THE M;[D] CONSTRUCTION

Let D be a bounded distributive lattice, and let M3 = {0,a,b,¢c,1} be the five-
element non-distributive modular lattice. Then M3[D] denote the subposet of D3
consisting of all < z,y, z > satisfying z Ay =y Az = 2z A xz. We call such a triple
balanced. This was introduced in [5].

Theorem. M;[D] satisfies the following conditions:
(i) M3[D] is a modular lattice.
(i) The subset M3 = {< 0,0,0 >,< 1,0,0 >,< 0,1,0 >,< 0,0,1 >, < 1,1,1 >}
of Ms[D] is a sublattice of M3[D] and it is isomorphic to Ms,
(iii) The subposet D = {< x,0,0 >}z € D of Ms3[D] is isomorphic to D; we
identify D with D,
(iv) M3 and D generate M3[D)],
(v) Let © be a congruence relation of D = D; then there is a unique congruence
© of M3[D)] such that® restricted to D is © ; therefore, Con M3[D] = Con D.
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FIGURE 1. M3[D] where D is the three-element chain

In today’s terminology, M3[D] is a congruence preserving extension of D. The
extension M3[D] is shown in Figure 1., where D is the three-element chain (see a
Fotary versiod).

Remarks. Let M, be the modular but not distributive lattice with n atoms.
In this case we can define M, [D] similarly. It is easy to see that Ms[D] is a
special subdirect power of Mjs, it is the lattice of all order-preserving mappings
f:J(D) — Ms (don’t forget {f : J(D) — 2} = D, where J(D) is the poset of
all join-irreducible elements of D and 2 is the two-element lattice).

Date: February 3, 2008.



2 LATTICES

The first important generalization of this construction was the Boolean triple
construction [2] which is a special case of a more general lattice tensor product
construction of G. Grétzer and F. Wehrung (see [2]). These constructions play an
important role by the congruence-preserving extensions. See more in Gréatzer’s new
book [3]

Other interesting generalizations, related results in: R. W. Quackenbush [4], J.
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FIGURE 2. D is the four-element chain
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