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Definition of the Fractal percolation sets Informal definition of the Fractal percolation sets on R2

We are given a bias coin:
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We always flip the coin independently of everything.
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Definition of the Fractal percolation sets Informal definition of the Fractal percolation sets on R2
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Definition of the Fractal percolation sets Informal definition of the Fractal percolation sets on R2

Figure: The first 5 approximation M “ 3, p “ 0.85 11 / 39



Definition of the Fractal percolation sets Informal definition of the Fractal percolation sets on R2

Fractal percolation (or Mandelbrot percolation) on
the unit square
Let En be the set of retained level n squares. We write

Λn :“
Ť

QPEn

Q .

Then the statistically self-similar set of interest is, which is called
fractal percolation set

Λ :“
Ş8

n“1 Λn .
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Definition of the Fractal percolation sets Informal definition of the Fractal percolation sets on R2

The Fractal percolation (or Mandelbrot percolation) random set
Λd

M,p on r0, 1sd with parameters pM, pq is obtained if we divide the unit
cube r0, 1sd into Md congruent cubes of size 1{M and apply the process
described above.

Above we described the construction in the special case when d “ 2 and
M “ 3.

The event Λd
M,p “ H is called Extinction . This happens with positive

probability if p ă 1 (what we always assume). So, most of our assertions
will be conditioned on no-extinction which means that Λd

M,p ‰ H
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Definition of the Fractal percolation sets Informal definition of the Fractal percolation sets on R2

It was proved by Falconer and independently Mauldin, Williams that
conditioned on non-extinction:

(1) dimH Λd
M,p “ dimB Λd

M,p “
logpMd ¨ pq

log M
a.s.

The meaning of the nominator of the fraction in (1):

Md
¨ p “ E r#E1s .

Therefore

(2) Md
¨ p ď 1 ùñ Λ “ H a.s.

We will prove this formula in the second later in the sace when d “ 1.
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Definition of the Fractal percolation sets Informal definition of the Fractal percolation sets on R2

(3)
dimH Λd

M,p ą 1 a.s. conditioned on non-extinction ðñ p ą
1

Md´1 .

Observe that #En is a Galton-Watson Branching process with offspring
distribution BinpMd, pq . So, now we recall from Probability Theory:

1 If Md ¨ p “ E r#E1s ď 1 then the process dies out in finite steps
with probability 1.

2 If Md ¨ p “ E r#E1s ą 1. Then the probability that the process does
not die out is positive.
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Definition of the Fractal percolation sets Formal definition of Fractal percolation sets on R

Now we give a formal defintion of the Fractal percolation. We confine
ourselves to d “ 1 that is we give the defintion on the line.

Given are M ě 2 and p P p0, 1q.

Let T be the M -adic tree. That is for each n, T has Mn nodes at level
n, which we denote by strings in “ i1 . . . in, where ik P t0, . . . , M ´ 1u

for k “ 1, . . . , n. There is one node at level 0 , the root, denoted H.
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Definition of the Fractal percolation sets Formal definition of Fractal percolation sets on R

The set of "outcomes" Ω is the space of labeled trees, i.e., each node
i1 . . . in obtains a label Xi1...in

, which will be 0 or 1. Let F be the
product σ-algebra on Ω. We consider a probability measure Pp on pΩ, Fq

by requiring that the Xi1...in
are independent Bernoulli random variables,

with Pp pXH “ 1q “ 1, and for n ě 1 and i1 . . . in P t0, . . . , M ´ 1un

(4) Pp pXi1...in
“ 1q “ p.
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Definition of the Fractal percolation sets Formal definition of Fractal percolation sets on R

The randomly labeled tree generates a random Cantor set in r0, 1s in the
following way. Define

(5) Ii1...in
:“

“

i1
M ` i2

M2 ` ¨ ¨ ¨ ` in

Mn , i1
M ` i2

M2 ` ¨ ¨ ¨ ` in

Mn ` in`1
Mn

‰

.

The n-th level approximation Λn of the random Cantor set is a union of
such n-th level M -adic intervals selected by the sets Sn defined by

(6) Sn “ ti1 . . . in : Xi1 “ Xi1i2 “ ¨ ¨ ¨ “ Xi1...in
“ 1u .

Then
En :“ tIi1...in

: pi1 . . . inq P Snu .
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Definition of the Fractal percolation sets Formal definition of Fractal percolation sets on R

The random Cantor set Λ “ Λ1
M,p is

(7) Λ “

8
č

n“1
Λn “

8
č

n“1

Ť

i1...inPSn

Ii1...in
.

Let Zn “ Card pSnq be the number of non-empty intervals Ii1...in
in Λn

and let Z0 :“ 1. Then pZnqnPN is a branching process with offspring
distribution the law of Z1, which is BinomialpM, pq Namely, let ξ

pnq

i , for
i, n ě 1 be i.i.d. random variables such that ξ

pnq

i
d
“ Z1. Then

Zn`1 :“
#

ξ
pn`1q
1 ` ¨ ¨ ¨ ` ξ

pn`1q

Zn
, if Zn ą 0

0, if Zn “ 0
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Definition of the Fractal percolation sets A simple consequence of the definition

A simple consequence of the definition
Corollary 1.1

Given M ě 2, d ě 1 and given the probabilities p, rp, pp P p0, 1q such that

(8) pp “ p ¨ rp .

Now we consider the corresponding three Mandelbrot percolation sets:

Λ “ Λd
M,p,

rΛ “ Λd
M,rp,

pΛ “ Λd
M,pp.

Then we have

(9) pΛ d
“ Λ X rΛ. 20 / 39



Definition of the Fractal percolation sets A simple consequence of the definition

Proof in the case when d “ 1.
For the probabilities pp, p and rp and for every n ě 0,
i1 . . . in P t0, . . . , M ´ 1u

n we define the Bernoulli random variables
pXi1...in

, Xi1...in
and rXi1...in

as in (4). Then by the assumption pp “ prp

(10) pXi1...in

d
“ Xi1...in

¨ rXi1...in
.

This implies that for every n

(11) pSn
d
“ Sn X rSn,

where the random sets pSn, Sn and rSn are defined as in (6) for the
probabilities pp, p and rp respectively. This and (7) imply that (9) holds.
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The proof of the Dimension formula

Theorem 2.1
The dimension formula for the homogeneous fractal percolation set Λd

M,p

is
(12)

dimH Λd
M,p “ dimB Λd

M,p “
logpMd¨pq

log M a.s. conditioned on non-extinction.

Recall: Md ¨ p “ E r#E1s. Now we prove (12).
Throughout the proof we always assume that d “ 1. We fix a p P p0, 1q

and M ě 2 The proof follows a lecture notes of Michel Dekking. Let
Λ :“ Λ1

M,p.

q :“ P pΛ “ Hq , Ik :“
“

k
M , k`1

M

‰

, k “ 0, . . . , M ´ 1.
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The proof of the Dimension formula

That is we prove in this one-dimensional setting, that the dimension of
the frcatal percolation set Λ is log Mp

M . We always assume that

(13) p ą
1

M

otherwise Λ “ H a.s.. The following lemma will be important in the
proof of the dimension formula.
Lemma 2.2

For every α ą 0 either HαpΛq “ 0 holds a.s. or P pHαpΛq “ 0q “ q. In
formula:

(14) P pHαpΛq “ 0q P tq, 1u .

Recall: q “ PpΛ “ Hq. 24 / 39



The proof of the Dimension formula

Proof
Let

Zn :“ #Sn.

Consider the probability generator function of Z1

gpsq :“ E
“

sZ1
‰

“

8
ÿ

k“0
pksk, pk “ P pZ1 “ kq .

On the next slide we prove that P pHαpΛq “ 0q is a fixed point of g.
Using that the set of fixed points of g consists of 1 and q, this will
complete the proof. So the calculation is as follows:
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The proof of the Dimension formula

Proof cont.
P pHαpΛq “ 0q “P pHα

pΛ0q“ 0, . . . , Hα
pΛM´1q“ 0q

“

M
ÿ

k“0
P pHα

pΛiq“ 0, @i “ 0, . . . , M ´ 1|Z1 “ kq¨P pZ1 “ kq

“

M
ÿ

k“0
rP pHα

pΛ0q“ 0|Z1 “ kqs
k

¨ P pZ1 “ kq

“

M
ÿ

k“0

„

P
ˆˆ

1
M

˙α

Hα
pΛq “ 0

˙ȷk

¨ P pZ1 “ kq

“

M
ÿ

k“0
rP pHα

pΛq “ 0qs
k

¨ P pZ1 “ kq “ gp P pHαpΛq “ 0q q.l
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The proof of the Dimension formula

Lemma 2.3

The random variable dimH Λ is almost surely constant on the event
tΛ ‰ Hu .

Namely, if E rZ1s ď 1 then Λ “ H almost surely. We assume that
E rZ1s ą 1. Let pΩ, F ,Ppq be the ambient probability space on which
the random set Λ is defined. Let ΩH be defined s.t. if ω P ΩH then
Λ “ H. Clearly P

`

ΩH
˘

“ q. If dimH Λ is not a constant almost surely
conditioned on non-extinction then then DΩ1, Ω2 Ă ΩzΩH with
0 ă P pΩiq ă 1 ´ q and γ1 ă γ2 such that for ω P Ω1 dimH Λpωq ă γ1

and for ω P Ω2, dimH Λpωq ą γ2. For ω P Ω1 Y ΩH, Hγ1pΛq “ 0 and for
ω P Ω2, Hγ1pΛq “ 8. Then P

´

Hγ1pΛq “ 0
¯

P pq, 1q which is
impossible by Lemma 2.2. 27 / 39



The proof of the Dimension formula The upper bound

(15) HtpΛq “ lim
δÑ0

$

’

’

’

’

&

’

’

’

’

%

inf
#

8
ř

i“1
|Ai|

t : Λ Ă

8
ď

i“1
Ai; |Ai| ă δ

+

looooooooooooooooooooooomooooooooooooooooooooooon

Hs
δpAq

,

/

/

/

/

.

/

/

/

/

-

.

∞
t → Ht(Λ)

dimH(Λ) t

Above: Λ Ă Rd, t ě 0,
The Hausdorff dimension of Λ

dimHpΛq “ inf
␣

t : Ht
pΛq “ 0

(

“ sup
␣

t : Ht
pΛq “ 8

(

.
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The proof of the Dimension formula The upper bound

The upper bound
Λn consists of Zn intervals of length M´n. This implies that

(16) Hα
M´n pΛq ď Zn ¨

`

M´n
˘α

.

By Markov inequality:

(17) P pHα
M´n pΛq ě εq ď

E rHα
M´n pΛqs

ε
(16)
ď

E rZns

εMnα
“

E rZ1s
n

εMnα
“

1
ε

ˆ

E rZ1s

Mα

˙n
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The proof of the Dimension formula The upper bound

The upper bound cont.
Let

α ą
logE rZ1s

log M
“

logpMpq

log M
.

Then
E rZ1s ă Mα.

Using Borel Cantelli and (17) this means that

P pHα
pΛq “ 0q “ 1,

since lim
nÑ8

Hα
M´n “ HαpΛq. That is dimH Λ ď α a.s.l
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The proof of the Dimension formula The lower bound

The lower bound
Let

s :“ logpMpq

log M
.

We want to prove that
(18) dimH Λ ě s a.s. conditioned on nonextinction.
First we prove that
Lemma 2.4

If B Ă r0, 1s has the property that P pΛ X B ‰ 0q ą 0 then this implies
that dimH B ě

´ log p
M .
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The proof of the Dimension formula The lower bound

The lower bound cont.
Proof of the Lemma 2.4 slide I
Recall that in the definition of the Hausdorff dimension we can restrict
ourselves to covers by M -adic intervals like I :“

“

k´1
Mn , k

Mn

‰

. If I is such
an interval and Ileft, Iright are its neighbours then

P pΛ X I ‰ Hq ď
ÿ

JPtIleft,I,Irightu

P pJ is selected q “ 3pn

Using that |I| “ M´n and the solution of the equation pn “ pM´nq
x is

x “
´ log p
log M , from the previous formula we get that

(19) P pΛ X I ‰ Hq ď 3|I|
´ log p
log M . 32 / 39



The proof of the Dimension formula The lower bound

The lower bound cont.
Proof of the Lemma 2.4 slide II
To prove that dimH B ě

´ log p
log M it is enough to verify that there exists a

constant C ą 0 such that for an arbitrary covering tIku of Λ by M -adic
intervals (not necessarily of the same length) we have

(20)
ř

k
|Ik|

´ log p
log M ą C ą 0 .

To see this we define C :“ P pΛ X Bq. By assumption C ą 0. Using
that Ik is a cover of B we have:
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The proof of the Dimension formula The lower bound

The lower bound cont.

Proof of the Lemma 2.4 slide III

0 ă C “ P pΛ X B ‰ Hq ď P

˜

Λ X
ď

k

Ik ‰ H

¸

ď
ÿ

k

P pΛ X Ik ‰ Hq
(19)
ď

ř

k
3|Ik|

´ log p
log M .

This completes the proof of the Lemma.
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The proof of the Dimension formula The lower bound

The lower bound cont.
Given p, rp, pp P p0, 1q such that

(21) pp “ p ¨ rp .

Now we consider the corresponding three Mandelbrot percolation sets:

Λ “ Λ1
M,p,

rΛ “ Λ1
M,rp,

pΛ “ Λ1
M,pp.

We have proved in Corollary 1.1 that

(22) pΛ d
“ Λ X rΛ.

In particular,
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The proof of the Dimension formula The lower bound

The lower bound cont.

(23) P
pp

´

pΛ ‰ H

¯

“ pPp ˆ P
rpq

´

Λ X rΛ ‰ H

¯

.

Let

Vp,rp :“
!

ωp P Ωp : P
rp

´

ω
rp P Ω

rp : Λpωpq X rΛpω
rpq ‰ H

¯

ą 0
)

.
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The proof of the Dimension formula The lower bound

The lower bound cont.
Lemma 2.5

Assume that pp ą 1
M . We choose p, rp such that (as always) pp “ p ¨ rp.

Then

(24) Pp pVp,rpq ą 0.

Proof.
By assumption P

pp

´

pΛ ‰ H

¯

ą 0. Then the assertion of the Lemma
follows from (23) and Fubini Theorem.
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The proof of the Dimension formula The lower bound

The lower bound cont.
Here we use the notation and assumption of Lemma 2.5. Now we fix an
ωp P Vp,rp. Let B :“ Λpωpq. Then by the definition of Vp,rp we have

P
rp pω

rp P Ω
rp : Λpω

rpq X B ‰ Hq ą 0.

This implies by Lemma 2.4 that

(25) dimH Λpωpq ě
´ log rp
log M

for all ωp P Vp,rp.
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The proof of the Dimension formula The lower bound

The lower bound cont.
We have assumed that

1
M

ă pp “ p ¨ rp.

That is rp ą 1
Mp and rp can be as close to 1

Mp as we want. So on a set of
positive Pp-measure of ωp P Vp,rp, we have

(26) ´ log rp
log M

(25)
ď dimH Λpωpq ď

logpMpq

log M .

But by Lemma 2.3 we know that dimH Λppωpq is almost surely constant
on Λp ‰ H. This completes the proof.l
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