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Definition of the Fractal percolation sets Informal definition of the Fractal percolation sets on R?

We are given a bias coin:

We always flip the coin independently of everything.
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Figure: The first 5 approximation M = 3, p = 0.85 11 / 39



Informal definition of the Fractal percolation sets on R2

Fractal percolation (or Mandelbrot percolation) on
the unit square

Let &£, be the set of retained level n squares. We write

A= Q.

Qeéy

Then the statistically self-similar set of interest is, which is called
fractal percolation set

i 9= ﬂle A, .
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Definition of the Fractal percolation sets Informal definition of the Fractal percolation sets on R?

The Fractal percolation (or Mandelbrot percolation) random set
Afy, on [0,1]7 with parameters (M, p) is obtained if we divide the unit

cube [0,1]% into M? congruent cubes of size 1/M and apply the process
described above.

Above we described the construction in the special case when d = 2 and
M = 3.

The event Aﬁimp = (J is called Extinction. This happens with positive
probability if p < 1 (what we always assume). So, most of our assertions
will be conditioned on no-extinction which means that A‘Ji\m # J
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Definition of the Fractal percolation sets Informal definition of the Fractal percolation sets on R?

It was proved by Falconer and independently Mauldin, Williams that
conditioned on non-extinction:

. . log(M - p)
(1) dlmH Af]l\jp = dlmB A%LP = log—M a.S.

The meaning of the nominator of the fraction in (1):
M. p=FE[#&].

Therefore

(2) M. p<l=A=(as.

We will prove this formula in the second later in the sace when d = 1.

14 /39



Informal definition of the Fractal percolation sets on R2

(3)

dimy A%J*p > 1 a.s. conditioned on non-extinction <= p >

1
Md-1°

Observe that #&, is a Galton-Watson Branching process with offspring
distribution Bin(M?, p) . So, now we recall from Probability Theory:

Q@ If M9 p=TE[4#&] <1 then the process dies out in finite steps
with probability 1.

Q@ If M7 p=TE[#&] > 1. Then the probability that the process does
not die out is positive.
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Definition of the Fractal percolation sets Formal definition of Fractal percolation sets on R

Now we give a formal defintion of the Fractal percolation. We confine
ourselves to d = 1 that is we give the defintion on the line.

Given are M > 2 and p e (0,1).

Let 7 be the M-adic tree. That is for each n, 7 has M"™ nodes at level
n, which we denote by strings i, = iy .. .1,, where iy € {0,..., M — 1}
for k =1,...,n. There is one node at level 0, the root, denoted .
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Formal definition of Fractal percolation sets on R

The set of "outcomes" 2 is the space of labeled trees, i.e., each node

i1 .. .1, obtains a label Xj; ; , which will be 0 or 1. Let F be the
product o-algebra on (2. We consider a probability measure P, on (£2, F)
by requiring that the X;, ; are independent Bernoulli random variables,
with P, (Xg=1)=1,and forn>1and i;...7, € {0,...,M —1}"

(4) Py (Xi.i, =1) =p.
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Definition of the Fractal percolation sets Formal definition of Fractal percolation sets on R

The randomly labeled tree generates a random Cantor set in [0, 1] in the
following way. Define

(5) o= [ it o e o e+ ]

The n-th level approximation A" of the random Cantor set is a union of
such n-th level M-adic intervals selected by the sets S,, defined by

(6) Snz{iln-in:Xh:Xi ="':Xi1---in=1}'

1%2

Then
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Definition of the Fractal percolation sets Formal definition of Fractal percolation sets on R

The random Cantor set A = AMp is

() A= ()8 - () U

n—1 PR

Let Z,, = Card (S,,) be the number of non-empty intervals I;, ; in A"
and let Z, := 1. Then (Z,),y is a branching process with offspring

distribution the law of Z;, which is Binomial(), p) Namely, let SZ»(H), for
n > 1 be i.i.d. random variables such that £ £ Z,. Then

g ey i 2,50
Zn+1 = .
0, it Z,=0
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A simple consequence of the definition

A simple consequence of the definition

Corollary 1.1 |
Given M > 2, d > 1 and given the probabilities p,p,p € (0,1) such that

~

(8) p=p-p.
Now we consider the corresponding three Mandelbrot percolation sets:
d N d n d
A=Ay, A=Ay A=Ay,
Then we have

(9)

=)
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A simple consequence of the definition

Proof in the case when d = 1.

For the probabilities p, p and p and for every n > 0,
i1...9, €{0,..., M — 1}" we define the Bernoulli random variables

X; X, and )Z'Zl? as in (4). Then by the assumption p = pp

1.-2lp?

A~ ~

(10) Xivin 2 Xy - Xiy i

This implies that for every n

(11) S, 25,18,

where the random sets §n, S,, and §n are defined as in (6) for the

probabilities p, p and p respectively. This and (7) imply that (9) holds.
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The proof of the Dimension formula

© The proof of the Dimension formula
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The proof of the Dimension formula

Theorem 2.1

The dimension formula for the homogeneous fractal percolation set A‘]imp
Is
(12)

: : log (M. . —
dimpy A%’p = dimp A(]iwp = ng()g Mp ) a.s. conditioned on non-extinction.

Recall: M?.p = E[#&;]. Now we prove (12).
Throughout the proof we always assume that d = 1. We fix a p € (0, 1)
and M > 2 The proof follows a lecture notes of Michel Dekking. Let

¢ =PA=g), Li:=[£ 5] k=0,...,M-1
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The proof of the Dimension formula

That is we prove in this one-dimensional setting, that the dimension of
the frcatal percolation set A is 1%2\% . We always assume that

1
13 —
(13) P>

otherwise A = ¢ a.s.. The following lemma will be important in the
proof of the dimension formula.

Lemma 2.2

For every a > 0 either H"(A) = 0 holds a.s. or P (H"(A) =0) =q. In
formula:

(14) P(H"(A) = 0) € {g,1}.

Recall: ¢ = P(A = &), 24 /39



The proof of the Dimension formula

Proof
Let
Ly = #S,.

Consider the probability generator function of 7;
0
g(s) =E [Szl] = Zpksk, k=P (Z1 =k).
k=0
On the next slide we prove that P (H*(A) = 0) is a fixed point of g.

Using that the set of fixed points of ¢ consists of 1 and ¢, this will
complete the proof. So the calculation is as follows:
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Proof cont.

(HO‘(A) =0) =P(H*"(No)=0,...,H*(Ap—1)=0)

_21@ (HYA)=0,Yi=0,....,M —1|Z; = k)P(Z, = k)




The proof of the Dimension formula

Lemma 2.3

The random variable dimy A is almost surely constant on the event

{A # T} .

Namely, if E[Z;] <1 then A = ¢F almost surely. We assume that
E[Z1] > 1. Let (22, F,P,) be the ambient probability space on which
the random set A is defined. Let Q< be defined s.t. if w e Q9 then
A= Clearly P (Q@) = ¢. If dimg A is not a constant almost surely
conditioned on non-extinction then then 32, )y Q\Q@ with

0 <P () <1—g and 71 < 7, such that for w € ) dimpg A(w) <y
and for w € Qy, dimyg A(w) > 5. For we Q; U Q9, H(A) =0 and for
we Qy H(A) = oo, Then P (H%(A) _ 0) e (g, 1) which is
impossible by Lemma 2.2.
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The proof of the Dimension formula

HU(A) = lim < mf{i/l B ACUA7,A<5}

The upper bound )

g

(15) 50
t— HE(A)
O(é_a ‘-,
dimp(A) ¢

H3(A) J

Above: A « R? ¢ >0,
The Hausdorff dimension of A

dimg(A) = inf {t H'(A) = }
= sup {t: H'(A) = wo}.

28 /39



The proof of the Dimension formula The upper bound

The upper bound

A,, consists of Z,, intervals of length M ~". This implies that
(16) Hen (A) < Z, - (M)
By Markov inequality:

Hiy—n (A)]

(7)) By (A) = o) < 2L :

W E[Z] _E[Z]" _1 <E ]£[z1]>

BN — —

e Mo e Mno €
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The proof of the Dimension formula The upper bound

The upper bound cont.

Let
_ 1ogE[Z)] _ log(Mp)
o = :
log M log M
Then
E[Z] < M“.

Using Borel Cantelli and (17) this means that
P(H"(A) =0) =1
since lim Hf;» = H*(A). Thatis dimgA < a as[]

30/39



The proof of the Dimension formula The lower bound

The lower bound

Let
_ log(Mp)
log M~
We want to prove that
(18) dimg A > s a.s. conditioned on nonextinction.

First we prove that

Lemma 2.4 |

If B < |0, 1] has the property that P(A n B # 0) > 0 then this implies

that dimy B > —12L .

21./2
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The proof of the Dimension formula The lower bound

The lower bound cont.

Proof of the Lemma 2.4 slide | |
Recall that in the definition of the Hausdorff dimension we can restrict
ourselves to covers by M-adic intervals like [ := [’j\}j, %] . If Iis such

an interval and [ief, lrigne are its neighbours then

PAnI+# Q)< Z P (J is selected ) = 3p"
Je{jleftyjyjright}

Using that |I| = M ™" and the solution of the equation p" = (M~")" is

T = Ilog?, from the previous formula we get that
og M

(19) P(AnT#@) <3|l

—logp
log M .
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The proof of the Dimension formula The lower bound

The lower bound cont.

Proof of the Lemma 2.4 slide Il |
To prove that dimyg B > g’gp it is enough to verify that there exists a

constant C' > 0 such that for an arbitrary covering {I;.} of A by M-adic
intervals (not necessarily of the same length) we have

(20) S I > C > 0.
k

To see this we define C':= P (A n B). By assumption C' > 0. Using
that I, is a cover of B we have:
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The proof of the Dimension formula The lower bound

The lower bound cont.

Proof of the Lemma 2.4 slide Il

0< CP(AmB#@)éP(AmUIk;é@)
k

log p

<Y P(ANL # @) ZS\Ik\logM .
k

This completes the proof of the Lemma.
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The proof of the Dimension formula The lower bound

The lower bound cont.

Given p,p,p € (0,1) such that
(21) p=pDp.

Now we consider the corresponding three Mandelbrot percolation sets:

A=Nyp A=Ay A=Ay,
We have proved in Corollary 1.1 that
(22) ALAAA.

In particular,
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The proof of the Dimension formula The lower bound

The lower bound cont.

(23) Pﬁ(f\#@):a@pxpﬁ)(/\r\]\#@).
Let

Vop = {wp €y : Py (wﬁ e Q0 Awy) N K(Wﬁ) 7 @) > 0} .
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The proof of the Dimension formula The lower bound

The lower bound cont.

Lemma 2.5

Assume that p > ﬁ We choose p, p such that (as always) p =p - p.
Then

(24) Py (Vo) > 0.

Proof.

By assumption IP; (/A\ # @) > (). Then the assertion of the Lemma
follows from (23) and Fubini Theorem. O
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The proof of the Dimension formula The lower bound

The lower bound cont.

Here we use the notation and assumption of Lemma 2.5. Now we fix an
wy € V, 5. Let B := A(w,). Then by the definition of V,,; we have

Pﬁ(w];e Q{D‘ : A(wﬁ) N B # @) > 0.
This implies by Lemma 2.4 that

—logp

(25) dimpg A(w,) = for all w, € V,, 5.

log M
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The proof of the Dimension formula

The lower bound

The lower bound cont.

We have assumed that

That is p > ~ and P can be as close to —— as we want. So on a set of
Mp Mp

positive P,-measure of w, € V}, 5, we have

(25)

—loe® ] log(M
(26) lolg%f < dimpg A(wy) < li(gMp).

But by Lemma 2.3 we know that dimy A, (w,) is almost surely constant
on A, # . This completes the proof.[]
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