INVERSE EIGENVALUE PROBLEMS

MIKLOS HORVATH, ORSOLYA SAFAR

ABSTRACT. In this article we consider inverse eigenvalue prob-
lems for the Schrodinger operator on a finite interval. We ex-
tend and strengthen previously known uniqueness theorems.
A partially known potential is identified by some sets of eigen-
values and norming constants.
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1. INTRODUCTION

We consider the Schrédinger operator on the finite interval [0, 7]
defined by the equation

(1.1) Ly = -y + qy,

with the real-valued potential ¢ € Ly([0, 7]).
The eigenvalue problem

(1.2) Ly = Xy on (0,m),
(1.3) y(0)cosar+ ¢'(0)sina = 0,
(1.4) y(m)cosf+y'(m)sinf = 0

defines the sequence of eigenvalues A\g < Ay < ..., A\, € R. Together
they form the spectrum o(a, 3,q). Without loss of generality (by
adding a sufficiently large constant to the potential) we may assume
0 ¢ o(a, 5,q) (which is assumed throughout the paper).

Let us fix A and consider the initial value problems

(1.5) Lu = Xu on (0,7),
(1.6) u(0) = sina,

(1.7) u'(0) = —cosa
1
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and

(1.8) Lv = X on (0,m),
(1.9) v(r) = sing,

(1.10) V'(m) = —cospf.

The solutions are denoted by u(\, z) and v(\, z) respectively. We
define the norming constants 7(X, a, q) by 7(\, o, q) = [ |u(X, z)|*dz,
and (for A € o(a, B, q)) k(\, B,q) by v(A\, ) = k(A B, Q)u(A, x). Re-
mark that for every A, 5, q there exists an o, unique mod m, such
that A € o(a, 53, q).

Our aim is to recover the potential ¢ from four different types of
given data:

(1) a set of eigenvalues possibly taken from infinitely many dif-
ferent spectra

(2) a set of norming constants belonging to known eigenvalues

(3) the potential itself on the interval [0,a] C [0, 7]

(4) the smoothness of the potential in the neighbourhood of a.

The first result of this type was given by Ambarzumian in 1929:

Theorem 1.1. (Ambarzumian, [?]) Let ¢ € C([0,7]) and
o (g, %,q) = {n*n € N}. Then q = 0.

We say that the set of eigenvalues determine ¢ in L, (0, 7) if there
are no two different potentials ¢, ¢ € L,(0,7) which share all given
eigenvalues. In 1946 Borg proved that in most cases two spectra
are needed to recover the potential:

Theorem 1.2. (Borg, [?]) Let ¢ € Li(0,7), o1 = 0(0,5,q),
o9 =0o(a, B,q), sina # 0 and o)y = 09, if sin § = 0, and oy = 03\ Ag
if sinf # 0. Then o, U o, determines the potential a.e. and no
proper subset has the same property.

Hochstadt and Lieberman discovered in 1978 that if the potential
is known on half of the interval, then one spectrum is enough to
determine the potential on the whole interval:
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Theorem 1.3. (Hochstadt & Lieberman [?]) If ¢ € L1(0,7)
then ¢ on (O, g) and the spectrum o(«, 5,q) determine q a.e. on
[0, 7].

This theorem has been further generalised by Gesztesy and Si-
mon. They observed that the knowledge of the eigenvalues can be
replaced by information on the potential and its derivatives:

Theorem 1.4. (Gesztesy & Simon [?]) Let H = —j—; +q
in L*(0,7) with boundary conditions (1.3), (1.4) and sina # 0,
sin 3 # 0. Suppose q is C** (g —¢&, 5+ e) for some k € N and for
some € > 0. Then q on [O, %], «a and all eigenvalues of H except
for k 4+ 1 uniquely determine tan 8 and q on (0, 7).

For any real sequence S = {u,|n > 0}, pu, — oo define the
counting function

ns(t) = Z 1.

Hn <t

Another result from the same paper is

Theorem 1.5. (Gesztesy & Simon [?]) Let g € L1(0,7), sin o #
0andsinf #0. If S C 0 = o(«, 8, q) satisties

1
(1.11) ng(t) > 2 <1 — ﬁ) ne(t) + S for large t
T T2

then q on (0,a), a and S uniquely determine q a.e. and tan f.

We mention the following similar results using extra information
on the smoothness of ¢:

Theorem 1.6. (L. Amour et al [?], Theorem 1.1.) Let sin o #
0,sinf3; #0,i=1,2, 7/2 < a <7 and p € [1,00). Suppose that
¢, 2 € L1(0,7), ¢1 = g2 a.e. on [0,a] and ¢ — q2 € Ly([a, 7).
Consider an infinite set

S Cola,Br,q) No(a, Bz, q).
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Assume that there exists a real number C such that

(1.12)
1
2(1—9) ny(t) + C > ng(t) > 2(1—9> o (t) + — + 2% 2
m s 2p T
for t € S large enough, where o denotes either of o(«, f3;,q;). Then
tan 1 = tan 8y and q; = ¢o a.e.

Theorem 1.7. (L. Amour et al [?], Theorem 1.1) Let k €
{0,1,2}, q1, ¢o € WkL([0,7]) and sina # 0, sin 3, # 0, sin By # 0.
Let S C o(a, f1,q1) No(a, B2, q2). Fixa € [5,7) and 1 < p < oo.
Suppose that q; = ¢ on [0,a] and q; — go € W*P([a, 7]). Assume
that

a k 1 1 a
1.1 st>2<1——) s () — 2 ____<1__)’
( 3) n()— T To( 7617(11)() 2+2p 9 p

for t € o(a,p1,q1), t large enough. Then tan 3; = tanfy and
G = @ a.e.

Theorem 1.8. (L. Amour et al [?] 1.2) In the above theorem
we can replace condition (1.13) by

(1.14) 2 (1 - %) Noagan (t) + C > ny(t) >
a k 1 a
2(1- s 4+ -2(1-2)

t € S, t large enough.

In 2012 Wei and Xu showed that the knowledge of the eigenvalues
can be replaced by the knowledge of norming constants. They

considered the constants
“S(i’r\l’g) — ”(’\’fif);i“a if sinaw# 0, sin 8 # 0,

ku(\ B q) = ”;gi"ﬁo) = ”(S?fﬁ’q) if sina =0, sinf # 0,
vl 24 v(A,0) = k(A B,q)sina if sina # 0, sin 8 = 0,

V(A 0) = k(A B,q) if sina =0, sin3 = 0.

Theorem 1.9. (Wei & Xu [?]) Let sina # 0, sinfy # 0,
sinfla #0, k € N, e > 0 and q1, ¢ € C?*71[0,¢). Assume that

U(a7617q1> - O-<Oé7627Q2)7 qgj)(()) - qéj)(o) fOTj = 07 17 e 72k —1
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and finally that k,,(\, B1,q1) = kw(X, B2, g2) holds for all eigenvalues
A € o(a, b1, q1) with k41 exceptions at most. Then tan 5, = tan (s
and q; = qo a.e.

Theorem 1.10. (Wei & Xu [?]) Let a € [0,7/2), sina #
0, sinf; # 0, sinfy # 0. Assume that ¢ = ¢q» a.e. on [0,al,
¢, @2 € C"(a —e,a + ¢) for some n € Ny and € > 0. Assume that
o(a,f1,q1) = o(a, B2,q2) Let us suppose that for an infinite set
S Cola,B1,q1), kw(N, B1,q1) = kKw(A, B2, q2) if X € S. Furthermore
assume that

a n-+3

a
ns(t> Z (1 - 2%) na(a,ﬁl,ql)(t) + ; 2

for all sufficiently large t € R. Then tan $; = tan 8, and ¢ = ¢
a.e.
Similar statements hold if we write

a n+1

a
ns(t) = (1- 2;) oy () = = =

in case sina = sin f; = sin By = 0,

a n+3
ns(t) > (1 - 2%) P () =

in case sina # 0, sin 8; = sin f; = 0 and

a n+1
ns(t) 2 (1=22 ) 1m0 () =

in case sina = 0, sin 81 # 0, sin Sy # 0.

In this paper we give a common generalization of most of the
results listed above, see Theorem 1.13 below. In many cases it
turns out that weaker lower bound of type (1.13) is sufficient. The
details are given in the third part of the paper. In the second part
we extend the main results of the paper [?] of the first author;
we prove uniqueness from knowledge of eigenvalues and norming
constants. Our conditions are connected to the closedness of cosine
systems. To formulate the results we need the following definition.
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For a sequence A = {)g, A1, ...} C R, and for a subset S C A we
define the cosine system:

(1.15)
C(A, S) = {cos(2v/Mnz) 1 n € No} U {z cos(2¢/ M) : A\ € ST

If we are given three types of data: a set of eigenvalues, norming
constants and the potential on the part of the interval, we can
formulate the following theorem:

Theorem 1.11. Let 1 <p<oo,0<a<m, ¢1,¢ € L1(0,7),
@1 = q a.e. on (0,a), g — q2 € Ly(a, ), sin By # 0, sin B2 # 0 and

A={ i, Ny €a(an, B1,q1) No(an, B2, ¢2),n € No}

Suppose that \,, 4 —oc are different real numbers and 7(\,,, o, 1) =
T(An, Qn, q2) If N, € S for a subset S C A. If C'(A,S) is closed in
L,(0,7m — a) then tan $; = tan By and ¢1 = g2 on (0,7) a.e.

In case of Dirichlet boundary condition the closedness property
of the modified cosine system gives an optimal condition.

Theorem 1.12. Let 1 <p<oo,0<a<m, q1,q9 € L1(0,7),
@1 = q2 ae. on (0,a), ¢ —q € Ly(0,7), sinf; = sinfy = 0,
let A and S be defined as above, A\, / —o0, A\, # A\n. Let p #
+v/ A, 1 € R. Then the system C(A,S) U {cos(2\/nx)} is closed
in L,(0,m — a) if and only if ¢; = ¢, on (0, 7) a.e.

We can replace the knowledge of finitely many eigenvalues (and
norming constant) by the knowledge of the derivatives of ¢ in a.
Let us define the common counting function of the eigenvalues and
norming constant by:

(1.16) m(t) = 2na(t?) + 2ns(t?).
In this case we can give the following sufficient condition.

Theorem 1.13. Let ¢; = ¢y a.e. on (0,a) and suppose that for
some dy >0,k >0and1 <p<oo,1/p+1/p =1 we have q—qy €
WkP([a,a+6)) and (q1 — q2)P(a) =0,i=0,1,...k—1. Consider
some common eigenvalues A\, € o(ay, 51,q1) No(an, P2,q2), n >0
A A —00, Ay # Ay and 7( A\, i, q1) = T( A, iy @2), A € S for
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some S C A = {Xo, \1,...}. If there exists a sequence R; — oo
such that
(1.17)

lim sup [/ mdt—él(l—g)Ri—i-(k—i-—/)lnRi] > —00
1—00 0 t m p

in case sin B # 0, sin By # 0 and

(1.18)
R;

lim sup {/ Malt—4<1—g> R; + <k+2+l) In R;
0 t m 4

> —00
1—00

in case sin 1 = sin By =0

then q; = q2 a.e. on (0, 7) and tan 5; = tan [3s.

If p = oo then we suppose additionally that 1, ¢, € C* ([a,a + dy)),
and (q; — ¢2)(a) =0 ifi = 0,...k. In this case ﬁ = 1 and the
same conclusions hold.

2. PROOFs
Proposition 2.1. [?] Let us denote v'(\, z) = Lv(X, z) and let
(2.1) w(A) = sinav’ (A, 0) + cos av (A, 0),
for an arbitrary A € C. Then X € o(a, (8, q) if and only if X is a real
zero of w. If A € o(a, B, q) then

0
55 = K B.0)T (N ).

An analogue of the following Lemma is proved in the paper of G.
Wei and H. Xu [?], Lemma 4.3 for a Sturm-Liouville operator with
different type of boundary conditions.

(2.2)

Proposition 2.2. Denote v;(x, \), i = 1,2 the functions defined
by B; and ¢; in (1.8), (1.9) and (1.10). Suppose q; = ¢z a.e. on (0, a).
Let

F(x,\) = va(\, 2)vi (A, ) — v\, 2)vi (A, x),  F(N) = F(a, \).

Then F(X\) = 0 for a real A if and only if there exists an « with
A € O'(Oé, /817 QI) N 0'(0[7 /327 q2) If X € Q'(Oé, /817 ql) N U(&7 /327 QQ) then
TN\, a,q1) = T(\, o, q2) if and only jfdg—(;‘) =F(\) =0.
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Proof. If X\ is in both spectra then the solutions satisfy the same
boundary condition in 0, thus F'(A,0) = 0 by definition and then
F(X\) = 0 follows from the fact that ¢ = ¢» a.e. on (0,a). For
general A € C we have (omitting arguments if obvious)

oF

(2.3) — = ] — vhvy = (q1 — G2) V12

Ox
which implies F(0, ) = F(\). If sina # 0, then by (2.1) v(0)w; —
v1(0)wy = sinaF(0) =sinal. If A € o(a, f1,q1) No(a, B2, g2) then
w1 = we = 0 thus

sin OJF()\) = UQ(O)LJl — 'Ul(O)CL}Q = U2(0)/€1T1 — U1 (O)HQTQ
= Kok1(Tu2(0) — T1u1(0)) = Keky sina(m — 7o)

which is zero if and only if 7 = 7.
In case of Dirichlet boundary condition, that is sin @ = 0 we may
suppose w; = v;(0) hence F' = F(0) = wyv;(0) — w1v4(0) and then

F = g0 (0) =1 05(0) = koTory 1 (0)— k17 Koty (0) = Kok cos Ty —T3)

which is zero if and only if 7 = 7.

O
The proof of Theorem 1.11

Proof. As we have seen, the common eigenvalues \, are zeros of
F(X) which is an entire function of the variable A. Thus if the A,
have a finite accumulation point then F' is identically zero and then
v2(0)v1(0) = v1(0)v5(0). This means that the Weyl-Titchmarsh
m-function of ¢, 1 and ¢o, (B are identical. By the Marchenko
uniqueness theorem [?] it follows that ¢ = ¢o a.e. and tan(; =
tan f. So in the remaining part of the proof we suppose that
A, have no finite accumulation point, and consequently there is a
subsequence tending to +o00. Integrating (2.3) in x gives by (1.9)
and (1.10)

(24) F(\) = /(QQ(x) —q1(z))v(\, 2)ve (A, z) dz — sin(fy — ).

Using the Povzner-Levitan integral representation for v; and v, (see
e.g. [?]) we can show that there exists a continuous kernel K (z,1)
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such that

™

F(2%) +sin(8; — Br) = w /(QQ —q)+

a

/ cos(2zx) [sm 51281H e (G2 — q1)(m — )+
0

/K:E t) (g2 — q1)(m —t)dt| dz.

The verification is a copying of the proof of Lemma 5.3 of [?]
with straightforward modifications, so we omit the details. Tak-
ing into account common eigenvalues tending to +co we get by the
Riemann-Lebesgue lemma the formulae

™

@5) (g —p) = R [, )
and . '

F(2) = [ cos(2z0)An (@2~ )(m — ) do
where '

Aph(x) = Smﬁl SmﬁQ /K z,t)h

Since F()\,) = 0 and for A, € S F()\,) = 0, we get from here that
Ay, (@2 —qr)(m—2)) € Ly(0, m— a) is orthogonal to C(A, S). Since
this system is closed, we get that A, ((¢2 —¢1)(m —x)) = 0 a.e. But
Ay, is a Volterra operator, thus ¢; = ¢; a.e and then tan 8; = tan (s,
which completes the proof. 0

Proof of Theorem 1.12:

Proof. We can suppose again that A has no finite accumulation
points. Remark that in case of existence of an accumulation point,
C(A, S) is necessarily closed. Indeed, if h is orthogonal to C'(A,S)
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then the zeros of its cosine Fourier transform H has a finite accu-
mulation point, hence H = 0 and then h =0 a.e.

The if part:

As above, we have a continuous kernel L(z,t, 1) such that

T

(22— AR () = / (@ — a)+

a

m™T—a T™T—a

+/COS(2296) (Q2—q1)(7r—x)+/L(%t,u)(qQ—ql)(W—t)dt :

see (2.17) in [?]. Since A has a subsequence tending to 400, we get
from here

(2.6) / (4o — 1) = 0

and

21) -2 )P = [ cos(zz) (@ — a)(n — ) do

where

T™T—a

(2.8) Ay (h(@)) = h(z) + / L, t, p)h(t) dt.

xT

Now (2.7) yields that Ay, ((¢g2 —¢1)(m —x)) is orthogonal to C'(A, S),
consequently A, ((¢g2 — ¢1)(m — z)) = 0 a.e. Since A,, is Volterra,
we obtain ¢; = ¢» a.e and then tan $; = tan (s.

The only if part:

If C(A,S) is not complete then there exists 0 # h € L,(0,7 — a)
such that

mT—a

H(z) = / h(z) cos 2x2 dx

has zeros at 4, /A, and H(A\) = 0 for A € S. Using Lemma
2.1 in [?] we see that for every ¢, € Ly(0, 7) there exists a function
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q2 € L1(0, ) for which ¢; = ¢ a.e. on (0,a), ¢ — g2 € Ly(a, ) and
for a sufficiently small v # 0 we have

yh(z) = Ay, ((2 — 1) (m — x)) a.e. on (0,7 — a).
Build up the function F' from ¢; and g¢o; from (2.7) we get
vH(z) = =2(2* — p*) F(2%).
Now by Proposition 2.2 we see that there exist «, with A\, €

o(an, B1,q1) N o(an, B2, q2) and that 7(A,, an,q1) = T(Ay, an, ¢2)
for all \,, € S. The proof is complete. O

To prove Theorem 1.13 we need the following asymptotics for
F(2%). Amour, Faupin and Raoux proved this statement in [?]
assuming k£ < 2 and sin 8; # 0, sin 5y # 0.

Proposition 2.3. Under the conditions of Theorem 1.13 for
any € > 0 there exists a 6(¢) > 0 such that

2|Sz|(m—a)

2 —4(e)|Sz| Cx
|F(Z)|§—|%z’k+@1’ (e +ce ), Sz#0

in case sin f1 # 0, sin By # 0 and
62|Sz\(7r—a)

|F(2%)] < W (8 + Ce_d(g)m”ﬂ) , Sz #0
& p

(&

in case sin 31 = sin 33 = 0. The constant ¢ does not depend on &, §
and z.

Proof. Consider first the case sin 3; # 0. Recall the known asymp-
totic expression

|Sz|(m—2x)
vi(22, ) = sin(B;) cos(z(m — z)) + O (6|—|> |z] = oo
z
uniform in z, see e.g. in [?]. Putting this into (2.4) gives
. sin 37 sin r
F(2) = sin( - o) + R [, - q)

a
™

4 /(qg(x) @) [w cos 2:(r — 7) + O (wﬂ d.

a
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We know from (2.5) that the sum of the first two terms on the right
is zero. Hence

™

(2.9) F(2*) = /(Q2 —a)fo,  Jolz) = O (2¥0)

uniformly in z. Fix avalue 0 < § < dg. Since go—¢q, € W*Pla, a+0)

and q%i)( ) = q2 ( ) fori=0,...,k—1, we make k integrations by
parts to obtain

a+6 a+é at+s
210) [w-aho= [@-aln== [@-a)¥%
where
a+d

fini(z /fz

We see by induction on ¢ that

uniformly in x. Now

a+d
/|q2_q1 )|€ |Sz|(r— ac)dIS

2 _
9l z)||Lp/(ab7a-‘,-6) <

(g2 — (h) ||Lp(a,a+6)||6
2|Sz|(r—a)

) ® S

CO H (q2 ql) HL,,(a,a—Hs) |%Z’1/p/

For small 6 the L,-norm of (ga—¢q;)*) is small; for p = oo this follows

from the additional information that (g, — ¢1)*) is continuous and

zero at x = a. The above considerations show that for small §

5
o 2|\S‘Z|(7T a)

(2.11) (/(qz fo‘ = IS
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On the other hand

2|Sz|(m—a)

™
i 2|Sz|(r—a—3) € —0|3z|
‘ /(QQ Q1)f0‘ < ce < VG ¢

a+d

which proves Proposition 2.3 if sin ; # 0. Now if sin 8; = sin 3, = 0
then we apply the asymptotic formula

sin(2(r — ) | (Q%_M) |

z |22

vi(zza 3:) =
We substitute it into (2.4) to obtain
F(2*) = L/(QQ —q1)—
222

a
K

/(q2 —q1)() {W +0 (%)} dz.

a

The first term is zero by (2.6), hence

™

2F(2%) = /(CI2 —a)fo, folz)=0 (e2|%z|(7r—33))

a

and we proceed in estimating F' as above. 0
Proof of Theorem 1.13.

Proof. Suppose indirectly that there are potentials ¢; # ¢o and
B1, B2 with the properties specified in Theorem 1.13 and that F(2?)
has zeros in A\, € A and (at least) double zeros in A\, € S. If
sin 3; # 0 then

F(2%) = /Oﬂ_a cos(2zx)Ag, (@2 — 1) (m — x))dz.

Since ¢; # ¢» and A,, is Volterra, F' can not be identically zero.
Recall the Jensen formula:
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Let f(z) be analytic for |z| < R, f(0) # 0. If n(¢) is the number
of zeros of f(z) in |z| <t then for 0 <r < R
r n(t) 1 2 )
—dt = — 1 dp —1 0)].
| BRd= 5 [ mlseen)iae —mlso)

Applying this formula to F(z?) we get with the notation m(t) =
2n, (%) + 2ng(t?) that
"m(t I ,
/ malt < —/ In |F(r*e*?)|dy + O(1).
o t 2m Jo

Inserting here the estimate of Proposition 2.3 gives

/07« @dtg %/0 ’ [2r]sin|(r — a) — (k +1/5") Inr|sin o]

+In(e + ce"”"'sm“"')} de + O(1)

1
§4T<1—2> — (k—l——/) Inr
™ p
[ .
+ — In (e + ce“s”sm(@)l) de+ O(1).
2w Jo

In the last integral € 4+ ce=%"1*"(@)l is bounded from above, hence

/ In (e + ce_‘wsm(“’)') dp < O(1).
| sin p|<1/2
On the other hand

/ In (6 + ce’&'sm(“"”) dp < / In (5 + ce"wQ) dy
[sinp|>1/2 |sinp[>1/2

< / In(2e)dp < 2mlne + O(1)
[sinp[>1/2

—or/2

if r is large enough to ensure ce < e. Consequently for every

€ > 0 we have
"m(t) a 1
—dt§4r<1——>— k+— Inr+Ine+ O(1)
0 13 ™ p

for sufficiently large r; in other words,

" 1
/Mdt—4r<1—g>+(k+—)lnr—>—oo, r — 00
o t T P
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in contradiction to the assumptions of Theorem 1.13. If sin8; =
sin B3 = 0 then by (2.7)

T™T—a

27 = () = [ cos(2a0) Ay (a2 - )7~ ) do

Suppose indirectly that go # qi; then (22 — p?)F(2?) is a nontrivial
entire functions with zeros £, ++/)\, and at least double zeros for
A, € S. We apply the Jensen formula for (2% — u?)F(2?%), and the
above proof can be repeated with m(t) = 2na(t?) + 2ng(t?) + 2.
The proof of Theorem 1.13 is complete. U

3. APPLICATIONS

In this section we show that special cases of Theorem 1.13 give
sharper results than those in Theorems 1.5, 1.6, 1.10, and in case
p # oo Theorems 1.7, 1.8. We also check that Theorems 1.3, 1.4
and 1.9 are special cases of Theorem 1.13. For the verifications we
need the following lemmas.

Lemma 3.1. Let A >0, B € R, and define the number t4 p =
1/2 for irrational A and ty p = % + @ if A= % is rational with
r,s >0, (r,s) = 1. Here {z} = x — [z] is the fractional part of x.
Then

N
Ak + B
31 > {TJF} —typlnN +o(InN), N — oco.
k=1

If A is rational, the remainder term o(InN) can be substituted by
O(1).

Proof. Let v, = {Ak + B} for short and Sy, = v; + -+ + 1. The
usual Abelian summation by parts gives

N-1 -1

N Vi SN Sk Sk
(3.2) Z = + m = 1 m + 0(1)

=z

i
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Now if A = I is rational then v}, is periodic with period s and
average

éi{Ak + B} = %i{Ak} + {B;S} — L + {ZS} =1aB-

2s
k=1

Consequently Sy, = kt4p + O(1) and this gives from (3.2) that

N

3y % =t 50N + O(1).

k=1
If A is irrational then Sy = k/2+ o(k) see e.g. Pinner [?], and then
by (3.2)

N v, 1
Z f = §lnN + o(InN)
k=1
as asserted. O

Lemma 3.2. Let A>0,B, CeR, g < py < g <... bereal
numbers tending to +oco and let m(t) =3, 1.
a. If \/ju, < Ak+ B+ O(1/k) holds for all sufficiently large indices
k then

2m (%) 2 B
-~ 7 > — — 92— X
/ t dt_AR+(1 2A)lnR+O(1), R — o

b. If \/ux < [Ak + B] + C 4 O(1/k) for large k then

2m (%) 2 B+C 2
_ 7 > — — — .
/ St > AR+<1 2=+ AtA,B> InR+o(InR), R — oo

1

The remainder term can be substituted by O(1) if A is rational.

Proof. a. The increase of j;, diminish the counting function m(t) so
we can suppose /fi, = Ak + B+ O(1/k). Shifting the value of one
Ve by O(1/k) results in a changement O(1/k*) in the integral,
hence we can suppose /i = Ak + B. Define the function r(t) by

2m(t?) = 2% + 7 (t).
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Clearly 2m(pur) = 2m(puge1 — 0) = 2(k + 1), hence r( /ux) = 2,
r(y/Ikr1 — 0) = 0 and r(t) is linear in [\/fig, v/fik+1). This implies

that

T
VIR
Ny
- [ w00 (i ) oo ()
t Vet e — T k2
(mwm)/
Thus
R Rd
¢ /
/th:/7+0( ) = InR + O(1)
1 1
and then
Fom)  [.t-B ; B
m t—
/ ey /QA—tdt+lnR+O(1)_ZR+(1—ZZ) InR+O(1).
1 1

b. As in a. we can suppose that /ux = [Ak + B] + C. Let

Vi = Ak 4+ B + C and let m* be the corresponding counting
function. From a. we know that

R
2m*(t?) . 2 B+C
/ - dt_ZR+(1—2 ¥ )lnR—l—O(l).

On the other hand, for NA < R < (N + 1)A we have

[ 2m(12) — 2m* (12 - \/722 . VI
/ m( )—t m*( )dt:;/;dt—i—O(l):;an%—O—O(l)
N

1

- 22—\/‘7%“‘7’“ ro =23 B o)

Applying Lemma 3.1 the estimate b. follows. O
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Lemma 3.3. Let 0 = o(«, §;q) and consider an infinite subset
S Co.
a. Suppose that
(3.3) ns(t) > yn,(t) + ¢ for large t > 0

for some 0 < v < 1 and § € R. Then for non-Dirichlet boundary
conditions sin « # 0, sin 8 # 0 we have

(3.4)

2ng(t?
/ "St( Vgt > 2YR A+ (1420 + 29ty 5, —5p)InR +o(InR) 1 — oo.

1

For one-sided Dirichlet condition
(3.5)
R

2n(t?
/ ”St( Lit > 29 Rt (142542911, s )mR+o(mR) 1 — oo,

1

Finally for two-sided Dirichlet conditions sin a = sin 3 = 0 we have
(3.6)
R

2n5(t?
/ ”St( it > 2R+ (1420-2942111 ),y )InR4o(lnR) 7 = o0,

1

In all cases the remainder o(InR) can be substituted by O(1) if
is rational.
b. If instead of (3.3) we only know that

(3.7) ns(t) > yn.(t) + 6 for larget € S

then the estimates (3.4), (3.5) and (3.6) of point a. remain valid if
we write 6 + v — 1 instead of 9.

Remark that an easy way to obtain lower bounds like (3.4), (3.5),
(3.6) is to substitute (3.3) into the integral. Our result gives better
lower bounds higher by (1 — v + 2vt1/4,-5/y)InR.

Proof. Let 0 = {Xo, A1,...} and S = { Mg, Mgy, .-} Since ng(t)
is constant in [A,_,, A\g,) while n,(t) is growing, we see that (3.3)
holds for all large t if and only if ng(t — 0) > yn,(t — 0) 4+ ¢ holds
for all large t € S if and only if ng(t) > yn,(t) +0 — v+ 1 holds for
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all large t € S. This argument shows that b. follows from a. and
that if (3.3) is true then

i+1 =ng(Ag,) > ne(Ag,)+0—v+1 = vy(k;i+1)+6—~v+1 for large i

that is, k; < %‘5 ie.

(3.8) ky < [i;‘s] :

For non-Dirichlet boundary conditions the well-known eigenvalue
asymptotics A, = k 4+ O(1/k) gives

s[5 o)

That is, Lemma 3.2 applied with A = 1/, B = =/ and C' =
0 yields (3.4). For one-sided Dirichlet condition the asymptotics
VAL =k+1/24+ O(1/k) gives

s[5 deo)

]

and Lemma 3.2 applies again with A = 1/v, B = —d/v and C =
1/2. Finally for the two-sided Dirichlet conditions we argue the
same way using the asymptotics Ay = k+ 14+ O(1/k). O

Lemma 3.4. Lety>0,6,0€ R andt =ty/,_s/,. Then
a. If v is irrational then

5>Q;—7<:>25—0—27t>g.

b. If vy = s/r is rational, (r,s) = 1, r,s > 0 then

WNUCEE)

& 20 + 29t > p.

In particular

o— 1 0 1—s
f A A S BN S
Z 5ty T ot taze
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Proof. If ~ is irrational then ¢ = 1/2 so point a. is obvious. If
v =s/r then t = =1 4 207} hence

s

S R S ek S Gl Y S Sk ol
r r

r r
s —1-2[-0r]
= - .

Hence

19— 1 1—
s [ 5T]2Q<=>[—57‘]§|:8 Qr}@_5r<[s+ Qr]
r 2 2
B I CTE))

The last statement follows from here applying the inequality [z] >
rz— 1. U

Now we are able to demonstrate that Theorem 1.13 is a common
generalization of Theorems 1.3 to 1.10 and in most cases gives a
stronger result even in the special situations described there. In-
troduce the shorthand notation

(NN) if sina # 0, sin §; # 0,

(DN) if sina = 0, sin §; # 0,

(ND) if sina # 0, sin §; = 0,

(DD) if sina =0, sin 3; = 0.
Recall that

R ) 2R+In R+ O(1) in case (NN)
2n0(a,ﬂ,q) (t ) B .
(3.9) fdt = (2R in case (ND) or (DN)
1 2R —In R in case (DD)

see the proof of Lemma 3.2 or [?].

Checking Theorem 1.3
In the notation of Theorem 1.13 we have a = 7/2, p = 1, k = 0,
A =o(a,B,q) and S = 0. In cases (NN) and (DN) we get from
(3.9) that

R 2
/ %§Uﬁ22R+O@
0
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which implies uniqueness by (1.17) and tan /3 is also uniquely iden-
tified. In cases (ND) and (DD) we have by (3.9)

R 2
/ %§”ﬁ22R—MR+Om
0

which implies uniqueness by (1.18). O

Checking Theorem 1.4
This is case (NN), a = 7/2, p = 0o, we have 2k instead of k& and A
is o after deleting k + 1 eigenvalues. From (3.9) we see that

/R%AT@Z)dt: 2R + (1 —2(k + 1)) In R + O(1)

and uniqueness follows from (1.17). O

Improving Theorem 1.5
Instead of

1
ns(t) > 2 (1 - %) ne(t) + % —3 for large ¢
the weaker bound

ns(t) > 2 (1 - %) ne(t) + 9 for large ¢,
f

if % is irrational or 1 — = = 2, s + 7 is even

a 3
s 2 2
6>{%—%—%ﬂ1—%=§ﬁ+rmmﬁ
is sufficient. Here and in what follows we always suppose that » > 0,
s > 0 and (r,s) = 1. Indeed, let v = 2(1 — a/7). We have case
(NN), k=0, p=1. By (1.17) and (3.4) we need 1+ 26 + 27t > 0
if v is irrational and > 0 if ~ is rational. Thus ¢ = —1 and by
Lemma 3.4 we get § > (—1—+)/2 = a/m—3/2 if 7 is irrational and
> —[r((v+1)/2)+1/2])r =—[(s+r+1)/2]/r for y=s/r. O

Improving Theorem 1.6
The upper estimate in (1.12) can be deleted, the lower estimate can
be weakened, namely it is enough to require for large t € R

(3.10)

5 — 2+ & if 7 is irrational

ns(t) =2 (1= 2)nglt) 46,6 > ¢ P 1 iaTai 1)
T _ 2p w ' 2r lf ,y — f

r
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Indeed, we have (NN), k =0, 1 < p < o0, v = 2(1 — a/7) hence
(1.17) and (3.4) yield 1 + 20 + 2yt > 1/p — 1 for irrational v and
> for rational v. Thus p = 1/p — 2 and Lemma 3.4 gives (3.10).
Remark that in the original lower bound (1.12) 6 = 1/(2p) — 1,
see Lemma 3.3 b. That the bound (3.10) is weaker is obvious for
irrational v and can be checked by

— r(—g+2—2+5)-1
2p 2p 2r r
1 a 1
_[T’(—2—p+2—;+g)]
r
for rational 7. O

Improving Theorems 1.7 and 1.8 in case p # co
The statement can be extended from k& = 0,1,2 to every k € Ny,
the upper bound in (1.14) can be deleted and the lower bounds in
(1.13) and (1.14) can be weakened by

(3.11) ns(t) > 2 (1 - %) 1y () + 6,

2p 2
S TR R s b
T

L -2+ 4 - % it v is irrational
6>
)] s
if y=2.

That (3.11) implies uniqueness can be checked in the same way
as (3.10) in the special case k& = 0; we apply Lemma 3.4 with
0= —k—241/p. The original lower bounds are 6 = 2ip — % +2— %
in (1.13) and 6 = 2ip —1—%=p/2in (1.14), see Lemma 3.3 b. The
latter is smaller but the bound in (3.11) is even smaller. This is
straightforward for irrational v and for v = s/r it can be checked
by

1—s

2r

ISt I 9+_:§+

<
T 2 2r -

[NCRNIS)

O

Checking Theorem 1.9
Before the formal proof we show that if o(a, f1,¢1) = o(, B2, ¢2)
then for an eigenvalue A\, € o(a,f1,¢1) we have 7(\,, a,q1) =
T(An, @, q2) if and only if k, (A, 51, ¢1) = Kw(An, 52,¢2). Indeed,
the function wy(z) defined in (2.1) is an entire function of order 1/2
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whose zeros are precisely the eigenvalues )\, € o(«, 1, q1). Conse-
quently by the Hadamard theorem

(3.12) wi(z) =[] (1 - Ain) .

If sin 57 # 0 then by the known asymptotic formulae
(3.13)

wwz) = sin(B)cos(yE(x — 2)) + O <
(3.14)

Wi(2,2) = sin(B)sin(v2(m —2))v/z + O (e3VATD)
(see e.g.[?]) we obtain

wi(2) = sin asin By v/z sin(y/zm) + O(el VM),

This means that in the constant ¢ of (3.12) there is an unknown
factor sin f;; in other words wy/sin f; = wo/sin fa. Now W; = K;T;
implies that in cases (NN) and (DN)

oSV (r—2) >

2|

K(Ans B1, q1) wi(An)
——— (M, a,q1) = —
sin 34 7(dn, 2 1) sin 34
o WQ()‘n) _ "i()\mﬁ%QZ)
Since k,, = % in case (NN) and k,, = ;5 in case (DN), this

shows that k.1 = Ky if and only if 7 = 7. If sin 5y =sinfBy =0
then from the asymptotics

sin({/2(m — x elSVz|(r—z)
(315)  wfe,2) = VT ZD) g (—)

vz 2]
, (SVEl(r—a)
(3.16) w,(z,2) = —cos(v/z(m —x)) + O <—>

||

we obtain w; = wsy. Since K, = k in case (DD) and k,, = Ksina in
case (ND) so again k1 = Ry if and only if 71 = 7. Now return to the
proof of Theorem 1.9. This is the case (NN), a =0, p = 00, 2k — 1
instead of k, A = o(a, f1,q1) and S is o(«, b1, q1) after deleting
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k + 1 elements. Consequently m(t) = 4n,(t?) — 2k — 2 for large ¢
and then

/R@dt:zuﬂ(2—2k—2)1nR+0(1)

which implies uniqueness by Theorem 1.13. U

Improving Theorem 1.10
The lower bounds can be weakened by ng(t) > (1 — 2a/m)ny(t) + 0
for large t € R where

_ (=% +”“+
s

S el (O 1rrat1onal Y,
>

for v =
in case (NN),

_ )

—222 for irrational v,
o>
for v =

in case (DN),

[r(n+4+ 1

_n+4 : :
5o 5 for 1rrat10nal v,
I for v =
in case (ND) and

_a _ ”;2 for irrational +,
o> f;( LT
- r

30 for v =

in case (DD). Indeed, we have v =1 — 2a/7r. In case (NN) we need
that 1 +1 + 20 + 29t > —n — 1 for irrational v and > —n — 1
for v = s/r. Consequently o = —n — 3. In case (DN) we need
1420 —v+2yt>(>)—n—1, hence p = —n — 1 — 2a/m. In case
(ND) we need 1+25 —y+2yt > (>)—n—3,i.e. o= —n—3—2a/7.
Finally in case (DD) we need —1+1+26 —2y+2vt > (>)—n—3
which means that o = —n — 1 — 4a/m. In all the four cases we get
from Lemma 3.4 that

&1 for irrational
0> y-—e 1
_[T(2+ )] for v = £

These are weaker bounds than those in Theorem 1.10. This is
obvious for irrational v and for v = s/r it follows from —[r((y —
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0)/2+1/(2r)]/r <(e—7)/2+1/(2r) = ¢/2+ (1 —5)/(2r). The
proof is complete. U

REFERENCES



