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Lecturer: Baldzs Barany

Probability Theory 1 exam, December 10th, 2024

Working hours: 100 min. Non-programable calculator without internet connection can be used.
Maximal amount of points (with the Bonus): 110 points, but 100 points are already considered as 100%.

The. 1.

The. 2.

The. 3.

Prac. 1.

Bonus:

Prac. 2.

Prac. 3.

(a) (3 points) Define the conditional probability of the event A conditioned on event B.

(b) (5 points) Let Ey, ..., E, be arbitrary events. Give and prove the relation between the probability
P(Ni, E;) and the probabilities P(E,), P(Ey | Ey), ..., P(E, | E1N - N E,4)!

(¢) (3 points) When do we call a countable collection of events partition (complete event system)?

(d) (5 points) State and prove the theorem of complete event systems (also known as law of total
probability)!

(a) (5 points) State and prove Markov’s inequality.
(b) (5 points) State and prove Chebisev’s inequality.
(¢) (7 points) State and prove the Weak Law of Large Numbers.

(a) (3 points) Define the Poisson distribution,

(b) (3 points) Prove that it is indeed a distribution, that is, if X has Poisson distribution then
Do P(X =k) =1,

(¢) (3 points) Compute the moment generating function of the Poisson distribution,

(d) (4 points) Compute the expected value of the random variable X with Poisson distribution,

(e) (4 points) Compute the variance of X.

The Advent calendar is a 24-day calendar from the Ist to the 24th of December in which a small
candy is hidden for each day: kids open one door of their calendar each morning. The little angels
put four types of chocolate in our Advent calendar: white, milk, dark and nougat, six of each.
(a) (8 points) Find the probability that until December 10th (included) we have found at least one
of all four types of chocolate.
(b) (9 points) Determine the covariance of the number of dark and nougat chocolates we found until
10th of December (included).

(10 points) The Santa Claus got a little bit dizzy and he visited us not on Christmas but on a random
day uniformly chosen between Ist and 24th of December. Find the expected value and the variance
of the number of milk chocolates we found until the day of Santa Claus’ visit. Hint 1: 1f we consider
a random variable X with hypergeometric distribution, where N is the population size, K 1is the
number of success states in the population, 7 is the sample size and X is the number of success states

EN_KN- Hint2: If a < bare positive integers and Y is uniformly

in the sample then Var(X) = ng 5+
distributed on the set {a,a + 1,...,b — 1,b} then Var(Y) = (oatl)-1
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(16 points) Choose a point uniformly and randomly in the interior of an equilateral triangle of unit
side length. Denote by D the distance of the point from the closest side of the triangle. Determine the
distribution function F' and the density function f of D. Plot the graph of the distribution function
F:R—[0,1].

On the exam of a subject, the expected value of a student’s score is 74 points, while the standard
deviation is 14. Assume that the scores of students are independent of each other. The first exam was
taken by 36 students and the second was taken by 49. Estimate the following probabilities:
(a) (9 points) the average score on the two exams differ by more than 2 points,
(b) (8 points) the average score of the second exam is closer to 74 than that of the first exam’s
average score.
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