
Midterm Exam (second midterm) - December 12, 2018, Stochastic Analysis

Family name Given name

Signature Neptun Code

No calculators or electronic devices are allowed. One formula sheet with 15 formulas is allowed.

1. Denote by (B(t)) the standard Brownian motion.

(a) (5 marks) Find β ∈ R+ and c > 0 so that (X(t))t≥0 and (Y (t))t≥0 have the same law, where

X(t) = B(c · tβ), Y (t) =

∫ t

0

s−1/3 dB(s).

(b) (3 marks) Let Z =
∫ 1

0
u2/3 dY (u), where Y (t) is defined above. What is the distribution of Z?

2. We know that the Itō process (Xt) satisfies

dXt = 2Xt dt+
√
Xt dBt.

Let Yt = γXα
t for some α ∈ R and γ > 0. We do not know the value of α and γ, but we do know that

the the quadratic variation of (Yt) satisfies [Y ]t = t for all t ≥ 0.

(a) (3 marks) Find the value of α and γ.

(b) (2 marks) Identify the function g : R+ → R such that (Mt) is a martingale with M0 = 0, where

Mt = Yt − Y0 −
∫ t

0

g(Ys) ds.

(c) (2 marks) The resulting process (Mt) is a famous stochastic process. Which one is it and why?

Hint: First calculate the stochastic differential dYt.
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