
1. Show that if A > 0, then the inverse of the Lyapunov operator LA(X) =
A∗X +XA is a positive map.

2. Prove that if ‖φ(I)‖ = ‖φ‖ and φ(I) ≥ 0 holds for a linear functional
φ : Mn → C, then it is positive.

3. Let φ be a linear map. Show that φ is positive iff φ∗ is positive, and φ is
unital iff φ∗ is trace preserving

4. Let φ be a completely positive unital map. Show that if f is convex, then

Tr f(φ(A)) ≤ Trφ(f(A)).

Moreover, if f is matrix convex, then the inequality holds without the
trace as well.
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