1.68. Coupon collector’s problem. We are interested now in the time it takes
to collect a set of N baseball cards. Let 7). be the number of cards we have to
buy before we have k that are distinct. Clearly, T} = 1. A little more thought
reveals that if each time we get a card chosen at random from all IV possibilities,
then for £ > 1, T 1 — T} has a geometric distribution with success probability
(N —k)/N. Use this to show that the mean time to collect a set of N baseball

cards is &~ N log N, while the variance is ~ N2>, 1/k.







1.69. Algorthmic efficiency. The simplex method minimizes linear functions by
moving between extreme points of a polyhedral region so that each transition
decreases the objective tunction. Suppose there are n extreme points and they
are numbered in increasing order of their values. Consider the Markov chain in
which p(1,1) =1 and p(i,j) = 1/(— 1) for 7 < 4. In words, when we leave j we
are equally likely to go to any of the extreme points with better value. (a) Use
(1.25) to show that for i > 1

ETy=1+1/24---4+1/(1—1)
(b) Let I; = 1 if the chain visits j on the way from n to 1. Show that for 7 < n
Pl = 1| Leaq, ... &) = 1 /]
to get another proof of the result and conclude that I, ... I,,_; are independent.
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1.74. Consider the aging chain on {O, 1,2,...} in which for any n > 0 the

individual gets one day older from n ton+ 1 Wlth probability p,, but dies and

returns to age 0 with probability 1 — p,,. Find conditions that guarantee that
7 (a) 0 is recurrent, (b) positive recurrent. (c) Find the stationary distribution.
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