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Solutions The density function of P(,X) is f(x=** ;
where M(4=- 3y1dyESo the density function of M(2,Nis ifxz0 and f(x=o ifx o X

, YvExp(y), indep

-f(x *x* ifxz0 & f(x)=0 ifx10This is the density function ofz=X+ 1.
Gerr theory Y= g(X) & g(X) =1 Ne assume that det( 0. Then is absote the------

continuous withdensitx(9191) · /dattylojiy))
Here f(x, y)= (x,X+y)

f(x,y)j(x,z) =(x, z =x) ; j(x,y)=[i]]
(
,z)= g(X, Y, fzx=(f=

Hence
, ECh(X)12]Shoflat.

-Shdx *#cusityof =ze** for zeo
P(2 ,x)



P

miluso

BSolution We can apply Dood's optional stopping time theorem since its condition
/holds

. Namely
,
with probability 1 infinite time the S. S . RW leaves Ek,1)

F =

so Too as
. & Kuntn .

So
.(ii) holds. So

, ElSnFES13=0. -

limELSunt]FELT]
.
Hen,ELTT S =[-hite

sFas
O=1 E(S

+)= -k(P(T-q> Te)+C 1P(Te < [-2)= PLEA <Tel =E



⑥ Mr =Su-u is a Martingale. We know that IP(T00) #1.

Munt = S-UNT. Sant=maxEES naTet which is finite a.s.
so
, Munt is finite a . s.ELMnat]=0 En, lELMnaT]=lE[Sun-lECnaTB

dan .Kons OO->↓ ↓
Ilthr

IELSI3 -IELT] =ECM.
o=ELM

+
] = IELSE]-ELT]= RYPCT-< Te)tCYP(Te < T-a) -Elt] , = h:-LEAD·

Hence,zuke. thee e =1. k

I
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Let X-N(p , Ei)
,
let B be an exk full-rankmatrix and AER? We define

the rector r. r. Y = A + BX
.

What kindof rector random variable is ?

We know that the moment generating function ofX is

M:=Fe
***
)=explEpEE.[ · t)

.

Then the moment generating frenction of P is:

tA
MyH=CetABX) == -My exp + zB)TEBit)

(BT.. f)T
=explta) - explEBm +EBeBT. t) =exp(t(A +Bm) +EFB[Bf

Using that B is a full-rank matrix, we get that BEBTis positive definite.
⑬EBT/T= BETBY= BEBT Since [=5t Hence BEBis a positive definite
symmetric matrix. This and My(t) =1ELetiz = expDE (A +BM) +EEBSB
imply that BFABX isa multivariate Clariate

,
which can be univariate ifbot

normal distribution with expectation AtBar and Covariance Matrix BEB. That is
YeN(AtBp, BEBT) .# Next re apply this in the specialcome : k = 2, 8=1.
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Example let
pe =(3); [ = [5] ; X=1))N(p,).

Find the distribution of Y =Xst2Xz
.

Solution Observe that Y= B - X
,
where B is the 1x2 matrix : B = 21 I,

A = 0
. Then i isa normaldistribution withmean :

A+ Bp = 0 + & 2) ./3)= 7
,
and cocoriance matrix (which is a 1x1motric

2 - 1 + 1- 2
so it is the variance

((4= 2123( 3] (2) =(123(1+ 3 . 25=223.]= 1.4 +2- 7=1 . That is
B EBT

Yrit(7, 18)·

223 . [x] = M +2x


