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Probability Theory 1 exam, December 17th, 2024

Working hours: 100 min. Non-programable calculator without internet connection can be used.
Maximal amount of points (with the Bonus): 110 points, but 100 points are already considered as 100%.

The. 1.

(a) (3 points) State the axioms of a probability measure.

(b) (4 points) State the inclusion-exclusion (sieve) formula for n events.

(¢) (3 points) Prove the inclusion-exclusion (sieve) formula for 2 events.

(d) (6 points) The 5th class of a primary school with 29 students is preparing for Christmas. They
decided that they will give a small gift for each other. To decide who gives a gift to whom, they
write their names on a little slip of a paper and they put it in a hat. They shuffle the slips in the
hat and everybody draws one name randomly. What is the probability that no student will draw
his/her own name? Instruction: The final result is not enough, present the computation!

The. 2. Let x € Rand 0 € R with o # 0.

The. 3.

Bonus:

Prac. 1.

Prac. 2.

Prac. 3.

(a) (3 points) Write down the probability density function (p.d.f.) of the N (yu, 02) distribution.
(b) (7 points) Prove that the p.d.f. of the standard normal distribution N (0, 1) is indeed a p.d.f.
(¢) (6 points) Prove that if Y has distribution N (0, 1) then X = ¢ -Y + y has distribution N (1, o2).

(a) (2+2 points) Define the covariance and the correlation of two random variables X and Y.
(b) (2 points) Define the covariance matrix of the random variables X7, ..., X,,.

(¢) (5 points) Show that the covariance matrix is positive semi-definite.

(d) (6 points) State and prove the Cauchy-Schwartz inequality.

(10 points) Let X be a random variable uniformly distributed on the interval |6, 9]. The distribution of

the random variable Y is unknown but we know that its expected value is 10, its deviation is v/3 and

Cov(X,Y) = 3/2. Using these informations, what can we say about the probability P(Y > 9)?

(8+8 points) We put five butterfly traps on a field far from each other. Every trap, independently of
the others, opens with probability 2/3. If a trap does not open it won’t catch any butterfly. If a trap is
open then every butterfly nearby flies into the trap with a small probability independently of the other
butterflies. For an opened trap, the expected time between trapping two butterflies is 20 minutes. The
traps are on the field for one hour and then we collect them. What is the expected value and variance
of the caught butterflies?

(17 points) Let the side-lengths of a rectangle be 4 and 3. Let us choose two points, one-one on
both sides with length 4, uniformly, randomly and independently. Denote by X the distance of these
points. Find the distribution function and the density function of X. Plot the graph of the distribution
function.

Santa Claus drives his reindeer-powered flying sleigh, while baby Jesus drops gifts from the back
seat through the chimneys of family homes. Every time he targets the middle of the chimney-holes
(of which we assume that it is the origin of a planar coordinate system), but the point where the gift
lands is a two-dimensional jointly normal random variable with expected value (0, 0) and covariance
matrix 3-times the identity matrix. What is the probability that he hits the chimney-hole if
(a) (8 points) the chimney-hole is square shaped with vertices (0, 1), (1,0), (0, —1) and (—1,0)?
(b) (9 points) the chimney-hole is disc shaped centered at the origin and with radius 3/2?
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