
Midterm Exam - May 25, 2023, Stochastic Analysis

1. Let (Bt) denote standard Brownian motion and (Ft) its natural filtration. Let X := (B4)
3.

(a) Calculate the conditional expectation Mt := E(X | Ft) for all 0 ≤ t ≤ 4.

(b) Find the adapted process (σt)0≤t≤4 for which X = E[X] +
∫ 4

0
σs dBs.

Solution:

(a) Let us fix 0 ≤ t ≤ 4. Let Y := B4 −Bt.

Mt = E((B4)
3 | Ft) = E((Bt + Y )3 | Ft) =

E(B3
t | Ft) + 3E(B2

t Y | Ft) + 3E(BtY
2 | Ft) + E(Y 3 | Ft) = B3

t +B2
t · 0 + 3Bt(4− t) + 0 =

B3
t + 3Bt(4− t).

(b) (Mt)0≤t≤4 is a martingale, M0 = E[X] = 0, M4 = X. Let us write Mt as an Itō integral.

dMt = 3B2
t dBt +

1

2
6Bt dt+ 3Bt(−1) dt+ 3(4− t) dBt = (3B2

t + 12− 3t) dBt

Integrating this we obtain M4 −M0 =
∫ 4

0
(3B2

t + 12− 3t) dBt, thus σt = 3B2
t + 12− 3t.

2. Let us consider the Itô process that satisfies

Xt = 5 + 3

∫ t

0

Xs ds+ 2

∫ t

0

Xs dBs, t ≥ 0. (1)

(a) Find the value of x ∈ R for which P(X4 ≤ x) = 1
2 .

(b) Let Yt =
√
Xt. Show that (Yt) is a time-homogeneous Itô diffusion process by writing down the drift

coefficient µ : R→ R and the diffusion coefficient σ : R→ R for which dYt = µ(Yt)dt+ σ(Yt)dBt.

Solution: Taking the stochastic differential of both sides of (1), we obtain

dXt = 3Xt dt+ 2Xt dBt, X0 = 5. (2)

This is the SDE of a geometric Brownian motion with parameters r = 3 and σ = 2,

(a) thus we know from class that

Xt = 5 exp

(
2Bt + (3− 1

2
22)t

)
= 5 exp (2Bt + t) , in particular X4 = 5 exp (2B4 + 4) .

We have P(B4 ≤ 0) = 1
2 , thus if x = 5 · e4 then P(X4 ≤ x) = 1

2 .

(b) Let us take the stochastic differential of Yt:

dYt = d (Xt)
1/2 =

1

2
(Xt)

−1/2dXt +
1

2
· 1
2
· (−1

2
) · (Xt)

−3/2 d [Xt]
(2)
=

1

2
(Xt)

−1/2(3Xt dt+ 2Xt dBt)−
1

8
· (Xt)

−3/2(4X2
t ) dt = Yt dBt + Yt dt.

Thus σ(x) = x, µ(x) = x, thus Yt is also a geometric Brownian motion (with parameters σ = r = 1).
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