
Recoll : NI : =x edx , 0
.

P()= ne) ! in particular ↑(1) = 1 .

Gamma(,) distribution density fan
tion

: f(x) =&NexMas if x
>0

0 otherwise

Betala
, b) distribution

Let a, b>0 .
The Betw(a , b) distribu

tion is a continuous distribution

on the interval (0,1 . First we define
B(0

, b)--otb Friekomme.
e

↑(1+n)BL1 , n) = --
↑(1) F(n)

The density function of the Beta(a, b)
distribution

: fas-Blaisx* 1-x)
-

[0,7.



If N*C0,1 then fa,b): = 0.

Beta(2,3) 14,MBetase
, Be touto-3

, 2) Be~ ↓I
⑧

"
/

Xu Beta(a , b)
;
#[X]= xiVar(X)-qa+ b)

The modeof Betoc(ac ,b) Let 0x1, b>1 .

The mode is themost likely sohe

(corresponding to the plock of the distri
bation function). This is X- 1

--

x+B - 2



The medioof Beta. (a,

· Fab = x*G-x" Ox .
Median = F,(2)o closed formula
For a = 1

,
bo
,
Median= 1-2

Get

Xe
..., Xu i.ed . XirTriform (0, 1) .
Let Xp) be the ith smallestof
Xe
..., An . Then X =Xi ...Xcas

Then
Xcy ~Beta)1, n+1-j) .



↓- EEEks
;
=x]

Solution() GuII=lEl
,
Eos
,
=x] Gn10= GrIN.

⑭Clearly
, for Vx=X : Lifk

Let S=I be the state space . If XXS then
G= 0 ne40, 1, 2,.. 7 . So

, we may assume that
&

Yes. Let T :- min[k21 : Sk=X]. GIX)=X

-E[Er"s
=
x7 = E ITx=j7-p(+)

j = 1
k=j[Sx3

- ⑲6
-On * Gr-j

/(0) · P(Tx =1) = GI D This is so sincej=
n-j o

This completes
IP(x=1)=1 & Ca-j0/ Cn(0 the proofof (a) .*

j =/ Law of largeNumbers
(b) By L . L . N. for every 3>0 we have

⑭*(n)-ns)=1 · Namity, IECAT=0 ·

Hence by the L . h . N. We have



Sn
e

im AnXn=E(X
,] =0 a

..
s
.

Hence
,
for 30 :

n+oo
N

End(a 2) = 0 . This verifies that holds
.

e

lie INow we prove :

nx

=1.***
4- xo

4

N)= Sn

tim in E , = x7
=

n= 00 /= En

-him I I 1E[1s
,
= x 3]

n- or -i=

=IP(5j = x)
1P(15j) = <n)

-lim 1
IPCIS: < nl. Now we proce thatI -

n- 00 j=0

-*** AIP(IS; als·

=1 Let

We know that li an,nee-s!
I

(from*) /I ⑰/0lim1 -jj= 1 Wi(((i)-[j)= IP((S, 1= n)=agin
nj = X En4-00
--0

--

-1 = him I a;
L

tim aseI
n+of j =0



Hence lim IEan= lim $ilzsn)=1n- 00

This proves that*holds .

Hence A also

holds
.
This complete the proofof port (b).

(4) We want to proce that YM>0, In st GM.
Recoll that we have Gulx=1!e
proved that 230 : n- 00 NIEN

1= lim I [Gu(x) = him : 22n 810)= 22 fimGn)ofn->0(X)= En n+ oo 4-0

That is VE
,
↳ most for all u? N Goo Es

We choose [30s
.
1 . 1

25 >M.

Then we Love proved
the assertion of part (8) .

Coll It is obvious that Sn is ineducible
.

Hence it is enough to prove that o is
recurrent. We have seen in port(4 that the

expected number of visits to 0 in the first
a steps tends to infinity a n-os .



Reflecting Random Walk
his is a Discrete time MC

.

EX3=tokes voles From IV=20,1, 2, ....

pilitpfor is This is e birth&

P(i
,
- 1) = 1-p for i =1

death chain
.
So
,E

/ 3 the stationamp(0 , 0) = 1-p distribution (ifexists-
Con be found by the detailed bolance equation :

PTS = H-p)T(it) for i=0 .

This yielde +is = c · (p) for =NI0).
k⑳ Then p41 , (p)=k=0 I-

1+P
Hil= Fi(p)" Eeerefer timetwo
Then P(Xn=j) -> ↑(1)

;
Eo[To]==

1-2pThis is so since the chain is a periodic
⑬ The series above is divergent so Stotio-

may distribution



⑱ The chain is wall recurrent.
See Berett's book p -

55
C

a

-

pst positive recurrent

p= 0 well recement

p> I transient
.

heaven (see Durnett's book p. 55 Theorem 1. 15

or an irreducible chain the following are
execolet :
(i) There is a positive recurrent state

hii) The stationary distribution exists

(iii) All States are positive sece event
.


