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Probability Theory 1 exam, January 7th, 2025

Working hours: 100 min. Non-programable calculator without internet connection can be used.
Maximal amount of points (with the Bonus): 110 points, but 100 points are already considered as 100%.

The. 1.

The. 2.

The. 3.

Prac. 1.

Prac. 2.

(a) (3 points) Define when the events A and B are independent.

(b) (4 points) Prove that if the events A and B are independent then A and B¢ are independent too
(where B¢ denotes the complement of B).

(¢c) (3 points) Define when the events A and B are conditionally independent with respect to the
event C.

(d) (6 points) Prove that if the events A and B are conditionally independent with respect to the
event C then P(A|B N C) = P(A|C).

(8+8 points) Describe Bertrand’s paradox! That is, show at least two different methods for choosing
a "uniformly distributed" random chord of a circle, and calculate in these cases the probability that
the length of the chord is longer than the side-length of the equilateral triangle inscribed in the circle.
Bonus: (3 points) If you write down all three different methods learnt in class.

(a) (2+2 points) Define the covariance and the correlation of two random variables X and Y.

(b) (1+4 points) Define the covariance matrix and show that it is positive semi-definite.

(¢) (4 points) State and prove the Cauchy-Schwartz inequality.

(d) (5 points) Show that if the correlation of X and Y is 1 then Y = a - X 4 b for some a € R, and
beR.

(8+8 points) We have two urns with red and blue balls. In he first urn, there are 4 red and 5 blue
balls, while in the second urn, there are 3 red and 7 blue balls.

(a) Scenario 1: we take a ball from the first urn and put it into the second urn. We then take a ball
from the second urn and put it into the first urn. Then, we take another ball from the first urn.
What is the probability that this ball is red?

(b) Scenario 2: we take 1-1 ball from the two urns at the same time, and switch them. Then we take
a ball from the first urn. What is the probability that this ball is red?

The ambulance and fire departments are not assigned to the same areas. Kukutyin (800 inhabitants)
and Piripdcs (1200 inhabitants) are part of the ambulance rescue area "KP", while Szecs6 (900 inhab-
itants) and Pajkaszeg (1300 inhabitants) are part of the ambulance rescue area "SP". Kukutyin and
Szecsd are in the fire alarm area "KS", and Piripdcs and Pajkaszeg are in the fire alarm area "PP". On
New Year’s Eve, each resident, independent of the rest of the population, has a 0.001 chance of being
a victim of a fireworks accident. The ambulance and the fire-fighters are both alarmed in case of each
fireworks accident. Instructions: Use the Poisson approximation to solve the following problems.
(a) (5 points) What is the probability that the fire department in the fire alarm area "PP" will receive
at least two alarms?
(b) (6 points) Assuming that the ambulance in the ambulance rescue area "KP" received exactly
three alarms, what is the probability that there were exactly two firework accidents in Piripcs?
(c) (6 points) Denote by X the number of alarms received by the fire department in the fire alarm
area "PP", and denote Y the number of alarms received by the ambulance in the rescue area
"KP". Cov(X,Y) =7

Bonus: (4+3 points) Calculate E(X|Y') and D*(X|Y).

Prac. 3.

(17 points) Two groups of researchers want to measure the charge of a particle. The first group
takes 5 measurements and averages it, the second group takes 7 measurements and also averages it.
The measurements are independent and identically distributed with normal distribution, the expected
value is the actual charge p of the particle, and the standard deviation is 0. What is the probability
that the first group’s result is more accurate than the second group’s result?
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