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Probability Theory exam, January 10th, 2023
Working time: 100 min. Only simple, non-programmable calculators are allowed.
Maximum score: 110 points, but we consider 100 points already as 100%.

Let X be a Poisson random variable with parameter A > 0.

(a) (6 points) Define the probability weight function of X. Prove the formulas for the expected
value and variance of X.

(b) (8 points) State and prove the Poisson approximation theorem of binomial random variables.

(c) (5 points) We have a box with a lot of lightblubs in it; each of which is faulty with a small
probability. We know that the probability of having zero faulty lightblubs is 2/3. What is the
probability that there are at most 2 faulty blubs in the box?

Consider two random variables X, Y.
(a) (4 points) Define their covariance and prove that Cov(X,Y) is bilinear. Name the properties

of expectation when you use them.

(b) (2 points) Prove that Cov(X,Y) = 0if X, Y are independent. Name the properties of expec-
tation when you use them.

(c) (7 points) Is it also true, that X, Y are independent if Cov(X,Y") = 0? Why?
Let A, x> 0 and let X ~ Poi()),Y ~ Poi(u) be independent random variables.

(a) (4 points) Calculate the moment generating function of X.

(b) (4 points) Using moment generating functions, prove that X + Y ~ Poi(\ + p). Explain all
steps of your proof.

(¢) (10 points) Let Z| X ~ Bin(X, p) for some constant p € [0, 1]. Prove that Z ~ Poi(pA\).

(20 points) To celebrate Advent, Anne and Belle made tea selections for each other. Both selec-
tions consist of 24 teabags; placed onto one another in a small gift box. The two girls organized
the teabags randomly, choosing each permutation with the same probability, independently of
each other. There are exactly 8 black and 6 green teas in a gift box. On each day of Advent, they
drink the uppermost tea in their respective box, and they only drink one tea per day.

Let X denote the number of days when they both drink black tea. Calculate E [ X| and Var(X).
BONUS: (10 points) Let Y denote the number of days when they both drink green tea. Calculate
Cov(X,Y).

(15 points) First, we roll with a fair die and write X for the result. Then, we keep throwing two
fair dice until the sum of the rolled numbers satisfy a certain condition depending on X. If X is
smaller than 5, then we stop when the sum is even. Otherwise, we stop when the sum is divisible
by 3. What is the probability that the sum is bigger or equal to 10 when we stop?

Jack arrives to school with a delay of X ~ Uni |0, 10] minutes. Jill arrives with a delay of
Y ~ Uni [0, 15] minutes, independently of Jack.

(a) (5 points) What is the probability that Jill arrives earlier than Jack?
(b) (10 points) What is the expectation of the difference | X — Y'|?
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