
Midterm Exam - May 23, 2025, Stochastic Analysis

Family name Given name

Signature Neptun Code

No calculators or electronic devices are allowed. One formula sheet with 15 formulas is OK.

1. Let (Bt) denote standard Brownian motion and (Ft) its natural filtration. Let

X = exp

(
2

∫ 3

0

t dBt

)
(a) (3 points) Calculate the conditional expectation Mt := E(X | Ft) for all 0 ≤ t ≤ 3.

Hint: The moment generating function of the N (0, σ2) distribution is e
1
2
σ2λ2 .

(b) (2 points) Check that (Mt) is a martingale by calculating its stochastic differential.

(c) (2 points) Find the adapted process (σt)0≤t≤3 for which X = E[X] +
∫ 3

0
σs dBs.

2. (8 points) Let us consider the Itô process that satisfies

Xt = 16 + 4

∫ t

0

X3/4
s dBs + 6

∫ t

0

X1/2
s ds, t ≥ 0.

Let τ denote the first time when the value of this Itô process becomes 1. Let τ ∗ denote
the first time when the value of this Itô process becomes 81. Calculate the probability
of the event {τ ∗ < τ} (i.e., that the process (Xt) hits 81 before it first hits 1).

Hint: Find a function g : R → R such that Mt := g(Xt) is a martingale.
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