#{m <n:2Mm=k--- in dec.} \ log(k+ 1) — logk
n log 10

log 2
Proof. Let 0 := 15575 ¢ Q.

{2"” —k--- in dec. {{me} € A, = [log k/log 10,lo9(k + 1)/log 10)}
| ]
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Ex 6: Bernoulli shift:

@)
w e [0,1), binary expansion: w= ) w;27’
J=1

Theorem. For Lebesgue-a.e. w € [0,1) any fixed {0,1} string
(e1,€o,...,€,) occurs with its natural proper density 27F.

[.e. “"Almost all real numbers are normal.”
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Statistical physics:

Ergodicity

0

{ time averages — phase space averages }

At the heart of statistical physics.
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IIL.
CONVERGENCE IN DISTRIBUTION, WEAK CONVERGENCE
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CONVERGENCE IN DISTRIBUTION, BASICS

(S,d) complete, separable metric space,
S its Borel-sigma-algebra
e.g. R, R™ with Euclidean distance,
C([0,1]), C([0,00)) with sup-norm distance

Definition. A probability measure v on (S,S) is regular if
(VA € S)

V(A) = sup{u(K) : K C A, K compact}

inf{v(0): AC O, O open}

All measures considered will be assumed regular.
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un, n=1,2,... and pu regular probability measures on (S, S).

Yo, n=1,2,... and Y S-valued r.v. with distribution

P(YneA)=pun(A), P(YeA)=pu(4), AeS
not necessarily jointly defined.

Definition (Weak convergence of probability measures). u, = u,
orY,=Y, iffvVf .S — R continuous and bounded

n|me[9fdun=[gfdu, or lim E(f(Ya)) =E(f(V)).
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Theorem (Equiv. characterizations, “portmanteau thm'). .

(a)=(b)=(c)=(d)

(a) n = W.
(b) (VA€ S), A open: lim infnﬁooun(A> > p(A).
(c) (WA € S), A closed: lim sup,,— oo Mn(A) < u(A).
(d) (VA € 8), such that u(aA) = 0: iMoo ,m(A) - u(A).

Proof. Probability 2. L]
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THE SPECIAL CASE OF R (OR R%)

The distribution function helps:

P(Yn < :c) — /Ln((—OO,CE))a

P(Y < a:) = ,u((—oo,:c)).

Theorem. u, = u (also denoted Fy,, = F) iff

nli_)moo Fn(x) = F(x),

Proof. Probability 2.

at all points of continuity of F.
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EXAMPLES FOR WEAK CONVERGENCE

EX1: Convergence in probability (Probability 2, Analysis)— this
is NOT the typical case: (2, F,P)

Yn,Y : Q2 —-R defined on the same probab. sp., Yn L Y

EX2: Poisson approximation of binomial (Probability 1):
Yy ~ BIN (pp,n), 1im npn = A € (0,00), Y ~ POI(MN).

EX3: De Moivre's CLT (Probability 1):
ffn — pn

Yy ~ BIN(p,n), Yn::\/(l -~
p(1 —p)n

Y ~ N(0,1).
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EX4: De Moivre's-type CLT for gamma-distributions
(Probability 2):

Yy ~ GAM(\,n) y, .= Yn =2 m Y ~ N(0,1)
~ y V), -— 3 ~ ) .

EX5: General CLT for sums of i.i.d. r.v.-s (Probability 2) —
the typical case:

Xp i.id. r.v.-s, m = E(Xj), o2 = Var(Xj),
(X —m
Yy, 1= =105 >, Y ~ N(0,1)
o\/n
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TIGHTNESS

Definition. The sequence of probability measures u, on (S.S),
or the sequence of S-valuead random variables Y,, is tight, if
(Ve > 0) (IK € S) such that

(Vn) : un(S\ K) <e,

or P(YngéK)<€.

In the S =R case (Ve > 0) (AK < o) such that
(¥n) pn( (=00, ~K) U (K,00)) <.

or P(|Yn|>K)<€.
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Proposition. If u, = u then the sequence uy, is tight.

Proof. Easy, if S is locally compact!
Choose

KeKeS st p(S\K)<e/2

and

f:S—1[0,1] cont., s.t. f1z=0, [flsx=1.

T hen

Mn(S\K>§ /Sfd,un S,un(S\E)
|
u(S\K) < /fdu < u(S\K) <e/2.

Hence, (dng < oo) such that (Vn > ng) : gn(S \ K) < €.
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Theorem (Helly's theorem). Let {un/Fn/Yn}, n=1,2,..., be a
tight sequence of {probability measures / probability distribution
functions / random variables} on R. Then one can extract a
weakly convergent subsequence {un,/Fn,/Yn,}, k=1,2,...:

Theorem (Prohorov's theorem). Let {un /Yn} , n=1,2,..., be
a tight sequence of {probability measures / random variables} on

the complete separable metric space S. Then one can extract a
weakly convergent subsequence {un, / Yn,} , k=1,2,...:

{ wn,=>p / Yo=Y } as k — oo.

For proof of both Thms see: Probability 2.
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METHODS FOR PROVING WEAK CONVERGENCE

General scheme: (1) prove tightness

(2) prove uniqueness of possible limits
(3) identify the limit

Methods:

(A) With bare hands
(e.g. De Moivre, Poisson, maxima of i.i.d.)

(B) Method of moments

(C) Method of characteristic functions
(e.g. Markov-Lévy CLT)

(D) Coupling
(E) Mixed methods
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III.
WITH BARE HANDS
(ARCSINE LAWS AND RELATED STUFF)
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X simple symmetric random walk on Z (d = 1!):

Xo =0, P(Xn_|_1:z'i1’Xn=z'):%.

Some relevant random variables:

The maximum: My, := max{X; :j € [0,n]},
First hitting of r € Z4 : T, :=inf{n >0 : X, =r},

Return times k € N. Rg =0, Ryp41:=inf{n > R : X, = 0},

Local time at O € Z: Ly :=#4{j € (0,n] : X; = 0},
L ast visit to 0 € Z: An i= max{j € (0,n] : X; = 0},

X X
Time spent on Z : ™ = #{j € (0,n] : J 12+ LS 0}.
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Theorem (Limit theorem for the maximum).
(i) Discrete,microscopic version: 0 < r <n fixed:

P(Mp=r)=P(Xn=r)+P(Xn=r+1)
(ii) Local limit theorem: 0 < u fixed, 1 < n:

nl/QP(Mn = [nl/Qu]) - \/ée_U’Q/Q]lwo +O0(n~1/?)
7T

(iii) Global (integrated) limit theorem: 0 < x fixed:

|2 [T 2
: 1/2 2
nllm P(n / Mn<af;) = 1z;>0 _/O e 2qy

= 1,020 (z) - 1).
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Proof of part (i).
P(My>r) = P(My2rXo#r)+P(My>rXy=r)

*: due to the reflection principle.

P(Mn:r) - P(MnZT)—P<Mn2r—I—1>
- 2P(Xn2r>—2P(Xan—|—1>—
~P(Xn=r)+P(Xn=r+1)

= P(Xn=r)+P(Xn=7r+1)
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Proof of parts (ii) and (iii).
P(Mp=[Viu]) = P(Xn=[vnu])+P(Xn=[vnu] +1)

=172 [2 w22 + O

7

ﬁ
**: due to De Moivre.

(iii) Integrated version folows from local version + Fatou + Rie-
mannian integration.

]
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Theorem (Limit theorem for the hitting times).
(i) Discrete, microscopic version: 0 < r < n fixed:

P(Tr — n) — %((n +nr)/2)2_n

(ii) Local limit theorem: 0 < s fixed, 1 < r:

7“2P<T7~ = [7“23] ) = \/28_3/26_1/(25)]15>0 -+ (9(7“_1).

(iii) Global (integrated) limit theorem: 0 < t fixed:

1 t
im P(r_zTr<t) _ ]1t>o\/7/0 $—3/2,-1/(2s) 4,
T

T—00
2 oo
= ]1t>0\/_/ e~ /2 .
T J1/VE
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Proof of part (i).

P(Tr=n) = %P({j@naéxj <r—1}A{Xp_1=r—1})

— %P(Xn_l =r—1)-
P (D% = A s =7 - 1)

= %P(Xn_l =r—1) —%P(Xn_lzr—l—l)

= ol n2?”

*: due to the reflection principle. [ ]

57



Proof of parts (ii) and (iii).

. o [r2s] _[r2s]
PIT=10) = gz 4+ 2)

2 2 22778_3/26_1/(28)—’-0(7“_3)

**: due to Stirling.

(iii) Integrated version: local version 4+ Fatou 4+ Riemannian
integration. L]
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Theorem (Limit theorem for the return times).
(i) Discrete, microscopic version: 0 < k < n fixed:

k n N
P(Ry=k+n)= ;((n+k)/2)2
(ii) Local limit theorem: 0 < s fixed:
1 _3/5 _1/(0s _
K°P( Ry, = [k%5] ) = Neri 3/2¢=1/(29)y o+ Ok D).

(ii) Global (integrated) version: 0 < t fixed:

lim P(k 2Ry, <t) —3/2e-1/(25) g

k— 00

1 t
il —_— / S
t>0 /—271- 0

= 1, O\/é/OO e_u2/2du.
OV 1/Vt
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Proof.

law

R. = Ty + k.
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Remarks on the last two limit theorems:

(1) Li.d. sums:
Tr =& +&++&, R=+¢0+ -+ (g,

where &, : = 1,2,... and (;, + = 1,2,... are sequences of i.i.d.
r.v.-s with
law law law
& = Th, (; = Ry = T7 + 1.
(2) Stability:
1 _ _

f1() 1= o=s T2 B0, fals) i=afi(as), o> 0.
Then

Ja* Jp = f(\/5+\/g)2

Homework.
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Theorem (Limit theorem for the local time at zero.).
Global (integrated) version:

2 [t 2
. —1/2 — 2
n||_>mOOP(n / Ln<t> = ]1t>0\/;/0 e U/ 2qu.

Proof.
{Ln<k}:{Rk>n}.
Hence
: 1/2 s Y 2 /,,2
nII_>mOOP(Ln<n t) = n“—>mooP<Rn1/2t>n)_ml,@ooP(Rm>m /t >

= \/E/t e_u2/2du.
7™ JO
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Remark: Note that
im P(n Y2 |Xn| <u) = lim P(n Y2L, <u)

n—oo n—aoeo

= |im P(n_l/QMn < u)

n—oo



For a simple symmetric random walk X,, (on Z) denote

n )2—77,

u(n) ;= P(Xn = O) = (n/2

f(n) = P( min{m > 1: X, = Xg} = n)

Recall the identity:

u(n) = > f(m)u(n —m).

m=0
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Theorem (Paul Lévy's arcsine theorem).
(i) Discrete, microscopic version: 0 < k < n:

P(Aopt1 = 2k) £ P(Ag, = 2k ) = u(2k)u(2n - 2k),
P( 741 € {2k, 2k +1}) £ P, = 2k ) = u(2k)u(2n — 2k),
(P(,\Qn =2k+ 1) EP(Aopp1 =2k+1) EP(mp, =2k+1) = o)

(ii) Local limit theorem: y € (0,1) fixed 1 < n:
1 1

T /(1 —y)
(ii) Global (integrated) limit theorem: x € (0,1) fixed

+0(n~1/?)

nP()\Qn = 2[ny]) = nP<772n = 2[ny]) =

2
im P(n *an<z)= lim P(n tm, <z)=ILgopo1=arcsin/z.
<< T

n—aoeo n—aeo
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Lemma.

P<Xj750,j=1,2 ..... 2n>=P(X2n=O)=:u(2n).

Proof of the Lemma.

P(Xj;éo,jzl,Q ..... 2n)=2P<Xj>O,j=1,2 ..... Qn)

:2§P({Xj>0,j=1,2 ..... on — 1} A { X2y, = 2} )
=1

\ TOO 1

=2y 5(P(in_l =2 — 1) —P(in_l — 2 + 1))

1

.
- P<X2n_1 - 1) - P(Xgn — o).
*: due to the reflection principle. [ ]
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Proof of the Theorem
(i) For Apn:

P(/\anzk) - P({XQk:O}/\{Xj#O, i=2k+1,.... Qn})

- P(sz:O)P(Xj £0, j=1,...,
= u(2k)u(2n — 2k).
For m, by induction. Note that
P(wzn — Qk) - P(@n — 2n — Qk).
For k=0 or k = n:

P(W2n=0> - P(ijo, i=1,2,..., zn)

- P(ijo,j=1,2 ..... 2n—1)

- 2P<Xj >0, j=1,2,..., Qn) = u(2n)u(0)
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Denote
b(2n, 2k) 1= P(@n - 21:) = b(2n,2n — 2k)
For 1 < k <n there is a first excursion to the left or to the right:

n—k
b(2n,2k) = Z f(2r)b(2n—2r,2k— 2r)—|— > f(2r)b(2n—2r, 2k)
7"—1 7°—1

By the induction assumption:

k
b(2n, 2k) = %u(Zn —2k) S F(2r)u(2k — 2r) +
r=1

n—k
—I—%u(Qk) S f(2r)u(2n — 2k — 2r)

r=1
— —u(2n — 2k)u(2k) + u(2k:)u(2n — 2k) = u(2k)u(2n — 2k)
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(i)

1 1
*_—* n_l—

+0(n™3/?)
Tyl —y)

u(2[ny)u(2[n(1 —y)])

**: due to Stirling.

(iii) Integrated version: local version 4+ Fatou 4+ Riemannian
integration.

]
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IV.
THE METHOD OF MOMENTS AND
THE METHOD OF CHARACTERISTIC FUNCTIONS
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RECALL EVERYTHING
YOU LEARNT ABOUT
CHARACTERISTIC FUNCTIONS

PROBABILITY II.
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THE METHOD OF MOMENTS

Let X be a random variable, its absolute moments and its mo-
ments are assumed finite:

Ap=E(|X|") < o, My, ;= E( X*)

Remark: In order that the sequences A, and M, be the se-
quences of (absolute) moments of a random variable X it must
satisfy an infinite set of (Jensen-type) inequalities: in particular,
if ki1 +---+ km = k, respectively, if k1 4+ --- 4+ kyny, = 2k then

m m

1] Ax; < Ay, 1 My, | < Moy,

. .

J=1 Jj=1
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The “Moment problem”: Given a sequence of moments M,
does it determine uniquely the distribution of a random variable?

Theorem. If M;. is a sequence of moments such that

1/k
M
lim sup | k' = R_l < 00

then it determines a unique random variable X (or: probability
distribution) such that My = B( X*).

Proof. The power series of the characteristic function

0

> Rk

k=0 "
will have radius of convergence R > 0, and thus it will be uniquely
determined. L]
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Examples: Compute all moments of all remarkable distributions.

Eg.
X ~EXP()) : M, = A, = 2"Fk!
k!
X ~ N(0,0) : Aoy, = Uszkk! = Moy,

2
A2k—|—1 — O'Qk—l_l\/;Qkk!, MQk—l—l =0

A counterexample: the log-normal distribution (HW!).
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Weak limit from convergence of moments:
Theorem. Let Z,, be a sequence of random variables which have
all moments finite and denote
. k
M, :=E(Z}).
If (Vk) the limit limp—oo M, ;, =: M), exists and the sequence of

moments M, determines uniquely a distribution/random variable
Z, then Z,, = 7.

Remark: The sequence M, is a sequence of moments.

Proof (1) Tightness:

P(|Zu| > K ) <
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(2) Identification of the limit: Assume Z, = Z. For K < co let

@KZR%R,

Then

@K(m) L= ZIZ]l|x|§K + Sgn(:E)K]l|m|>K.

lim E(ng(Z)k)

K—oo

lim |lim E(goK(Zn,)k) (due to weak cvg.)

K—oon/—oo

lim lim (E(Zs,)—E(ZS/_SOK(Zn’)k»

K—ocon'—oco

lim M, — lim lim E( 2} — o (Z,)")

n!— o0 K—ocon'—oco
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But:

E(Zy —ox(Z)")| <E( |2y 1z 15k | )

2 it [P(120 > )

(i) \/Mn’,Qk \/Mn’,Q
- K

(1): due to Schwarz's inequality
(2): due to Markov’'s inequality

Altogether:
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Appl 1: CLT with the method of moments: Sheds light on

the combinatorial aspects of the CLT. Let &; be i.i.d. with all

moments finite, E(gf) =:my, mp =0, mo=:07,

_ a4t
v

In .
Then, with fixed k:

B(24) = n (oM o) = oM

B(27T1) = o(1) -0,

as n — oo (with k fixed).
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THE METHOD OF CHARACTERISTIC FUNCTIONS (Re-
peat from Probability II.)

Theorem. Let Z, be a sequence of random variables and oy,
R — R their characteristic functions,

on(u) = E( exp(iun) )
If

(Vu € R) : im on(u) = p(u) (pointwise!)

and u — @(u) is continuous at w = 0, then ¢ is characteristic
function of a random variable Z and Z, = Z.
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Proof:
(1) Tightness:

Lemma (Paul Lévy). Let Y be a random variable and ¢(u) :=
E( exp(iuY)) its characteristic function. Then for any K < oo

K 2/K
P< Y| > K) <5 _Q/K(l — (u))du.
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Proof of the Lemma:

2/K
o[ )

2/K

(1): Fubini,
(2): |sina/a| <1,
(3): sina/a < 1/|al.

2/K |
/ 1 — ezuy)du
2

2/K
2E(1 - S'nz(ij;/f())

2B((1- 202y )
28 ((1- 55 )8y o)
P(|Y|>K).
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Proof of the Theorem continued:
From continuity of u +— ¢(u) at u = 0:

(K < 0) : gfi//l;(l — p(u))du < %

From pointwise convergence (and uniform boundedness of ¢y)

(dng < o0) : (Vn > ng) : g/_zz//[;(l — pn(u))du < €.

Hence tightness, by the Lemma.
(2) Identification of the limit: Assume Z, = Z, then

E(exp(iuZ)) = lim E(exp(z’uZn/)> = o(u).

n —oo
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ERDOS-KAC THEOREM: CLT FOR NUMBER OF PRIME
DIVISORS (a mixture of the method of characteristic functions
and method of moments)

Denote by P the set of primes and

g:N—=N, g(m) == #{peP:p[m}.

Theorem (Paul Erdbés & Marc Kac, 1940).

dy.

x
Vioglogn —co 2T

Probabilistic setup: Let w, be randomly sampled from
{1,2,...,n},UNI) and Z,, := g(wpn). Then
Zn — loglogn
Vioglogn

— T _2/2
lim n_l#{me{l’Q’”.’n}:g(m) Ioglogn< }_/ e~ Y

n—ao

= N(0,1).
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Proof:
We will use

1
> = =loglogn 4 O(1).
pEIP’:pSnp
Define the random variables Y, p, p € P, n € N.

p|wn7
Mind that for n € N fixed (Yn,p)pep are jointly defined.
Then
pelP

Note that for any k < co and pq,po,...,pr € P fixed

(Yn,pp Yn,pQ, ceey Yn,pk) =4 (Xp1> szv T 7ka)
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where X, p € P, are (jointly defined) independent random vari-
ables with distribution

P(Xp=1) =%=1—P(Xp:o).
How to guess the result? Let

Oy — 00, Sni= > X
pelP:p<an
Then
Sn — loglo
gf = 2n 297099 ng 1),
Vi6oglog an
Note that

Sp —loglogan  Sn — E(Sn) n E(Sn> — loglog an
Jviogloga,  +/Ioglogan V1og1og an,
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and
E(Sn> — loglog ap __logloglog an + O(1)

> 0
Vi6oglog an Vi6oglog an
T he weak convergence
Sn—E(S
n— B(5n) - N(0,1)
Vvioglog ap

is proved with method of characteristic functions:

1 iu(p—1)/p, , p—1 —iu/p
gp P ogogan T » P isgiog an}>

E( exp(iuS§)> = ]]

peP:p<a

— exp{—u?/2} HW!

86



Let:

an = nl/log logn
logn
log logn
loglogay, = loglogn — logloglogn.
Note that
(1): (Ve > 0) : ap = o(n®),

(2): v 1

an<p<n p

= logloglogn + O(1).
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Let

Sn 1= Z Xp; S;;
pelP:p<an
pelP:p<an

Zin 1= Z Ynap — Z Yn,p7 Z;; =

peP:p<n pelP

Sy — log log oy,
Vi6oglog an

T, — log log oy,
Vi6oglog an

Zn —loglogn
Vioglogn

We know that S} = N(0,1) and we want to prove Z = N(0,1).
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Step 1.

B(|Zn—Tnl)

> E(Yap)< X

1
pEP . an<p<n peEP.an<p<n p

logloglogn + O(1) = o(v/log log n)

logloglogn + O(1) = o(v/1oglogn)

lloglogn — loglog ax, |
Hence

T~z 2 o
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Step 2. We prove T = N(0,1) with method of moments.

By computation:

—u2/2
Jim E(sk) _/_OO T vy =1 My, HW!

Forl<pi <po<---<p<apand ky,ko,..., k> 1:

k1 K k 1
B( XpiXps... Xp ) = B(XpXpy ... Xp ) = A
k k k 1 n
E<Yn,%91yn,%2 i n,lpl) — E<Yn,p1Yn,p2 - Ynp, ) - L?1P2 3 .le '
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Hence:

‘E(Xﬁgxgg LX) —B(Yah Va3, Y, ‘ < %

Y

Using this and

(1 4+ 22+ +ay) =
N

=3 3 S Ciky ko, k)T g,
[

1 ki,kp,....ki1>21  1<mi<mo<---<m<N
ke 4kt ky =k

we readily obtain

ok

B st) - B(7h) | < % = ot

n
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and thus

. k .
Hence:
T = N(0,1),

which together with “Step 1" implies
Zn = N(O, 1),
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LIMIT THEOREM FOR THE COUPON COLLECTOR
(mixture of “bare hands” and characteristic/generating function
method)

ForneN, letg, r, k=0,1,...,n—1 beindependent geometrically
distributed random variables with distribution

P(fn,k=m>=(ﬁ)mn_k, m=0,1,2,...

n n

and

n—1
V=) &k
k=0
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E(Vn> =nlogn+ O(n),

k
Var(&nk ) = . k)2
2
Var(Vn) = %nz + O(nlogn).

04



T heorem.

ol
lim P(V” nlogn

n—oo

" < :z:) = exp{—e "}.

Remark: The (two-parameter family of) distributions

Fajb(:r:) = exp{—e_ax+b}, a < R‘l" beR,
d
fap(@) = —F, () = aexp{—e T’ —az + b}
’ dw )

are called Type-1 Gumbel distributions and appear in extreme
value theory.
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Proof: Let ¢, . ‘=&, n—k k=1,...,n, and

n n 1 Vi —nl _
Zn::Z<C k k>: nlogn o i1y,

k=1 n n

where ~ is Euler's constant

. —_ 1 Y
= lim_ (Z k™ —log n) ~ 0.5772....

Lemma. Let p, \, 0 so that np, — XA € Ry and {, be a sequence
of geometrically distributed random variables with distribution

P(Cn — 7“) = (1 —pn)"pn.
Then (n/n = EXP(\).

Proof. Straightforward elementary computation. [ ]
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Thus

Cn1 Cn,2
(n’ 2= = (G, o)
mn n
where (., k= 1,2,... are independent EX P(k)-distributed,
1 1 -
B(G)=1  Var(G)=73  G=0G-E(G)

It follows that

K
Zn = 7 = |lim C
" Kﬁookzz:lck

Note that the limit defining Z exists a.s. due to Kolmogorov's
inequality (see Probability II.)
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Computing the distribution of Z: Let ® : (—1,00) — R4 be the
moment generating function (Laplace transform) of Z:

P(u) = E( exp(—uZ)) = 10_0[ E( exp(—ugk)) — ...
k=1

> k U
= expk§1(|09k+u+z)

(Mind that the sum is absolutely convergent!)

Analiticity of (—=1,00) > u+— ®(u) and the identities
d(0) =1, P(u+1)=€e"(u+1)P(u) HW!
determine
P(u) ="M (u+1).
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On the other hand:
— OO — OO

w —
el / z%e *dz
0]

= "T"(u+1).
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V.
LINDEBERG’S THEOREM
AND ITS APPLICATIONS
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TRIANGULAR ARRAYS OF RANDOM VARIABLES:

gn,ka

k=12 ....N,, n=12,...

random variables. EXxplicitly:

§1,15
§2.1,
3,1,

-
En,1s

o o 9

.

£2.2,

£3,2,
.

gn,Qa

TS

§1,Ny
s §2. N5
£3,3; Ce §3,N3
. o
&n,3 §n, 4 §n,5 ooy &n.N,

L) o ooy

which are row-wise independent. (Different rows are not even

jointly defined.)
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Assume:

E(&,) =0, Var (&, ), ) =: oa ) < o0
and denote their characteristic functions

enk(u) = B( expliug,} ).
Let

Sn i =&pn1t &2+ -+ &N,
Then

E(Sn) =0,

2 2 2 . 2
Var(Sn) =051 —|—0n’2 + .- —I—O‘n’Nn =: o,

S.
Question: CLT for =27

On
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Theorem (Lindeberg, 1922). If (Ve > 0)

1 Dn
_QZ E( €05 ° L, [>e0, ) = O (%)
’I’L :

then

&:N(O 1).

on
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Comments, remarks:
(1) Condition (***) is Lindeberg’s condition.
(2) W.l.o.g we may assume (Vn) : op = 1.

(3) The “meaning” of Lindeberg’'s condition:

“All components gn,k are negligibly tiny compared with S;."
In particular it follows that

2
Un,k

lim max 5
n—00 1<k<N, 03

= 0. (*)

onk = B(& e, v1<con ) TE(E ke, 15200 )

2 2 2
< Son + B kM eo )
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BUT: condition (*) is genuinely weaker then (***) and it is not
sufficient for the CLT to hold!

(4) The old CLT for sums of i.i.d random variables (. follows
with fmk = Ck:

(5) In a very precise sense: Condition (***) is sufficient and
necessary for the CLT to hold (W. Feller).
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Proof. W.l.o.g. we assume (Vn) : on = 1 and plan to prove:

Nn

. 2
(Vu) : Jim 11 on (u) =e " /2,
k=1
Lemma.
b s (i) t|m T 2™
vVt € R) : o < min : .
( ) ) ; e {(m+1)! l

Proof of the Lemma. By induction on m:

_ m o\l m—+1 ¢ ,
1t (Zt> _ v m 18
c _Z_O Nl /o(t_s) ¢ ds
L t 1 .
= ( 1)|/O(t—8)m (828—1)d8
m — .
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It follows that

|90n,k(u) — 1+

2 2
u O-?’L,k’

2

IA

A

VAN

VAN

‘E(eiugn’k B 22: (Zugn,k>l) |

— [!

E( SiEn g _ 22: (iufn,k)l D

— [!

B( min{|ugy, [*/6. [ugux [°})

3
u
Jul” (1€n.5 |3]1|fn,k|§e) T

§)
+|u |2E< 1€k |2]1|€n,k |>€)

elul® 5 2 2
=kt PE(€k PRy, e )
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Hence, using (***),

2 .2
uank

lim Z Pnp(u) — 1+ =0. (1)

n—aoo

This is the main pomt of the proof!
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Np, Ny, 2.2
| > 109 (u) +“;\ > (10g g () + - Z’”"’“))

k=1 k=1

2 2
U Gnﬁ‘

2

Na
< Y |log ey, p(w) +
k=1

Np
< Y 109 g (W) 4+ (1 — () | +
k=1

ulo2

7@

Nnp
+ > |enr(w) -1+
k=1

We show that the last two sums go to zero, as n — oo.
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From (1) it follows that

lim su max ‘ u —1|<
n—>oop 1<kEN,, Son,k( ) >~

2. 2 2 2
ucon i ucog

+ limsup max
n—oo 1<k<Nj 2

— 0. (3)
This implies that for n > ng and 1 <k < Ny :

o p(u) — 1] <1/2,

< limsu max ‘ u) — 1
n—>oop 1<kEN,, @n,k( ) +

and

109 @ (1) + 1 = ¢y (u) | < |1 = @ () | <

+

< ( max |1 — ¢y, p(u) |) ()wn,k(U) -1+

2 2 .
u Unk: o kZ
1<k/'< Ny,
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Hence

Nn,
Z | log @n,k(u) + (1 - 90n,k(“)) | <
k=1

< Mmax | ] — © (,“) ‘ NEn ‘ ( ) 1 n,k ‘ u
1<K'<Np k’ k=1 ok 2 2

Now, from (1), (2) and (3) it follows that

n—oo

lim ‘ Z log Son,k(u) + ?‘ = 0.
k=1
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Application 1: CLT for the number of records.
Let n., k=1,2,... bei.i.d., n > 0, with continuous distrib., and

51 — 17 gk L= ]lnk>maX1§j<k77j7 k > 17 Sn .= €1++€n
Then &, k= 1,2,... are independent (HW!) with distribution
1

P(¢=1) === 1-P(& =0),
E(Ek)=%, Var(&k)=kk_21,
E(Sn) = logn + O(1), Var(Sn> = logn 4+ O(1).
T heorem.
Sn —logn N(0,1).

viogn
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Application 2: CLT in the ‘“borderline” case.

Let ., k= 1,2... i.i.d. with distribution density
d _
%P(Uj < w) =: f(z) = |z 21551
Then
(Ve > 0) : E(|nj|2—€) < o0, E(nj) =0, E(|nj|2) = .
T heorem.
m + -+ 0n
= N(0,1).
vnlogn ( )
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Proof: Define

fn,k = nk]l|nk|<\/ﬁloglogn’ kEk=1,2,....n
And apply Lindeberg’'s Theorem for the triangular array 5n,k,
k=1,2,..n,n=1,2,....
Mind that (Vn) : &, k=1,2,...n are i.i.d.
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holds because

€n1 |2 < n(loglog n)2 < enag’l.
So:
: — = N(O,1). 4
oo (0,1) (4)
What is the error made with the cutoff?
1
P(Gk<n): &p#Em) <nP(&i#Em)= oglogmyz —°
Hence
& P
Z |77k_€n,k| — 0. (5)
k=1
The theorem follows form (4) and (5). L]
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VI.
STABLE DISTRIBUTIONS AND STABLE LIMITS
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AFFINE EQUIVALENCE:
Definition: The probability distributions Fi1,F> : R — [0, 1] are
affine-equivalent iff

(EIaE(O,oo),bE]R) ; (VwER) . Fs(x) = Fi(ax + b).

Remarks: (1) This is clearly an equivalence relation. A class
of equivalence can be parametrized as

(0,00) X (—00,00) 3 (a,b) — Fyp(-) := F1o(a- +b).
(2) In terms of the random variables X1, X» (of disrib. Fy, F»):
(3 a € (0,00),b GR) X ~aXqi+b.

(3) In terms of the characteristic functions 1, o> (of the disri-
butions Fy, F5):

(EI a € (0,00),b € R) ; (V u € R) o) = oy (au).
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STABILITY:

Definition: An affine-equivalent class of distributions is stable
iff it is closed under convolution.

A distribution is called stable if it belongs to a stable class: the
distribution F' is stable iff

<Va1,a2 > O) ; (EI a3z > 0,b3 € R) . F(aq-) * F(ay') = F(a3z - +b3).

Remarks: (1) In terms of the random variables:

(Val,ag > O) ; (3 az > 0,b3 € R) C a1X1 + arXo = a3 X3 + b3,
where X4, Xo, X3 ~ F' and X, Xo are independent.

(2) In terms of the characteristic function:

(Val,ag > O) ; (EI a3z > 0,b3 € R) - w(agu)e(aru) = 3% (azu).
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(3) By induction it follows that
(VkEN, al,...,ak>0): (Elak_|_1>0, bk_|_1€R)Z

a1 X1+ -+ apXp = ap41 X1 T bp41,
where Xq,..., X, Xp41 ~ F and Xq,..., X are independent.
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EXAMPLES:

EX1: (counterexample): Discrete distributions CAN'T BE sta-
ble. Actually: a stable distribution doesn’'t have point mass.
(Obvious!)

EX2: The class of Gaussian (normal) distributions is stable:

@1—%— exp{—(z — m)2/(202)},

oc>0meR: fom(x): =

o2u?

}.

wo.m(u) = exp{imu —
Indeed, for 01,00 > 0 and my,mpy € R

Jo1,mq * Joo,mo = Joz,ma; Po1,m1Poo,mo — Poz,m3
with

_ .2 2y1/2 —
03—(014‘02)/, m3 = mj + mpy.
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EX3: The class of Cauchy distributions is stable:

1 . 1
mr 14 (x —m)2/72’

T>0meR: frp(x): =

or.m(u) = exp{imu — 7|u|}.

Indeed, for 71,7 >0 and mi,mpy € R

Jri,my * fromo = fr3,ma; P11,m1P10,mo — P13,Mm3;
with

T3 = T1 + T2, m3 = mj1 + mo.
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EX4: Recall the distribution of first hitting times of Brownian
motion: B; standard 1d Brownian motion, Bg = 0.
o @) 2. D
Ty = mf{t . By = 7“} ~ T mf{t . By = 1}

foo() = S P(T 5 <s) = 2P(Ty < 5/a)

(1): By scaling of Brownian motion.

Then,
’ V2T

(3) .
Pa,0(u) = exp{—(1 4 i)al/?ul*/?}.
(2): See earlier work. (Max. and hitting times of RW and BM.)
(3): Computation. Will be done later. Try it as HW.
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Indeed, for aq,ar> > 0

(4

)
fal,O * fozg, fozg,Oa Paq1,0Par,0 — Pas,0s
with

o = (a1/2 1/2)2

(4): By independent + stationary increments and scaling of
Brownian motion:
(7“1+"“2)2T1 ~ Tpigry ~ Ty + Ty, ~ 1Ty + 15T

where T, and T}, respectively, Ty and Tj are /ndependent.

HW: Let (Xt Y;) be standard 2d Brownian motion, starting form
(Xo,Yp) = (0,0), and Ty = inf{t : Xy = 1}. Compute the
distribution of Y .
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Proposition. T he distribution F' is stable if and only if for any
k € N there exist aj. > 0,8, € R such that

X1+ + X = o X + B,
where X1,..., X, X ~ F and Xq,...,X; are independent.

Proof of the Proposition: Later. [ ]

Limit laws of centred and normed sums of i.i.d. random variables
are always stable:

Theorem. Let X1,Xo,... be i.i.d. random variables and S, =
X1+ -+ X,. If there exist (deterministic) sequences a, > 0O
and b, € R such that

Sp — b
Zp =" Ty,

an
as n — oo, then the distribution of Y is stable.
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Proof. Fix kK € N and denote,

nj .
S o x;=8Y) ~ 8. =1,k
i=n(j—1)+1
Then
Sen =S+ + 5
and
kby, — b
RLUS/S - yAC SR O
an an
where Zél),--- ,Zf,gk) ~ JZp are i.i.d. Thus:
Zhy =Y, ZzZ oz oy oy (R
as n — oo, where Y1) v(K) < v arei.i.d.
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Lemma. Let W,, be a sequence of random variables, o, > O,
Bn € R (deterministic) sequences, and W] := an,Wy + By. If both
Wn = W and W) = W', as n — oo where W and W' are both
nondegenerate random variables, then the limits limy—oco ap =:
a >0 and limp—oc Bn =: B € R exist.

Proof of the Lemma. Easy: write the characteristic functions.

]

By the Lemma the limits

kbn — b
lim 250 —: o, >0, lim 2Tk —. g R

n—aoeo an, n—ao an,

exist, and thus
YW 4. 4 v® Cay -3,

The Theorem follows from the Proposition. [ ]
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SYMMETRIC STABLE LAWS (easier then the general case)
Theorem. (i) Let ¢ >0 and o € (0,2]. The function ¢ : R — R

p(u) = exp{—clu|*} (6)
IS characteristic function of a symmetric stable distribution.

(ii) The characteristic function of a symmetric stable distribution
is of the form (6), with some ¢ > 0 and « € (0, 2].

Remarks: (1) The parameter ¢ > 0 can be changed by scaling.
The parameter o € (0, 2] is essential. 1t is called the index of the
stable law.

(2) u+— o(u) of (6) obviously satisfies the stability condition. It
is to be checked that

— It is indeed a characteristic function.

— There are no other chf-s of symmetric stable laws.
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(3) Examples: o = 2: Gaussian; o« = 1: Cauchy.
No explicit formula for the distribution function/density in other
cases.

(4) In the symmetric stable case:

1/
a1X1 4+ anXo ~ (aff +ag) 45

Proof of (i), for o € (0, 1]:

Theorem (Gyorgy Polya’s construction). Let ¢ : R — [0, 1] sat-
isfy:

o Ilimo(u)=1, e p(—u)=¢(u), o[0,00)dur— p(u) convex.

u—~0
Then ¢ is a characteristic function.

If a € (0,1], then ¢(u) of (6) is of this form. L]
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Proof of Polya’s theorem.
0 .. 1 —Ccosx

pr(w) = (1= Jul), = [ e e,

©.0) T

Ya(u) 1= Y1 (au) = (1 — a|u|)_|_, a > 0,

are characteristic functions. The functions of the theorem are
pointwise limits of functions of the form

K
u ) pribay(w),

k=1
with
CL]_,...,G,K>O; pla"'7pKE[Oal]7 p1++pK:17
which are themselves characteristic functions. L]
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Proof of (i), for o € (0,2):
Let X1, Xo,... bei.i.d. with symmetric distribution density f:

«
f(z) = 2|w|a_|_1 ]1|:13|>17

and characteristic function . Then

0 1 — cos(ux) a|u|a/|oo 1 —cosy

1—¢(u)=oz/1 —aF1 dx =

Since 0 <a<?2 (!):

1 — Cosy
/O ya—l—l

dy =. — < 00,

C
«

[ul 1 — cosy 5 g
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T hus,
p(u) =1 — clul® + O(Jul?),
and hence, for any u € R fixed

. Sn __ —1/a\n
E< exp{zunl/a}) = Y (un )

_ (1 B c\UIoz + O _Q/Q)) o—clul®

We have proved that v — €—c|u| IS the characteristic function of
a symmetric stable distribution F' and the limit theorem

lim P(S— < a:) = F(x).

n— 00 nl/
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Proof of (ii). We prove that if ¢ is characteristic function of a
symmetric stable law then it is of the form (6).

Let F' be a symmetric stable law and ¢ its characteristic function.
Lemma (Some basic facts about ¢). (i)
(‘v’u S R) o) = o(u) = o(—u).
(ii)
(‘v’u € R) . o(u) > 0.
(iii) If b > a > O then

(Elu S ]R) . o(bu) £ o(au).
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Proof of the Lemma.
(i) follows from symmetry of the distribution F'.
(ii) Due to symmetry and stability,

(EI ce (0,1)uU (1, oo)) ; (‘v’ u € ]R) - o(u)? = ¢(cu)

(If c =1 then (Vu € R) : ¢(u)?2 = p(u), and, by continuity at
u=0, p(u) = 1. This case is excluded.)

{go(uo) = O} = {(V k e Z) - o(cFug) = O}.
This is impossible, due to continuity at v = 0.
(iii) This holds for any characteristic function.
Let c:=a/b < 1. By continuity at u =20

{(‘v’ u € R) . p(u) = go(cu)} = {go(u) = 1}.
But this case is excluded. L]

133



By symmetric stability there exists

v:N—R4, (V u € R) Co(u)"” = p(y(n)u).
We get
(VueR): o(y(nm)u) =)™ = p(y(n)y(m)u)
Hence, by (iii) of the Lemma

v(nm) = y(n)y(m).
Extend

v:Q — Ry, v(n/m) = y(n)/y(m).
Then

(FueR): o)™ == p(y(n/m)u)
Let r & R_'_ and 'n & @, Ilmn—>oo Tn — T.
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Then
e(y(rn)u) = @(u)™ — p(u)".

~v(r,s) — 0 or vy(r,s) — co implies ¢(u) =1 — impossible.
Similarly, if v(r,;) — ¢ € R and ~(r,») — ¢” € R then again by
(iii) of the Lemma ¢’ = ¢”. So, we extend v : Ry — R, such
that

(VueR): o) =p(y(r)u) (7)
v(rs) = (1) (s). (8)
r— ~v(r) is continuous. (9)
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Lemma (“Cauchy’s problem”). Let v : (0,00) — (0,00) satisfy
(8) and (9). Then ~(r) =P for some 3 € R.

From (7) it follows that p(u) = exp{—c|u|*} with a = 1/4.
c<0ora¢(0,2] are a priori excluded. L]
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Remarks:

(1) The symmetric stable distributions are absolutely continuous
with C°° density functions.

(2) “Heavy tail”: For a € (0, 2):

F'(z) =: f(z) ~ C(a)|z|"* 1, as  |x| — oo

(3) In particular
(Ve >0): E(|X[*7¢) < o0,

B([X]*) = oo,
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Theorem. Let Xq,X>,... be i.i.d. random variables. Denote
their (common) distribution function by F' and Sy, := X1+ ---+
Xn. Assume that the distribution F is symmetric

F(—z)=1- F(z + 0),

and the tail of the distribution has regular power-law asymptotics

im z%(1— F(z)) =b,

r—00

with o € (0,2) and b € (0,00). Then
lim E( exp{iuSn/nl/O‘}) = e~ clul”,

n—oo

with

01 — Ccosy
c= 2ba/0 ot dy.
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Remark: This Theorem extends the earlier construction. A
more general Theorem will be stated later.

Proof. We prove for |u| < 1
$(u) = E( exp{iuX;}) =1 clul* + o(jul*), (+55)

and hence
E( exp{iuSn/nl/o‘}) = (w(u/nl/o‘))n
= (1 — clu|¥/n + 0(1/n))n — e—clul,
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Proof of (***) follows:
Fix e > 0, at the end of the proof we let ¢ — O.

1 — h(u) = 2/00 (1 — cos(ua))dF (z)

— 2 / HEw (1 — cos(uz))dF(z) + 2 / (1 — cos(uz))dF (x).

/(w
Further,
2/01/(€u) (1 — COS u:z:)dF(:z:) = 2/01/(€u) (1 — COS ua:)d(F(:c) —1) =

1/(eu) (

=2(1 — cos(1/e))(F(1/(sw)) — 1)) + Qu/o 1 — F(z))sin(uz)dz.
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Altogether
1— ¢(U) — A(ua 5) _I_ B(ua 8) + C(ua 5)7

where
Alu,e) =2 ;O(w) (1 - cos(ua))dF (a),
B(u,¢) 1= 2(1 ~ cos(1/5)> <F(1/(5u)) _ 1)),
C(u,e) ;= 2u /Ol/(gw (1 - F(m)) sin(ux)dx.

We keep ¢ > 0 fixed. Then clearly,
max{|A(u, )|, |B(u, 2)[} < 4(1 — F(1/(eu))) = 4b="[ul® + o([u|*).
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Sin

o) L2 [ me (1 - Pl e

dy

2 1/e sin
2 obu |a/ - >y 4 o(|ul®)

1/e 1 — cosy

2 2pafup [ 55 ay 4 20fufe” (1~ cos(1/2)) + of(ul)

(4) 00 1 — COSy > 1—cCcosy
= 2bolu Oz/ dy — 2ba|u OV// d
ul® fy et W ul ) et W

+ 2b|u|%o‘(1 — cos(l/e)) + o(Ju|?)

(1): Change of variable y :=ux  (2): Dominated convergence.
(3): Integration by parts. (4): Absolute integrability.
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Altogether, with any ¢ > 0 fixed:
‘1 —p(u) — c|u|o“ < o(Ju|%) 4+ 16be%|u|®.

Hence (***).
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EXAMPLES, APPLICATIONS

EX 1: Sums of reciprocals of absolutely continuous i.i.d.
r.v.-s.

Let X1, Xo,... bei.i.d. random variables with absolutely contin-
uous distribution. Denote their density function f and assume
that f is continuous at z = 0 and f(0) € (0,c0). Then

1 X1
=Y = CcAU(0,7),
nklek

with some 7 € (0, 00).
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EX 2: Holtzmark’s first (one dimensional) problem.

ForneN, let X, 1,...,Xpn beiid. UNI[-n/2,n/2]. These are
“positions of stars or charges”. A star/charge located at x € R
generates at the origin the force

F(xz) = sgn(x)|x| P,

So, the resulting total force generated by the system of n ran-
domly positioned stars at the origin is

n

Ry = Z Sgn(Xn,k)|Xn,k|_p'
k=1

Question: Does R, have a limiting distribution, as n — oco?
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Theorem. If 1/2 <p < oo then

, : —clu|t/P
nII_)mOOE< exp{zuRn}> = ¢~ clul

with
c= HW!.
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Proof.
Let Y7,Y5,... bei.i.d. UNI[-1/2,1/2]-distributed. Then

{X’I’L,]J “ . ,Xn)n} ~J {nY]_, “ e ,nYn}

n
Rn~n~P > sgn(Yy)|Yi| 7P
k=1

Note that &, :=sgn(Yy)|Yz| 7P, k= 1,2,3,... arei.i.d., symmetric
and

P(sgn(Y)IYl P> 2 ) =P(0 <Yy <a /7)) =g 1/r

and the limit theorem is applied. [ ]
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EX 3: Holtzmark’s second (multi-dimensional) problem.
Identical stars/charges are located in R4 according to a homoge-
neous Poisson point process (PPP) of density p. Denote their lo-

cations X%p),fép), ... in some (arbitrary) ordering. A star/charge
located at ¥ € R4 \ 0 generates at the origin the force

F(Z) = |z|7P 1% = sgn(2)|z| 7.

Denote by R() the resulting total force generated at the origin
by all stars/charges. Formally:

R =¥ F(X).
i
Note that convergence problems may arise.

Question: Assuming that R() makes some sense, can we say
something about its distribution?
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1. Scaling:
% % “1/d¢(1) —1/dg(1
(X537, %8, .) ~ (pM/ARED, pmtaxiD )
(Va > 0) : F(aZ) = a PF(2)

It follows that
BP) ~ pp/dR(1) (10)

2. “Independent increments’:
If PPP(1) and PPP(P2) are two independent Poisson point pro-

cesses of density pi1, respectively, po then

pppr) | pppr)  ppplriter2) (11)
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From (10) and (11) it follows that:
d= d= =
R+ B TR = (p1 + p2)P/ R

where R ~ R" ~ R" ~ RV, R and R"” are independent, and
p1,p2 > 0.

If R(») does make sense then it has symmetric stable dis-

tribution of index
d d

o= —, — < p < o0.
p 2 =P
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Remarks.

(1) The summation should be done as

Fé = |lim Zﬁ()zi)]l)_(}e/\n’
(

n—aoo

where A, is a sequence of increasing, symmetric domains, Up/\;, =
R4,

(2) If p > d/2 then the limit exists a.s., if p < d/2 then far-away
charges/stars have divergent effect.

(3) Case of Coulomb or gravitational forces: In

d>3: p=d—1>d/2, OK]!
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Towards more general limit theorems:

Definition. The function L : (0,00) — (0,00) is slowly varying
(at infinity) iff

|  L(az) _
(Va > 0) : Jim )

1.

Examples, remarks, HVVs:

(1) If limg—oo L(x) = b € (0,00) then obviously L is s.v.

(2) For any B € R, L(z) := (logz)P is s.v.

(3) Show that for 3 < 1 and c € R, L(z) := exp{c(log )P} is s.v.
(4) Construct a s.v. function L for which

liminf L(x) =0, |I;ﬂ_>Solép L(x) = oo.
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Theorem. Let Xq,Xo,... be i.i.d. with symmetric distribution
F for which

1—F(x) =2 “L(x), as x — oo,
where o € (0,2] and L(x) is slowly varying at infinity. Let
an ;= inf{z : 1 —F(x) <1/n}.
Then
lim E( exp{iuSn/an} ) = exp{—clu|*}

n—aoeo

with some c € (0,00).

Remarks:
(1) This extends (quite far) the previous limit theorems.
(2) The proof is more technical. We omit it.
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WITHOUT SYMMETRY:

Stable distributions are parametrized by:
— the index o € (0, 2];
— the skewness k € [—1,1];
— the scale ¢ € (0,00)
— the shift b € R.

Remarks:

(1) The scale and shift change with affine transformations. We
will choose them later c= 1, b = 0.

(2) The index and skewness are relevant.
(3) Notation: STAB(a,k,c,b)
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T heorem. T he characteristic functions of stable distributions are

i1t o) = exp i chulo{1 - sanu tan °T))

2 log |u|)}.

a=1: o(u) = exp {ibu — c|u|(1 + isgn(u) K
T

Remarks:
(1) Symmetric stable laws: k = 0.
(2) No skewness for oo = 2.

(3) All stable laws are absolutely continuous with C°° density.
Follows from fast decay of the chf. as |u| — oc.

(4) No explicit formula for the distribution/density function, ex-
cept for the (already known) cases:
a =72 (Gauss); a= 1,k =0 (Cauchy); a=1/2,k = %1 (Lévy).
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(5) Let XY ~ STAB(a,xk=1,¢c = 1,b = 0) be i.i.d. and
p,q>0suchthat p @ +q¢g “=1. Then

pX —qY ~ STAB(a, k=p “—q %, c=1,b=0).

(6) “Heavy tail’: From the type of singularity of ¢o(u) at u =0
it follows that

(Ve >0): E(|X]*7F) < oo,

(ve>0): E(|X]*T) =0
More precisely:
P(|X|>z) ~ Cz @
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(7) “Lower tail” in the totally skew (x = 1) case:
Fix: b=0((),c=1 (), k=1 (}):
Then the chf

aZx1l: w(u) :exp{—|u|a(1—z‘sgn(u) tan%}}
a=1: gp(u)=exp{—|u|(1—|—z'sgn(u)2lo7§J |u|>}.

can be continued analytically into the complex upper half-plane
Cr:={2€C : Re(z) >0}:, as oy : C4 — C,

a1 o4(2) = exp{ — cos(am/2) "1 (~i2)*}

a=1": o4 (2) =exp{(i—§log(z)) (i)}

No analytic continuation (matching both halflines v > 0 and
u < 0) into the lower half plane!
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Theorem. Let X ~ STAB(a,k = +1,¢c = 1,b = 0). The “mo-
ment generating function” ¢ :[0,00) — Ry

o(u) := E( exp{—uX}> = ¢4 (iu)
IS

aZ*=1: o(u) = exp{ — cos(am/2)~ ! uo‘}

0
|
—

o(u) = exp {%u Iog(u)}.

Proof. Just done. [ ]
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Corollary. (i) For o € (0,1):
P(X > o) =1,

d
—P<O < X< x) ~ c(a)e_l/xaz_(o‘+l), as x — 0.
dx

(ii) For o = 1:
P(X < —x) < exp{—ce’}

(iii) For e € (1,2):
P(X < —:U) < exp{—cz®/(@=1n

Proof. Tauberian arguments. ...
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Theorem (Limit theorem in the non-symmetric case.). Let X1, Xo, ...

be i.i.d. random variables. Assume
(1) P(|Xj| > x) =2 %L(2) with  « € (0,2),

P(Xj>a:) 14«

(2) lim =: € [0,0] exists.
37_>+OOP(XJ<—ZC) l—~k
Define
an ;= inf{z : P<|Xj| > :I:) < n_1}7
bn — nE<Xj]l|Xj|§an)‘
Then

Sn—0b
=t " = STAB(a,k,c,b),

an,

with some c € (0,00), b € R.
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Remark: Note that
an = nl/o‘z(n),

with L slowly varying at infinity.
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VII.
INFINITELY DIVISIBLE DISTRIBUTIONS
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INFINITE DIVISIBILITY:

Definition: The probability distribution F' is infinitely divisible
iff for any n € N there exists a probability distribution F,, so that

F=(F)".

Remarks:
(1) In terms of the random variables: X is infinitely divisible iff
for any n € N there are X, 1, X,,2,..., Xpn I.i.d. so that

X NXn,]_ +Xn’2+ +Xn,n

(2) In terms of the characteristic functions: () is an infinitely
divisible chf. iff for any n € N there exists a chf. ¢,(u) so that

() = (pn(w))".
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EXAMPLES:

EX1: The normal distribution:
N(0,0°2 =1t) = N(0,0° = t/n)*".

1
fily) = Tme—f/ ) () = exp{—tu?/2}

EX2: The Cauchy distributions:
CAU(0, 7 =1t) = N0, 7 =t/n)*".

ft(y) = S

T2t 2 pt(u) = exp{—tful}
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EX3: Stable distributions in general: If
X ~STAB(a,k,c=t,b=0), and
Xn1,-oy Xnn~STAB(a,k,c=1t/n,b=0) are i.i.d. Then
_ Xn,1 X
XNna(Xn,l_l__l_X’rL,n): n, _I_—|—

nOé
The density and characteristic functions (for o %= 1):

n,mn
n

fe(w) =727, pr(w) = exp { — t|ul*(1 — isgn(u) x tan 7).

EX4: Poisson (Not stable!):
POI(ot) = POI(ot/n)™".

(tp)*

L er(w) = exp {tp(e™ — 1)

pr(k) = e P
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EX5: The gamma distributions (Not stablel!):
GAM(t) = GAM(t/n)*".

fily) =T ey~ gi(u) = exp{ —tlog(1 —iu)}.

EX6: The negative binomial distributions (Not stable!):
NB(p,t) = NB(p,t/n)*".

1 — pew}.

p(k) = DM@ -E ) = exp{ ~ tlog T

where, for r € R

rn r(r—1)---(r—k—4+1) X r .
< ) = o , kzz:o (k>xk =(14+=x)".
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EX7a: The compound Poisson distribution (CPOI): Let&1,&>. ..
be i.i.d. with distribution

P(¢ <z) =G,
and v ~ POI(p) independent of the {;-s. Then we call

1%
X = Z §j ~ CPOI(G, o).
J=1
Then:
CPOI(G, ot) = CPOI(G, ot/n)™™
follows from infinite divisibility of Poisson: Let N; be a Poisson
process of intensity o > 0, independent of the fj-s and

Ny n
Xy 1= Z fj — Z (th/n - X(m—l)t/n)'

=1 m=1
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where X — X(m—1)t/nr m=1,2,...,n, are i.i.d.

mt/n

The characteristic function of CPOI(G, ot) is

er(u) = B( exp{iuXy})

o ioz e_gt(Qt)m</oo eiude(y))m
m=0

m! — 00

= exp {ot /_O;(eiuy ~ 1)dG(y)}.
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EX7b: The centred compound Poisson distribution (CCPOI):
Let £&1,&> ... be i.i.d. with distribution

P(¢ <z) =G,
and v ~ POI(p) independent of the {;-s. Then we call

X:=Y ¢ - QE(gj) ~ CCPOI(G, o).
j=1

Remark: Mind that CCPOI(G, o) # CPOI(G, o)! (Here G is the
centred distribution.)

Then:
CCPOI(G, ot) = CCPOI(G, gt/n)*”

follows from infinite divisibility of Poisson:
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Let N; be a Poisson process of intensity o > 0, independent of
the §;-s and

Xt 1= Z g] - QtE(f) — Z (th/n - X(m—l)t/n)'
where X, — X(n_1)i/m m=1,2,...,n, are i.i.d,

The characteristic function of CCPOI(G, ot) is

or(u) = B( exp{iuX} )

— Z e—gt(Qt)m(/oo eiude(y))mexp{ —iugtE(f)}

— 00

= exp {Qt /_o:o(eiuy —1-— iuy)dG(y)}.
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REMARKS:

REM1: In all examples we have seen a one parameter family of
random variables (Xt)t>0 such that for any n € N

n
/
X~ Z Xt/n,m
m=1

LX)

/
X t/nn

/
where X £,

t/n.1 ~ Xy are i.i.d.

It is reasonable to expect the existence of a process t +— X; with
stationary and independent increments and Xg =20

— a Lévy process.

[Mind the difference between a one-parameter family of random
variables and a process: process — consistent family of joint
distributions of finite dimensional marginals.]
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EX1: ¢t — X; is standard Brownian motion.

EX2: The Cauchy process: Let (&s,7ns) two-dim. Brownian mo-
tion, (§o0,m0) = (0,0). Let

T = inf{s: & =t}, Xt 1= nx.
EX3: Stable processes. E.g. for a = 3,k = 1:

Xt =1+ of the previous example.

EX4: X, is the Poisson process.
EX5, EXG6: later

EX7: Defined from start as a process: the compound Poisson
Process.
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REM2: If X and Y are infinitely divisible and independent then
Z = X 4 Y is infinitely divisible. (HW!)

If X and Y; are two independent Lévy processes then Z; := X;+Y;
is also a Lévy process. (HW!)

REM3:
Lemma. If X is infinitely divisible and o(u) = E( exp{iuX})
then (Vu € R) : o(u) # O.

Proof. Let Xn 15 Xn,n be i.i.d. so that X ~ Xn1 + -+ Xnn.
Then X, 1 =, 0 as n — oo (HW!). It follows that for any u € R

nleoow(u)l/n _ nleooE( exp{ian,l}) = 1. (]
Thus: v : R — C, Y(u) ;= log p(u) is well defined.
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REMA4: If t — X; is a Lévy process with X1 ~ X, then

or(u) := E( exp{iuX;} ) = exp{ty(u)}.

REMS: If X is infinitely divisible and ¢(u) := E( exp{iuX} ) then
for any a > 0 and g > O:

p(u) = (plaw))”

is infinitely divisible chf. N
If t— Xy is a Lévy process then so is ¢ — X i=aXg and

gBt(u) = E( eXD{’IZ’UJXt}) = E( eXD{iuant})

= exp{Bte(au)} = (pr(au))’.
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REMG6: If X,,, n = 1,2... are infinitely divisible and X,, = X
then X is also infinitely divisible. (HW!)

REMY: If X is infinitely divisible then for any K < oo:
P(|X|>K)>0. (HW!)

BACK TO THE EXAMPLES:

All the previous examples are derived in some way from the com-
pound Poisson.
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EX1, Normal:
éj(-g), j=1,2,... i.i.d. with distribution

P(e) =+e)=1/2.

Nt(s) Poisson process of intensity 5—2, independent of the g‘](-e)—s.
CPOI process and its chf.:

Nt(g )

X&) = Zl 69, exp{t©(w)} = E( expliux{7}).
iz

Compute () (u) and its lim._g:

u?

) (w) = e 2(cos(eu) — 1) — -
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EX2, Symmetric stable of index o € (0,2):

¢9), j=1,2,... i.i.d. with symmetric distribution
P( 1657 > [yl) = min{(yl/e) ™%, 1}
d o ( (&) 1 —a-1
d—yP(gj8 < y) = §a€a|y| « ]l|y|>€’

Nt(e) Poisson process of intensity e™%, independent of the §§5)—s.

C'POI process and its chf.:

X =Y 9 exp{tp@ (W)} = E( exp{iuX*}).
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Compute () (u) and its lim._.o:

pO@) = [ (€W 1) 0yl Tdy

ly|>e

=a " (cos(uy) — 1)y~ Lay

(1) —a—1 o}
— —1 dy = —
oz/o (cos(uy) )y Y clul®,

where

., [l=cosy,
c.-oz/o jot1 Y.

(1): absolute integrability at 0 and at co.
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EX3, Skew stable: later, EX4, Poisson: nothing to prove,

EX5, Gamma:

¢9), j=1,2,... i.i.d. with distribution density

—-Y ) e_y
Nyoe, with  o(e) = / S
sy

d . 1
d_yP(§§ ' < y) ~ o(e) ey

Nt(g) Poisson process of intensity o(¢), independent of the gj(.g)—s.

C'POI process and its chf.:

X =3 €9 en{t©w)} = E( exp{iux{"}).
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Compute () (u) and its lim._.o:

1€y

) = o) [ (€M~ 1)e(e)”

_/ wy—l—dy
Y

-y
@) / (el — 1)€—dy 2 log(1 — iw)

(1): absolute integrability at O. (2): HW!

EX6, Negative binomial: HW: Construct NB(p,t) as com-
pound Poisson.
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EX3a, Skew stable, STAB(a,x = 1,¢,0), with o € (0,1):

§§5), 5 =1,2,... i.i.d. with distribution
P& >y) =min{(y/e)~* 1}, y >0,
d () apg—a-1
d—yP(sj <y)=oaey My,  y>0.

Nt(e) Poisson process of intensity e™%, independent of the §§5)—s.

C'POI process and its chf.:

X =Y 9 exp{tp® (W)} = E( exp{iuX*}).
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Compute () (u) and its lim._.o:

w(s)(u) — /Oo(ez'uy . 1>a€ay—a—1dy

S

= a/ ('™ — 1)y " “dy
g
©.@) .
(1) a/O (et — 1)y—a—1dy

(_) T : TO o

(1): The real part is absolutely integrable at oo and at O for any
ae (0,2) V.
The imaginary part is absolutely integrable at oo for any a €
(0,2) v/, but at 0 only for o € (0,1) !l
(2) Computation on next page.
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©.@) .
a/o (e — 1)y~ ™ 1dy— lim a/ (e_(8 Dy _ 1)y Ldy

e—0

— lim (e — z)a/oo (/O e_(s_i)zdz>y_o‘_1dy

e—0
(2) 00 .
@ _ lim (e —z)/ / y_a_ldy)e_(s_z)zdz
e—0 z
= — lim (e — z)/ e ez, —ag,
e—0 0
(3) : ~Na [ -z —a
= — lim(e —1) e “z  “%dz
e—0 0
= (1 —a)e im/2,
(1): DC, valid only for o € (0,1) !l; (2): Fubini;

(3): Change of integration path in C (HW!).
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EX3b, Skew stable, STAB(a,x = 1,¢,0), with o € (1,2):

Centrel

¢¥), j=1,2,... i.i.d. with distribution
P(£ >y) = min{(y/e)™®, 1}, y >0,
P(gj('g) < y) = as®y|~* My, y > 0.

Nt(e) Poisson process of intensity e~ ¢, independent of the §§5)-s

CCPOI process and its chf.:

5(;(5) = > g(.g) E( (5)) (§§5)), exp{tw(s)(u)} = E( exp{iuff;(g)}).
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Compute () (u) and its lim._.o:
zp(s) (u) = 5_0‘/ (e — 1 —juy)ac®y™ " “dy
g
= a/ ('™ — 1 —quy)y” ¢ ~dy
g

@) .
@) a/ (e — 1 — juy)y~* Ldy

2 M2 —a) ye’ ye’ o
= cos?(l—ztan?sgn(u» ||
(1): The real part is absolutely integrable at 0 and at oo for any

ae (0,2) V.
The centred imaginary part is absolutely integrable at O for any

a€ (0,2) v, but at oo only for a € (1,2) !

(2) Computation on next page.
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(1): Fubini;

0
©.@) .
= ’L/ (e — 1)z~ %dz
0
2) —1 [oo

= (2-a)/(a—1)e 72,

(2): integration by parts;

(3): Change of integration path in C (HW!).
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Definition. A non-negative sigma-finite measure on R for which

(1) u((—o0, ~1] U[1,00)) < oo,
(2) : [ vP1ycadny) < oo,
(3): u(0) =0,

is called Léevy measure.

Theorem (Aleksandr Yakovlevich Khinchin, Paul Lévy). Char-
acteristic functions of infinitely divisible distributions are exactly
the functions of the form ¢¢(u) = exp{ty(u)} with

o2

() = ibu—Zw? + [ (M 1 —duyTLy o )du(y),  (LH)

where b e R, ¢2 >0, and u is a Lévy measure.
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Remarks:
REM1: The parameters b, o2 and 1 are uniquely determined.
REM2: (LH) is the Lévy-Khinchin formula.

REM3: If g : R — R is such that

/R ‘y]lly|<1 —9(y) ‘ du(y) < oo

then the Lévy-Khinchin formula can be written

g/ 02 2 Uy -
() = ib'u— Tu? [ (M =1 — iug(y))du(y).

with
v =b— [ (yTyc1 — 9())du(y)
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REMA4: Another usual conventional choice

2 .

REMSL: If
du, < 0

then the Lévy-Khinchin formula can be written

—_ 02 2 Uy
V() =ibu—Tu? + [ (™= 1)du(y),
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Proof.
We prove that functions ¢i(u) = exp{tv(u)} with ¥ (u) given
by (LH) are indeed chf-s of infinitely divisible distributions. We

write ¢ (u) = 1(u) + ¢o(u) + P2(u) + ¥a(u), with

0'22

Y1 (u) = ibu, Yo(u) = —?u
P3(u) = /R (eiuy - 1>]1]y121dﬂ(y)
va(w) = [ (€M =1 = duy) 1)y 1du(y)

Then:
— a1 (u) comes from a simple shift by b.

— 9>(u) comes from a Gaussian ~ N (0, c?).
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— 3(u) comes from a compound Poisson CPOI(p, F') with

o=n{{y [yl = 1}), dF (y) = o 'y 1dp(y).

— 14(u) comes as weak limit of a sequence of CCPOI(Q(s), G(s)):
/]R <eiuy —1— iuy)]l|y‘<1d,u(y) =

= lim (eiuy —1— zuy) I, pyl<19p(y)

e—0JR
— €||_r>% Q(é) . <€iuy 1 — zuy) ]1€<|y‘<1dG(€) (y)
where
o i=p({y e <yl <1},  dGO(y) = (&) Ly 1duly).

]
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LEVY MEASURE OF STABLE LAWS:
For STAB(a, k,c,b)
. m ) .
p(w) =butc [ (€M =1~ iuylly, 1) dpa(v),
— 00

1+ «k 1l — & 1
2 Oyso+ T]ly<0) Wdy-

dpra,k(y) ‘= (

Remarks:
REM1: These are the only homogeneous Lévy measures.

REM2: Alternative forms:
xo .
a€(0,1): Y =dtutc| (M- 1)duanly),
— OO0

ac (1,2): Y(u) = ib'u + c/_oo (eiuy —-1- iuy)d,ua,,g(y),

@)
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Proof. If

: o 2 oC Uy :
Y(u) = ibu — U + /_OO (e —1-— zuy]l|y|<1>d,u(y),

and a > 0 then

~ ~ 52 00 .
() = aw) = ibu— Tu? 4 [ (M 1 —iuyllyy 1 )dfi(y),

with

b=ab—a y(]l|y|<1—]l|y|<a_1>d,u(y), 52 =a%02, dp(y) =du(y/a).

Stability: (V aq,ao > 0) (3 a3 > 0,b3 € R) such that:
Y(aiu) + P(axu) = ibzu + P (azu).
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It follows that

(1) du(y/a1) + du(y/az) = du(y/a3),

(2) (a% -+ a%)az = a:2302.

(1) implies homogeneity of u:
with some o € (0,2) and C,,C_ >0
1
du(y) = <C+]ly>0 + C—ﬂy<O)Wdyy

and
{ci+c >0} = {af+ds=05}

From (2) it follows that either 62 =0 or Cy =0=C_.
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POISSON POINT PROCESSES:

Let (S,d) be a complete, separable, locally compact metric space.
Eg. S =R" or S = (—00,0) U (0,00) with properly chosen

metrization.
The space of locally finite point systems:
N =n(s) ::{XCS . (VK €S): |XNK| <oo}.
M(S) is endowed with a natural metric topology, ..., Borel sigma
algebra F.
Counting functions: for K € S

mp . N — N, mp(X) = |XNK|.
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Definition. A (random) point process on (S,d) is a (N, F)-valued
random variable, =. IL.e. it is a probability measure on (N, F).

Definition. Let u be a sigma-finite, tight positive measure on
S. The Poisson point process with intensity mesure u — denoted
PPP(u) — is the unique point process = on (S,d) satisfying the
following: IF K1, ..., Kn € S are disjoint then (m K, (2),...,m Kn(z))
are independent, and ij(E) ~ POI(u(K;)).

Remarks:
Existence of PPP(u): see constructions on next page.
Uniqueness of PPP(u):
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CONSTRUCTION FOR u(S) < oo

Let &1,&p,--- € S be i.i.d., and v € N independent of the
with distribution

A
P(¢ged)= “Esi v ~ POI(u(9)).
Then = := {51,52,...,5,,} is PPP(u). (HW!).

CONSTRUCTION FOR 4(S) = oo:
Let S = UP2 Sk, with disjoint Sg-s and (Vk) : u(Sg) < oo.

§j-S

Let pup(-) := p(-NSy), and = ~ PPP(u;) as defined above.

Then = := U, = is PPP(u). (HW!).
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REM1: A theorem of Rényi:

Theorem. Let i be a non-atomic measure on S. (That is: (Vx €
S) : u({z}) = 0.) Let A C P(S) generate the Borel-algebra of
(S,d). If for a point process X the following holds:

(VAe A, with u(A) < o0) : ma(X) ~ POI(u(A)),
then X ~ PPP(u).

HW: Give counterexample with atomic u!

REM2: Relation to CPOI(p,G): For S = R, o := u(S) < oo,
dG(y) 1= o~ tdu(y):

S ¢ =: X ~ CPOI(p,Q).
Ee=
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REM3: Relation to Lévy measure, Lévy-Khinchin formula —
summable case: S = (0, 00).

If
00 1
(V[ <oo, (@ [ ydu(y) < o,

let

X1:= ) & Xo:i= > &

£e=N[1,00) £e=n(0,1)

Then

P(X1<OO)=1 (v),

1
E(X>) :/O ydu(y) < oo. (HW!)
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T he characteristic function of X = X7 4+ X5 is:

E( exp{z‘uX}> = exp { /Ooo(eiuy _ ]_)dlu(y)}.

REMA4: Relation to Lévy measure, Lévy-Khinchin formula —
non-summable case: S = (0, 00).

If
W [Tau) <o, @) [ vPduty) < oo,

let

1
X1:= > & Xocoi= ) f—/g ydu(y).

£e=N[1,00) ce=n(e,1)
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Then

P(X1<OO):1 (v),
P(a lim X5 =: XQ) =1, (HW)

(Hint: Compute Var(XQ,g) and use Kolmogorov's criterion.)

T he characteristic function is of X (= X1 4+ X5 is:

E( eXD{iuX}) = exp { /Ooo(ewy -1~ iuy]lo<y<1)du(y)}-
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BACK TO STABLE CONVERGENCE:

Definition. The function L : (0,00) — (0,00) is slowly varying
(at infinity) iff

|  L(az) _
(Va > 0) : Jim )

1.

Examples, remarks, HVVs:

(1) If limg—oo L(x) = b € (0,00) then obviously L is s.v.

(2) For any B € R, L(z) := (logz)P is s.v.

(3) Show that for 3 < 1 and c € R, L(z) := exp{c(log )P} is s.v.
(4) Construct a s.v. function L for which

liminf L(x) =0, |I;ﬂ_>Solép L(x) = oo.
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Definition. The function U : (0,00) — (0, 00) is regularly varying
(at infinity) iff

(Va > 0) : im ZCa)

exists
Tr— 00 U(x)

Fact: The function z — U(x) is regularly varying at oo if and
only if U(z) = zPL(z) with some 3 € R and L(z) slowly varying.
(HW!)
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Some basic facts about slowly varying functions:
(1) If 8> —1 then

[y = (G5 +o)a* L)

(2) If B < —1 then

o0 1
[ L@y =~ (51 + o) L),

(3)

L(x) = a(x) exp { /: 6(;)dy}

where 3 lim a(y) =: ¢, lim e(y) = 0.

Yy—0o0 Yy—00
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Theorem (Skew stable limit theorem.). Let £1,&>,... be i.i.d.
random variables. Assume

(1) P(l&]l>2)=2""L(=) with  «a € (0,1) U (1,2),

P(fl>$) 14k

(2) - xﬂr—PooP(§1<_x) l—k

e [0, oa].

Define

an = inf{x : P<|§1\ > a:) <n 1} = nl/®L(n).
(i) € (0,1) case:

E( exp{iuSn/an}> — exp {/

R
(ii) a € (1,2) case:

B( exp{iu(Sn —nE(&1))/an} ) — exp { [ (" =1 = iuy)dua.n(y)}.
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Proof:
Lemma (1).

{51 &2 5—”} =: =, = PPP(par).
an an an
Lemma (2). Let X,,, n = 1,2,..., be a sequence of random
variables and assume that for anyr =1,2,..., X, is decomposed

das an — Yn’r —I_ Zn’r. If

n—aoo r—00

Yn,r Yoor = Y,

Y

and
(V6 > 0) : I|m lim supP(|an,«| > 5) 0,

n—aoeo

Then X, Y.
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Case a € (0,1):

1 an, _TL<T.

J=1 an — 1= a
— Yn,r + Zn,r
B0 ) " xp { [ (69— 1)1, shos(s)

" exp { / (ei“y _ 1>d,ua,/<,(y)}
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E( | Zn.r ) < na”';lE( |£1|]l|€1|<an/7“>

= naz [ {P(le1) > 2) —P(Jeal > an/r )}z

— nagl{ /Oan/v“ x “L(x)dx — (an/T)l_aL(an/T)}

::naﬁl(an/r)l_aL(an/r)( @

L(an/T)
L(an)

+0(1))

l -«

= {nago‘L(an)}

(7= Fo(1)) r*t.

Hence: limy_oo lim supn_>ooE(|Zn,r|> = 0.
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Case a € (1,2):

n
= > {in
- €5 - -
e e
>J
J:l{ann%< -1 _E<§_]]l€| >}
= Ynr+ Znr n aj<_1
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B ) "= exp { [ (M~ 1 —iuy) L)y, 1dHan(y)]

"= exp { / (eiuy — 1 — iuy)d,ua,ﬁs(y)}

Computation on next page.
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nay {(an/m 0L (an/r) + [

L+(an/7")
L(an)

2 a-—1

o _O‘L+(a:)d:c}

= na,, *L(an)

(g o)

. /@—I—l
_ /1/7“ ya+1 (V).

211



E(Zg)r) < na

22 [ s2ap(jey| < o)

= na 2{ (an/T) P(|§1| > anp/r —I—/ /TQZCP(|§1| >:13)d:1:}

—nNn

a,, { — (an/r)z_o‘L(an/r) - <ﬂ - 0(1))(an/r)2_O‘L(an/r)

- {na

S Lan)} PO (0 o)) o2

Hence: lim,_ oo lim supn_mE(Z%,T) — 0.
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