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One way to compute conditional expectation

@ One way to compute conditional expectation
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Review of a simple situation

Let X, Y be r.v. on the probability space (2, F,P).
Assume they have joint density fx y(x,y). Then to compute E [X]|Y]
as first we determine the marginal and then the conditional densities

fX,Y(Xu)/)

fr(y) == 7 fx.v(x,y)dx and fxy(x|y) = fv(y)

Let g(y) =E[X]Y =y] = ofo x - fx)y(x|y)dx . Then we get

(1) E[X|Y]=g(Y).
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Lemma 1.1 (Independence Lemma)

Let X = (X1,...,Xk) and Y :=(Y1,...,Y)), where
X, s X, Y1,..., Yo arerv. on (Q,F,P). Let G C F be a
sub-c-algebra. We assume that

(*] Xl,...,XkEg
@ Yi,...,Y, are independent of G.

Let ¢ be a bounded Borel function. Let f; : R - R,
fo(x1, ..., xk) ;= E[p(x1,...,x, Y)]. Then

(2) E[o(X,Y)[G] = f5(X).
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Example. Let X € G, and let Y be independent of G. Define
e(X,Y)=XY.

Then,
f.(X) == E[p(X, Y)] = E[XY] = XE[Y].

Elp(X, Y) | 6] = E[XY | G] = XE[Y | G] = XE[Y].
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The proof of the Lemma We follow the line of the proof in Resnik's
book We present the main steps of the proof here for the case
k=/¢=1. It is a homework to fill the gaps.

Step 1. Let K,L € R (that is K, L are Borel subsets of R). Let

¢ =1, where J = K x L. Then we say that J is a measurable
rectangle.

E[o(X,Y)|G] =P(X € K,Y € L|G)
= 1{X € K}P(Y € L|G)
=1{XeKIP(Yel)= fi,, (X).
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Step 2. We write RECTS for the family of measurable rectangles (like
J above). Let

C::{JERQ:(2) hoIdsforqﬁzﬂJ}.

Then RECTS C C. Now we verify that C is a A\-system. That is
(a) R? € C. This holds because R> € RECTS.
(b) J € C implies J° € C. This is so because

P((X,Y)e JIG)=1-P((X,Y) € J|G)
1—f,(X) = f,(X).
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(c) If A, € C and A, are disjoint then L#A,, e C.

We do not prove (c) here. By definition, (a), (b) and (c) implies that
@ C is a \-system and
e C O RECTS.

Using that RECTS is a m-system we get

(3) C D o(RECTS) = R

So, we have indicated that (2) holds when ¢ is an indicator function of
Borel subsets of the plane.

Step 3. We could prove that (2) also holds when ¢ is a

simple function . We say that a Borel function ¢ is a simple function if

8 /69



One way to compute conditional expectation

its range is finite. That is if there exist a k and a partition J;, ..., Ji of
R?, J, € R and real numbers ci, ..., ¢k such that

k
(4) Qb: Zlc,-llji.

Step 4. Then we represent ¢ = ¢ — ¢~ and we can find sequences of
simple functions {¢} and {¢, } such that

¢y T¢" and ¢, 16"

Then using Conditional Monotone Convergence Theorem we conclude
the proof. W
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Monotone Class Theorem

We could have used in the previous proof the so called Monotone Class
Theorem (for the proof see [6, p. 235])

Definition (7-system). A collection of sets A is called a 7-system if:

ABeAd = ANnBe A

Example:
A={(—-00,x] CR| x € R}.
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Monotone Class Theorem cont.

Theorem 1.2 (Monotone Class Theorem)

Let A be a w-system with Q € A and let H be a family of real valued
function defined on ) with the following three properties:

(a) 14 € H whenever A € A.

(b) f,.g € H=—=f+gecH further,NceR: c-feH

(c) If f, € H satisfying f, > 0 and f, 1 f, then f € H
Then H contains all bounded functions measurable w.r.t. o(A).
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Application of Monotone Class Theorem

The Monotone Class Theorem plays a crucial role in proving that
conditional expectation satisfies key properties, such as:
(i) E[aX + bY | G] = aE[X | G] + BE[Y | G].
(i) E[E[X | G] | A]=E[X | 4], ifACQG.
(iii) If Y is G-measurable, then:

E[YX | G] = YE[X | G].

Idea of proof:
H = {X:E[YX|G] = YE[X | G] for all G-measurable Y'}.
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Conditional probability in w.r.t. a o-algebra (simple situation)

© Conditional probability in w.r.t. a o-algebra (simple situation)
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Conditional probability in w.r.t. a o-algebra (simple situation)

Review

Lemma 2.1

Let 1,2, ... be a partition of Q and let G C F be a sub-c-algebra
generated by {,}. Then

E[X; Q] (w)

for a.s. Q.
P Q) ora.s. w €

E[X]G] (w) =

That is,

(5)  EXGw) =% 19"(“)W ot B, w0 E O
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Conditional probability in w.r.t. a o-algebra (simple situation)

Review cont

Example 2.2

Let Q =R and X ~ N(0,1). Let Q; = {w: X < 0} and
Q; ={w: X >0}. Let G =0({Q1,Q}). Then

ffoo xe= /2 dx

pl=x® Tt e Q,
EX[Glw) =" V5.,
270 ——— ifw e Q.

V2T )
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Conditional probability in w.r.t. a o-algebra (simple situation)

By Lemma 2.1,

fQ’. X(w)dIP’
P(Q)

E[X|6](w) = 2 1a,(w)

If we apply Lemma 2.1 with X = 1 4:

P(ANQ)

©  E1G) =5

= IP)(A’Q,), if we Q,’.

We define the conditional probability w.r.t. sub-c-algebra:

(7) P(AIG) (w) = E[14l0] ().
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Conditional probability in w.r.t. a o-algebra (simple situation)

This implies that the following assertions hold:
(i) P(AI9) € G.
(i) P(A|G) € L}(Q,G,P) and
(iii) éIP(A\(]) dP=P(ANG) forall G €g.

Proof of (jii):
P(ANG) = Z; P(ANQ)
= > P(2)P(AR)
_ Q_ P(Q)P(A|G) by (6) and (7)
:/ (A|G) dP.
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Conditional probability in w.r.t. a o-algebra (simple situation)

Review cont

Remark 2.3
For Aec F, E[14|G] = P(A|G) is defined on Q4 C Q, P(£24) = 1. So,
37, € G s.t. P(Zs) = 0 and P(A|G) is not defined on Z,.
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Conditional probability in w.r.t. a o-algebra (simple situation)

Review cont

Theorem 2.4 (Basic properties)
Given (2, F,P) and let G be a sub-c-algebra of F.
(a) P(0]G)(w)=0and P(QG)(w) =1 forwe Q\ (L ULZL).
(b) For Ac F,
0<P(AG) <1, forweQ\ Zu.

(c) Let A= Olj A, (recall: || means disjoint union) and A, € F then
n=1

P(A|G) = ZPA|Q forw e Q\ | Za,.
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Conditional probability in w.r.t. a o-algebra (simple situation)

Review cont

We have a problem: For each a € [0,1], let {B, ,}, € F. Then there
exists Up Zy.» with P(U, Z,.,) = 0. Do we have

IP)( U UZoz,n) =07

a€l0,1] 7
We wish that there exists Z € G with P(Z) = 0 such that for any fixed
weN\Z,
([ 40) () = £ B(al0) @), ia) € 7
n=1 n=1

which implies that P (:|G) is a conditional probability measure.
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Conditional probability in w.r.t. a o-algebra (simple situation)

Review cont

Goal: Find a sufficient condition on (2, 7,P) and G C F such that for
a.s. w € Q, P(:|G) is a conditional probability measure.

Before we state the sufficient condition, let's start with a description of
an abstract object that corresponds to conditional probability.
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Regular conditional Distribution

© Regular conditional Distribution

22 /69



R.C.D.

Probability space (2, F,P).
Sub-o-algebra G C F.

Measurable space (S, S).

Measurable map X : (Q, F) — (S,S).
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Definition 3.1 (Regular conditional Distribution)

We say that pxg: 2 xS —[0,1] is a
Regular conditional Distribution for X given G if
(a) Fix Ae S,
w > fix|g(w, A) is G measurable.
(b) Fixw € Q\ Z with P(Z) =0,
B — jix\g(w, B) is a probability measure on (S, S).
Moreover, jixg(w, B) =P (X € B|G),VB € S.

If S =Q and X is the identity map X(w) = w then we say that jix|g is

a regular conditional probability .

v
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Existence of R.C.D.

Theorem 3.2 (Existence of R.C.D.)

Given a probability space (2, F,IP) and let G be a sub-c-algebra of F.
Further, let (S,S) be a Borel space. Then any S-valued r.v. X admits a
regular conditional distribution given G.

The proof follows [13, Proposition 7.14].

Remark: We say that a space is a Borel space (or a nice space ) if there
is an injective map ¢ : S — R such that both ¢ and ¢! are measurable.
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Existence of R.C.P.

Corollary of Theorem 3.2:
If (2, F,P) is a Borel space, then 1ixg is a regular conditional
probability.
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Example 3.3 (Example of R.C.D.)

Assume that (X, Y) has density f(x,y) > 0. Let

wly A) = [ FGy)d/ | Flx,y)ox

Then u(Y(w), A) is an r.c.d. for X given o(Y).

Concrete example:
Let

Ar={(x,y) €[0.1]° 1y > x},
Ay ={(x,y) €[0,1]*: y < x}.
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) (X7.y)EA1
) (X7.y)€A2

A, f(x,y) = {

N N[

@ f is a density function.

The conditional measure p(y, A) is given by:

_ fley)d _ JANDY) + 30,10 A)
AR T pHay

X5, (w, A)=(P(Keh|l)= LlnLo regptsa(Cted ot

%-7 few) 28‘/ 69
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Proof of Theorem. 3.2 for S =R

First we assume that (5,S) = (R, R).
We first consider the collection of sets A = {(—o0,x) : x € R}. We
claim that for a.s. w € Q, there exists a probability measure jux|g(w, -)

on R such that

(*i) pxg(w, (—o0,x]) is G- measurable function, Vx € R.
(4i) pxig(e, (—00,x]) = P (X < xIG) ().

For a rational number g € QQ we define the r.v.

Pi(w) =P (X < q/|9) (w) .

P9(-) is G-measurable.
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By throwing away countably many null sets we may suppose that
(8) Pi(w) < P'(w), Yq<r, q,r €QandVuw

and
_ H q 1 q _
0= qgrpoc P9(w), Jim P (w)=1, Vw.
For an x € R let
(9) Flw,x):= lim PIw).

qeQ,q>x

For each x € R, F(-, x) is G-measurable.
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Fix an arbitrary w. Then Vw the function x — F(w, x):
@ is right continuous,
@ non-decreasing,
o lim F(x)=0and lim F(x)=1.

X——00

Hence there exists a probability measure 1ix|g(w, ®) satisfying

(10) pxig(w, (oo, x]) = F(w,x), Vw,Vx.

For each x € R, jux|g(-, (—00, x]) is G-measurable, which proves (*i).
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Moreover, since for a.s. w,

— AWo) = i q
Flw,x) q>|x?<]7ce@P () qilxl,rc?eQP 2

= Iﬁ([@(X <qlG) (w) = P(X <x|G)(w), VxeR.

By this and (10) we have for a.s. w,
pxig(e, (—o0,x]) = P(X < X|G) (w), ¥x € R,

This proves (*ii).
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Now we write £ for the family of all Borel sets B € R satisfying the
following two conditions:

(i) wr pxg(w, B)isarv..
(i) pxg(w, B) is a version of P (X € B|G) (w).
Cleary,
LD A(:={(—o00,x) : x € R}).
Check that
e L is A-system (we omit this proof).
e A is a m-system such that R = o(A).

Then £ O R . The proof of Theorem 3.2 is completed in the case of
(5,5) = (R, R).
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Proof of Theorem. 3.2 in the general case

Let X : (2, F) — (S,S) is measurable. Using that (S,S) is a nice
space, there exists an injective map p : S — IR such that both p and p!
are r.v.. Then the composition

Y =poX:Q—R
is also a r.v. for which we consider the corresponding r.c.d.:

pyig(w,A) =P (Y € AlG), AcR.
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Now we can define the r.c.d for X:

Mx\g(% B) = NYIQ(wa p(B)) -

Then it is not hard to prove that px|g(w, B) satisfies the conditions (a)

and (b) of Definition 3.1.
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Corollary of Theorem 3.2:

Theorem 3.4 (Expectation w.r.t. the R.C.D.)

Let u(w,A) be a r.c.d. for X given F and let f : (S,8) — (R, R) be
measurable. (This means that f : S — R and for every Borel set B € R

we have f}(B) € S .) Further, we assume that E[|f(X)|] < oo. Then

(11) E[F(X)IF] = [ £(x) - p(w, dx).

E.g. If f = 14, then
E 14|l F] (w) = pu(w, A).
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Conditional Characteristic Function

Notation for the next slides:
e (Q, F,IP) is the given probability space,
@ G is a sub-o-algebra of F,
@ X :Q — R"is a given vector-valued r.v.,

o jix)g: 2 x R" — [0, 1] be the regular conditional distribution of X
given G.

Definition 3.5 (Regular conditional cdf)
F(w,x) = pxjg (w,{y e R" 1y <, x}) x€R”
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Conditional Characteristic Function cont.

Definition 3.6
fxjg : @ x R" — [0, 00) is the conditional density function of X given G
if

® x — fxig(w, x) is Borel measurable,

o w i fxig(w,x) is G-measurable for every x € R",

° éfX|Q(w,x)dX — MX|Q(W7 B) .
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Regular conditional Distribution

Conditional Characteristic Function cont.

Definition 3.7 (Conditional characteristic function)

The conditional characteristic function of X given G,
@X‘QZQXRH%CiS

wx‘g(w,t) L= /eit'xdux|g(w, dX)
(12) i
By Thegem 3.4 E [eit.xlg} (w)7 tc Rn,

where t - x above means the scalar product of t and x.
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Conditional Characteristic Function cont.

Theorem 3.8

The following two assertions are equivalent

(a) There exists a function ¢ : R" — C such that for P-almost all
w € Q,

QOX|Q(w7t) = Qp(t)a vVt € R".
(b) o(X) is independent of G.
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Proof of Theorem 3.8 (a)= (b):
By (12),

(13) E [¢"**|G] () = pxig(w, ).

Multiply both sides with a r.v. Y which is bounded (real-valued) and
G-measurable, we get

YE [¢*X|G] (w) = Yoxg(w,t) = Ye(t).
Taking expectations,
E(YE [¢*X|G]) = ENEEEN = () -E[Y].

For Y =1 we get ¢(t) = E [e’t'x]. Substitute this to the previous
equality to get
41 /69



(14) [BERSE — E %] - E[Y]

Proof of Theorem 3.8 (a)=- (b)
holds for all G-measurable bounded Y and t € R". So, (14) holds for all
r.v.

Y — eis-Z’

where Z is any G-measurable R"-valued r.v. and s € R". So from (14)
E [eit-X+i5~Z] — [eitX} .F [eisZ} : VS, t e R

This implies that X and Z are independent, and thus, X and G are
independent.
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Proof of Theorem 3.8 cont (b)= (a)
By (13), | |
pxig(w, t) =E["%|G] = E [¢"*] = p(1)
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The continuous case

ket
Hze ) - S o) bt

Theorem 3.9

On the probability space (2, F,P) we are give a random vector

Z=(X,..., X Y5,....,Y) = (X,Y).
X Y

We assume that Z admits a density fz : R¥t* — [0, 00). Let G := o(Y).

Then there exists a conditional density fxig : R — [0, 00) of X given G
by the formula:

A
m Aide 28) 4./ 69




The continuous case cont.

5=4CY

Theorem 3.9 cont.

YD) i f(x Y (w))dx > 0;
(15)  fxg(w,x) = TeRYE& g (x, Y(w))

fo(x), otherwise,

where fy : R¥ — [0, 00) is an arbitrary density function.
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Regular conditional Distribution

The continuous case cont.

proof
We have to check that for all A € RK,

£ fX|Q(w7 X)dﬂx|g(w7 X)

is a version of P (X € A|G) (w). This follows if

(16)  E |lyes(w)- [ fg(w,x)dx| = E [Lyep(w) - Ixea(w)],

holds for VA € R¥ and B € RY.Weverify-this=~ /VG«W/@,
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The continuous case cont.

proof cont.

E ﬂYeB /fx|g(w X)d

— /E ILYEB fx|g(w,X)} dx
A
Observe that by definition of fxg(w,x) and change of variables formula:

E [Ives(w) - fg(w, x)] = [ fz(x,y)dy.
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The continuous case cont.

proof cont.

So,

E |Tves(w) - [ fg(w, x)dx
A

//fzxydydx
A B

=P(XeAYeB)R

v
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Review of Multivariate Normal Distribution

@ Review of Multivariate Normal Distribution
@ The bivariate Case
@ Conditioning normal r.v. on their components
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Review of Multivariate Normal Distribution

Definition 4.1 (Normal distribution (on R))

Let 4 € R and 0 > 0. Random variable The r.v. X has normal (or
Gaussian) distribution with parameters (u, o), if its density function:

1 x—p)?
f(x)= -4 .

e
o 2T

Then we write X ~ N (1, 0?). If =0 and 0 = 1, then we get the
standard normal distribution N(0,1). Let us use the following notation:

X

e 00 = [ ely)dy.

—00

N =
3

(17) p(x) =
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Review of Multivariate Normal Distribution

Some properties

X ~ N(p,0%) and X; ~ N(u;,02), i =1,2. Then
(a) E[X] = u, Var(X) = o2,
(b) Fx(x) =P (X < x) =& (4),.
(C) X1+X2:N(M1+M2,J%+O%).
(d) X ~N(0,1), then
1
(18) \/%-(Xl—x3>- X/2<IP><X>X)§

(e) Fixa p € (0,1). Let Y, ~ Bin(n, p), a < b, then

(19) Jim P (2 < Y2 < b) — () - 0(a).

v/ np(1—p)



Multivariate normal distribution

Definition 4.2

A random vector X € RY is non-degenerate multivariate normal or
jointly Gaussian, if the density function f(x) of X

20 Fx) = VIHA) ewm A e pe
(27)9/2
or
1 1 T.y—-1
(21) f(x) = cea(xmm) ET )y RY,

V/(2m)9 - det(T) ’
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Review of Multivariate Normal Distribution

Multivariate normal distribution cont.

where A and g and X satisfy:

@ A is ad x d matrix which is
@ symmetric and
Q@ positive definit. Further,

o pu € RYis a fixed vector
The meaning of matrix A is as follows:

(Ail),-j = Cov(X;, Xj) = E[(X; —E[X]) - (X; —E[X]],
where X = (X1, ..., Xy). The d x d matrix ¥ = A~! with
Y := Cov(Xj, X))
is called covariance matrix . We write X ~ N (u, X)) 53 /69



Review of Multivariate Normal Distribution

Multivariate normal distribution cont.

Definition 4.3
Let X be as above. Let Aq,..., Ay be the eigenvalues of A, and
Vi,...,Vq be the ortonormal basis of R? with the appropriate

eigenvectors. Let us define diagonal matrix

D = diag(\1, ..., Ag).

We define the orthogonal d x d matrix P = [ Vi Vo ... Vy4 } from

the eigenvectors vy, ..., vy as column vectors.
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Review of Multivariate Normal Distribution

Multivariate normal distribution cont.

Lemma 4.4
Let X be as above. Then

(22) X=P-DY2.(Yy,...,Yy) +p,

where Y; ~ N(0,1),i =1,...,d and they are independent. In this case
we call Y standard multivariate normal vector.

v

That is the random vector Y is presented as the affine transform of
independent standard normal r.v.. See [1, chapters 6 and 7].

55 / 69



Review of Multivariate Normal Distribution

Converse of the previous lemma

Lemma 4.5
Let Y be a standard multivariate normal vector in R". Let B be a
non-singular d x d matrix and u € R". Let

X=B-Y+upu

Then X ~ N (u, A- AT).
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Review of Multivariate Normal Distribution

An equivalent definition

Lemma 4.6
The random vector X = (X1, ..., X,) € R" has a multivariate normal
distribution if for all a = (a1, ..., a,) € R" the following holds:

a1 X1+ -+ a,X, has univariate normal distribution.

The proof are available in [3]
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Review of Multivariate Normal Distribution The bivariate Case

The bivariate Case

Assume that Z = (X, Y) has a bivariate normal distribution. Let

Ux, Ly, OX, Oy

be the expectation and standard deviation of X and Y respectively.
Further, recall the definitions of covariance and correlation:

cov(X,Y) =E[(X — ux)(Y — py)]

L,W__/
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Review of Multivariate Normal Distribution e bivariate Case

The bivariate Case cont.

The correlation of (X, Y) is:

- _ _ 50 1 cov(X,Y)

(23) p = px,y = corr(X, )_J(X)J(Y)
E[(X = w)l(Y = py)]
a a(X)a(Y)

The mean vector and the variance-covariance matrix is:
2

pi= X\ and ¥ = ox paxzay
Hy POXOY Oy
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Review of Multivariate Normal Distribution e bivariate Case

The bivariate Case cont.

Let

Qx,y) =

1 (x —mx)® (v —py) - (x — )y — py)
1 — ,02 ( 2 + 2 2p )

Ox Oy OxXO0y

So, the density is

1 1
fz(X,y) — 27T0'Xo'ymexp <_2Q(X7Y)> c
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The bivariate Case cont.

Consider the marginal densities:

2

1  eny)? 1 _=py)

fx : 222 and fy ;= ————-e
oy 2T

ox 2T
Observe that whenever X and Y are uncorrelated, that is p = 0 then
fz = fx - fy.

This means that X and Y are independent. In a similar way one can
prove the same in higher dimension:
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Uncorrelated = independent for Gussian

Theorem 4.7

Let X = (Xi,...,X,) be multivariate normal vector. Assume that
Cov(X;, Xj) =0 for all i # j. Then X,..., X, are independent.
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Multivariate normal distribution cont.

A more general theorem in this direction is:

Theorem 4.8

Let X = (Xi,...,X,) be random vector such that the marginal
distributions (the distributions of the component vectors X; ) are

@ normal and
@ independent
Then X has a multivariate normal distribution.
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CF and MGF

Theorem 4.9
Let X ~ N(u,X). Then The characteristic function is

ox(t) :==E [exp(it” - X)] = exp (ip"t — JtTxt)
The moment generating function is W

Mx(t) -=E [exp(tT - X)| = exp (ip” -t 4 5tTEL).
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Conditioning normals

Given the multivariate normal vector

Z=(X1,.... X Y1,....Y) = (X,Y).
X Y

with mean g and variance-covariance matrix 2_:

S 5 Yxx T
pel ] m-m 2= 22 B2 )
Wherez::Z—/J,andfori::X—uX,v::Y—p,y
xx =E[X-XT] Sxy =E[X-YT]
Syx =E[Y - XT] Syy =E[Y-YT]
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Conditioning normals cont.

We may assume that X yy is invertible. Then for A := > xy - Z;%/ we
have (simply by definitions) that

(24) E|(X - AY) - Y7| =0
By Theorem 4.7 this implies that X — AY and Y are independent. By

Theorem 3.8 we have that the characteristic function of X — AY given
G = o(Y) is deterministic and is equal to (for every w):

ex_ay(t) =E[e"* MG vt e R

Since AY is G-measurable, we can pull out what is known and use (4.9):
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Conditioning normal r.v. on their components

Conditioning normals cont.

E [eit'x|g} _ lthxgitAY o= 3tTIE fo s o R¥,
where N ~ o N
Y =E[(X - AY)(X - AY)'].
Then an easy calculation shows that conditionally, X given G is

multivariate normal N(lllx‘g, Zx‘g) with mean and variance-covariance
matrix:

pxic = px + A(Y — py) and Txig = Txx — IxyZyy Zyx.
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