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Abstract. Some conditions are given under which the Hausdorff dimension of an
attractor of an endomorphism of a surface can be determined using the pressure
formula.

In this paper we examine some non-invertible endomorphisms of the unit square
which are semiconjugate to a finite shift. The images of the cylinders with this
semiconjugacy map overlap each other. We set up some conditions under which
the effects of this overlapping is negligible from the point of view of calculating the
Hausdorff dimension of the attractors. In particular, these conditions hold for two
interesting families of endomorphisms and for their small perturbations in the first
component.

The first one, examined previously by Yakobson [Y], was defined in two
dimensions (analogously to the well-known one-dimensional map f(x)=
4-x-(1-x)) by

F(x,y)=(¢(y)+A(x—2),8(»)),
where g:[0, 1]-[0, 1] satisfies the following conditions

(i) lg(y)—4y(1—y)|c2<e with a small &
(ii) max g(y)=1;
(i) g(0)=g(1)=0;
further ¢ :[0, 1]+ [0, 1] is defined by
1, for y=g
e(y)=4y, fori=y=;
3 3
a2, fory=3,

and, A is a small positive parameter. (See Figures 1 and 2.) Let us call them
Yakobson’s twisted horseshoe maps. Yakobson described the geometry of their
attractors and asked whether their Hausdorff dimension could be computed by the
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same formula (see [MM]) as if they were invertible maps. As a consequence of
Theorem 1 below we find that the answer is positive even if, instead of Yakobson’s
twisted horseshoe maps, we consider their small perturbation in their first coordinate.

The other kind of family we shall study is the family of the so-called ‘slanting
Baker transformations’ (see [F1] and Figures 7 and 8):

(Ax+py+a,2y—-1) ify=0

T =
(x ) {('\2X+#2y+32,23’+1) if y <0,

where |A,|+[A5] < 1.
Falconer proved in [F1] that for almost every (¢;, ¢,), the Hausdorff dimension
of the attractor is the solution s of the equation

[A4l +[Ao]* =1

In other words the overlapping of the cylinder sets does not decrease the Hausdorft
dimension. As another consequence of Theorem 1, we find that if w,# u, and
0<|Ay|, |As| <|@;— psl, then for every pair c,, ¢, the overlapping does not matter in
the computation of the Hausdroff dimension even if, instead of the slanting Baker
transformations, we consider their small perturbation in the first component, which
makes them nonlinear.
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Due to the McCluskey-Manning theorem (see [MM]) for an Axiom A
diffeomorphism f of the surface, the Hausdroff dimension of a basic set is the sum
of the solutions 8“, 8° of the equations

P(8'4°)=0, P(5"y")=0,

where ¢°(x) =log | Df|Ex|, ¢*(x) = —log | Df|E%| and P is the topological press-
ure, furthermore E°, E* are the ‘stable’ and ‘unstable’ directions in the tangent space.

In this paper we prove a similar result for some endomorphisms. We state our
result for a shift on a finite alphabet which is semiconjugate to the endomorphism
we examine.
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We consider maps of the form F(x, y)=(h(x, y), g(y)) satisfying the following
conditions:

I. (These conditions ensure that the map F is ‘near hyperbolic’ and semiconjugate
with a finite shift).

I.(a). There is a partition of I from intervals A(1), ..., A(/) such that g is strictly
monotone on each of them and g maps them onto the I. Moreover, g is continuously
differentiable on these intervals.

I.(b). There is some A,>0 such that |A(i,,..., 0, )|> A5, where A(d,,...,i,)=
A N g7 AG) N <o ngT " TVAG). ‘

L(c). hi(x, y)|A(k) 1=k=1)isa C*map, where A(i,,...,i,)=TXA(i, ..., i)
and 0<hl.(x, y) <A, holds for every (x,y)e I x L

I.(d). There exists a 0<<p <1 such-that for every iy, ..., iy, j1s-+sJn

diam (A(i,, ..., i,) » F*(A(j,, ..., j.))) <const- p".

(See Figure 4.)

II. F is ‘area decreasing’ that is A; <A, and A, <1/

I11. The attractor A = )j—, F"(S) is the union of smooth curves IT(i;, ..., iy,...) =
e F"(ﬂ(i,,, ..., 1)) (see Figure 4) connecting the bottom of I x I with its top;
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two different curves II(i,,..., i,,... ) and II(j,, ..., jn, ... ) intersect each other in
at most one point and, furthermore, at this point the angle between their tangents
is greater than a positive constant ¢* if i, # j,. (See Figure 5.)

Fix F(x, y)=(h(x, y), g(y)) satisfying (I})-(III). Let £ denote the space of two-
sided infinite sequences above the alphabet {1,..., I}. As usual, we write

(gyeniin={TeR it Bm=k=n].

Introduce the usual projection I1: 2 - A (see Figure 4);
TW(ony Bgwioy gy oasyhaseis Jo T Rb s vncey B N FP LB vy 1))
n=0

Define the set S(i;,..., i) = F”{ﬁ(i,,, ..., 11)). Obviously, the diagram

Eg—_>2

FiGURE 5.
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is commutative. Put ¢(i)=1log h’'.(Il(c7)), for i €%, and define the real number s
as the solution of the equation P(s: ¢) =0 where P is the topological pressure of
¥ on X. Now we can formulate our main result:

THEOREM 1. dimy (A)=1+s.

The main steps of the proof. We consider the Gibbs state of the function s ¢ on X.
On every horizontal segment &, ={(x,y)|xe I, y=a}, we define a probability
measure a, which is equivalent to the conditional measure of IT,(7) relative to &,.
Using Frostman’s Lemma we show that for a.e. a€ I dimy (a,)=s. Consequently,

for a typical x = £, nII(i,, i5, .... ), we define a series of subintervals of £, which
converges to X, 50 that au(In) = aa(n(ils CELECIL in) bUt ]0g |Ii'l| n.,log |S(ils L ] ii’l) M ga}-
Then

log a,(1,)

dimy (a,)=lim log L

= e —n""log a,(I(iy, . ..., i»)) __h; —
T —n0g|SGh, .. ) NG|l —fwdd T

The first inequality follows from Frostman’s Lemma and the last one from the
variational principle (see [W]). In the proof, these intervals I, are called

Mo FX(Vi).
Proof of Theorem 1. It follows from I.(c) and (d), that

[log hi(z,) —log h(z,)| <const - p" (0)

holds for every zi,zzez\(il,...,i,,)mS{j,,...,j,,,). Hence, there exists a Gibbs
measure 7 for the continuous function s-y (see [B, p.9]). It follows from the
definitions of s and # that there exists a constant 0<<d such that

f»'(f,,...,in)e[d",d]exp(s:);;w(cr"(f')), (1)

where i=(...,i ... d0s.-.,in,...), due to the special choice of s (the pressure
vanishes). Let us consider = as a product space, that is:

(‘..,i_m,...,io,il,...,i“,..‘)"‘"[(...,l._m,.u,io),(il,...,i,,,...]].
let & and v be the induced measure of » on the positive and negative coordinates
respectively. Then it follows from (1) that
P~vXa. (2)

Since TI( ..., ims.--,i0) =0 A(io, ..., i_m)=1Ix{a} for an appropriate a< I,
I1 establishes a bijection between the sequences of negative coordinates
{(...,0_my...,00): 1=1i, <1} and I. We continue to write II for this bijection. For
the measure I1;'(m) on the set {(...,i_m,...,I0): 1=ix=I} (m is the normalized
Lebesgue measure on I) we also continue to write m. The core of this proof is the
verification of

dimy (A) =dimy (I (m x a)). (3)
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Finally, we define the measure a, on the horizontal intervals £&,=
{(x,y)|xe L, y=a}(acI) and the function L: A->R" for a B< £, as follows:

Wl B = v 5 gy cnes Vo DIy e Dy v ) Ch o g (4)
and
L(x):= inf dist (x, TT(j) " £,) 5)
where xeII(i) n &, (see Figure 6).

Now we formulate two lemmas which will be verified after the proof of
Theorem 1.

LEMMA 1. (m X a){ieX: card {IT"(TI(1))} > 1} =0.

Lemma 1 means that the measure spaces (X, mxa) and (A, Il (mXxa)) are
measure theoretically isomorphic, hence Il (m x a)(A) = 1. Furthermore, it can be
seen that Lemma 1 implies that, for mx a-a.e. i€ 3, L(F (II(7)))>0 for every
k=0.

LeEMMA 2. Fix an € > 0. There exists a 0<v <1 such that
(mxa){ieZ: L(II(e"i)) <exp (—en)} < const - v".
Fix an arbitrary £ > 0, and choose an x € A which satisfies the following properties:

(A) There exists an N = N(g, x) such that if n> N then

L(F"(x))>exp (—en).
(B) For every neN
L(F™"(x))>0.
Using Lemmas 1 and 2 and the Borel-Cantelli Lemma we get that IT,(m X a)-a.e.
x € A satisfies properties (A) and (B). We write
e=Tl{) and xeg,

where i is uniquely determined. For every neN we define the interval Vot
(where w is the second coordinate of the point F~"(x)€R?) so that the midpoint
of V, is F™"(x), and its length is 2 - L(F "(x)). From the Lagrange theorem we get

|S(iys <o e s LINE|=B(F"(2)) - ... - B(F(2)) - B'(2) - |1]. (6)

HES

FIGURE 6.
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If m is so large that b(m)=m/(1—¢/log A,) is greater than N, then
S{ils"-sim)mgach(Vk) (7)
holds for every N <k <b(m), since for these k’s, A]""*<exp (—ek). Thus, using
(6), we get:
IS(ikr1y oo Bm) 0 ol AT “ <exp (—2k) < L(F(x)),
where w is the second coordinate of the point F~*(x) € R”. Thus from the definition
of Vi we have S(ixs1,...,in) N & < Vi. Applying F* for the last relation we can

see that (7) holds.
Let m be so large that beside (7) the relation

[SGis - i) 0 &l < min [F4(Ve)| ®)

holds as well. Then S(iy, ..., in) N & S Vkzbm F¥( Vi), hence if
Stn, s b llie o ja) =9,
then i, = j, for every k= b(m). Hence
aa(S(ils"'s II"Ir:'))-“:_:' Z Ct‘a(l-.[(f],.. ] ih(m)sjl-:"':jm—h(m}))

Jisresdm—bim)
=TI oy Ib(m)))- 9)
Thus we have
—m " log @, (S(is, ..., im)) _———m 'log aa(T(iy, ..., iswm))
meo—m " 10g|S(iy, . .., in) N & mow —m ' log|S(iy, . . ., in) N &

(10)

We have proved (so far) that (10) holds for all situations IT({)=xe &, satisfying
properties (A) and (B), and we have observed that II,(m X a)-a.e. x satisfies them.
Now we impose three additional requirements excluding again a I1,(m X a)-zero
set of x’s. We shall assume that, besides (A), (B), II(i) = x € £, satisfies

(C) a.{zeA: card (IT7Y(2))>1}=0.
(D) -mlog #(iy, ..., i)~ h;.
(E) m"'log[S(i,,...,im)mfaivz-J. ¢ dv.

Now we prove in three steps that IT,(m x @)-a.e. x€ A satisfies (C), (D) and (E).

FIGURE 7.
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Step 1. Tt follows from Lemma 1 that there exists a Q < I such that m(Q)=1 and
for every a € Q satisfies the requirement (C). Thus (C) excludes only the xs lying
on £, for an a # 0. Condition (C) holds for I, (m x a)-a.e. x€ A.

Step 2. By the Shannon-McMillan-Breiman Theorem (D) holds for #-a.e. i €X.
According to (2) the same is true for » X a-a.e. i € 3. But if (D) is true foran i € X,
and j € = has the same positive coordinates as i then (D) is true for j as well, since
(D) depends only on the positive coordinates. Thus we have that

@{(j1s s Jns--- ): for every i€ (jy, ..., Ju,--.) (D) holds}=1

and so (D) holds for mXx a-a.e. i€ X. By the measure-theoretical isomorphism
between the spaces (2, mx a) and (A, Il (m x a)), (D) holds for I (mx a)-a.e.
xeA.

Step 3. Letze I x I beasin (6). Then F" *(z) and F~*(x) lie on the same horizontal

line and both are contained in S(iy,,,..., i,) (k<n). Hence it follows from (0) that
[log h’.(F" %(z))—log h.(F~*(x))| < const - p" X (11)
Whence
l &z ¥ i 1 : ] -k 1 & k
— 2 log h(F(z))—— X log h,(F "(x))| <—-const- } p" (12)
n=o R k=1 n k=1

Using (6) and (12) and the definition of the function ¢ (¢(c*™' i) =log h%(F *(x)))
we get that (E) is equivalent to the relation
(E) =y ¢(a*f‘)+f v di
A k=0

Now using an argument, similar to the one employed in Step 2, we prove that for
I (mxa)-ae x=II( i) (E) (and hence also (E)) holds. It follows from the
ergodicity of the Gibbs measure # that (E’) holds for #-a.e. i€X. If a given i€
satisfies condition (E’), then it follows from (0) that for every j € £ with the same
positive coordinates as i|(o*i) —¢(o*j)| <const - p*; hence (E') holds for j as
well. As Step 2, it now follows that (E) is true for m X @-a.e. i €2 and so for
M, (mxa)-ae x=M(i)eA.

Thus the set of all x’s excluded by conditions (A)-(E) is a I (m X «)-zero set.

FIGURE 8.

g
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Fix an x=TII(i)e¢, satisfying all the above requirements. It follows from
Frostman’s Lemma (see [PU]) and (10) that

. . —m 'log a,(S(iy,..., i)
d =1
) e e g 80 b E
- lim _m:ll log ﬂ'a(.r[(fl, o ... n ib{m})
moo —m” " log|S(iy, ..., in) N &l
_his(1—g/logA,)

j—¢dﬁ :

(We remind the reader that b(m) was defined by b(m)=m/(1-¢/log A,)). We have
that for m-a.e. aecl

(13)

dimy (a,)=s (14)
since, in (13), e >0 was arbitrary. Further it follows from the variational principle
(see [W]) and the definition of s (P(s- ) =0) that s =h;/[ —¢ d7. (The sup in the
variational principle is attained by the Gibbs measure.) Thus

dimy (An&)=s (15)
for m-a.e. ae I, and it follows from the [F2, Lemma 5.8] that

dimy (A)=1+s. (16)
We now prove the reverse inequality. It follows from (6) and (12) that there are
some positive constants c¢,,c, such that the ratio of |S(i),...,i,)N&| to
[S(it, ..., i) N &)| is between ¢, and c, for every n, (i,,...,i,) and a, be L Let c;
be a positive number such that c; is greater than the longest curve T(i,, ..., i,,...).
For every neN we define a covering system 2, as follows: we divide each strip
S(i1, ..., i,), cutting it by horizontal lines into small ‘rectangles’. Two sides of these
rectangles are horizontal lines, their two other sides are equal to the boundary of
the S(iy, ..., i,) and their diameter is |S(i,, . . ., i,) N &| for an arbitrary fixed ac L
Then 2, consists of the union of these rectangles for all (i,,. .., i,). We have split
S(iy, ..., i,) into less than c,/|S(i), . .., i,) N & parts; here the constant ¢, depends
only on ¢y, ¢,, ¢;. Thus we can write

X ii"l'”SfZj (c/ISCh, ... i) D&} - ISGy, ..oy i) 0 &

T dh :
=C4 1 Z IS(ils‘“:fn)ﬂéar

=cq Y exp (s Y. log h'(F_k(x}))
CHat k=1
for an appropriate xe S(i,, ..., i,) n &. Now using (1), we can write
n=1
Y |T""*<=const- ¥ exp(s 5 eb(o-"i))
Ted, T areeslyy k=0

=const- Y #(i,...,i,) <o,

ity

As a consequence, dimy (A)=<1+s, and this completes the proof of Theorem 1.
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Now we prove Lemmas 1 and 2.

Proof of Lemma 1. Fix the cylinder set i =(i,, ..., i,,...). Assume that there exist
keiand T'#k I(I)=T1(k), then (..., k_n,...,ko)=(...ylny...,lo). Let n be
the smallest number such that k, # 1,. Now ¢" 'k and ¢" 'T have the same non-
positive coordinates. Therefore II(¢" 'k) and IT(¢""'T) lie on the same horizontal
line and TI(¢" 'k)=II(¢"'I). (Otherwise F"*'(Il(¢"'k))=T(k)=TI(])=
F""'(II(¢"'T)) would contradict the assumption that h.> 0 at every point). On
the other hand, ¢" 'k and o" 'l have different first coordinates. Thus
L(TI(c" 'k)) = L(F """ (II(k)))=0 and keI (T)n i, where
T={acI: there exists an n =0 such that
E(F (&, - . Gr-rai=00

(Recall that IT is a bijection between the set of cylinders of negative coordinates
and I.) Hence, it is enough to show that m(T)=0. First we prove that

mi{ael:L(x)=0 for x=¢& nTI(i)}=0. (17)
This is so, since for all n=0 the set in (17) is contained in the set
U @)(S(j,,...,j,,)ﬁﬂ[f,,..., im”')),

f1=h
Jrseesdn

where O is the projection of R’ to the y-axis. It follows from conditions II and III
that the lengths of the intervals in this union are less than const - A7. The union is
taken over I" such intervals and thus, the measure of the set in (17) is less than
(A, - I)" for all n. This implies (17). Since

T=\Jeg™acA(i,,....,h): Lx)=0for x=&allli Gt > )L (18)

applying (17) with I1(i,+,, i,+2, - - . ) and taking into consideration that g" preserves
measure zero, we have that m(T)=0. Since i was arbitrary we have proved
Lemma 1.

Outline of the proof of Lemma 2. The set of those xs for which L(x)<exp (—&n)
for fixed £ and n is contained in sets similar to the shaded ‘parallelogram’ on Figure
9. We have slightly enlarged these parallelograms so that their image under F"
(which is the set we have to estimate in Lemma 2) consists of strips connecting the
bottom of Ix1I to its top. Thus their I, (m X a)-measure equals their IT(7)-
measure; in this way we can get rid of the non-invariant measure I (m X «). So .
the fact that the measure I1,(#) is invariant implies that it is enough to estimate
the IT1,(7)-measure of the shaded ‘parallelogram’ on Figure 9 and the number of
these ‘parallelograms’. After some calculations we can see that the first upper bound
mentioned above is

exp (—en- s-log (1/A,)/1og (1/A5))
and the second one is exp (en - s). The fact, that their product is the nth power of
a number less than 1 implies that Lemma 2 holds.

Proof of Lemma 2. Fix an e >0 and an neN. For all i =(i,, i, ...), we define a
special cylinder set i(m) such that i(m)=(i,..., i,), where m is the smallest
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A(i(m), jim))

FIGURE 9.

number for which the relation |S(i,, ..., i,) N &|>exp (—en) holds for all ae I
Let X (i(m)) be the set of all x I x I for which dist (x, S(i(m)) <exp (—en). We
define Q, ={ieX:L(II(i)) <exp (—en)}. We have to prove that (mxa)(07"Q,) <
const - v" for some v <1. it follows from the definition of X(f(m)] that

Qe L)J( }H“(X(f(m))nS(F(m))nA) (19)

(see Figure 9). Thus
(mxa)(o"Q)=_ ¥ Mymxa)(F"(X(j(m)nS(i(m)nA)), (20)

i(m),j(m)
i %y

since it follows from Lemma 1 that IT is a measure-theoretical isomorphism. Choose
a number k such that [A(n,,..., n)|>exp (—en) for every (n,, ..., n). It follows
from (ii) that |A(n,, ..., n)|> A5, thus this inequality holds with k =[—en/log A,].
Finally we introduce the set
A(i(m), j(m) ={(m,..., m): A(ny, ..., m) 0 X (j(m)) n S(i(m)) # 2}.

It follows from III that if i, #j,, card(ﬁ(;(m}, f(m}))éconst (independent of
{(m), f(m)}. Fix an arbitrary f'(m],j'(m} for which i, # j,. Then

F"(X(j(m)aS(i(m) A A) cUT(pa, ..., pry i, - -y im)s (21)
where the union is taken over those (p,,...,p;) for which A(p,,...,p.)<
A(n,,...,n) for an (n,,.., n.) e A(i(m), j(m)). Thus

M, (m % a)(f"(X(j(m)) A S(E(M) NA) ST @(Pas- -y Prsitse oo s im),
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where }, is taken over the same (p,,, ..., p;) as above. It follows from the definition
of the measure a that

a(Py, s D) =V s o, i)
= Pl (py i pi i e i)
=const=w (A, o)) ~aliy; ., i)
Hence
I, (mx a)(F"(X(j(m))n S(i(m))n A))
=aliy .o ta) 2 Bo0ACn ol ong)), (22)

where X is taken over all (n,, ..., n)e s( f(m), Jr"v(m)). From the definition we have
that

v(A(ny, ..., m))=v(m,...,n)
=AT¥=exp (—en- s-log (1/A,)/log (1/A,)).
Thus we have

it }H*(mxa)(F"(X(f(m))nS(f(mnmx))

h#=f

<const- Y a(i(m)) - card {j(m)}
i(m)

xexp (—en- s-log(1/A,)/log (1/15)). (23)

Since {j(m)} is a partition of = we have 1700 5(j(m))=1 but
-~ - m_i - -
v(j(m))=d™" - exp (s z u!f(rr"(j))) = const + |S(j(m))[*

=const * exp (—en - s).
Hence
card {j(m)} = const - exp (en- s). (24)
Thus from (23) and (24) we have that
Y, M (mxa)(F"(X(j(m))nS(i(m))))

i(m),j(m)
ll.];éj'l

=const-exp(n-(g:s—e-s-log (1/1,)/log (1/A,))).

Choose v=exp(e-s—e-s5-log(1/A;)/log(1/A,)) then v<1 and v satisfies
Lemma 2.

COROLLARY 1. Suppose that p, # . and 0<<|\y|, |A,| <|p,— po|. Then the Hausdorff
dimension of the attractor of the slanting Baker transformation can be computed by
the pressure formula.
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Proof. it is obvious that in this case I and II hold. Making use of the fact that

T'(x,y)= ('/\i,l s A XoE Ea A Bt )lfk{ﬂik_.gk_g(y)*‘cu_.)

X T ()t g"(y)) ,

after an elementary calculation we find that III holds too.

Instead of proving that conditions I-11I hold for the Yakobson twisted horseshoe
maps and for their small perturbation in their first component, we prove the
following.

COROLLARY 2. Let F(x, y)=(h(x,y), g(y)) where g is the same as in Yakobson’s
twisted horseshoe maps and h is an arbitrary function satisfying:

(i) his a C? map;

(i) 0<h. <k

(iii) 0=h,=<1 and 3<h}(x,y) if ly—c|<i;

(iv) F(xi, »1)=F(x2, p2) > |yi—c|<s(i=1,2).
Then the Hausdorff dimension of the attractor can be computed by the pressure
formula. For the Yakobson horseshoe maps, conditions (i)-(iv) obviously hold;
thus if A is the attractor of the Yakobson twisted horseshoe maps, from the pressure
formula we get

o g dogd

S el s I ks

Proof. We prove that conditions (1)-(iv) imply conditions I-III. Conditions I(a)
and I(b) obviously hold (the latter with A3' =max, .o, 8'(¥)). Conditions I(c) and
I1 appear explicitly in conditions (i)-(iv).

To prove that 11 holds we introduce the notion of the first return map G. Let
I=[t", t] where t is the positive fixed point of g and ¢ " its preimage by g(I ~[3,3])-
Let n(y) be the smallest positive number for which g"Y(y)e I for every y € . Then
G(y)=g""(y). We put A'(k)={y<c:n(y)=|kl} if k<0 and A'(k):=
{y>c:n(y)=|k[} if k>0. As usual, we write A'(k,,...,k,)=8'(k)n N
G~ ""VA'(k,). Finally we define the map : I > (I =[0, 1] I) by 7|A'(k) = F" for
every integer k. Then 7"(A'(k,,...,k,)) is a strip connecting the bottom of the
rectangle [ to its top. Using the well known fact that G'(y)> 1 (this is the reason
for the usage of the first return map G) after some elemenfary calculation we find
that for any fixed (k;,..., ky,...), the sequence of curves 7"({0} xA'(k,, ..., k)

dimy (A)

converges to a smooth curve A'(k;, ..., k,,...), and the relation
|va/ 01 > 1 (25)
holds for any tangent vector #(v,, v,) of the curves A'(k,..., k,,,..._). Thus we

have found that A’ =()}-¢ r"(f) consists of the smooth curves A'(ky,..., k,,...).
Using that
A=U U F@An@k)oud(=k))

n O=k=n-1

(see [Y, p- 325]), we can see that condition III holds.
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We prove that I(d) holds. It is easy to see that there exists a 0<p <1 such that

|A(iy, ..., i,)|<p" holds for every (iy,...,i,). Thus it is enough to prove that for
any Zi, 22 €k iy, . coq bapa e ) N Al v )
%, —x2| <e- p" (26)

holds; here z;=(x;,y;) and ¢=p/(1—p). We may assume that F7*(z;) exists for
every k. Then
F-l{zl') =(ai: bi) EH(EZ, | in’ A ) Il"\ﬁ(ils iO, b I.-n)

+1

and thus |b, — byl <p""'. Moreover, suppose that |a,—a,|<c-p""'; we show that

this implies (26). Since x; = h(a;, b;) we have that
|x; — x| = |hi(€) + (az—ay)|+|hi(n)(b— b,)|
=<|a;—aj|+|by—b)|=c- p"*'+p"""

=c:p" (c=p/(1-p)).
If there exists an m such that i,, = 1 then either F ™(z,) or F~"""V(z,)(i=1,2) are
elements of I (I was defined in the proof of TIT). Assume that F~"(z,) =(c;, d;) € f,
then it follows from (25) that |c;—¢,|<|d,—do|<p" ™ <c- p"'™. Thus making m
steps by F on F~"(z), as we have already seen, the differences between the first
coordinates are less then c- p"*™ ', ..., ¢ p", respectively. On the other hand, the
case when all i,, =0 can be easily traced back to the previous one.
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