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�VpXz5Z!c ��fV��� \M~VjylVc}^]pXjW_blVs r¡Z!q5U�ik^�xW_�_ ¦5xW^!pXz#� W_}pV_}_G_ba`_bZ]jyZ!xWz5s Z!^]Z!sMZ]_¡lV^�Z!�}Z]�5r¡a!z#�XZ]sVZ]_ 5 A D��
� ��
�1��"5 DG5�D / -���� / _�lV��_�lVjWr�lM^!^<~Ms�U���pXz5c�_b�}�CsV{!xW�XxyzCsu¦��Xj�D 1 @�� 1"D /��dr�lVqV�XlV�b~M^<lM_}pV_¡lV�5�5zCsA_b±X¦C¦��
sVpX�}~V¦5¦6lVz�c}^!~Vr W_b�VqXa!n5n�Z!j._�lVjy~VjW_ªr�~M_}�}x���jya`_bZ]^!a!c�a!��Z��·Z!r¡Z!jWjyZ]_�_ªZ!qM�D«P½

9
�G�C\MlVjylVr�xWz#_»jyZ]q#lVjy~V¦5¦

10
«P½���n6~V��pXz5sVa]z#_»xyzCZ!s#\uxW\MlVjyzCZ!c

15
�5xWr�Z]z5^!xW�Xc sVpVr�n5jWZ`�¡��lV�6lVr�lV���¡r�~M_}�}x��hpV_ n5�}Z]^!Z!z#_b~Vjy�5zCs�U

§¾lVq#~M_ªlÃ�Cxyn5jWpXr�lMr|�5z5sP~M_ z5a!®5~Vz#�'_bp%\M~V¦5¦5x «P½��6lV�D®5pu{ ½�Z!jWjyZ!qVqXZ!j�sVpXzCc�_b���6~Vj�_
9, 10

xyjyjWZ]_�\XZ
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U¢Àk�5��xyz5q _b®5Z�n6lVc�_�oHZ ,

�5Z!{!lV�5Z]cG_}®5Z]�¾®6l<\XZÃ�}Z]{!Z!x�\XZ]�O{]pXz5c}xW�5Z!�}lV¦5jWZÃlM_}_}Z!z#_bxWpXz �5�5Z|_}pD_}®5Z!xW�¤z6lM_}�5�blMjwlVn5n�Z<lV��Z!z5{]ZJxyz
� �6lVz#_b�5r xyzCoHpX��r�lP_bxypVz _}®5Z!pX���XU �¤�5��, pX�}s ,»lVcJr¡pV_}xW\MlM_bZ]�A¦#�A_}®5Z�{!Z]jyZ]¦5�blM_}Z!�¢Á»lM_}®6lVjypVqXZ
pVo¥Á[pVr�n5jWZ`� �klV�6lMr�lV���O§¾lM_b��xy{]Z!c�:n5�C¦5jyxWc}®5Z]�O¦#� �©U0¬�lV�5Z°½elVz5�O�JU *.�h{]^!sMp�,¥c�s�x \XZ]��� ��Z`�
{!Z]z�_}jW� � �#f�� Uw¬ª®CZ]��®6l<\VZ�{!pXjWjyZ!{`_bZ]��lVz5��Z¼�C®Cxy¦5x�_bZ!�DlMjyj�suzCp�,¥zD{]pXr�nCjyZ`����lV�6lVr�lV�}�Cc»pVo:c}r�lVjWj
pX�}�CZ!�}c��0lVz5�¾c}xyzC{!Z _}®5Z!z l¡oH�}�5x�_}oH�5j:xyz#_}Z!�}z5lM_bxWpXz6lVj:{!pVjyjmlM¦.pX�}lM_bxWpXzD®6lVc�¦.Z]qX�5z xyzKpX�}�CZ!��_}p�_b���
�5z5�5Z]�}c�_�lVz5�Cxyz5q�lVz5�DoH�5jyj���{]jmlVc�c}x�o3�hxWz5q|_b®CZ!r�U

¬ª®CZ �5�}c�_�{�®6lVnh_bZ!�:�5Z!lVjyxWz5q ,¥xW_}®G��Z<lVj���lV�6lVr�lV���Gr�lM_}�}xy{]Z!c0xWc0xyz5{]jy�5�5Z]�epXz5jW�koHpX�0{!pXr¡n5jWZ]_bZ¼�
z5Z!c�c�#xWz|n6lV��_bxy{]�5jmlM��PxW_��5phZ]c z5pM_ {!pVz�_blVxyz|lVz#� z5Z ,¶�}Z!c��5jW_}c!U Y[Z!c�xy�5Z]c jyxWc�_bxWz5q�c}pXr¡Z , Z!jWj�� s�z5p�,¥z
n5�}pVn.Z]��_bxWZ!c��·lVz5��xyz#_b��ph�5�C{!xyzCqÃlVz5{!xWZ!z#_�{!pXzCc�_b���5{]_}xypXzCc�9, Zd�5Z]c}{]�}xy¦�Zer�pV�}ZelV�C\MlVzC{!Z!� ��r¡pXc�_bjW�
{!pXr¡n5�C_}Z!�°�°lVxW�5Z!�Jr¡Z]_}®5ph�Cc�6,¥®5xy{�®Ã{]pX�5jy�Ã¦�Z¥�5c}Z`oH�5j9,¥®5Z!z¡pXz5Z¥xWcwjypupXs�xyz5qkoHpV� �}Z!lVj·�klV�5lVr�lM�}�
r�lP_b�}xW{!Z]cªpVo ®CxyqX®5Z]�ªpX�}�CZ!�}c]U

¨ z�{�®6lMnC_bZ]�
2
,[Z�_b�C�}z¶pX�5�JlM_�_bZ]z�_}xypXz³_}p {!pXr¡n5jyZ¼����lV�6lVr�lV�}�³r�lM_}�}xy{]Z!c]UO¨ z�_b®5Z �5�}c�_

oHZ�,�c}Z]{]_bxWpXz5cDc}Z`\XZ]�blVj�¦6lMc}xy{¾n5�}pXn�Z!��_bxWZ!cDlVz5� _}®5Z r¡pXc�_�xWr�n�pX��_�lVz#_'qVZ!z5Z]�blVj¤{]pXz5c�_b�}�C{]_bxWpXz5c
lV�}Z��CZ!c}{]�}xW¦.Z]�
U?¬ª®5ZD�}Z]c�_ÃpVo�_b®Cxyc|{�®6lMnC_bZ]�¡r¡pXc�_bjW�O�5Z!lVj ,¥xW_}®³_b®5ZDlV�h_b®5pX����cJ��Z!{]Z!z#_�lV��_}xy{!jWZ
pXzA{]pXr¡n5jyZ¼� �klM�6lVr�lV�}� r�lP_b�}xW{!Z]c � �CT���� � �VÄ)� U¡�AZÃxWjyjy�Cc�_b�}lM_bZJc�_bZ]nh� ¦#�#� c�_bZ!nO_b®5Z¡�}Z]�5xyc�{!p%\XZ]���
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Ue¬ª®5ZJjmlVc�_k_ , pDr�lM_}�}xW{!Z!c�{!pXzCc}xy�CZ!�}Z]� xyz _b®Cxyc

,[pX��s lV�}Z¡¦5�5xWjW_epVo
6
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^	�oHZ ½�Z!^]Z]_bZ]s�¦.Z]z _�~V��qV�#lVj�_�sVpXr¡n5jyZ¼�K�klV�5lVr�lM�}��r�~M_}�}x��DjyZ]c}^���yqM�DlV^GZ!jysM±%\XZ]_}sVZ]^	Dc}^!lVsPlVc}^]pXs
n5�5c}^`_�~Vz�lGnC�}pX¦5jWa!r�lVsV±V�wa!�}^]a!sMZ!jW_}Z]_}a!c}Z)�h\MlVjylVr�xWz#_Âl»½�pV¦5¦�a]��_}®5Z]_%	Xc}a]q sVZ]�C\Xa]a!��_ªsVZ]�%!5j�_bZ!sJ¦�Z!jWZ
lÃ�CpXjyqXpV^<lM_}¦6lCU

���� ����	��
����������� ���

i�sV±%\XZ`_bsVZ]^	'�CZ��6z W{!xW�¡Z]qV�'sMa!z#�XZ]jyr¡Z!c��.lM^GZ]j"	X^�	%\XZ!j
_}Z!��r�a]c}^!Z`_bZ]c}Z!zKZ!s#\uxW\MlVjWZ!z5cªsPlV�}lVs#_bZ!��xy^!~P�
{!xy�M_�lV�
U
E·FW´
F�E6F�� )�� (�7 �#/�" F vwqV�

H ±1
Z!jWZ!r��©r�~M_b��x��hpV_ ��lV�6lVr�lV����r�~M_}�}x��Cz5lVs zCZ]\XZ]^!5zCsC�Ã®6l

HHT = nI
_bZ]j ½�Z!c
!5j U

i�^'��lV�6lVr�lV�}�u� r�~M_b��x��hpXs��blDl�_}p%\V~M¦5¦5xmlMsu¦5lVzO_}Z!®6~M_ «5qV� qXpXzC�5pXjy�Cz5s�� r¡xyz#_GpX��_}pXqXpXz6~Mjyxyc
r�~M_}�}x��CpVsu�}lCU¡i�¦�Z]\VZ!^]Z]_=	V¦.Z]z³r�~V��Z]r�j W_}Z]_}_%!5s��:®5pXqV�>	Xs Z]qV� Z`�u_}�}Z!r�~VjWxyc�jyxWz5Z<~M�}xyc¤lVjyqXZ]¦5�blMx
n5�}pX¦Cjya!r�l|r¡Z!qXpXjW�6~Vc}lVx U 
Â��\Xa]z��VZ!c¤�CqV�#lVzCxyc�lJsV±%\XZ`_bsVZ]^	
E·FW´
FW´
F�� )h>A>A@�� ��lV�6lVr�lV�}� ��� ������� F! 3��

n× n
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1
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2
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i�r�lP�hxyr�~VjWxycÂ�5Z]_}Z!��r�xWz6~Vz5c�« ±1

Z]jyZ!r���r�~M_}�}x��CpVsC�u\MlVqV�'r�~Vc»zCa]\XZ]z � À�� pVnC_bxWr�lVj �¥�}Z]z5�h�
c}^!Z]�}Z]s?xy��ph�6lMjyr�lD��Z!z5�Cs �\ !5j»q#lV^]�6lVq5U ¨�_�_ÃlVz5z#�uxW_|Z!r¡j W_}Z!z5a]z5s r�Z]q9�w®5pXqM�A®6l

n
lV^

4k + 3lVjmlVs�«���lVs�sVpV� r¡a!q¾a]jyZ]cdoHZ!jWc%	K¦.Z]{!c}jWa!c�_|c}Z]r¿xyc}r¡Z!�
!5z5s Z!qM�
n
� Z]�A�}Z]z5�9��� ±1

Z!jyZ]r��Ar�~M_}�}x��
�5Z]_}Z!�}r¡xyz5~Vz5cb~M�blCU �hn�Z!{!xy~VjyxWcblVz � r�~V�

n = 19
Z!c�Z]_ba]zOc�Z!r _}�5�5z5x��0r�Z]s�sVpX�}lDZ]^Ãl�r�lP�hxWr|�5r�U

i _}a!r�lVsV±X���}Z]j.sPlVn�{!c�pXjmlM_}¦6lVz¡s�xyxyzC�5�5jm~Mc}sVa]z#_»lV^��¤�}�}xW{�sJa!c»�hpXjypVr�pXz¡~Vj�_�lVj5oHZ]z#_�lV��_bpV_�_[®5pVz5jmlVn �
\VlMjmlVr¡xyz#_ªlM^�pV_}_¥oHZ!jWjyZ]jy®5Z`_=	|¦C	Xc}a]qXZ!c�xy��ph�5lVjypXr r¡Z!qV_}Z!s�xyz#_}a!c}a`_ ½}l%\MlVc�pXj ½��Cs � �#f��1U

i�sM±,\VZ]_}sVZ!^�	Xs�¦.Z]z�zCa!®6~Vz#�en�a!jW�6~M_:r|�C_blM_b�Cz5se�klV�5lVr�lM�}�er�~P_b�}x��hpXs��bl7�%�5Z Z!j 	V_}_}Z ~VjyjylVn.pu�h�
½��5z5sJr¡Z!qdlV¦5¦6lVz�lGc�^]_}Z!z5�5Z]�}�d½�Z]jy±XjWa!c}¦�Z!z �u®CpXqV�Ãle\VlMjy�Xc �klM�6lVr�lV�}�Ãr�~M_b��x��hpXsPlM_ÂZ!qM�hc�a!qXZ]c}Z]z
H
¦�Z]_%�C\XZ]jC½�Z!jy±Vj ½
!5s��5lJ�5xWr�Z]z5^!xW�P½��5sPlM_ªn�Z!�Cxyq

H
lVjyc��¡xWz5�5Z¼�CZ]sVa]z�_�_=!Cz�_}Z]_H½
!5s'oHZ!j1U

E·FW´
F �
F�526 �1L:@ F ik^GlVjy~V¦5¦5x.®6~V�}pVr r�~P_b�}x�����lV�6lVr�lV��� �

H1 =
[

1
]

, H2 =

[

1 1

1 −1

]

, H4 =













−1 1 1 1

1 −1 1 1

1 1 −1 1

1 1 1 −1













� TXU�T7�



TXU�fhU5i��0ik� &��e�i��*§Ki¤� �
E6Fy´
F��:F�� )�� (*7 �#/�" F vwqV�'\MlVjy�Vc � \MlVqV�'l|sVa]c%	X¦5¦CxyZ!s�¦�Z!zKsVpXr¡n5jyZ¼� �»�klV�6lMr�lV����r�~P_b�}x��hpV_»z5pV���
r�lMjyxy^!~VjW_}z6lVsJz5Z`\XZ]^!5z5s��.®6lÃlV^eZ!jyc
	Ãc}pX�}~V¦6lVz�a!c¥pXc�^!jypVn6~V¦6lVzDs�xy^!~V�}�VjmlVq

1
� Z!c�Z!s�~Mjyjyz5lVs·U

¬*Z!j ½�Z!c�Z!zO\uxWjm~VqXpVc�0®5pXqM� _bZ]_}c}^�	XjyZ]qXZ!ce\MlVjy�Xc � \VlMqV� sVa]c%	X¦C¦?sVpXr¡n5jWZ`� �G��lV�6lVr�lV��� r�~M_}�}x��
Z!s#\uxW\MlVjWZ!z5c'Z]qV� xWjW�VZ!z z5pV�}r�lVjyxW^<~Vj�_¡�klV�6lMr�lV����r�~M_b��x��hc}^!lVj U��hZ!r¡r�x�r�~Vc��5pVjyqX�5zCs¶zCxyz5{]c�
r�xWz#_|l¾r�~M_}�}x�� c}pX�}lVxW_ � xWjyjyZ`_}\VZ�pXc�^!jWpXn6lVx�_ �¤r�Z]qVoHZ!jWZ!j 	KZ]qV�uc}a!qVz��uxªlM¦5c}^]pXjy«C_da!��_ba]s ��c�^<~Vr¡r�lMj
¦.Z]c}^]pX�}pX^]z5x U vÂ^]Z!sJc�^!Z!��xyz#_[lV^¥a!�}�CZ!r¡x6xyzCoHpX��r�~M{!xy�M_ Z]qV�¡�klV�5lVr�lM�}�Jr�~M_b��x���½�pV¦5¦¡lVjyc��

n−1×
n − 1

� Z!c��}a]c}^]r�~M_}�}x��5lÃ_�lV��_�lVjWr�lM^!^<lhUªvw^]_�l�r�~M_}�}x��>@ .�3 � 
��C.�-�z5Z`\XZ]^!^!Cs�Uki�_bp%\M~V¦5¦CxmlVs�¦6lVz
xyj��XZ!z z5pV�}r�lVjyxW^<~Vj�_kr�~M_b��x��hpXs�sPlVj�oHpVqXjmlVjWsVpX^]�5z5s·U¡§Kx�\XZ!jwZ]qV� z5pV�}r�lVjyxW^<~Vj�_¤��lV�6lVr�lV�}� r�~M_}�}x��
c}pX�}lVx
_bp%\M~V¦5¦C�blVx
xWcªpX��_}pXqXpXz5~VjyxWcblVs��CxWq#lV^�lJsM±,\VZ]_}sVZ!^�	
E6Fy´
F � F &'�h2�)#+%S·)u �> 6 (�- F� 3�� � ?	� @ .�1����
�1 /�-�.�1"2�5���-6?�@BAC1"D
E���1�.��6.�@ .�� � @ 
�/���� E & 
�� @ D 1��
�
D 1 5'+�/ +�17-�� 1 �	� &�� )+��B5�?	� 
�&G.�� .� D 1"D @ DG- ��5G5��D�3 D

0
� / .���3  (.�-�-6?	� �"5 �I36.�," �7. � 5.�- .�@ 
�/���� E

D 1 5'+�5�?	�
. 
�1 1 � 5 4�A7. 1
�%DG5	&,+�143

	�
��
�	�
������������������ �!�"�$#�%'&)(+*���,�#-�

ik^ �klV�6lMr�lV���h� r�~M_}�}x��hpXs¡sV±V�}a!¦�Z!zKoHZ!jyjWa!nDZ!qM��_}Z!��r�a]c}^!Z`_bZ]ckZ!s#\uxW\MlVjWZ!z5{]xmlÃ�}Z]jm~V{]xy�9�6r¡a!qXn�Z!�Cxyq
l�sV±%\VZ]_bsMZ!^�	XsVa]n5n.Z]z �G�kl

H
�klV�5lVr�lM�}���·\MlVqV�uxyc�pX��_}pXqXpXz6~Mjyxycªr�~M_}�}x��+�.lVs�sVpX��_bZ]�}r¡a!c}^]Z]_}Z!c}Z]z

l�c}pX��pXsX�kxWjyjWZ]_}\VZ|pXc�^!jypVn.pXsKZ!qV� n.Z]�}r|�C_b~V{!xW�P½}~M_�sM±%\XZ]_%	hZ]zAxWcelV^Ãr�lV�}lV�
U|¬*p%\M~V¦5¦6~7�:¦6~M�}r¡Z!jW�
c}pX��_��ª\MlVqM� pXc�^!jypVn.pV_kc}^!lV¦6lV� ±1

� qM�XZ!j c}^!pV�}pX^]z5x��
Z]^Jc}Z]rtc}a]��_bx l��klV�6lMr�lV���h��_}�5jml%½��5pXz5c}~VqXpV_!U
vw^!Z!sDlM^Ga]c}^]�}Z]\Va]_}Z!jyZ]sDr�pV_}xW\M~Vj ½}~Vs¡lÃsM±%\XZ]_}sVZ]^	V_!�
E6Fy´
F/.
F � )�� (*7 �#/H" F ��l

H
Z!qV� -�.�1"2�5 ��lV�6lVr�lV�}�u� r�~M_b��x��+�»lVs�sMpX��¦6~V��r�Z]jW�

D1
�

D2
-�.�1"2�5

D 1"D @ ( �5z5x�_ba]�ª�5xmlVqVpXz6~VjWxyc[xWjyjWZ]_}\VZ
P1
�
P2

n.Z]�}r|�C_b~V{!xW�Xcªr�~M_b��x��hpXs¡Z!c}Z`_ba]z
H ′ = D1P1HP2D2xyc¥��lV�6lVr�lV�}� UÂvÂs�sMpX�

H ′ � _ H
��\MlVj
Z]s#\hx�\MlVjyZ]z5c}z5Z]s'r¡pXz5�P½��5s��6a]c

H ′ ∼= H
� sVa]z#_w½�Z]jy±Xj ½
!5s·U

i�jyZ]qVoHZ!j ½�Z!¦5¦
28

�5xWr�Z]z5^!xW�Xc��klV�6lMr�lV���¾r�~M_b��x��hpXsPlM_�c}xWsVZ]�%!5j�_¤sPlV�blMs�_}Z!��xy^<~Mjyz5x ��T<�����0l�s�!h�
jy±Xz�¦�±X^	�Z]s#\hx�\MlVjyZ]z5{!xyl'pXc}^`_�~Vj��XpXsKc}^<~Mr�l'n�Z!�5xWq��}Z]z5�5�}Z¡l'sM±,\VZ]_}sVZ!^�	��

n = 1, 2, 3, 4, 8
a]c

12�5xyr¡Z!zC^!xy�V¦6lVz�r�xWz5�5±Xc�c}^!ZdZ!qV�VZ]_}jyZ!z \MlVjW�Xc��klV�5lVr�lM�}�¾r�~M_}�}x��'\VlMz
U�¨ c�r�Z]��_kr�a]q�Z!^]Z!z s W\ !5j��
®5pXqV�

n = 16
���bl

5
�
n = 20

� �}l
3
�
n = 24

���}Z
60
�%\Xa!q�!5j

n = 28
���bl

487
n6~V�}pVz5sVa]z�_�xyzCZ!s#\uxW\MlVjyZ]z5c

�klV�5lVr�lM�}��r�~M_b��x���\VlMz � �X¹)��� � �#Ä)��� ���Xf��1UÂvÂ^]Z!sDlJ�5xWr�Z]z5^!xW�Xs¡\MlVzCz6lVs�_}Z!j ½�Z]c}Z]z�jWZ�W��\MlCU ¨ z5zCZ!zh�
_=	Xj lV^!pVzu¦5lVzDr�Z]qXjyZ]®5Z]_%	Xc}Z]z��}Z!r¡a!z#��_bZ]jyZ]z5z5a¤\M~VjyxWs¡l|®5Z!j��h^]Z]_!�

n = 32
���}Z 1"D�36.�1�
�&'&

3.578.006
�

r Wq
n = 36

� �}l 1"D�36.�1�
�&'&
18.292.717

Z]s#\hx�\MlVjyZ]z5{!xyl|pXc}^`_�~Vj���jya`_bZ!^]xys ���CT � U
T 3; D�3 �$D�3�� 	�G5	3.i¢oHZ]z�_}xhc�^<~Vr¡pXseqV�VpX�}c�z5±%\XZ!sMZ!�5a]c}a]z5Z!s¡lV^ Z!qV�uxys�o<	�pXsPlkl�sM±%\XZ]_}sVZ]^	»½�Z!jyZ]z5c}a]q9�
lVr¡Z!jW�u��Z|¯¾_b±V¦5¦.Z]s sV±X^]±V_}_�¯ �¤���}xy{�s ® W\�_�l�oHZ!j l �6qV�XZ]jyr¡Z]_!� ��l

H1
a]c

H2
sMa]_d_bZ]_}c}^�	XjyZ]qXZ!c

m×m
��Z!c \MlVjW�Xc*�klV�5lVr�lM�}�er�~P_b�}x��+�MlMsusMpX�*¦6~V�}r¡Z!j��

P
~Vj�_�lVjy~Vz5pXc�W_}pV_}_ n.Z]�}r|�C_b~V{!xW�Xc0r�~M_b��x��h�bl

lV^GlVjm~M¦5¦5x sMa]_�r�~P_b�}x��
2m × 2m

� Z]c���lV�6lVr�lV��� �
[

H1 PH2

H1 −PH2

] a!c [

H1 H1

H2P −H2P

]
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vw^]Z!s¢lOr�~M_b��x��hpXs³lV^]pXz�¦6lVz�~VjW_blVjm~V¦5lVz�«P½}lV¦5¦5z5~Vj�«,½}lV¦5¦�Z]s#\hx�\MlVjyZ]z5{!xyl pXc�^]_b~VjW�VpXsPlM_'lM�h�

®6lM_bz5lVs
2m

�5xyr¡Z!zC^!xy�V¦6lVz
H1
�
H2
�:\MlVjylVr¡xyz#_

P
r¡Z!qM\V~MjmlVc�^]_�~Mcb~M_esM±,\VZ]_%	hZ]z
U�i�^ÃxyjW�VZ!zCo�l%½�_�l

½�Z!jyZ]z5c}a]qXZ!s¾Z!jysMZ!�
!5jya]c}a!��ZJ\XZ!^]Z]_�_bZ¡¦.Z �¤�}��xy{�s¾lV^J«5z
U
Q
� Z]s#\hx�\MlVjyZ]z5{!xy~M_$�0lMr�Z]jW�XZ]s¾c�Z!q��_bc}a]qXa]\VZ!j

Z!qV�OsVZ]^!Z!jW®5Z]_%	X¦5¦�pXc�^]_�~MjW�XpV^<~Vc}~M_JlV�h_�l lK\MlVjW�Xc|��lV�6lVr�lV���Ar�~M_b��x��hpXs�z6lVs·U �¤���}xy{�s � �CT���� ¦�Z!z
xyq#lV^]pXjW_bl7�w®5pXqM�

n = 4, 8, 12, 16, 20, 24
a]c

28
�Cxyr¡Z!z5^]xy�X¦6lMz³�}Z!zC�5�}Z

1, 1, 1, 1, 1, 2
a!c

2 Q
�

Z!s#\uxW\MlVjyZ]z5{!xyl|pXc}^`_�~Vj���\MlVz��6r yq
n = 32

a]c
n = 36

�5xyr¡Z!zC^!xy�V¦6lVzDl�½�Z!jWZ!z5jWZ!qJxyc�r�Z]��_ª{]c}xWjyjmlMq#~P�
c}^<lP_bx0c}^!~Vr|«DxyzCZ!s#\uxW\MlVjyZ]z5c»\MlVjy�Vcª�klV�5lVr�lM�}��r�~M_b��x��hpXs¡r�xWz5�5±Xc�c}^!Z

11
a!c

21 Q
� Z]s�\ux�\VlMjyZ!zC{!xml

pXc}^`_�~Vj��h¦5lÃc�pX�}pVjy®6lM_}�Xs�¦�ZVU
f 3� D�3 �$D�3�� 	�G5	3[vwqV�VZ!cGxy��ph�6lMjypXr|¦5lVz c}^]pXsP~VcdlV^Ã«5z
U�~VjW_blVjm~VzCpXc �_bpV_�_¤Z!s#\uxW\MlVjWZ!z5{]xm~Vz5lVs lD¦.Z¼�
\XZ!^]Z]_}a!c}Z)�¤lVr¡Z!j��u¦.Z]z

HT xWc
H
� \MlVj¥Z!s#\uxW\MlVjyZ]z5c}zCZ!s�_bZ!s�xWz�_}xys·U vÂ^Kz5Z!r r�lVq#~M_}�Xjªa!��_bZ]_%	h�7	9�

�5qV�#lMz5xycdZ!j"	MoHpX�}�5�Cjy®6lM_� ®5pVqV�
H
a!c

HT Z!qV�ur�~Vc}c}lVj c�^!pXsP~Vc�pXcJa!��_bZ]jyZ!r ¦.Z]z?z5Z!r Z!s#\uxW\MlVjWZ!z5c]U
ik^eZ!jWc%	Ãxyj��XZ!z ½�Z]jyZ!zCc}a!q

n = 16
�5xyr¡Z!z5^]xy�X¦5lVz'oHpX�}�C�5j0Z!j 	5U

&6Z]jyr¡Z!�%!CjCl¤sMa!�}�Ca!c��®5pVqV� sMa]_Â\MlVjy�Vc �klM�6lVr�lV�}�|r�~M_}�}x��h���Xj�®5pXqV�XlVzJjyZ]®5Z]_wZ]jy�5±Vz�_}Z!z5x��X®5pXqM�
Z!s#\uxW\MlVjyZ]z5c}Z]sX� Z��KvÂzCz5Z!sÃ_�~V��qV�#lMjm~Vc}~V®5pX^¥\MlVz�c�^!5s�c}a]q:!5z5s�ldsM±,\VZ]_}sVZ!^�	Xs��}Z �[Z!qM��n�Z!��r|�C_b~V{!xW�Xc
r�~M_}�}x��CpM_ ~VjW_blVjm~VzCpXc �_bpV_�_bz6lVsez5Z`\XZ]^!5z5s��6®6ler¡xyz5�5Z]z�c�pX�b~M¦6lVz�a]c[r¡xyz5�CZ!z¡pXc}^]jypXn6~M¦6lVz¡n.pXz#_}pM�
cblVzDZ!qM�

+1
\VlMqV� −1

~Vjyj1U
H
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r�xWz5�5Z]qV�uxysVZ�c�^!xWr�r¡Z]_}�}xys��5c]U



� TXUC£�i�� �e�D��i¤Àªi¤§Ki���À�§Kºw¬ �¥¨�� ���
E·F �
F��:F � ) � (*7 �#/H" F i����hj�\XZ]c�_bZ]��� �klV�6lMr�lV����r�~M_}�}x��CpVsOlM^ {St = ⊗tS1 : t ≥ 1} ®5lVjyr�lV^Z!jyZ]r�Z]x U
E·F �
F � F�526 �1L:@ F S1 =

[

1 1

1 −1

]

�

S2 =













1 1 1 1

1 −1 1 −1

1 1 −1 −1

1 −1 −1 1













,S3 =



































1 1 1 1 1 1 1 1

1 −1 1 −1 1 −1 1 −1

1 1 −1 −1 1 1 −1 −1

1 −1 −1 1 1 −1 −1 1
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1 −1 1 −1 −1 1 −1 1
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1 −1 −1 1 −1 1 1 −1
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GF (q)
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χ
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1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

1 1 −1 1 −1 −1 −1 1 1 1 −1 1

1 1 1 −1 1 −1 −1 −1 1 1 1 −1

1 −1 1 1 −1 1 −1 −1 −1 1 1 1

1 1 −1 1 1 −1 1 −1 −1 −1 1 1

1 1 1 −1 1 1 −1 1 −1 −1 −1 1

1 1 1 1 −1 1 1 −1 1 −1 −1 −1

1 −1 1 1 1 −1 1 1 −1 1 −1 −1

1 −1 −1 1 1 1 −1 1 1 −1 1 −1

1 −1 −1 −1 1 1 1 −1 1 1 −1 1

1 1 −1 −1 −1 1 1 1 −1 1 1 −1

1 −1 1 −1 −1 −1 1 1 1 −1 1 1
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�����#-����� ��� � %+& ��� � ����% � ��� ��� ��� ���
� * ( � ��� #-�

�k~V��pXr jWa!z#�XZ]qXZ!c�Z!zJs�!5jy±Vzu¦�±X^�	�r¡�h�CpXzejyZ!®CZ]_*¦5jypVsus���Z!z5�5c�^!Z]�}Z!sGc}Z]q�W_}c}a]qXa]\VZ!jh�klV�6lMr�lV���er�~M_��
�}x��CpVsMlP_ksMpXz5c�_}�}�6~Mjyz5x1Ukvw^!Z]sKZ]qV�uxysMZ��
lM^ Z!j 	X¦5¦ Z]r�j W_}Z]_}_���lVjyZ`��¨ªsVpXz5c�_b���5sV{]xy�5Ue§�pXc�_kZ!qV�Ks�xyc
¦5jypVsus���Z!z5�5c�^!Z]��� Z]jyr¡a!jWZ]_¥sV±%\VZ]_bsMZ!^]xys �



� TXUC£�i�� �e�D��i¤Àªi¤§Ki���À�§Kºw¬ �¥¨�� ���
E·F �
F�E·E·F � )�� (*7 �#/H" F vwqV�¶z5a]qV�u^!Z`_bZ!c

2 − (v, k, λ)
� ��Z!z5�5c�^!Z]��Z!qM��pXjW�XlVz D = (P, B)

n6~V���
lV®5pXj

P = {p1, p2, . . . , pv}
l�n.pXz#_}pXs ®6lVjWr�lV^!l7�

B = {B1, B2, . . . Bv}
n.Z]�5xyqDZ!^]Z!zOn.pXz#_}pXs

\VlMjmlVr¡Z!j��
k
Z!jyZ]r�� �}a]c}^]®6lVjyr�lV^!lVx

(1 < k < v)
�0l'¦5jWpXs�sVpXs��:r¡a!qXn�Z!�5xWq'«5qV���0®5pXqV�K¦6~V��r�Z]jW�

sVa]_�s�!5jW±Xz�¦.±X^�	�n�pXz#_¥n�pXz#_bpXc}lVz
λ
¦5jypXs�s�¦6lVz�c}^]Z!��Z!n�Z!j U

i D _bZ]j ½�Z]c�lM�C_bpXr¡pX� �6^!r|�Cc»{!c�pXn.pV��_�½}l
Aut(D)

�5r¡Z!j���lV^�±Xc�c}^]Z!ckpVjW�#lMz�xWjyjWZ!c}^]sVZ]�5a!cª_�lM��_b�
P ∪ B

¦Cx ½�Z!sM{!xW�X¦.�Vj ~Mjyj��*r¡Z!jW� n�pXz#_bpVsMlP_|n�pXz#_bpXs�¦6lP�=� ¦5jWpXs�sVpXsPlM_ ¦5jypXs�sMpXs�¦6l¾sVa]n.Z]^VU D Z]qV�
lV�C_bpVr�pX� �6^!r �5cJ{!c�pXn.pV��_�½}~Mz

Aut(D)
Z!qM���}a!c�^!{]c}pXn�pX��_H½}~M_¡a!��_�½
!5s·U ��l

G
Z!qV��pXj��#lVz¶lV�h_bpM�

r�pX� �6^!r �5c¥{!c}pVn.pX��_�½}l D ��z5Z!s��6®5pXqM��¦6~V��r�Z]jW� p
a!c

p′
n.pVz�_}pXs'Z]c}Z]_}a!z Z]qV�Da!c¥{]cblVs�Z]qV�DpXjW�XlVz

g ∈ G
\MlVz �
®5pXqV�

pg = p′
�
a!c�Z]^|®6lVc�pXz5jW�#lVz l�¦5jWpXs�sVpXs��}lDxWc�_}Z!j ½�Z]c%!5j��0lVs�sVpV��lV^]_¤r�pXzC�P½��5s��

®5pXqV� D �}Z]qX�5jy~V�}xWc[l n�pXz#_bpVsVpXz��5lV^kxWjW�XZ]z�_b�Cjml,½��5pVz5cb~VqV«
G
n�Z!�5xWq D ��z5Z!s¡Z!qV���}Z]qX�5jy~V�}xWc��*\MlVqV��hxyz5qVZ!�ª{!c�pXn�pX��_H½}lCU

D xyjWjyZ]c}^!sMZ!�5a]c}xÂr�~M_b��x��Cl�lV^�lV^
A =

[

aij

]

v × v
��Z!c {0, 1} � r�~M_}�}x��+�.r�Z]jW�u¦.Z]z aij = 1lVs�sVpX�¥a!c¥{]cblVsDlVs�sMpX��6®6l

pj ∈ Bi
U

vwjWZ!r¡x
jyZ]c}^<~Mr�jy~Vjm~Vc�¦.�Vj lV�C�h�5xWs�lÃsV±%\VZ!s#_bZ]^	'a]c}^!��Z]\Va]_bZ]j �
E·F �
F�Eu´0F�� )u>?>A@ F  3��

2 − (v, k, λ)
&1"?�-�-	�=D�����5��D��(1 � / D�	�G5���� DG-�5� �6-�5���3 DG5 $$D 1 / � / D 1"D#" � ?%3��

λ(v − 1) = k(k − 1)
� TXU�� �

$$D�����
�1 1 �$?	� 3
vw^]Z!s�¦+	VjwsV±%\XZ`_bsVZ]^!xWsC�*®5pXqM�¾Z]qV�

v × v
� Z]c {0, 1} � r�~M_}�}x��DlVs�sVpX��a]c�{!cblMs lVs�sVpV�elV^|xyjWjyZ]c}^`�sVZ!�Ca!c}x*r�~M_b��x��Cl Z!qM�

(v, k, λ)
c�_b���5s#_b«5�}~Vz6lVs��·®6l

AAT = (k − λ)I + λJ, AJ = kJ
� TXU ���

lV®5pXj
c�^!pXsP~Vc�c}^]Z!��xyz#_
I
lV^exy�CZ!z#_bx�_�~Vc°�G�

J
n�Z!�5xWqÃl¡{]c}�5n5lVZ!qV�Dr�~M_}�}x��hpV_:½�Z!jW±Xjyx1U

E·F �
F�E �0F�526 ��L*@ F ��pXqM�¢xWjyjW�5c}^`_b�b~Mj ½��5sOlOsMpXz5c�_}�}�5sM{!xW�V_$�ª_bZ]s�xyz#_bc
!5s¶l
P7

� lVjWZ]�¶¨|r�~M_b��x��hpV_$�
lVr�Z]jW�VZ]_dlV^ {1, 2, 4} s#\MlV�5�}lM_bxWsu�Ccdr�lV�blM�5a!sMpXs �

mod 7
�¤�5Z��6zCxm~VjWz6lVs��:r�l,½�� z5pX��r�lMjyxy^!~Vj ½��Cs

jyZ��·lM^<lV^ec}^]pX�}pV^!^!�Cs�¦�ZGlV^e±Xc}c�^!Z]c��Z!jyc
	V_=	Vj0s !Cjy±Xz�¦�±X^	¡pXc}^]jypXn5~M_ −1
� qV�VZ!j��6®5pXqV�DlÃsV±%\VZ]_bsMZ!^�	V_

sMlMnu½��5s �

P7
∼=

[

1 17

(17)T −(Q + I)

]

=



































1 1 1 1 1 1 1 1

1 −1 1 1 −1 1 −1 −1

1 −1 −1 1 1 −1 1 −1

1 −1 −1 −1 1 1 −1 1

1 1 −1 −1 −1 1 1 −1

1 −1 1 −1 −1 −1 1 1

1 1 −1 1 −1 −1 −1 1

1 1 1 −1 1 −1 −1 −1
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TXU��CU6�	�0i��5� � ¨°� �k��� �(�¤�h¬ � �k�¤Á[¨ ��� ¹
�:~M_b®6lP_b�9�
®CpXqV� l'zCpX�}r�lVjyxW^<~Vj�_

P7
r�~M_b��x�� −(Q + I)

r�lVq<½}l�{]xys�jyxWsu�Cc!UGi�r�lMqXz6lVsKl
(0, 1)

�
\XZ]�}^!xW�P½}lÃz5Z!r r�~Vc��5r�xWz#_

A =
1

2
(J − (Q + I)) =





























0 1 1 0 1 0 0

0 0 1 1 0 1 0

0 0 0 1 1 0 1

1 0 0 0 1 1 0

0 1 0 0 0 1 1

1 0 1 0 0 0 1

1 1 0 1 0 0 0





























� TXU�T%Ä��

vwsusMpX�
AAT = 2I + J, AJ = 3J

�
A
_bZ!®5~M_'lM^¾xyjWjyZ]c}^!sMZ!�5a]c}x�r�~P_b�}x��Cl \MlVjylVr¡Z!jW�

(7, 3, 1)
�

c�_}�}�5s#_b«C�b~Vz6lMsC��lVr¡Z!j���zCZ!r r�~Vc�5r¡xyz#_¥l�½��Xj0xWc}r¡Z!��_ &·lVz5pM��c ys·U
º�jW_blVjm~V¦5lVz¾\Xa`\XZ�lV^ � TXU � �koHpX��r|�5jml'c�Z!q��_bc�a!qXa`\XZ!jÂjWZ!®5Z`_dzCpX�}r�lVjyxW^<~Vj�_

n = 4m
�}Z]z5�9�O�klP�

�6lVr�lV�}�Dr�~M_b��x��hpXsPlM_ªsMa!c�^�W_}Z!z5x:¦5jWpXs�s��}Z!zC�5c}^]Z!�}Z]s�¦+	Xj��·r�a]qXn.Z]�5xyqÃpXj��'r¡�h�CpXz��C®CpXqV�Dl
(4m −

1, 2m − 1, m − 1)
� ��Z!z5�5c�^!Z]��_JlM^!pXz5pVc W_H½��5s l¾��lV�6lVr�lV���Ar�~M_b��x�� r�lVq<½}~%\MlVj��:lV^<lM^�®6l

A′ =

2A − J
lV^�xWjyjyZ]c}^]sVZ!�Ca!c�x0r�~M_}�}x��C¦��Xj.sMlMn.pV_�_ ±1

r�~M_b��x��+�5lMsusMpX��lV^elVjy~V¦5¦5x

H =

[

1 14m−1

(14m−1)T A′

]

� TXU�TXT7�

l r¡Z!qMoHZ!jyZ]j"	
n = 4m

��Z!�¶�}Z]z5�9� ��lV�6lVr�lV���¶r�~M_}�}x��+�Âa!c¡r¡Z!qVoHpX��� W_�\MlCU 
w��\Xa]z#�XZ!c'_}Z!®6~P_�l
sV±%\XZ`_bsMZ!^	
E6F �
F�E �:F � )u>?>O@ F �#-�-6?	� �G5 � 5.�-(.�-�-6?	� 1 � / D� �"- n = 4m

�%D�� �=D����*( -�.�1"2�5 1(.��6.�@ .�����@ 
�/���� E�"
�7. 1 � / D� �"- D�3�� � ��3�� �D / DG5

(4m − 1, 2m − 1, m − 1)
� �=D�����5��D��	3

E6F �
F�E � F�� )�� (*7 �#/H" F vwqV�
(4m− 1, 2m− 1, m− 1)

� ��Z!z5�5c�^!Z]��_��klM�6lVr�lV�}�h���}Z]z5�5c}^]Z!��z5Z!s'zCZ`�
\XZ]^!5z5s·U

i�^�Z]qV�uxysJjWZ!qX®6lP_ba!sMpXz#�#lV¦C¦�r��u�P½}lelV^��klV�6lMr�lV���h� ��Z!z5�Cc}^!Z]�}Z]s�sMpXz5c�_}�}�5sM{!xW�P½}~Vz6lVs��h®6ld�5x�om�
oHZ!��Z!z5{]xmlÃ®6lVjyr�lV^]¦.�Xj�c}^!~V�}r�lV^`_�lM_H½��5s 	XsMZ]_<U
E6F �
F�E'.
F�� )�� (*7 �#/H" F �:Z]qV�XZ]z

G
Z!qV�'lV�5�5x�_ �\VlMz y��_»\Xa]qXZ!c�ik¦�Z!j�� {!c�pXn�pX��_!U i

D ⊂ G
�}a]c}^]®6lVj��

r�lM^]_
(v, k, λ)

�5x �.Z!��Z!z5{]xml'®6lMjyr�lV^!z6lMs¾z5Z`\XZ!^]^!5s�� ®5l |G| = v
� |D| = k

�0_bp%\M~V¦5¦6~�r¡xyz5�CZ!z
0 6= g ∈ G

Z]c}Z`_ba!zOn.pVz�_}pXcblMz
λ
pXjW�XlVz

d1 6= d2 D
��¦.Z]jyx*n6~V�k\MlVz��:lMr�Z]jW�u�}Z

d1 − d2 = g
U i

�5x �.Z!��Z!z5{]xml�®6lVjWr�lM^[�}Z]z5�P½�Z
n = k−λ

U vÂqM�J�5x �.Z!��Z!z5{]xml¤®6lMjyr�lV^]_w{]xys�jyxWs��5c}z6lMsC�#i�¦.Z]j�� oHa!jya]z5Z!s��
c�_}¦
UÂz5Z]\VZ!^!Cz5s�� ®6l

G
xWjW�XZ]z�_b�5jyl,½��5pXz5c}~VqXq#lMj �}Z]z5�5Z]jysVZ]^!xWs�U

i��Cx �.Z!�}Z]z5{!xylJ®6lVjyr�lV^]pXs�a]c��klV�6lMr�lV���D�}Z!zC�5c}^]Z!�}Z]sDsMlMn.{]c}pXjylM_�~V���Xj c�^!�Xj:lJsM±,\VZ]_}sVZ!^�	



T%Ä TXUC£�i�� �e�D��i¤Àªi¤§Ki���À�§Kºw¬ �¥¨�� ���
E·F �
F�E � F�� 6 +%)u� � �����/� F � D�3���D��

G
D�3��

v
�%D�� �=D����*( � 5�?GA ?	� //" D

A D����I3 D�3��
k
D 1"D @ ( -�.�1"2 ���

� �G5� �7.�1 @ .��.�3 ! D 1 ��1 �$D
dev(D)

.
(G, {gD, g ∈ G}) A 
�� /�3  -�-6?	�

D
D�3��

(v, k, λ)
��� ��D��

�GD�� � � . �7.�1 @ .�
G
� & D�� .�-�-6?	���G5 � 5.�-�.�-�-6?	� " �7.

dev(D)
D�3�� � ��3�� �D / DG5

(v, k, λ)
� �=D�����5��D�� "

.�@ D 1��!� DG-
G
D�3�� �GD�3�4 1�
����"5 � 5�?GA ?	� / ��.�37 � ��� D����=D�3�4 1�
����"5

G � 5�?GA ?	� / /�.�1 �=D���� D 1 -6D�)+ � ��3�� �D / DG5
&1"?�-�-	�GD�����5��D�� �GD A��=D��D�� / 
�1 �7.�/ 2 � 1���D�� @ 2 � ?	� 3

E·F �
F�E �0F�526 ��L*@ F ¬*Z!s�xyz#_bc
!5s � lV^�lV�5�CxW_ �\MlVz y��_#�
Z7
� ¦�Z!z l s#\MlV�5�blP_bxys��5c¡r�lV�blV�Ca!sVpVs

D =

{1, 2, 4} ®5lVjyr�lV^<~P_<U vws�sVpV� D
Z!qV�

(7, 3, 1)
�Cx �.Z!�}Z]z5{!xylP� ®5lVjyr�lV^

Z7
� ¦�Z!z��ha!cªl

dev(D)
xWjyjWZ!c}^¼�

sVZ!�Ca!c}x*r�~M_b��x��Cl a!nCn.Z]z l|oHZ!z#_bx � TXU�T%Ä��»lVjylM_}_}x
A
U

E·F �
F�Eu¸0F � )�� (�7 �#/H" F vwqV� ��lV�6lVr�lV��� � n5��Z!{ y^!Z]¦5¦�Z!z �A� lVjWZ]�#�°��lV�6lVr�lV�}� �Ã�5x � Z]�}Z]z5{!xylA®6lVj��
r�lV^J\MlVjylVr�Z]jW�

G
{!c�pXn.pV��_b¦5lVz

(4m − 1, 2m − 1, m − 1)
n6lV�}lVr¡a]_bZ]�}Z]susMZ!j �}Z]z5�5Z!jWsVZ]^!xys·U�i

GF (q)
� ¦�Z!jyx�s#\MlV�5�blP_bxys��5cDr�lV�blM�5a!sMpXs#_b�Xj¤Z]jW_}Z!s�xyz#_}\VZ��¤r¡Z!j��XZ]s c}Z]q�W_}c}a!qVa]\XZ]jGl¶��lVjyZ`� ¨��klP�

�6lVr�lV�}�Or�~M_}�}x��CpVs sVpXz5c�_b���6~Vjy®5lM_b�Xs�� sMa]_|_}p%\V~M¦5¦5x �5x �.Z!��Z!z5{]xml¾®6lMjyr�lV^ÃsVpXz5c�_b���5sV{]xy� xyc�r�Z]��_�
r�a]qXn.Z]�5xyqÃl¡�hxWz5qXZ]��� a!c�lV^exWsVZ!��n5� Wr �5x � Z]�}Z]z5{!xylÃ®5lVjyr�lV^!pVs�U
E·F �
FW´ �:F 526 �1L:@ F ik^exyc�r�Z]��_ª®6~M�}pXr �Cx �.Z!�}Z]z5{!xyl|®6lVjWr�lV^k{!cblMjm~V��lÃsV±%\XZ`_bsVZ]^	��
TXU�� lVjWZ]�G�5x � Z]�}Z!zC{!xml�®6lVjWr�lV^]pXs��Vr¡Z!j��XZ!sen6lM�blVr¡a]_}Z!�}Z

(q, (q−1)/2, (q−3)/4)
�VlV®CpXj

q ≡ 3

mod 4
��lVr¡Z!jW�VZ!s z5Z]r r�~Mc}pXs�� r¡xyz#_GlD\Xa!qVZ!c

GF (q)
_bZ]c�_bzCZ!sOl

(GF (q), +)
lM�5�5xW_ W\

{!c�pXn.pV��_�½}~M¦6lVzDjya`\:	¡s�\MlV�C�blM_}xys��5cªr�lV�blV�Ca!sVpVs'®6lVjWr�lV^!l �
D = {g2 : g ∈ GF (q)∗} � TXU�T,f �

fhU��hxyzCqXZ!�Ã�5x � Z]�}Z!zC{!xml ®6lVjWr�lM^!pXs�� \MlVqM�³r�~Mc�z5a`\XZ]z
m
� c}pV�}pX^!lM_bpXs�� r�Z]jW�XZ]s�n6lV�blMr�a`_bZ!��Z

(2t − 1, 2t−1 − 1, 2t−2 − 1)
Uªvw¦5¦�Z!z¾l��5x � Z]�}Z!zC{!xmlJ®6lMjyr�lV^�\V~MjmlVc�^]_b®5lM_b�

mod 2t − 1lV^!pVz�Z]qXa!c�^!Z]suzCZ!s � �������6lMr�Z]jW�XZ]s��}Z

D = {i : 0 ≤ i ≤ 2t − 1, tr(αi) = 0}, � TXU�T%���
lV®5pXj

α
Z!qV�¶qXZ]z5Z!�}~M_bpV�bl

GF (2t)∗
� z6lMsC�[a!c

tr : GF (2t) → GF (2)
z#�XpXr¡jyZ]sVa!n�Z!^]a!c��

tr(g) =
∑t−1

i=0 g2i U
�CU¥ik^exysMZ!��n5� Wr �5x � Z]�}Z!zC{!xmlJ®6lMjyr�lV^!pXs��hr�Z]jW�XZ]s'n6lV�}lVr¡a]_bZ]�}Z

(q(q + 2), [q(q + 2) − 1]/2,

[q(q + 2) − 3]/4)
�wlV®5pXj

q
a]c

q + 2
r�xWz5�5sMZ]_}_}Z!z³n5��yr¡®6lM_�\V~Mz��VpXs·U ¨�_}_Jl¾�5x �.Z!��Z!z5{]xml

®6lVjWr�lV^�\V~MjmlVc�^]_b®5lM_b�
(GF (q), +) × (GF (q + 2), +)

��a!c}^]Z!sMa!z#_$�.«5qV�ur�xWz#_

D = {(g, h) ∈ GF (q)∗ × GF (q + 2)∗ : χ(g)χ(h) = 1} ∪ {(g, 0) : g ∈ GF (q)},
� TXUWT!� �

lV®5pXj
χ
lJs�\MlV�C�blM_}xys��5c¥sPlV�blVs#_}Z!�}ZGlJr¡Z!qVoHZ]jyZ!j 	 _bZ]c�_}z5Z!s � � ���1U


wc�lVs�sVpX�¥r¡pXc�_¥Z]qV��n�a!jW�6lÃlÃn�a!jW�6~V�}l �



TXU��CU6�	�0i��5� � ¨°� �k��� �(�¤�h¬ � �k�¤Á[¨ ��� TXT
E6F �
FW´0E6F 526 ��L*@ F �:Z]qV�XZ]z

q = 3
�
Z]s�sVpX�

q + 2 = 5
nC� yr¡®6lM_�\M~Vz#�XpXs·Uevws�sVpX�

G = GF (3) ×
GF (5)

�#a]c[l¤oHZ]z�_}x��P�°lVcwsMpXz5c�_b�}�CsV{!xW� c�^!Z!��xyz#_ s�xW\M~VjypVq#lM_b®5lM_�½��5sdlV^]pXsPlM_ l
(g, h)

n6~V��pXsPlM_$��lVr¡Z`�
jW�VZ!s'\MlVqV�Dr¡xyz5�CsVZ]_�_bZ]zKs#\MlV�5�}lM_bxWsu�Cc�r�lV�blM�5a!sMpXs��

mod 3
a!c

mod 5
�6\MlVqV��Z]qV�uxys�!5s�c}Z]rKU

ik^ yqM� z#�XZ]��_
D
®6lVjWr�lV^[l�sV±%\XZ`_bsVZ]^	��

D = {(0, 0), (0, 3), (0, 4), (1, 1), (1, 2), (1, 4), (2, 4)} Uvw¦5¦+	Vj
n.Z]�5xyqJ«CqV�'sPlVn5�Cz5s�r�~M_b��x��hpV_�C®5pXqM��Z]^]_�l
D
®6lVjWr�lV^`_

GF (3)× GF (5)
r�xWz5�5Z]z�Z!jyZ¼�

r�a`\XZ]j»Z!j�_bpXj ½��5s·U vw^]_ÃsV±%\VZ]_=	uZ!z�\XZ]c}c�^!5s�l¾{]c}�5n5lVz��5jyjyl
15 × 15

��±Xc r�~M_}�}x��hpV_� lVr¡Z!j��uz5Z!sOl
c}pX�}lVxW_ÃxWjyjWZ]_}\VZ'pXc�^!jypVn6lVxW_

G
Z!jWZ!r¡Z!x�\XZ!j[xyz5�5Z¼�hZ!j ½
!Cs�U�vwqV�?�}±XqX^ W_}Z]_}_

(g, h)
xyzC�5Z`�;�¶c}pX��¦6lVz¢l

0
��sMlP_

+1
� ��Z¡n�pXz#_bpVcblVzAl

(g, h) + D
Z]jyZ]r�Z]xW\XZ]jwxyz5�CZ`�hZ!j�_dpVc}^!jWpXn�pXs�¦6lVz {!c}Z]�}a]j ½
!5s jWZVU�� qV� l

sV±%\XZ`_bsMZ!^	
(15, 7, 3)

�klV�5lVr�lM�}�h���}Z!zC�5c}^]Z!�}®CZ!^[½��C_b�Cz5s���r¡Z!j��uz5Z!s
A
xWjyjWZ!c}^]sVZ]�5a!c�x0r�~M_}�}x��5l �

{0, 0}
{0, 1}
{0, 2}
{0, 3}
{0, 4}
{1, 0}
{1, 1}
{1, 2}
{1, 3}
{1, 4}
{2, 0}
{2, 1}
{2, 2}
{2, 3}
{2, 4}







































































1 0 0 0 0 1 1 0 0 1 1 0 1 1 0

0 1 0 0 0 1 1 1 0 0 0 1 0 1 1

0 0 1 0 0 0 1 1 1 0 1 0 1 0 1

0 0 0 1 0 0 0 1 1 1 1 1 0 1 0

0 0 0 0 1 1 0 0 1 1 0 1 1 0 1

1 0 1 1 0 1 0 0 0 0 1 1 0 0 1

0 1 0 1 1 0 1 0 0 0 1 1 1 0 0

1 0 1 0 1 0 0 1 0 0 0 1 1 1 0

1 1 0 1 0 0 0 0 1 0 0 0 1 1 1

0 1 1 0 1 0 0 0 0 1 1 0 0 1 1

1 1 0 0 1 1 0 1 1 0 1 0 0 0 0

1 1 1 0 0 0 1 0 1 1 0 1 0 0 0

0 1 1 1 0 1 0 1 0 1 0 0 1 0 0

0 0 1 1 1 1 1 0 1 0 0 0 0 1 0

1 0 0 1 1 0 1 1 0 1 0 0 0 0 1
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vw^]_ sV±%\XZ`_=	uZ!z
A
��_Â_b�}lVz5c�^]oHpX��r�~Vj ½��5s|~P_[lec}^]pXsP~Vc}pVc[r¡�h�5pVz ±1

r�~M_b��x��hc}^!~7��r�l,½��ÃZ]qXa!c�^�W_}c%!5s
s�x0Z!qV��Z`�u_b�}l

+1
c�pX�}�}lVj
a!c¥pXc�^!jWpXn5n6lVj��C®5pVqV��lJsV±%\VZ]_bsMZ!^�	

16× 16
��pXcª��lV�6lVr�lV�}��r�~M_}�}x��h®5pV^

½��5c}c��5z5s �

H16 =











































































1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 −1 −1 −1 −1 1 1 −1 −1 1 1 −1 1 1 −1

1 −1 1 −1 −1 −1 1 1 1 −1 −1 −1 1 −1 1 1

1 −1 −1 1 −1 −1 −1 1 1 1 −1 1 −1 1 −1 1

1 −1 −1 −1 1 −1 −1 −1 1 1 1 1 1 −1 1 −1

1 −1 −1 −1 −1 1 1 −1 −1 1 1 −1 1 1 −1 1

1 1 −1 1 1 −1 1 −1 −1 −1 −1 1 1 −1 −1 1

1 −1 1 −1 1 1 −1 1 −1 −1 −1 1 1 1 −1 −1

1 1 −1 1 −1 1 −1 −1 1 −1 −1 −1 1 1 1 −1

1 1 1 −1 1 −1 −1 −1 −1 1 −1 −1 −1 1 1 1

1 −1 1 1 −1 1 −1 −1 −1 −1 1 1 −1 −1 1 1

1 1 1 −1 −1 1 1 −1 1 1 −1 1 −1 −1 −1 −1

1 1 1 1 −1 −1 −1 1 −1 1 1 −1 1 −1 −1 −1

1 −1 1 1 1 −1 1 −1 1 −1 1 −1 −1 1 −1 −1

1 −1 −1 1 1 1 1 1 −1 1 −1 −1 −1 −1 1 −1

1 1 −1 −1 1 1 −1 1 1 −1 1 −1 −1 −1 −1 1
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T,f TXUC£�i�� �e�D��i¤Àªi¤§Ki���À�§Kºw¬ �¥¨�� ���
	�
 � 
�� 
�� �"�"���"��� %'#�� � ��� ��� ������� * ( � ��� #-�

i � xyjyjWxmlVr¡c}pVzO��lV�6lVr�lV���?sVpXzCc�_b���5sV{]xy�OlV^�Z!qM�hxWsOjWZ!qXZ]qV�uc}^]Z!�%�C¦5¦¢®CZ!jW�VZ]_�_bZ!c�W_}a!c}x»_}Z!{�®5zCxysP~M_
lVjysPlVjWr�lV^]�ksMpXz5c�_}�}�5sM{!xW�9�ulVr�Z]jW�dc}Z]q�W_}c}a!qVa]\XZ]j·xyqXZ]z¡c�pXs#oHa!jWZ¥�klV�6lMr�lV���Jr�~P_b�}x��hpV_wjyZ]®5Z]_ÂsMpXz5c�_��
�}�6~VjWz5x U:i�^ªlVjmlMn5qXpXz5�CpXjmlM_�lV^)�#®5pXqV�dn5���X¦6~Vj ½��5z5seZ!qV��� z5lVqV�6�[�klV�6lMr�lV���|r�~M_b��x��G®5Z]jW�XZ`_}_ _}±X¦5¦
� s�xy{]c}xI� a!n W_=	VsVpu{�sM~P_esVZ!��Z!c�z5x��*lVr¡Z!j��XZ!sK¦5xy^]pXz#�XpXc�� lM^JpX��_}pXqXpXz6lMjyxW_b~Vc�_�®5Z]jW�XZ`_}_}Z!c �_=	�_b�Cjml,½��5pVzh�
cb~VqXqXlVj»¦ W�}z6lVs·U³i � xyjWjyxylVr�c�pXzO�klV�6lMr�lV����sVpXz5c�_b���5sV{]xy�AnCxyjyjWa!��Z�Z!qM�

4 × 4
��Z!cÃ��lV�6lVr�lV�}�

r�~M_}�}x�� �.lVr¡Z!j��KZ]jyZ]r�Z]xW_�\VlMjmlVr¡xyj��XZ!z�z6lVqM�XpX¦5¦ �Cxyr¡Z!z5^]xy�Xc�¦5jypXs�sMpXs��bl'{!c�Z!��a!j ½
!Cs l�sM±,\VZ]_}sVZ!^�	
jyZ!r¡r�l c}^]Z!�}xWz#_ �
E·F �
FW´·´0F�� )u>?>A@ F 1(. 1 � / D� � DG- ?�1��:.��

A, B, C, D m × m
�%DG5 ±1

@ 
�/ ��� E;?�-'" @ D 1��6DG-	�=D

XY T = Y XT @ � ��� D�� X 6= Y ∈ {A, B, C, D}, � TXU�T,� �
/ ?)-	
�&'& 


AAT + BBT + CCT + DDT = 4mIm,
� TXUWT ���

.�-�-6?	� .�8.�1�
�&'& �

W =













A B C D

B −A D −C

C −D −A B

D C −B −A













� TXUWT<¹��

/ ��@ & D�3��
n = 4m

�=D����*( 1(.��6.�@ .���� @ 
�/ ��� E 3
� xWjyjWxmlVr¡c}pXzJZ]�}Z]�5Z]_}xyjyZ]q c�^!xyr¡r¡Z]_b��xys��5c��u{]xys�jyxWs��5c r�~M_}�}x��hpXs|oHpV�}r�~,½}~V¦6lVz¡sVZ]�}Z]c�_bZelM^

A, B
�

C
a!c

D
sVpXr¡n.pVz5Z!z5c�Z!sMZ]_$�·Z]susMpX���5qV�#lMz5xyc � TVUWT,���ªlV�C_bpVr�lM_}xys��5c}lVz'_bZ]j ½�Z!c
!5j U

E·F �
FW´��0F�� )�� (*7 �#/�" F i�� xWjyjyxylVr¡c}pXzA�klV�6lMr�lV���¢r�~M_}�}x��hpXsAlV^!pVsC�[lVr¡Z!jW�VZ!s�l oHZ!z#_bxeTXU��CU�fXf
jyZ!r¡r�l c}Z]q�W_}c}a!qVa]\XZ]j:sVpXc�z�_}�}�6~Mjy®6lM_}�#lVs·U

i©� xyjWjyxylVr�c�pXz'��lV�6lVr�lV���h� r�~M_b��x��hpXsÃ_b±X¦C¦5c}a]qXa]_kr�lVc�c}^ W\�c�^<~Vr W_}�XqXa!n�Z!c¥sMZ!�}Z]c}a]c}c}Z]j n5��Z`�
^!Z!z#_b~VjW_b~Vs·U��kpXsMp%\hx��G_blVjm~MjW_�l lV^dZ]jyc
	¡pVjW�#lMzKn6~M�blM_}jmlVz

m = 35
c�^<~Vr¡pV_�·lVr�Z]jW�u�}Z�zCxyz5{]c�c�^!xyrJ�

r�Z`_b�}xWs��5c�ª{]xys�jyxWsu�Cc�sVpVr�n�pXz5Z]z5c}Z]su¦C	XjklV�5�u�5�A� xyjWjyxylVr�c�pXzh� �klV�6lMr�lV���Ar�~M_b��x�� ��fV¹)�1U�vw^ l
jyZ!qVsuxWc}Z]¦5¦'xyj��XZ]z�_b�5jyl,½��5pXzCcb~VqX«�c}^<~MrKU £ lMjy�Xc�^�yz��5c�W_}xys��h®CpXqV�Ã� xyjWjyxmlMr�c�pXz¡�klV�6lMr�lV����r�~M_b��x��
r�xWz5�5Z!z

4k
lMjmlVs�«

n
���}Z�jya`_bZ]^!xys��·lJjyZ]qXs�xyc�Z!¦5¦DZ!jW�5±Xz#_bZ`_bjWZ!zDZ!c�Z]_kl

w = 47
U

E·F �
FW´ �*F � ) � + 6 � F  � ��� D�� � ��3�3��6D 1 ?�5�/ �7.�/ 2
n
� �=D 1 � / D� �"-

n × n
�%DG5	� � 1 1�� .�@�5�?	� 1(.��6.�@ .����

@ 
�/ ��� E 3
i�� xyjWjyxylVr�c�pXze�klM�6lVr�lV�}�Gr�~P_b���hxWpXs¤sVa`_}oHa]jyZ!sMa!n5n�Z!zÃ~MjW_�lMjm~Vz5pVc W_}®6lM_}�#lVs � Z]qV�u�}a!c�^]_ _}p%\V~M¦h�

¦5x.c�^!xWr�r¡Z]_}�}xmlMx5oHZ!jW_}a]_}Z!jyZ]sVZ`_»c}^!lV¦5®6lP_b�5z5s�lV^
A, B, C, D

sVpVr�n�pXz5Z]z5c}Z]su��Z��5r�~Vc�oHZ!j"	Vj�r�lVq#~P_»l
4×4

� Z]c lVjylVnh�°��lV�6lVr�lV���dr�~M_b��x��hpV_*xyc*\MlV�}xy~Vjy®6lP_�½��5s·U*��a]_wc�n.Z]{!xm~Mjyxyc*sVpVz5c�_}�}�5sM{!xy�M_woHpXqX�5z5seZ]rÃ�
j W_}Z!z5x�l�sV±%\XZ`_bsMZ!^	Gc}^!lVsPlVc}^ \Xa!qVa!z
UÂ§�Z!q<½�Z!qV�VZ!^!^�!5s��#®5pXqV�dlV^ xW_�_�nC�}Z!^]Z!z#_�~MjW_ zCa!qV�GsVpVz5c�_}�}�5sM{!xy�
z5Z!r�oHZ!jW_}a]_}jyZ!z�!5j5lV�JZ!qV�|lV�5pV_�_Â�5xyr¡Z!zC^!xy�V¦6lVz|xWz5Z!s#\uxW\MlVjWZ!z5c r�~M_}�}x��hpXsPlM_!U:¨ jW�XZ]zÃZ!qV�u¦�Z!Z!c�a!c�Z!sVZ`_
\hxWjm~Vq W_»r¡Z!qÃlJoHZ°½�Z]^!Z`_bZ]_�jWZ!^<~M�}�ÃsVa`_kjWZ!r¡r�lCU



TXU �5UC£ 
 ev �KÁª� ��� � � ¬����eY � �³� � º���§Ki�� ¬�iw¬��¤¬ª¬�� �(�¤�h¬ � �k�¤Á[¨ ��� T%�
E6F �
FW´ � F � )h>A>A@ � ¬*�5���uz�� � �#����� F�� D�3��6D��

q ≡ 1 mod 4
D�3���A�� � @�5��
�@�" �G5�1"D�3��6D��

P ′
q

D�3��
� .�1"D���� � /�� AC465���1(.��6.�@ .�� �B@ 
�/ ��� E 3  -�-6?	�

P ′
q

DG-)-��/-�.�1"D��75 D�3��(?�1��:.���� � 1 1�� .�@�5�?	� 1(.��6.�@ .����
@ 
�/ ��� E)5��.�1 " .�@ D 1��	� DG-�-6?�@BA ?	� D��75�D�� 5� � @8@ D / ���"-�465#" � �"-�1��"-�465�@ 
�/ ��� E;?�-*3
E6F �
FW´ .
F � )u>?>O@ � � �#f���� F ��� � � 3 D�� ��� ��D��=D�� � � . �7.�1 @ .�'& 2�1C-6?	�75 /�� 4 
�1 �7.�/ 2 1(.��6.�@ .�� �'@ 
�/ �
��� E;?�- DG-)-��/-�.�1"D��75�DG- .� St

� ��1 -�DG5 / D�� � 5.�1�
����6.�143

���� �� �!��������� � 
 � � � ����� � � � �	� � � � � � � � � � � � � � � ������ ����� �
ik^ Z!j 	X^	³oHZ°½�Z]^!Z`_bZ]_¾l³� xyjyjWxmlVr¡c}pVzh� r�~M_b��x��hpXs _�~V��qV�#lVjy~Vcb~<\MlVjkoHZ ½�Z!^`_=!5s ¦�Z��¤a]cKr¡Z!qXZ]r�j W_}Z]_��
_=!5s��Â®5pXqM�AZ]qV�Ar¡pu�5Z!��z³su�h_�lM_b~Vc}x xy�b~Mz��Al¾sMpXr�n�pXz5Z]z5cJr�~M_b��x��hpXs ¦�Z!jyc
	 c�_}�}�5s#_b«C�b~,½}~Vz5lVs?l
\MlV�}xy~Vjm~Vc}lCU?vwqV��½��Xj»¦�Z]\M~VjW_J_}Z!{�®5zCxysPl lV^�� ®5pXqV�³l {]xys�jyxWs��5cJr�~P_b�}x��hpXsPlM_ ��r�Z]qVoHpX�}� W_�½��Cs6�=�wa!c
lVz#_bxW{!xys�jWxys��5c}c}~¡_}Z!c}c�^!5s��0Z]^<~Vj�_�lVj*l�r�~M_b��x��D¦�Z!jWc%	�c�_b���5s#_b«5�}~,½}l'z6lVqM�h¦5lVz ®6lVc�pXz5j W_�lMz5x0oHpXq�Z]qV�
{!xWsujWxys��5cd{!c}pVn.pX��_|c�^!pX��^<~Vc�_�~V¦5jy~,½}~V�}lCU¾¬*Z!��r�a]c}^!Z`_bZ]c}Z!z � ®6lKZ!qV� � xyjWjyxmlMr�c�pXz r�~P_b�}x�� sVpXr¡n�pM�
z5Z!zCc}Z!x�_Ãr�xWz5�h��r�xWz5�Oc�^!xWc}^]_}Z!r�lM_bxWs��5cblVz³{]xys�jyxWs��5c}¦��Xj lVz#_bxy{]xys�jyxWs��5c}c}~K\M~VjW_}pX^]_blM_�½��5s��ÂlVs�sMpX�ÃlV^
Z!��Z!�5Z`_bxW\VZ!juZ!s#\uxW\MlVjWZ!z5c*r�~P_b�}x��hpV_:sPlVn5�5z5s·Uwvw^ lV^ a!c}^]�}Z`\Xa]_}Z!j6lM^��MlVr�x�lMjmlVnu½}~MzG\Va!qXZ]c {!c�pXn�pX��_}pXs
Z!jWr�a]jyZ]_}a]\VZ!j nC�}�X¦6~Mjyz6lVs¡s�!5jy±VzCoHa!jWZ¤c}n�Z!{]xm~VjWxycÂ� xyjyjWxmlVr¡c}pVz���lV�6lVr�lV�}��r�~M_}�}x��CpVsMlP_[sMpXz5c�_}�}�6~Mj��
z5x U i o<	|Z!c�^!sM±X^!±Xs'l \Xa!qVZ!cª{!c�pXn�pX��_}pXs�sPlV�}lVs#_bZ]�}Z!jWr�a]jyZ`_bZka]c»s�!5jy±VzCoHa!jWZk�5x � Z]�}Z!zC{!xml,� ®6lVjWr�lM^!pXs
sVpXr ¦5xyz6lP_bpX��xys��5c»_b�Cjml,½��5pVz5cb~VqXlVxyz6lMs�lV^exWc}r¡Z!�}Z`_bZMU
E6F �:F�E6F0� ) � (*7 �#/H" F �0Z]qV�XZ]z

G
Z!qM�

v
� Z!���}Z]z5�9�Kr|�5jW_}xyn5jWxysPlM_ W\Ã{!c�pXn�pX��_�6r�Z]jW�uz5Z!s�Z!jyZ]r�Z]xyz5Z]s

Z!qV�A�}±XqV^�W_}Z]_�_|oHZ!jWc}pX��pXjm~Vc}l {g1, g2, . . . , gv}
UAvwqV�O\MlVjmlVr¡Z!j��

S
®6lMjyr�lV^�Z]jyZ!r¡Z!xW¦+	Vj sMa!c�^�W_}Z]_�_

r�~P_b�}x��h�}�Xj lV^]_Ãr¡pXz5�,½��5s�� ®CpXqV�³l
G
{!c�pXn.pV��_b¦��Xj c}^<~M�}r�lV^!xWsC�Â®6l

G
Z!jyZ]r�Z]xW\VZ!j[xWz5�5Z¼�CZ]jW\VZKl

r�~P_b�}x��'c�pX�blMxW_¥a!c�pXc�^!jypVn6lVxW_[\VlMzKZ]qV��pXj��#lVz
Φ : G → S

jWZ!sVa]n.Z]^!a]c��®5pXqV�DlJr�~M_b��x��
(i, j)

� �Cxys
Z!jWZ!r¡Z

Φ(gigj)
�
r¡xyz5�CZ!z

1 ≤ i, j ≤ v
���}ZVUei�^JxyjW�VZ!z r�~M_}�}x��hpXsPlM_ [

Φ(gigj)
]

1≤i,j≤v

r¡�u�5pXz
½�Z!jW±Xj ½
!5s·U

vwqV�G{]c}pXn�pX��_}¦.�Vjhc�^<~V��r�lV^]�¤r�~M_b��x��hpV_�{!cblMsdZ]qV�XZ`_bjyZ]zJpXc}^]jypXn5~Vz6lVs��M\MlVqM� c�pX�b~Vz5lVsea!c n�Z!��c}^!Z
l ®6~M_�_ba!��¦.Z]z�r�Z]qX®�«5^!�u�5�

G
{!c}pVn.pX��_bz6lMsAlV^�xyc}r¡Z!��Z]_}Z�lVjmlMnu½}~VzAoHZ]jya!n W_b®CZ]_=!Cz5s·UOi

g
Z]jyZ!rJ�

r�Z]jwxyz5�CZ`�hZ!j�_ [

Φ(ggi)
]

1≤i≤v

c}pV��_dr�Z]qXsPlVn5®6lM_H½��5s r�lVq#~V¦��XjwlM^
1 ∈ G
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[
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r�lVqXlVcblV¦C¦ �Cxyr¡Z!z5^]xy�P½�« r�~M_b��x��hpXsPlM_�jWZ!®5Z`_dsMa!c�^�W_}Z!z5x1U�i sVpVz5c�_}�}�5sM{!xy�¾xyq#lV^]x Z!��Z°½�a`_|lV^]pXz�¦6lVz
lV^¡lV�P½}l7�0®5pVqV� yqM�¾jWZ!®5Z`_=	Xc�a!qD\VlMzOn6lM�blVr¡a]_}Z!�}Z]ce�klV�5lVr�lM�}� r�~P_b�}x��hpXs�z6lVs l�r¡Z!qXa]n W_}a!c�a!�}ZMU
ik^¤Z]j ½}~V�}~Vc»z6lVqM�XpXz�Z]qV�uc}^!Z]�%� � ®6lJlV^kZ!j"	V^	 _}a]_bZ]jy¦�Z!z�c�^!Z!��Z!n5j 	

Ni, i > 1
r�~M_b��x��hpXs

j > 1
� �5xWs

c}pX�}lVxW_»\Va!qXxWqXc}^]pX�}pV^!^!�Cs�Z!qV�'_}Z]_}c}^	VjyZ!qVZ!c�Z!qV�uc}a]qXz#�ux�lM¦5c}^]pXjy«C_�a]��_ba]s��Kc�^<~Vr¡r�lMj��5lMsusMpX��lV^	yqV�
lV�5�u�5�

N ′
i

r�~P_b�}x��hpXsA\M~VjW_}pX^<lP_bjmlMzu�Cj�sMpXr¡n5jyZ¼�¢�klV�6lMr�lV����r�~M_b��x��hpXs³r�lV�blM�5z6lVs��[_}Z!®6~M_'lV^
lVjm~V¦C¦5x

Q8
Z]qV��n6lV�}lVr¡a]_bZ]�}Z]c�sMpXr¡n5jyZ¼�D�klM�6lVr�lV�}��r�~M_b��x���{!c}lVjm~V�CpV_¥xyz5�C�5sP~Vj U

´0F �
F��
F�526 �1L:@ F �VZ!jW±Xj ½�Z
D(.)

lJ�5xmlVqVpXz6~VjWxyc[r�~M_}�}x��hpV_�Ca]c�jWZ!qV�VZ!z
M = F2, N1 = F4(a), N2 = D(1, e � b, e � c, e � d)F4(e)

� fhU����
vÂs�sMpX�

Q
(5)
8 (a, b, c, d, e) =



































1 1 1 1 1 1 1 1

1
/3)

� a −1 − /H) � a
)

� b
/3)

� (e+b) − ) � b − /H) � (e+b)

1 −1 1 −1
)

� c − ) � c
)

� c − ) � c

1 − /H) � a −1
/3)

� a
)

� d − /�) � (e+d) − ) � d
/3)

� (e+d)

1 1 1 1 −1 −1 −1 −1

1
/3)

� a −1 − /H) � a − ) � b − /�) � (e+b) )
� b

/H)
� (e+b)

1 −1 1 −1 − ) � c
)

� c − ) � c
)

� c

1 − /H) � a −1
/3)

� a − ) � d
/3)

� (e+d) )
� d − /H) � (e+d)
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´
F �
FW¸
F � )u>?>A@ � ÀkxIHGJ7�+��f �)��� F 1(.
M

� 1 1"D / -�D
Ni, i = 1, . . . , k

�=D������=D
k× k

� 1 1"D / -�D
n× n

�%DG5
-6?�@BAC1"D
E�1�.��6.�@ .�� � @ 
�/���� E;?�-'"(.�@ D 1��6DG- �=D������=D

m1
� 1 1"D / -�D

ni, i = 1, . . . , k
A7.��
.�@�� / D�� / +�1

$ �:3�3 D�� DG- .�-�-6?	� . � fhUg�*�0$$?	� @84;1I.85�D�3 � /<5���3 �,-�D 1 � D � ����
�1 /
nk

�=D����*(
Q
@ 
�/���� E .�

m1 + (n − 1)(k − 1) +

k
∑

i=1

ni
� fhU ���

A7.��
.�@�� / D��=DG5 � 5.�1�
�� ?�/ � ����46-�
�143

²¤c�c}^!Z`_bZ`_}_d�5xyr¡Z!z5^]xy�Xs�¦6lMz _}Z!®6~M_Gq#lM�blVz#_�~MjW_�lMz \MlVzCz6lVs n6lM�blVr¡a]_}Z!�}Z]c ��lV�6lVr�lV��� r�~M_}�}x��
{!c}lVjm~V�CpXs�� c%	M_�l'ÀkxIHGJ¡sVpXz5c�_b���5sV{]xy��r|�C_blM_�½}l;�.®5pVqV��c}^!Z]r|¦�Z!z l�fhU�fhU �¡_}a]_bZ]jyjWZ!j:±Xc}c�^!Z`_bZ]_�_

n
���}Z

lV^
Fn
&6pX�C�}xyZ]�ªr�~P_b�}x��'r¡xyzC�5xyq|n5lV�blVr¡a]_}Z!��Z!c¥{!c}lVjm~V�CpXsPlM_ªxyzC�5�5sP~Vj U

��
�� 
 � 
��������"��� � % ��#�� � �"� � � ��� ��� ��� ��� *-( � � ��#��

§KpXc�_dZ]qV� r�~Vc}xWs¾~MjW_�lMjm~Vz5pVckr¡�h�5c�^!Z]��_exyc�r�Z]��_}Z]_=!Cz5s¾sMpXr�nCjyZ`� �klV�5lVr�lM�}� r�~M_b��x��hpXs�sVpXz5c�_��
�}�5sM{!xW�P½}~V�blhU ik^ Z!jWsVa!nC^!Z!jWa!cwlM^��V®CpXqV�Gc}n�Z!{]xm~VjWxyc*lVjmlMsu« �M{]xys�jyxWsu�Cc*oHpX��r�~M¦6lVzGr�Z]q#lV�5pV_�_ sMpXr¡n5jyZ¼�
�klV�5lVr�lM�}��r�~M_}�}x��hpXsPlM_ n5���X¦6~VjW�5z5sÃsVZ]�}Z!c�z5x UÂi c}^!Z]sV{]xy�X¦6lMzKl �klXlVqVZ!�}�Cn'�5pXjWqXpX^<lP_�~V¦6lMz�jyZ y�°�
_�lVsPlM_¥sM±X^!±Vj ½
!5s � �#��� U

�0Z]qV�XZ]z
n ≥ 2

��a!c¥½�Z]jy±Xj ½�Z
Z∗

n

lV^�Z!qXa]c}^�c�^<~Vr¡pXs
Zn

qM�;�C�%�P½�a]z5Z!s xyz#\XZ]��_b~Vjy®6lP_b��Z!jyZ]r�Z]xW_!U
vwqV�

(α, β) ∈ Z∗
n × Zn

n6~M�}�blÃ_bZ]suxWz#_bc%!Cs¾l¡sV±%\XZ`_bsVZ]^	
Zn
��Z!z¾a]��_}Z!jyr¡Z!^]Z]_�_

x(α,β) o<!5qXqV\Va!z#��_$�
r�Z]jW�uz5Z]s

j
®5Z]jW�VZ!zKoHZ]jW\VZ]_}_

x
(α,β)
j

a]��_}a!sVZ lJsV±%\XZ`_bsVZ]^	��

x
(α,β)
j =







exp
(

2π �
n

(

αj2

2
+ βj

)) ®6l
j ∈ Zn

�
n
n5~V�}pXc

exp
(

2π �
n

(

αj(j−1)
2

+ βj
)) ®6l

j ∈ Zn
�
n
n5~V�blM_}jmlVz � fhU�¹��

vws�sVpV�¥_}Z!��r�a]c}^!Z`_bZ]c}Z!z |xj| = 1, j ∈ Zn
�6a]c�sM±Xz5z#� �¾Z]jyjyZ]z9	X��xy^!zCx��C®CpXqV�

´
F �
F�E��0F � )u>?>O@ F � 
U =

(

1√
n
xi−j

)

i,j∈Zn

� �"-�1��"-�465�@ 
�/���� E'4 ��� / ����3

∑

j∈Zn

xjxj+k =







n
�7.

k = 0 (mod n)

0
�7.

k 6= 0 (mod n)

� fhU�T%Ä��

§K~Vc�c�^!�%\MlVj�lV^
x
pVjW�#lMz¾Z!qM�hc�a!qXz#�uxwlV¦Cc}^!pVjy«C_�a!��_ba!s�� Z]jyZ]r�Z]su¦C	Xj*~VjWjy�J\XZ]s�_}pX��.r�Z]jW�uz5Z]s

x̂&6pX�5�}xWZ!�G_b�blMz5c}^`oHpX�}r�~VjW_H½}~M_Gxyc|Z]qV�uc}a]qXz#�hx¥lM¦5c}^]pXjy«C_|a!��_}a!s���Z!jWZ!r¡Z!sOlVjysMpV_�½}~Vs � |xj| = |x̂j| =

1, j ∈ Zn
Uwik^

U
r�~M_}�}x��hpV_»c}^]_}Z!z5�CZ!�}�K¦5xy�Cz5xW_}a!�ªr�~M_b��x��hz6lVs¡z5Z]\VZ!^]^!5s·U

T<¹��X�P��¦6lVzDvwz �6p�lV^]_�lÃsVa]�}�5a]c�_�\XZ`_bZ]_�_bZeoHZ!j��5®5pXqV��\VlMjmlVr¡Z!j��
p
nC� yr Z!c�Z]_ba]z l

cx(α,β), (c, α, β) ∈ T × Z∗
p × Zp

� fhU�TXT7�



f � fuU·� �e§¾� �:v�����i¤Àªi¤§Ki���À�§Kºw¬ �¥¨�� ���
lMjmlVs�«

x : Zp → C
o<!5qXqV\Va!z#�XZ]s³lV^�Z]qV�XZ`_bjWZ!z5Z]sC� lVr¡Z!j��XZ]su��Z'r¡xyz5�

x
� z5Z]sC�wr¡xyzC�

x̂
� z5lVs

Z!qV�uc}a]qXz#�uxklV¦Cc}^!pVjy«C_Ãa]��_ba]s��5Z!s¶lV^�Z]jyZ!r¡Z!x���vwz �6pAlV^]_Ãc�Z°½�_}Z]_}_}Z�� ®5pXqV��l sVa]�}�5a]c}��Z¾l \M~VjmlVc�^
xyqXZ]z5j"	5U*Y:½�±V�}{�sd~M_}oHpXqXlVjyr�lV^]_bl�l � fhU�T%Ä �:Z!qV�VZ!z5jWZ]_}Z]_$�#a]cwl

zj =
xj+1

xj

\V~MjW_bpV^!�V_}�blVz5c�^]oHpX��r�~M{!xy�%\MlVj
lV^GlVjm~V¦C¦5x

n
Z!qM�XZ!zCjyZ]_}®5Z!^»½��C_}pV_}_ ����� �















































z0 + z1 + z2 + . . . + zn−1 = 0

z0z1 + z1z2 + . . . + zn−1z0 = 0UUU
z0z1 . . . zn−2 + z1z2 . . . zn−1 + . . . + zn−1z1 . . . zn−3 = 0

z0z1 . . . zn−1 = 1

� fhUWT%f �

§�Z!q<½�Z!qV�VZ!^!^�!5s���®5pXqV�Gl¥oHZ!z#_bx�Z!qM�XZ!zCjyZ]_}�}Z]z5�5c}^]Z!�Â~Vj�_�lVjy~Vz5pXc
_blVq<½}l¥{]cblVsGZ!qM�
n
_blVqX« {]xys�jyxWs��5c

±Xc}c�^!Z!q7�.lMr�Z]jW��~VjW_blVjm~V¦5lVz�� D @ Z]jyZ!r¡x
c�^!xyr¡r¡Z]_b��xys��5c»n�pXjWxyz5pXr�U
´0F �
F�E·E·F � )�� (*7 �#/H" F i � fhU�T,f�� Z!qV�VZ!z5jWZ]_}�}Z!zC�5c}^]Z!�¥\VlMjmlVr¡Z!j��

z = (z0, z1, . . . , zn−1)
r¡Z!qXpVjy�6~P�

cb~M_�{!xWs�jyxys��5c
n
� �Cxys�qM�X±Xs�z5Z]s � {]�u{!jWxy{

n
� �}pupV_#� z5Z]\VZ!^]^!5s·U

´0F �
F�Eu´0F � ) � (*7 �#/H" F i � fhU�¹��[~Vj�_�lVj��5Z �6z5xm~MjW_ � _b�blMz5c}^`oHpX�}r�~VjmlMz5�5� �Âr�Z]qXpXjy�5~Vc}pXs¡l|s�jmlMc}c}^]xys��5c
{]�u{!jWxy{

n
���}pupV_bpVs�U

£kxyjy~VqXpXc��w®5pXqV��lM^�Z!qV�uc}a]qXz#�ux�lM¦5c}^]pXjy«C_Ãa]��_}a!s���{`�h{]jyxW{
n
� ��phpM_bpXs Z!qV�u«C_�_�lVj¥vwz �5pO�5zCxW_ba]�

n5�}pX¦Cjya!r�~,½}~V�}l�xycÂr�Z]qXpXjW�6~Vc�_Âc�^!pXjWq#~Vj�_�lM_}z6lVs·U
n = 2, 3

���blelV^�Z!qV�VZ!z5jWZ]_}Z!sVZ`_»_b��xW\uxm~Mjyxyc r�Z]qXpXjy�5lP�
z5x U

n = 4
� ��Z�\Va!qV_}Z!jWZ!z'c�pXsÃr�Z]qXpXjy�5~Vc�#\MlVjy�,½}~V¦6lVz�lG_}Z!j ½�Z]c

F
(1)
4 (a)

{!c}lVjm~M�'lV�5�u�5xWs�Uw�;	V_$�ur¡xyz#_
lV�}�}l Y»lV{�sMZ!jWxyz'�}~Vr|�C_blM_ ��z5Z!r�z5a!qM�h^]Z]_}r�Z]z�_}Z!c

n
� �}Z�r�xWz5�5xWqe\MlVz�\Xa!qM_bZ!jWZ!z�c�pXs�r¡Z!qVpXjy�6~Mc ��f��1U

´0F �
F�E �0F�� )u>?>A@ � Y[lV{�sVZ]jyxyz � ��f���� F 1�.
m2 ?�5�/ ��. n

� //" .�-�-6?	� . � � � 1�� � n
� �G?�?�/ @ D�3 ?�1���
�5 �7.�1��

@ .� 1"D�36.�1�
�&'&
m − 1

��� @ D��  ��2�5	3
i�^ Z]qV�XZ]z5jyZ`_bZ]sVZ]_

n = 5
���}Z �0p%\V~Mc}^��Mr�l%½��dsMa!c%	V¦5¦JY:½�±X��{�s�a!c &6�}±X¦�Z!��q � ¹)���P\Va!q:!5ju��lXlVqXZ]�}�5n

���#���0pXjy�CpV_}_blÃr¡Z!q7�5a!c�yqV��xyq#lM^!pXj�_�l7�h®5pXqV�DlMz5z6lVs�lM^GZ]qV�uc}a]qXz#�hx�lV¦5c�^!pXjW«C_�a!��_ba!s��Kr�Z]qXpXjy�5~VcblVx
suxW^<~V���XjmlMqÃl�s�jmlVc�c}^]xys��5c�{]�u{!jWxy{

5
���}pupV_bpXs·U

n = 6
� �bl¡lÃsujylVc}c�^!xWsu�Cc�r¡Z!qXpVjy�6~Vc¥r¡Z!jWjyZ]_�_»\MlVz¾Z]qV�

lM_}_}�Xj6jya]z��VZ!qXZ]c}Z]z's�!5jy±Xz�¦�±X^	Gxyc���lVr¡Z!jW�|l
C6

r�~P_b�}x��hpV_wqXZ]z5Z!�}~Vj ½}l � �#f��1UwY:½�±X��{�sJZ!qV�Ã~MjW_�lMjm~Vz5pVc
r�Z]qXpXjy�5~VcbldlVjmlVn�½}~Vz

p ≥ 7
n5��yr¡�}Z�l s�jmlVc�c}^]xys��5cª{]�u{]jyxy{

n
���}pupV_[r¡Z!qVpXjy�6~Mc}pXsMpXz's W\ !5j�_bp%\M~V¦5¦5x

Z!qV�uc}a]qXz#�ux lV¦Cc}^!pVjy«C_�a!��_ba]s �CZ!sDsVpXzCc�_b���6~VjW®6lM_b�Vs � ����� WqV��vwz �6p�c}Z ½�_ba!c�Z|~Vj�_�lVjy~Vz5pXc�cb~VqV¦6lVz�z5Z]r
xyq#lV^MU Y:½�±X��{�sAZ!��Z!�5Z`_bx»sMpXz5c�_b�}�CsV{!xW�P½}~M_¡sVa]c%	X¦C¦¶Z]qV�ur�~Mc�_b�Vj o<!5qXqVZ]_bjWZ!z�!5j¥§��5z5Z!r�lVc}l a!c|�AlP�
_�lM_blVz5x���� ����� \MlVjylVr�xWz#_J�5ZDjml �klM�}n�Z�a]c �VpVz5Z!cF��fM�)�¥xyc|oHZ]jWoHZ!�CZ!^]_}ZVU¶£ lVjy�P½}~M¦6lVz�r�xWz5�5®6~M�}pXr
{!xys�s�¦�Z!zKlV^

x : Zp → T
lV^elMjm~V¦5¦Cx0lVjmlMsVpV_ª±VjW_bx �

xj =



















1 j = 0 (mod p)

α j 6= 0, j
s#\MlV�5�blP_bxys��5cªr�lV�}lV�5a!s

(mod p)

β j 6= 0, j
s#\MlV�5�blP_bxys��5cªzCZ!r¡r�lV�}lV�5a]s

(mod p),

� fhUWT<���
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lV®5pXj

α
a!c

β
a]��_}a!sVZª«CqV�e\VlMz r¡Z!qV\M~VjylVc}^`_}\Ml7�P®5pXqV�Gr¡xyz5�

x
�Xr¡xyz5�Gn.Z]�5xyq

x̂
Z!qM�hc�a!qXz#�ux6lV¦Cc}^!pVjy«C_

a!��_ba!s��DZ!jWZ!r¡Z!s�¦C	Xj ~Mjyj ½�pVz���r�~Vc�c}^]�,\MlVj l 1√
p
[xj−k]j,k,∈Zp

r�~M_b��x��¡�5zCxW_ba]�»jyZ]qV�XZ]z
Uwi sM±,\VZ]_}sVZ!^�	
�5Z��5z y{]xy�Ã¦.Z]r|�C_blM_�½}lÃlJ{]�u{!jWxy{¼�

n
���}pupV_»r�~M_}�}x��hpXs�Z!qV��oHpXz#_bpXcªpXc�^]_b~VjW�X~M_<U

´
F �
F�E �:F � )�� (*7 �#/�" F i oHZ]z�_}x�� � fhU�T%���Â±Xc}c�^!Z`o<!5qXqXa]c}c}Z]j:�5Z��6zCxm~Vj�_[{]xys�jyxWsu�Cc[sVpVr�n5jWZ`�'�klV�5lVr�lM�}�
r�~P_b�}x��hpXsPlM_

2
��xyz5�CZ`�;�D{]�u{!jWxy{

n
���}pupV_ªr�~M_b��x��hpXs�z6lVs�z5Z]\VZ!^]^!5s·U

i
2
��xyz5�CZ`�;� {`�h{]jyxW{

n
���}pupV_bc*r�~M_b��x��hpXsPlM_:Z!qM�ds�xW{!c}x�_ ¦C	%\XZ]¦5¦.Z]zÃl¤�CU:oHZ°½�Z]^!Z]_}¦.Z]z|_�~V��qV�#lMj ½��5s·U

� 3� D�3 �$D�3�� 	�G5	3[i �
2
� xyzC�5Z`�;�;�¡Z]jyz5Z`\XZ!^]a!cJpXzCz6lVz?c�^<~V��r�lV^]xys�� ®CpXqV�

p
n5��yr¿Z!c�Z]_}a!z�l¾s#\MlV�h�

�blM_}xys��5c'r�lV�}lV�5a!sMpXs�Z!qV�
2
��xyz5�CZ`�;�N�}a]c}^!{]c}pXn�pX��_�½}~M_DlMjysVpM_�½}~Vs

Z∗
p

� z6lVs��¥a!c
α
a!c

β
«5qM�¢\MlVz

�5Z��5z5xm~Vj�\Ml7�h®CpXqV��lM^
x
\VZ!s#_bpV�

xj
sVpupX���5xyz6~P_�~Vx�Z!^]Z!z��}a!c�^!{]c}pXn�pX��_¥r¡Z!jWjya]sVpXc�^]_�~MjW�#lMxyz�sMpXz5c�_�lVz5c

a!��_ba!sMZ]_�\XZ]qV�XZ]z5Z!sDoHZ!j1UÂ�kl
p ≡ 1 ( mod 6)

n5� WrF�6lMsusMpX��lJsV±X¦�±Xc�r�lV�}lV�5a]sVpXs'Z]qV�
3
� xyzC�5Z`�;�

�}a]c}^!{]c}pXn�pX��_bpV_¥oHpXqXz5lVs�lMjysVpM_bz5x��ha]c�l � fhU�T%� �[±Xc�c}^]Z]o<!5qXqVa!c¥a!��_bZ!jWZ!r¡c}^]Z!�%�Dr¡�h�CpXc �_�~Vc}~%\MlVj�xyj��XZ]zh�
sVpX�JxWc|sVpVr�n5jWZ`�?�klV�5lVr�lM�}�?r�~M_b��x��hpXsPlM_djyZ]®5Z]_JsMpXz5c�_b�}�5~Vjyz5x1U i

3
� xWz5�5Z¼�7�³{`�u{!jyxW{

n
���}pupV_bpVs

_bZ]j ½�Z!c�sujylVc}c�^!xI�6sP~V{!xW�P½}~M_
12

a]\�r|�5z5sP~M_�sV±%\XZ`_=	uZ!z Y:½�±X�}{�s¢a!cD��lXlVqXZ]�}�5n
2008

~Mn5�}xWjyxyc}~V¦6lVz
n5�5¦5jWxysP~Vj�_�l ��T%Ä)�1U
´
F �
F�E � F 526 ��L*@ F ��l

n = 7
�hlVs�sVpV�¥ldoHZ!z#_bx Z!qV�VZ!z5jWZ]_bZ]sVZ`_�e��±X¦5z5Z]��� ¦5~V^!xWc}pXsF��TXT �
c�Z!q��_bc}a]qXa]\VZ!j

r�Z]q jyZ]®5Z]_|pXjy�6lMz5x���a!cÃl¾s�jmlMc}c}^]xys��5cJr¡Z!qXpVjy�6~Vc�pXs r¡Z!jyjWZ]_�_ z5Z]r�s�jylVc}c�^!xys��5c��
2
��xyz5�5Z¼�;�³xyjyjWZ]_�\XZ

3
��xyz5�5Z¼�;�?r�Z]qXpXjW�6~Vc}pVs xyce\VlMz5z6lVs·U §�x[l

2
� xyzC�5Z`�;�Ar¡Z!qVpXjy�6~Mc}pXs�¦��XjÂc}^<~M�}r�lV^!�¾�klV�6lMr�lV���h�

r�~P_b�}x��hpXsPlM_$��l
C7A

a]c�l¶sMpXzP½��5q#~MjW_�½}~P_$�
C7B

� _Dn5�}Z]^!Z]z�_b~Vj ½��Cs�U ik^
n = 7

Z!c}Z`_¾��a!c�^!jyZ`_bZ]c
_�~V��qV�#lMjm~Vc}lÃa]c�lJ_}p%\V~M¦5¦5x0r¡Z!qXpXjW�6~Vc�pXs � �)��� ¦6lMz�_blVjm~VjW®6lM_}�#lVs·U

C7A, C7B =





























1 c c 1 c 1 1

1 1 c c 1 c 1

1 1 1 c c 1 c

c 1 1 1 c c 1

1 c 1 1 1 c c

c 1 c 1 1 1 c

c c 1 c 1 1 1





























, c = −3
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� fhU�T<� �

Y[lV{�sVZ]jyxyzdr�~M��xWc}r¡Z!��_}Z]_}Z]_}_�Z!��Z!�5r¡a!z#�VZªlVjmlMnu½}~Vz
n = 8

� �}l�a]c
n = 9

� �}ZÂ\Xa]qV_bZ]jyZ]zJc}pXse{]�u{]jyxy{
n
���}pupV_[\MlVz
UÂvwj 	X¦5¦5x�_»r¡a!qÃY:½�±X��{�s�a]c &·��±X¦�Z!�}qJpVc}^]_b~VjW�VpX^]_bl

1992
� ¦�Z!z �Cr yq �h_b�X¦5¦CxW_ &·lV�5q��!�}Z

Z!qV�d_bZ]j ½�Z!c�Z!zÃ«P½ sVpXr¡n5�C_}Z!�wlMjyqXZ]¦5�blVxh{!c�pXr�lMq¤r�Z]q�y�}~Vcb~<\MlVjuz6lVqV�<½}~V¦��Xju_ y^[a]\�\XZ]j�sMa!c
	X¦5¦��
2001

�
¦.Z]z sPlV�}lVs#_bZ!��xy^!~VjW_bl(���#f�� U*i¢{`�u{!jyxW{

10
���}pupV_bpXs�sPlV�blVs#_}Z!�}xW^<~Vjy~Vcb~M®5pX^wz5a]jys�!5jy±V^!®5Z`_bZ]_}jyZ]z|��}±X¦Cz5Z!�

¦6~V^]xyc}pVsuz5lVsDZ!jyc
	 W^!¦�Z!z¾_}±X��_}a!z9	�Z!j"	X~Vjyj W_�~Mcbl|xyc�lV^ 	�z5Z`\Xa!®CZ!^|o<�5^�	h�5xWs>���V�)� U
n ≥ 11

� _=	Xj:{]cblVs
�}a]c}^!Z]�}Z]�5r�a]z#�XZ!s�xyc�r�Z]��_}Z!s ���VÄ��1U

i�c�^!Z]sV{!xW�V_�Z!qV�D��lXlVqXZ]�}�5nh_b�Xj
c�^<~V��r�lM^!�J\Xa]qXZ!c�c}a!qVx�Z]�}Z!�Cr�a]z5z#�XZ!j*^<~M�H½��5s·U
´
F �
F�E'.
F � 6 +%)u�2� �klXlMqXZ!���5n�� � �X�)��� F 1�.
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p
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Z]jyZ ½�a!zÃ½�Z]jyZ]z�_�r¡Z!q¡Z!qV�Dr¡pXz��5r¡Z!z#_�~MjyxycÂ¯'_}±X¦5¦�r�xWz�_��MÄ¡pXjW�6lVjylVc ¯�{]xys�s���lVr�Z]jW�u¦�Z!zDsVa`_

jyZ!zCqV�XZ]j �6^!xWs��5c�0�©U
¬�lV�5Z ½�a]cd�JU *.�u{]^!sVp�,¥c�suxÂn5���X¦6~Vj�_�r¡Z!qD~M_�oHpXqX��sVa]n.Z`_dlV�5z5xwl'sMpXr¡n5jyZ¼�
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��5G5��DG5¾sMpXr¡n5jyZ¼�¢�klV�6lMr�lV���¢r�~M_}�}x��hpV_
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�5xWr�Z]z5^!xW�Xxyq ¦�Z!^!~V�}�VjmlVq5U vÂ���}ZKlOsPlM_blVjy�XqV�5c}�}lOl

_bp%\M~V¦5¦5xylVs�¦6lVz � �#f�� ®5Z!j��XZ]_�_ª¬���� sPlM_blVjy�VqX�5c}sMa!z#_[oHpVqX�5z5s¡®5xW\MlM_}sVpX^]z5x U i sPlM_�lVjW�XqX�5c�¦6lVz'¦�Z!r �h�
_�lM_}pV_}_ r�~M_}�}x��CpVsGZ]qV�u�}a]c}^]_ xWqXZ!z|c�pXs#oHa!jWa!s���®5xyc�^!Z!zJc�^!Z]�}^	Vx6n6lV�blMr�a`_bZ!��Z!c {]cblVjy~V�5pXsPlM_ r|�C_�lP_bz6lVs
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�b~Vr|�h_�lM_!��Z!qV���»lV^ ���V����� ¦6lMz¢c�^!Z!��Z!n5j 	X®5±X^D®6lMc}pXz5jW� c}n�Z!s#_b�}~Vjy®6lMjyr�lV^`��sVpXz5c�_b���5sV{]xy� c}Z]q�W_}c}a!qVa`�
\XZ!jª«,½�� l sPlM_blVjy�VqX�5c}¦5lVz?z5Z]r c}^]Z!�}Z]n5j"	 r�~M_b��x��hpXsPlM_dsVa]c}^��_bZ`_}_bZ]s

8, 12
a!c

16
�5xyr¡Z!z5^]xy�X¦5lVz��

r�Z]jW�¶r�~P_b�}x��hpXs�n6lV�blMr�a`_bZ!��Z!^]a!c}a`_�l?c}^]Z!�}^�	³\Xa!qVZ!^]_}Z Z!j8���V���1U©itsV±V^!±XcDr|�5zCsMlO�}Z!zC�5s W\ !5j
qV� !5r�±Vjy{!c�±X^	d\XpXj�_ � c�^<~Vr¡pXc»x�_}_ oHZ!jWc}pX��pXjW_ «P½ Z!��Z!�5r¡a!z#�'lVjmlVnCqXpXz5�5pVjmlM_bleZ]s�sVpX�ªc�^!5jWZ]_bZ`_}_ªr¡Z!qCU
�klVz5qVc}«5j��XpX^]z5x
c}^]Z!��Z]_bzCa!z5sDlV^]pXz�¦6lVz��C®5pXqV��Z!^el|�5pXjWqXpX^!lM_»n5�Cc}^]_b~Vz $$D 1 �7.�5� ��
�1 ��.ÃlM^ ���V������¦6lVz
sV±X^]±XjW_wsM±X^!±VcwZ!�}Z]�5r¡a!z#�XZ]sVZ]_�Ca]c \VlMjy�P½}~V¦5lVzJlV^»Z]qV�Xa]z5xyjWZ!q�sMa!c}^ W_}Z]_}_��� �hT����¦.Z]zJc}^]Z!�}Z]n5j"	e«P½��M_bZ!j��
½�Z!c}Z]z ±Xz6~VjWjy�ÃZ!��Z!�5r¡a!z#�VZ!sVZ`_e_�lV��_�lVjWr�lV^]^<lCUªi�^|±Xz6~Mjyjy�Ãs��C_blM_�~Vckr�Z]qXsVZ]^!�5a]c}a!®CZ!^Jc}^�!5s�c}a]q:!5z5s
\XpXj�_¥Z!qV��±M_bjyZ`_b��Z��6lVr¡Z!j��'lÃsV±%\VZ]_bsMZ!^�	'c}Z ½�_ba!c�_kjy~M_}\Ml oHpXqXlVz#_¥r�Z]q��
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H(4, N)
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E 1�.��6.�@ .�� �'@ 
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¹ 3' D�3 �$D�3�� 	�G5	3�£¤xWjm~VqXpVc�,®5pXqV�exWjW�VZ!z r�~M_}�}x��hpXsPlM_:zCZ!r©�}Z]r�a]jy®5Z`_=!5z5sen6~M�blM_}jmlVze�5xWr�Z]z5^!xW�Xs�¦6lVz
l�TXU�fhUg�GsV±%\XZ`_bsVZ]^!r¡a!z#��r�xylM_}_��a!cªlV^kxyc[a]��\Va!z#�XZ]c��®5pXqV��lVr¡Z!z5z#�uxy¦�Z!z�Z]^�l|c}Z ½�_ba]cªxyq#lV^)�ClMsusMpX�
lV^G�klV�6lMr�lV���h� c�Z°½�_}a!cªxyc¥lM^'���hT � U

i�s��C_blM_�~Mc�r¡Z!qVsVZ!^]�5a!c�a]_klV^�r¡pV_bx�\V~MjW_�l;�#®5pXqV�'lÃ¬�����sPlM_�lVjW�XqX�5c�¦6lVz'zCZ!r c�^!Z!��Z!n�Z!j�_�Z¼�hn5jyx��
{!xW_}Z�l�oHZ]z#_bx.fhU �5UWT�c}Z ½�_ba]c}z5Z]s¡r¡Z!qMoHZ!jyZ]j"	

H(4, N)
r�~M_b��x��

10
a]c

14
�5xyr¡Z!z5^]xy�X¦5lVz
U���Z!��c}^]Z¤z5Z!r

^<~V��®6lM_}_}�5s¾s�xÂlV^`_Gl'jyZ]®5Z]_%	Xc}a]qXZ]_�*®CpXqV� Z]c}Z`_bjyZ]q�\VlMjmlVr¡Z!j��hxWsDpV_}_blVz5x n5lV�blVr¡a]_}Z!��Z!ce{!c}lVjm~V�C¦6lVz
Z!^!Z]s³r�~M�Jc}^!Z]�}Z]n.Z]jyz5Z]sC� \hxWc}^]pXz#_�Z]^Kr�~V�

6
�5xWr�Z]z5^!xW�X¦6lVz³c�Z!r xWq#lV^�� lV®CpXj¥lV^

F
(2)
6

a!c
D

(1)
6r�~M_}�}x��C{]cblVjy~V�5pXsOZ!j�_ba!�
	hZ]s��ªjya]\Va!z zCZ!r Z!qV��oHpX��r�l c}^!~Vr|«Nl 
�z¢n6lV�}lVr�a`_bZ]�%!5s³\MlVz � �#f�� U i

_ba!z#���.®5pVqV��Z!^]Z!z r�~M_}�}x��h{]cblVjy~V�5pXs¡r�~M�
6
�5xWr�Z]z5^!xW�X¦6lVz�xWc¥s !Cjy±Xz�¦�±X^	uZ!s�r¡xyz5�CZ!z5sMa!n5n�Z!z¾lV^]_

c}�5q#lMjyjW_bl7��®5pXqV�Ka!���5Z!r¡Z!c¤r�lVq#lMcblV¦5¦¾�5xyr¡Z!z5^]xy�Xs�¦6lMz xyc�sV±X�
!5jyz5a]^!z5x�� a]c�r�Z]qXn5�}�V¦6~VjyzCx�lDfuU��5U�T
c}Z°½�_}a!c�z5Z!s r¡Z!qMoHZ!jyZ]j"	��klV�5lVr�lM�}�¾r�~M_}�}x��hpXsPlM_�sVpVz5c�_}�}�6~VjWz5x U�i�s�xyxWz5�5�5jy~Vc}x:{]a!j _}Z!®6~M_¤lV^ \VpXjW_�
®5pXqV�'\MlVjylV®5pXqM�#lVz�r|�h_�lVc�c}�5z5s

10
a!c

14
�5xWr�Z]z5^!xW�Xc

H(4, N)
r�~P_b�}x��hpXsPlM_<U
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 � 
 	�
�� � �"%+&)� � �!(�� # � ���"���
� � (+%+#��

H(4, N)
� ��� ��� ������� * (�� ��� #-� ����� ��% ��%'�

ik^
N = 8, 12

a!c
N = 16

�Cxyr¡Z!z5^]xy�Xc�r�~M_}�}x��CpVsusPlVj*Z!jWc%	'sM±X�}¦�Z!z z5Z]r�oHpXqXjylVjysMpX^]_}�5z5s�� r¡Z!��_
Z!qV�u�}a]c}^`_GlV^ ���V�)��� ¦6lVz¾c}^!Z]�}Z]n5j"	

S8
r�~M_b��x��KlV^|n�pXz#_�Z]qV�

H(4, 8)
_ ynC�5c}« ��lV�6lVr�lV�}�¾r�~M_}�}x��
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\XpXj�_$�:r�~Vc}��a!c}^`_GZ!^!Z]s lV^!pXs lD�Cxyr¡Z!z5^]xy�Xs��:lV®5pVjwr�a]qD\MlVjW�Xce�klM�6lVr�lV�}� {!c}lVjm~M�5pXs xWc¤\VlMz5z6lVs��
a!c�Z!j"	MoHpX�}�5�Cjy®6lM_�·®5pXqV�DZ]qV�K~VjW_blVjy�5zCs'«P½�z6lVs�\Va!jW_

H(4, N)
r�~M_}�}x��DlV^d\MlVjW�P½}~V¦6lVz�¦�Z!z5z5Zd\VlMz

\MlVjmlVr¡Z!j��
N
��Z!�¶�}Z!zC�9�¶\MlVjW�XcÃ�klM�6lVr�lV�}�³r�~M_b��x��ApX�}¦CxW_�½}~M¦6lVz
UOik^DZ!jWc%	 a!���5Z!sMZ!c¡�5xyr¡Z!z5^]xy�

lV^
N = 10

\XpVjW_<U�vwqV�u�}a]c}^`_¾z5xWz5{!c
10
� Z]� ��Z!z5�7� \MlVjW�XcD�klV�5lVr�lM�}� r�~P_b�}x��+��r�~Vc}��a!c�^]_Kl

¬���� sPlM_blVjy�XqV�5c}¦6lMz�s�xW^<~V���XjmlVq¡lV^
F10

n6lV�blMr�a`_bZ!��Z!^]Z]_}_B&6pX�5��xyZ!�°� r�~M_b��x���c}^]Z!��Z!n�Z!jW_� lMr�xW�%	Xj
®CZ`�
�5�}xWc}^`_bxys��5c}lVzÃlV^`_ÂqXpXz5�5pVj ½}lklM^»Z!r|¦�Z!���#®5pXqV�e�:jWa]\Xa]z¡lV^[_bZ]jyZ[\MlVz

10
� xWseqV�X±XsM±Xs�sVZ]jC�:z5Z!r�jyZ]®5Z]_

¦.Z`oHpX�}qXlM_bz5x Z!qV�
H(4, 10)

r�~M_}�}x��h¦6lhU
i sVZ!��Z!c�a!c¤l|sM±%\XZ]_}sVZ]^	XsMa!n5n�Z!z ^!l,½�jypV_�_ � r¡xW\VZ!j0l|r�~M_}�}x���Z]jyc%	Ãc�pX�bl \M~VjylVc}^`_b®6lM_}�Ãl|{!c��5n6lP�

Z!qV�K\XZ]s�_}pX�}z5lVs���l�z5pX�}r�lVjWxy^<~Mjm~Vc¥r¡xmlM_�_kn�Z!�5xWq�oHZ!j�_bZ]®�_%	9�
®5pVqV� lV^ ±Xc}c�^!Z!c�_}±X¦5¦5x�c}pX��pXs
1
� qV�VZ!j

sVZ]^!�9	u�5z5Z]sC�ClV^]_ÂsPlVnh_b�5s���®5pXqV�Jler�~M_}�}x�� r�~Vc}pu�5xysGc}pV�blk�*Z!s#\uxW\MlVjWZ!z5{]xml¤Z!��Z°½�a]xyq¤�*r�~M� {!c}lVsÃlV^
lVjm~M¦5¦5x

5
��oHa]jyZ c}pX��\XZ!s#_}pX� \MlVjmlVr¡Z!j��uxysVZ jyZ]®5Z]_!U vwjyjWZ!z5sMZ!^�	�Z!c}Z`_b¦�Z!zÃ�5qV�XlVz5xWc ¦6~V��r�xWjW�XZ]z��XlM^¤TXUgfuUg�

sV±%\XZ`_bsMZ!^!r¡a!z#�Kr�xylM_}_}x.^]a!���5c�Z]jyZ]r�±Xc�c}^]Z!q:�Dc}pV��\XZ]s#_bpX��_�pVc}^!jWpXn5n�Z!��r|�C_�~M{!xy�J��a]\Va!z lM^elVjm~V¦C¦5x
5lVjmlMs�\MlVjmlMr�Z]jW�uxysMa!�}Zk®5pX^!®5lM_�½��5s �

s1 = [1, 1, 1, 1, 1,−1,−1,−1,−1,−1] , s2 = [1, 1, 1, 1,
/
,− / ,−1,−1,−1,−1]

� fhU�T,� �

s3 = [1, 1, 1,
/
,
/
,− / ,− / ,−1,−1,−1] , s4 = [1, 1,

/
,
/
,
/
,− / ,− / ,− / ,−1,−1]

� fhU�T%���

s5 = [1,
/
,
/
,
/
,
/
,− / ,− / ,− / ,− / ,−1]

� fhUWT%� �
�¥�uxyjW\M~Vz�lV^¾Z]r|¦�Z!��«CqV�¢oHpVjW��_�lM_}z6~AlOsVZ!��Z!c�a!c�_�k®5pVqV�¶jyZ!qVZ!z5Z]�b~Vj ½}lAlOoHZ]z�_}xkc�pX��\VZ!s#_bpX��pXs

±Xc}c�^!Z]cGpVjW�#lMz
1
��Z!c}c�Z!j sMZ!^]�9	h�7	�n.Z]�}r|�C_b~V{!xW�P½}~M_�
lVr¡Z!j��Dr�Z]�%	XjWZ!qXZ]c¤l�oHZ!z#_}x

5
c�pX��\VZ!s#_bpX�¤\MlVjylP�

r�Z]jW�uxysMa!��Z��ÂZ!^!~VjW_blVj»Z!jWsVa]c}^��_}\Va!z�pVjW�#lMz³c}pX��n6~V�}pVsMlP_$� lVr�Z]jW�VZ!sAr¡Z!�
	XjyZ]qXZ!c�Z!sOZ!qV�ur�~Vc}�}lCU³vw^]_
sV±%\XZ`_=	uZ!z¶_bZ!j ½�Z!c�Z!z�®6lVc�pXz5jy�XlVz³n6~V��pXz5sVa]z#_�r¡Z!�
	XjyZ]qXZ!c c}pX��®6~V�}r�lVc�pXsPlM_J{!c�xyz6~Mjyz6l7�wc�_b¦
U?vÂ^�l
r��u�5c�^!Z!�'lV^!pXz�¦6lMz r�~M�

10
�5xyr¡Z!zC^!xy�V¦6lVz�xWc�s�xW\ux�_bZ!jWZ!^]®5Z]_}Z]_bjWZ!z
U ��±XzCz��VZ!z jm~P_bc}^]xys��5qV�XlVz��

®5pXqV��lV^
s1
c�pX��\VZ!s#_bpX���blJc}Z]r�r¡xyj��XZ]z'r�~Mc}xys {±1,± / } c}pV��\XZ]s#_bpX�ªz5Z]r jWZ!c�^�r�Z]�%	XjWZ!qXZ]c�hlV^!pXzu�

¦6lVz�Z!^`_kZ]jy®6lVqM�u\M~Vz�lÃr�Z]qXr�lV�blV�C�Jz5a!qV�
si, i = 2, . . . , 5

c}pX��\XZ!s#_}pX�}pXs�z6lMs
15750

s�!5jW±Xz�¦.±V^	
1
��qV�XZ]j sMZ!^]�9	h�7	 n.Z]�}r|�h_�~V{]xy�P½}l�jya`_bZ]^!xys��*Z!^]Z!s sV±X^�!5j

6912
pXj��#lVz � lVr¡Z!j�� lV^

si, i = 2, . . . , 5c}pX��\XZ]s�_}pX�}pVsD\MlVjylVr¡Z!jW�uxWsVa]\VZ!j
r¡Z!�
	XjyZ]qXZ!c¥c�pX�}n6~M��_�lVjysMpV_<U ik^eZ]^!Z!s���Z r¡Z!�%	VjyZ!qVZ!c
3
� lVc}pVs'n.Z]�5xyq

r�~M�ªsVZ!^]Z!jW®5Z]_}Z]_bjWZ!z�!5j:c}pVsMlMz�\MlVz5z5lVs·U
§�Z!qXn5���X¦6~Vj�_b�5sJZ]^]_¥lG�5pXjWqXpV_ r�Z]qXsVZ]�%!5jWz5x���a!c Z!qV�VZ!�9!Cj0lV^]_[z5a!^`_=!5s��5®CpXqV�Ã\MlVjmlVr¡Z!j��|��±XqX^���

_bZ`_}_
i
���}Zel|oHZ!z#_bx

si
c}pV��\XZ]s#_bpX��z6lVs�®6~Vz#�DpXj��#lVz

1
� qV�VZ!j
sMZ!^!�7	h�9	�n.Z]�}r|�h_�~V{]xy�P½}l \MlVz��·lMr�Z]jW�XZ]s

n6~V��pXz5sVa]z#_�r�Z]�%	XjWZ!qXZ]c}Z]s�Z!qV�ur�~Vc}�}lCU¥��Z]�5�}xWc}^]_}xys��5c}lVz¾«5qM�KqVpXz5�5pXj�_b�5s��·®5pXqM�Da!�}�CZ!r¡Z!c¤l¡jyZ]qM�
sVZ`\XZ!c�Z!¦5¦ n�Z!�}r �C_�~V{]xy�%\MlVj:�}Z]z5�5Z!jWsVZ]^	�c}pV��\XZ]s#_bpX��_�z5a!^]Z!qXZ`_bz5x�� ®5xWc}^]Z!z Z!^djyZ]c}^|lM^��
lMr�Z]jW��r¡a!q
c}^!~Vr �_b�XqVa!n5n�Z!j0sM±,\VZ]_}®5Z]_%	�Z!c}Z`_bc�^<~Vr¡pV_¤qVZ!z5Z]�b~Vj � Z]^|lÃc}pX��\XZ!s#_}pX�¤lV^

s5
U¥§KZ]qXjyZ]n+	¡Z!��Z!�5r¡a!z#�

c}^�!5jyZ`_bZ]_�_<U ¤�#lVsMpX�}jylM_bxWjmlVqes�xyr¡Z!��W_%	dsMZ!�}Z]c}a]c}c}Z]j0c}xWsVZ!�
!5jW_
9
n6~M�}pXz5sMa!z#_ªpX��_bpXqVpXz6~VjWxycwc}pV��\XZ]s#_bpX��_

{!c�xyz6~VjWz5x���lVr¡x:l�{]c}�5n6lMZ!qV�Kc}pX���blVj:Z]qV� !C_}_�Z]qV�
10

�5xyr¡Z!z5^]xy�Xc¥sMpXr�nCjyZ`�¾��lV�6lVr�lV�}��r�~M_b��x��hpV_
Z!��Z!�5r¡a!z#�XZ]^VU � qV��sVa]c}^�!5jW_�Z!j:lV^elMjm~V¦5¦Cx��

D10
��^!Z!j�½�Z!jy±VjW_ªr�~M_b��x�� � �hT��1U
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D10 =













































1 1 1 1 1 1 1 1 1 1

1 −1 − / − / − / − / / / / /
1 − / −1 − / / / − / − / / /
1 − / − / −1

/ / / / − / − /
1 − / / / −1 − / − / / − / /
1 − / / / − / −1

/ − / / − /
1

/ − / / − / / −1 − / − / /
1

/ − / / / − / − / −1
/ − /

1
/ / − / − / / − / / −1 − /

1
/ / − / / − / / − / − / −1
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�klVqV�VpXzK\M~V^]jmlM_}pXcblMz¾lÃn5�}pVqX�blVr��·lVr¡Z!j��XZ]_�l�>.�/�� D @ .�/ � � .en5�}pVqX�blVr¡{!c�pXr�lVqX¦6lVzDxWr�n5jWZ!r¡Z!zh�
_�~Vj�_b�5z5s l�sM±,\VZ]_}sVZ!^�	XsVa]n5n�Z!z�zCa!^!Z`_}_ sux �dc�pX�}�}l��CZ��6z5xy~VjW_}�5z5s pXj��#lVz

Ak (k ≥ 2)
_}±Xr|¦�±XsVZ`_$�

lVr�Z]jW�VZ!s�r�xWz5�5Z!z¾Z!jyZ]r�Z
k − 1

n6~M�}pXz5sMa!z#_GpX��_}pXqXpXz5~VjyxWc�c�pX��\VZ!s#_bpV�!Ud�eZ]^!�5Z`_b¦�Z!z r¡xyz5�5Z]z
Ak!5�}Z]c�

A[i]
lM^

A
®5lVjyr�lV^

i
� Z!�Cxys�Z]jyZ]r�a`_$�5r yq��

A
lV^

A
®6lVjWr�lM^¤Z!jWZ!r¡c}^<~Mr�~M_*½�Z!jy±Vjyx U

i�nC�}pXqX�}lVr Z]qV��n5c�^!Z]�5�5pM��sV�u�P½}l �
� *���� *�� A1 = {s5}
� *���� *�� Ω = {s5 1 	 ��� *�
� *,$���������'*,+30 < 2���� -�� - }
� &)+ i (:+;& 0 1 2.&�� Ω

� 1 Ω[i] 0;*,+���
5*�� * # s5 	 + *���1����;&)+ A2 = A2 ∪ Ω[i]

i + +
� &)+ k (:+;& 0 2 2;& 9

� &3+ i (:+;& 0 1 2;&�� A2
� &3+ j (:+'& 0 1 2;&� Ak

� 1 A2[i]
0;*,+���
,*�� *'# Ak[j] 	 �'*�� 0 - ��� 1 k − 1 *�
,*%0�!,+ *�� 1����;&3+

Ak+1 = Ak+1 ∪ {Ak[j], A2[i]}
j + +

i + +
� 1 Ak 	 �;1��#"'1��$��!32 &%
�� 1�� x ! # y *�
5*%0;*���4.&��%� 15$ Ak[x] -�
�
,*32%" * Ak[y]
*�
,*%0;*��54'*,$ 2 15+52;&)$�� k − 1 #5&)+�" *��:2;&3+&� # <�������#5&3+:+ *����58'*��'��()
%*+�:8)*)$�-,�
*����30��'# 2���
-� 1����;&)+ Ak 	 8.��
 Ak[x] 	 *32$�;& 8�/)<%�0��- 6

� 11� Ak
0�!��32+����-5#4�;1����5� 1����.&)+#�;& 8�/)<����	*�
 8'*�
���
,* 1������.- 26�

4.&����$� *,$ *�
 4'*32)� 0)!,+ *32�7 0;15+ 1���/ &8�76
k + +
� 1 A9

( + * #-��1����;&)+$� *,$%��/�(%� *�
�*%
)+���
 1,$ *���! #%$ *326� *�����!)8%��!�� 2$9%:�;�<�6

T%Ä 3� D�3 �$D�3�� 	�G5	3[i oHZ]z#_bx[nC�}pXqX�}lVr¿Z!qV�VZ]_}jyZ!z³zCZ!r \uxyjy~VqXpXcG�}a]c}^`_|_�lV��_�lVjWr�lM^��*r�a]qXn.Z]�5xyq¾lV^]_�
®5pXqV��r¡xya]��_¥jWZ!®5Z`_¤lV��®5pu{er��u�5pXz�lV^

Ak
Z!jWZ!r¡c}^!~Vr�~P_¥{!c}±VsusMZ!z#_bZ]z5x��.®6lÃr�~V�¥lM^dz6lMqV�XpXz�oHZ!j��



fhU �5U6� �e§¾� �*v�����ikÀ¥i¤§Ki���À�� 
 ��� �(�B& v ��v �¤Á[¨ i�§Kºw¬ �¥¨�� �e� �X�
oH«P½��u�5z6lCUJi ®6~M_�_ba]�}¦�Z!zOlV^¡~Vjyj��
®5pXqV� lVr�Z]z5z#�uxy¦�Z!z \MlVzOZ]qV�XZ`_bjWZ!z?��lV�6lVr�lV��� r�~M_}�}x�� �:lMr�x�_
l�oHZ!z#_}x�Z]j ½}~V�}~Vc�r¡Z!qM_�lVjy~Vj��·lVs�sMpX�¤z6lVqM�XpXz c�pXsDxyj��XZ!z¾xyc¥\VlMz �¥l�c}pV�}pXsDa!ckpXc}^]jypXn�pXs�n�Z!�}r �C_�~Vj��
q#lM_b~Vcb~M_ sV±%\XZ`_=	uZ!z�c}^!~Vr _blVjmlVzAZ!qV�ur�~Vc}c}lVj Z]s#\hx�\MlVjyZ]z5cJ�klM�6lVr�lV�}�Or�~M_}�}x��CpM_ jWZ!®5Z`_|{!c�xyz6~Mjyz5x1U
ikr¡xysMpX�

Ak
� ¦��Xj»s�xy�5pV¦6~Vjy�Cz5sAZ]jyZ!r¡Z!sMZ]_�»lVs�sVpV�Ã\MlVjW�P½}~V¦6lMz³{!cblMs�lVz5z#�ux¥_}±X��_}a!z5xWs�� ®5pVqV�?oHZ!j��

_bZ]c}c}^�!5s��0®5pXqV�¾l�sMZ!�}Z]c}Z]z5�9	Dr�~P_b�}x���Z!jWc%	
k + 1

c�pX�bl�a!n5n�Z!z pXj��#lVz lVjmlVs��}l¡\MlVz n�Z!��r|�C_�~MjW\Ml7�
lVr¡xyjW�VZ!z�Z]jyZ!r¡Z!s'lV^

Ak
� ¦6lVz�\Va!q:!5j:r¡Z!qXr�lV�}lV�C_�lMs�U

i oHZ]z#_bxy®CZ!^ª_bZ]j ½�Z!c�Z!z�®6lVc}pVz5jy�eZ!j ½}~V�b~Mc}cblMj5c}xWsVZ!�
!5jW_Âr¡a!qexWjW�XZ]z¡�klV�6lMr�lV���Ãr�~M_}�}x��CpVsMlP_
14
a!c

18
�Cxyr¡Z!z5^]xy�X¦6lMzKxWcksVpVz5c�_}�}�6~VjWz5x U¤§KxW\VZ!j�l�¬���� sPlM_blVjy�VqX�5c�c}^!Z]r�n�pXz#_�½}~M¦.�Xj*{!c}lVsKl�jyZ]qVoHZ!j ½�Z!¦5¦

16
�5xWr�Z]z5^!xW�XcblVs�lV^�a!���5Z!sMZ!c�Z!s�� Z]^!a!��_kx�_}_ª{]cblVs

D14
��Z]_�lV�P½��5s�r�Z]q��

D14 =



































































1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 −1 � − � � � − � − � − � − � � � − � �
1 � −1 � − � � � − � − � − � − � � � − �
1 − � � −1 � − � � � − � − � − � − � � �
1 � − � � −1 � − � � � − � − � − � − � �
1 � � − � � −1 � − � � � − � − � − � − �
1 − � � � − � � −1 � − � � � − � − � − �
1 − � − � � � − � � −1 � − � � � − � − �
1 − � − � − � � � − � � −1 � − � � � − �
1 − � − � − � − � � � − � � −1 � − � � �
1 � − � − � − � − � � � − � � −1 � − � �
1 � � − � − � − � − � � � − � � −1 � − �
1 − � � � − � − � − � − � � � − � � −1 �
1 � − � � � − � − � − � − � � � − � � −1
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ik^�Z]j"	X^�	hZ]su¦�Z!zDr¡Z!qV_blVjm~MjW_
D10

a]c
D14

r�~M_}�}x��hpXs����Xj lM^]_ªc�Z°½�_�½
!Cs�_bZ]®6~M_$�C®5pXqV��z5Z!r c}^]Z!�}Z]n.Z]j��
z5Z!s l¤¬���� sPlM_blVjy�XqV�5c}¦6lMz
U ��Z!r�~Vjyj W_�½��CselV^!pXz�¦6lMz�lM^]_$�V®5pXqV� Z!^!Z]s|l¤r�~M_b��x��hpXse«P½}lVs ��Z!qV�X~VjW_blP�
jm~Vz�z5xyzC{!c suxW^<~V��\Ml7�h®CpXqV�¡r�~M�Â\MlVjylVr¡Z!jW�uxWs r|«5j�_ c}^<~M^<lV�5x.sVpXr ¦5xyz6lP_bpX��xys��5cÂjmlVnC¦6lVz�jWZ!sM±X^!±Xj�_ba]s
	XsVZ`_$�hr�xWz�_[lVs�sVpV�}x�«P½ Z!��Z!�5r¡a!z#��_ � \VlMjy�P½}~V¦5lVz���r�xWz#_[lM^]_»sMa!c
	X¦5¦�jm~P_bz5x6oHpXq<½��5s���Z!^�lG®5Z!j��h^]Z]_#�`U
ik^ \uxWc}^!pVz�_kq#lV�}lVz#_�~Vj�_$��®5pXqV��c}Z]z5s�x z5Z]r \uxW^!c}qX~VjW_bl�r¡a!q'r¡Z!q9��®5pXqM�Kr¡xWoHa]jyZepX��¦5xW_�_�lVj:�}Z]z5�5Z]j��
sVZ]^!z5Z]sC�.\VlMqV�uxyc¥®5pXqV�DxWz5�5�5jWz6lVsX� Z�s�x*n6lV�}lVr�a`_bZ]�}Z!c�{!c}lVjm~M�5pXs'Z]^!Z!z

H(4, 10)
xWjyjWZ]_}\VZ

H(4, 14)_ Wn5�5c}« r�~M_}�}x��CpVsu¦��Xj1U�vw¦5¦�Z!zÃl�oHZ°½�Z!^]Z]_}¦.Z]z�lM^]_ W�H½��5s�jWZ��X®CpXqV�Gr�xWsVa]z�_ sVpXzCc�_b���6~Vj�_b�5z5sGpX��¦5xW_}pV_
l

D10
xyjWjyZ]_�\XZ�l

D14
r�~M_}�}x��CpVsuz5lVs·U

vwqV�X~VjW_blVjm~Mz¾z5Z]r�\uxyjy~VqXpXcklV^��.®5pXqV�KZ!qM� r�~M_b��x��h¦6l�®Cp,\Ml7�.r�Z]jW��Z!jWZ!r¡Z!s�®5Z!j��Xa]�}ZJ�blMs<½��Cz5s
¦.ZÃc�^<lV¦6lM�On6lM�blVr¡a]_}Z!�}Z]sVZ`_<U��hZ!r¡r¡xWoHa!jWZ|~Vj�_�lVjy~Vz5pXc�Z!j ½}~V�b~Vc��0r��u�5c�^!Z!��zCxyz5{]cGxWjW�VZ!z5sMpX�!UJi r¡x
±V_bjWZ]_%!5z5s�lOsM±%\XZ]_}sVZ]^	�\XpXj�_ �K_}Z!qV� !5s�oHZ!j��[®5pVqV�¶Z!qV�¶r�~M_b��x���lM^K\MlVjmlMr�xWjW�XZ]z³r��u�5pXz¶n6lV�}lP�
r�a`_bZ]�}Z!^]®5Z]_%	9� Z]c}Z`_bjyZ]q�_}±X¦5¦¾n5lV�blVr¡a]_}Z!��ZdxWc�\MlVz
U¥vws�sVpV�¤®6l�Z]qV�XZ`_bjWZ!z5Z]qV��c}^<lM¦6lV� n6lM�blVr¡a]_}Z!�



�V� fuU·� �e§¾� �:v�����i¤Àªi¤§Ki���À�§Kºw¬ �¥¨�� ���
r�Z]z�_}a!zOr��u�5pXc�W_�½��Cs lKs�xyxWz5�5�5jy~Vc}xwr�~M_}�}x��hpV_e�CZ�«5qM�:� ®CpXqV�OlV^¡Z!�}Z]�5r¡a!z#� !5j sPlVn�pV_�_ r�~M_b��x��
r�a]q'r�xWz5�5xWq��5qM�#lVz5pVjW�#lMz��

H(4, 10)
_ yn5�Cc}«�� lVs�sVpX�¤\MlVz ��Z!r¡a!z#� lM�}�bl;� ®5pXqM�Kr¡Z!qM_�lVjy~Vj ½��5sDl

r��u�5pXc�W_�lMz5�5�JZ!jWZ!r¡Z!sMZ]_<U»��pXqV�XlVz � i©sVpX�}~V¦5¦6lVzKn5�}Z]^!Z]z�_b~VjW_�n�a!jy�5~Vs�¦.�Xj��5a!c�lÃ¬���� sPlM_�lMjy�XqX�Cc
lVjmlVn�pXc ~M_}_blVz��5jyr�~Vz#�XpV^<~Vc}~M_»sM±,\VZ]_%	hZ]z¾lV^�Z!r|¦�Z!�»lV^]_[qXpXz5�5pVj ½}l7�u®5pXqV��Z!qM��n6lM�blVr¡a]_}Z!�[Z]c}Z`_ba!z
l r�~M_}�}x�� r�a]�}Z]_}a!®5Z]^�sVa]n.Z]c�_J\uxyc�^!pXz#�ujmlVq sMZ]\Va!c¡Z!jyZ]r \M~Vj�_bpX^]xys r¡Z!q5U vw^]a!��_¡lM^]_J{]c}xyz5~VjW_}�5s��
®5pXqV����±XqX^ W_bZ`_}_%!5s'l

D10
Z]jyc
	¡zCa!qV�Dc�pX�b~M_�5r�l,½��DjyZ!qVZ!z5Z]�b~Vj�_b�5s�lV^���5G5��DG5GpXjW�XlVzDz5pX��r�lVjWxy^!~VjW_

H(4, 10)
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��Z]_�c}Z°½�_}a!c
!5z5s�z5Z!s�r¡Z!qVoHZ]jyZ!j 	hZ]z

n6lV�blMr�a`_bZ!��Z!s�sVZ]j
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r�~M_}�}x��hpXs
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� {−1, 0, 1} Z!jWZ!r¡Z!s�¦+	Vj ~Mjyjy� N − 1 × N − 1

� Z]cdr�~M_b��x��hpV_
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Q − I)∗ = NI − J

� fhU�fhT7�
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� fhUgfM���
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a!c ��T%¹)� xWc Z!r¡j �_bx1U'vw^!Z]z³r�~M_}�}x��CpVs ~VjW_blVjm~Mz5pXc�n6lV�}lVr¡a]_bZ]�}Z]^!a!c�x[jWZ!®5Z`_=	Xc�a!qXZ]xW_ lV^!pXz�¦6lMz?Z!�5�Cxyq
r�a]q¡c�Z!z5s�x:z5Z]r \uxy^!c�q#~Vj�_�l|r¡Z!q��5r¡x
Z]^]_¥oHpXq<½��5s�_}Z!z5z5x*lJsV±%\VZ]_bsMZ!^�	Xs�¦.Z]z
U
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 � 
�� 
 � ��� ��� �!(+��� ��& ��% *��(+����* 
 ����� � �-, % ( � � � ( 	�� � ( �!(+���

i
10

a!c
14

�5xyr¡Z!z5^]xy�X¦5lVz³c}^!~Vr �_b�XqVa!n�c}Z]q�W_}c}a!qVa]\XZ]jª\Xa!qV�}Z!®5l,½�_bpV_�_�n5lV�blVr¡a]_}Z!��Z!^!a]c}Z]sVZ]_�sV±M�
\XZ]_%	hZ]z³oHZ!jyr¡Z!�
!5jW_ l sVa]�}�5a]c� ®5pXqV� \Ml,½�pXz?_b�C�5�5z5sX� Z�~Vj�_�lVjy~V¦6lVz xycd\VlMjmlVr¡xW_Gr¡pXz5�6lVzCx»l

DNr�~M_}�}x��CpVs pX�}¦5x�_�½}~V���Xj U �VZ]jyZ]z5jyZ]q «5qV� _=�5zCxys ®5pXqV� r�lP�hxyr�~VjyxWc � _}Z!®6~P_|_bp%\M~V¦5¦?r�~V�Gz5Z!r ¦C	M�
\��_b®5Z`_=	 ��pX�}¦5x�_koHZ]jm~VjWj W_b~VcblJ_bZ]j ½�Z]c}Z!z ��Z!r¡a!z#��_bZ!jWZ!z��:lMz5z#�hx�_elV^]pXz�¦6lVz c}xWsVZ!�
!5jW_k_bxyc�^]_b~V^!z5x��
®5pXqM�
r�xWz5�5Z!z

DN
r�~P_b�}x��h¦.�XjVxyz5�5�CjX\VlMjmlVr¡xyj��XZ!z�n5lV�blVr¡a]_}Z!��Z!c*{!cblMjm~V�
U 
w��\Va!z#�XZ]c _bZ]®6~M_ l�sM±,\VZ]_}sVZ!^�	

´0F��:F��
F ��6 +%)u� � ∗ � F � DN
@ 
�/ ��� E;?�- 1"D�36.�1�
�&'&

1
�"A7.��%.�@�� / D��=DG5>.�� � � 5.�1�
�� ?�/ � ����4�-�
�1��C.�-

@ � ��� D�� ?�1���.�� ��� @ D��  ��2*&G.�� " .�@ D 1��*& D�� 1 � / D� � DG-*3
� ���?	���
� / 
�5	3�i ¦Cxy^!pVz�� �_�~VcJ_bZ]j ½�Z]c}Z!z¶Z!jWZ!r¡x��Â�5ZDc}^!~Vr¡pXcÃZ!c}Z`_bZ`_�sMZ!jyjªr¡Z!qM\hxW^!c�q#~VjyzCx U �0Z!qM�XZ!z
N ≥ 10

a!c[jWZ!qV�VZ!z
DN

Z!qV�J_}Z]_}c}^	VjyZ!qVZ!c�hldsMpXzCoHZ]�}Z!zC{!xmlGr�~P_b�}x��JsMpXz5c�_}�}�5sM{!xW�X¦.�Vj lV�C�h�5�
N
� Z!�

�}Z!zC�9��sMpXr�nCjyZ`�J�klV�5lVr�lM�}�Ãr�~P_b�}x��.U &6Z!j�_bZ!®CZ]_=	7�#®5pXqV�
DN

c�^!xyr¡r¡Z]_b��xys��5cwa]c z5pV�}r�lVjyxW^<~Vj�_<U0i
sV±%\XZ`_bsVZ]^	Xs�¦�Z!z Z!j ½}~V�b~Mc�_�lV�5�5zCs

1
n5lV�blVr¡a]_}Z!�¥¦�Z]\XZ]^!Z`_ba!c�a!��ZVU�¬�Z]suxWz#_bc%!Cs�r¡pXc�_

DN
r�~Mc}pu�5xys

�1= �ªa]c�®5lV�}r�lV�5xWs �H2 �ªc�pX�b~P_<U §KxW\VZ!j
DN

�klV�5lVr�lM�}�Dr�~P_b�}x��+�5n.pVz�_}pXcblMz N−2
2

sVpupX���5xyz6~P_�~Vz6~Mj
oHpXqXz6lVs'lV^

u
a!c

v
c}pX��\XZ]s�_}pX�}pVs�{]cblVs�Z]qV�DZ!j 	P½�Z!jW¦.Z]zDs !Cjy±Xz�¦�±X^!z5x1U»�u^!pX��pX^!^]�5s�r�Z]q�Z]^!Z]sVZ]_¤lV^



fhU �5U6� �e§¾� �*v�����ikÀ¥i¤§Ki���À�� 
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Z!jWZ!r¡Z!sVZ`_

e � t ��\XZ]j Uk§KpXc�_k_bZ]s�xyz#_bc
!5s DN
r�~Vc�ph�Cxys'a]c¤®6lV��r�lV�Cxys ?�5�1"?GA 
�/ �.a]c¤c}^]pX�}pV^!^!�CsKr¡Z!q

e− � t
� \XZ!j lV^]pXsPlM_ lV^�Z]jyZ]r�Z]sVZ]_� lVr¡Z!j��XZ]s c}pX��pXz5sVa]z#_J{!c}lVs Z!j"	,½�Z!jy¦�Z!z s�!5jy±Vzu¦�±X^]z5Z!s·UK§KZ!qVr|�h�

_�lM_H½��5s��[®5pVqV��lV^ WqV�³lV�C�h�5�
1
� n6lV�}lVr¡a]_bZ]�}Z]c

D
(1)
N (t)

r�~M_b��x��
t
��_=	Vj[o<!5qXqXZ`_bjWZ!z�!5j¥�klM�6lVr�lV�}�

r�~P_b�}x�� �hZ]qXa!c�^!Z!zDn�pXz#_bpXc}lVz�lV^`_»oHpXq<½��5sÃxyq#lM^!pXjWz5x��#®5pVqV��lV^�yqM�ÃsMlMn.pV_�_»r�~M_b��x��¡c�pX�blVx
t
a!��_ba]sVa`�

_=	Xj
o<!CqXqXZ]_}jyZ]z !Cj0n6~V�}pVz5sVa]z�_kpX��_}pXqXpXz5~VjyxWcblVs·U �h^!~Vr�pVc¥_}�}x�\hxy~VjyxWc[Z]c}Z]_�r¡Z!jyjWZ]_�_ªsVZ`_}_=	�pXjW�XlVzD\VlMz��
lVr¡Z!jW��z5a!r¡x
r¡Z!qXqVpXz5�5pXjy~Vc�_»xyqXa]z��VZ!j �� � ��� � � � ��� §KpXc�_ªlV^`_[oHpXq<½��5sJr¡Z!qXr|�h_�lM_}z5x��#®5pVqV�¡r�xWz5�

u
r¡xyz5�¡n�Z!�5xWq

v
r¡Z!�%	VjyZ!qVZ!cjyZ]c}^¡r�xWz5�5Z!z \M~VjW_}pX^<lP_bjmlMzu�Cj ®6lVqV�VpV_}_Gc�pX�}�}lCU'¬*Z!j ½�Z]c}Z]zO\uxyjy~VqXpXc��*®CpXqV�

DN
Z!jWc%	¾c�pX�b~M�blDpX��_}pM�

qXpXz6~Mjyxyc}lVs·U
D

(1)
N (t)

c�pX�blMxyz6lVs a]c|pXc}^]jypXn5lVxyz6lMs Z!c}Z`_bjWZ!qXZ]cJn.Z]�}r|�C_b~V{!xW�XxW_GsM±,\VZ]_%	hZ]z¶oHZ]jW_bZ]®5Z]_%	9�®5pXqV��l r�~M_b��x��¡ldjyZ!z#_}x � c}^!xWr�r¡Z]_}�}xWsu�Cc#� oHpX�}r�~M_ ±XjW_}x �#\uxyjm~MqXpXcÂ_bp%\M~V¦5¦6~7�u®5pXqM��c�^!5s�c}a]qÃZ!c}Z`_ba]zl�r�~M_}�}x�� sMpXzP½��5q#~MjW_�½}~P_k\Xa`\XZ)� l�¦6lVj oH±Vjyc%	
3 × 3

�°lVc¤��a!c�^!r�~M_b��x��h¦6lVz jya`\:	DZ!jWZ!r¡Z!s / ��s·UÃ§KpXc�__bZ]suxWz#_bc%!CsK¦6~M�}r¡Z!jW���·lV^GZ!jyc
	V_=	Vj0s !Cjy±Xz�¦�±X^	9�.~Vr r¡�h�CpXc �_�lM_}jmlVz'c�pX��_!U¥vwqV��xyjW�VZ!z�c}pX��Z!jWc%	¡®6~P��}pXr Z!jWZ!r¡Z'a!��_bZ!jWZ!r¡c}^]Z!�%�CZ!z�\VlMqV�
(1,

/
,
/
)
\MlVqV�

(1,− / ,− / ) UOik^�Z]jyc%	 Z]c}Z`_bZ]_Ã\uxy^]c}q#~Mj ½��5s�� lr�~Mc}pu�5xysÃ_bZ]j ½�Z!c�Z!z�®6lVc�pXz5jy�XlVzDsVZ!^]Z!jW®5Z]_%	5U

(u)

(v)
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6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6
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1 1 1 1 1 . . . 1 1 . . . 1 1 . . . 1 1 . . . 1

1 −1 � � � . . . � � e � t . . . � e � t − � e � t . . . − � e � t − � . . . − �
1 � −1 � � . . . � − � e � t . . . − � e � t � e � t . . . � e � t − � . . . − �
1 � � −1 � � � � � 	 
 �
1 � � −1��� ��� ��� � � �
1 � � −1

1 � e− � t − � e− � t −1��� ��� ��� � � �
1 � e− � t − � e− � t −1

1 − � e− � t � e− � t −1��� ��� ��� � � �
1 − � e− � t � e− � t −1

1 − � − � −1��� ��� ��� � � �
1 − � − � −1
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7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7
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7

7

7
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7

7

7

7

7

7

7

7

7

7

7

7
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� ��� ����
i oHZ]z�_}xÂ~V¦5�}~VzAlDz5Z]qV�XZ]�5xys c�pX�GlV^��*lVr¡Z!jWjW�XZ]j oHpXqXjylVjysMpX^!�Cz5s·U�vw¦5¦�Z!zAlV^

(1,
/
,
/
)
� \XZ!jÂsMZ!^`�

�9	u�9	�c�pX��r¡Z!qMoHZ!jyZ]j"	Ã{!Z]jyjy~,½}~V¦6lVz|½�Z!jW±Xj ½�Z
a, c, e

a!c
g
lV^ / ��sC�·r¡a!q

b, d, f
a]c

h
l − / � s�c�^<~Vr�~M_!U

DN
Z]jyc%	�®6~V��pXr¿c}pX�}~Vz6lVs l�c}sPlVjy~V�}c�^!pX��^<lM_b~M_e_bZ!s�xWz�_�\XZ's�xWc}^<~Mr�pXjW®6lM_}�9�:®5pXqV� ±Xc�c}^]Z!c}Z]z�®6~Vz#�

(
/
,
/
), (
/
,− / ), (− / , / ) xyjyjWZ]_�\XZ (− / ,− / ) lMjmlVs�«��·o<!5qXq:	VjyZ!qVZ!ckn5~V�k\MlVz lV^ (u,v)

c�pX�}pXs�¦6lMz�� r¡Z!j��
lJsV±%\XZ`_bsVZ]^	�±Xc�c}^]Z]o<!5qXqVa!c}Z]sVZ`_elV�P½}l �

b =
N − 2

4
− 2 − a

� fhU�fV���

d =
N − 2

4
− c

� fhU�fX� �

f =
N − 2

4
− e

� fhU�f ���

h =
N − 2

4
− g

� fhU�fV¹��
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ik^ / � s�c�^<~Vr�lÃc}pX��pXz5sVa]z#_ N−2

2

� yqV�

a + c + e + g =
N − 2

2
− 2

� fhU��XÄ��
§KxW\VZ!j

D
(1)
N (0)

�klM�6lVr�lV�}��� Z!^]a!��_'l z5Z!qM�XZ!�Cxys³c}pV��pX��_bpXqVpXz6~VjWxyc|l r¡�h�5pVc W_b~Vc�_|r�Z]qXZ!j 	X^	uZ!z
u
���bl7� WqV�

2 + a − b + c − d − e + f − g + h = 0
� fuU��CT'�

§KpXc�_�®5Z]jW�VZ]_}_}Z!c�W_bc
!5s�¦�Zdl � fhUgfM� � � � fhU�fV¹*�[Z!qV�VZ!z5jWZ]_bZ]sVZ`_ � fuU��CT � ��¦.Z)�6®5pXqV�
a + c = e + g − 2

� fuU��#f*�
lV�5�u�P½�pXz
U¡�klMc}pXz5jW�#lVz��

D
(1)
N (0)

zCZ!qV�VZ!�5xWs c}pX�}l�r¡Z!�
	XjyZ]qXZ!celDr��u�5pXc�W_b~Vc�_�r¡Z!qVZ!j"	V^	uZ!z
v
� �}Z)�

lVr�xW¦+	Vj
2 + a − b − c + d + e − f − g + h = 0

� fuU��X� �
oHpXjW�uxys·U £kxyc�c}^<lM®5Z!j��XZ]_�_bZ]c W_�\XZ � fhU�fV����� � fhUgfM¹*��� Z]_ � fhU��V� � ��¦6lJsPlVnu½��5s��6®5pXqM�

a + e = c + g − 2.
� fuU��V���

£¤a!qVZ!^!Z`_=!5j:®6lMc}^!z5~Vj ½��5s � fhU��XÄ ���°lM_ � fhU��#f*�[a]c � fhU��M��� ��¦.Z]z��5®5pVqV�

a + c = a + e

(

=
N − 10

4

) � fhU��X� �
lV�5�u�P½�pXz
Uw�elVn�½��5s��5®5pXqV�

c = e
�Ca!c WqV� � fhU�fX�*� a]c � fuUgf � � � ¦��Xj�r�~M�

d = f
Uw¨ zCz5Z!z#_=	Vj Z!qM�hc�^!Z]�%�

c}^<~Mr�pXjy~Vc»r|�h_�lM_H½}l7�5®5pXqM�
u
a!c

v t
��_=	Vj o<!5qXqXZ`_bjWZ!z�!5j
r¡Z!�
	XjyZ]qXZ!c

D
(1)
N (t)

z5Z!qM�XZ!�Cxys'c�pX�b~V�}lCU
��� ��� � $!& � � � � � §¾~V�d{!c}lVsAlM^]_dsVZ!jWj[r¡Z!qXr �C_�lM_}z5x��:®5pVqV�OlV^

e− � t
lVjmlMsu«An6lV�blMr�a¼�

_bZ!��Z!sMZ]_ _blV��_blVjyr�lV^]�'c}pX��pXs r¡Z!�%	VjyZ!qVZ!c}Z]s r¡xyz5�
u
� �}l�r¡xyz5� n�Z!�5xWq

v
���}ZMU�¨ c�r�a`_GoHZ]jW_}Z!®5Z`_=	 � l

r�~M_}�}x��³c}pV�blVxWz6lVs?xWjyjyZ`_}\VZ�pXc}^]jypXn6lMxyz6lVsOn.Z]�}r|�h_�~V{]xy�P½}~M_ÃsM±%\XZ]_%	hZ]z � �ª®CpXqV�
D

(1)
N (t)

lV^�lVjm~V¦C¦5x
lVjmlVsMpV_e±Xj�_bx UÃi ½�Z!jW±Xjya]c}Z]s r�Z]qXZ!qM�XZ!^]z5Z!sOlV^ÃZ!j 	X^	uZ!s�sMZ!j���lV^]pXz�¦6lVzOoHZ]jy® �\<½��5s¾�}~Kl �6qV�XZ]jyr¡Z]_�
®5pXqV�DlJ{]Z!jyjy~Vs¡r�a]�}Z]_}ZeZ!^!«h_}_�lMj0r�Z]qV\M~VjW_}pX^!pV_�_ �

(u)

(v)













1 1 1 1 1 . . . 1 1 1 1 1 1 1 1 1 1

1 −1 � � e � t � . . . � � e � t . . . � e � t − � e � t . . . − � e � t − � . . . − �
1 � −1 − � e � t � . . . � − � e � t . . . − � e � t � e � t . . . � e � t − � . . . − �
1 � e− � t − � e− � t −1 � � 	 
 � �  �
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itoHZ!z#_bxG~V¦5�}~V¦6lVzN_}Z!®6~M_�_}Z!s�xyz#_}c%!5sNr¡pXc�_�l³z5Z]qV�XZ]�5xysNc�pX��_!U�vÂ¦C¦.Z]z

a, b, c, d, e, f, g
a!c

h�5qV�#lMz6lV^!^!lVj¤l�½�Z!jyZ]z#_ba!c�c}Z]jk¦ W��»r¡xyz#_�lV^¾Z]jyc%	AZ!c}Z`_b¦�Z!z
U
D

(1)
N (t)

Z!jWc%	?®5~V�}pXr c�pX�b~V�}lOxWc}r¡a]_
oHZ!j W��\Ml|lV^epX��_bpXqVpXz6lVjWxW_�~Mc}x�Z!qV�VZ!z5jWZ]_bZ]sVZ`_¤sPlVnu½��5s��6®5pVqV�

b =
N − 2

4
− 1 − a

� fhU��#� �

d =
N − 2

4
− 1 − c

� fhU������
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f =
N − 2

4
− e

� fhU��X¹��

h =
N − 2

4
− g.

� fhU �#Ä��

wcklV^ / ��s'c}^!~Vr�lJr¡xmlM_�_

a + c + e + g =
N − 2

2
− 1.

� fhU �5T7�
§KxW\VZ!j

u
a]c

v
r�Z]�%	XjWZ!qXZ]c¥lÃn5lV�blVr¡a]_}Z!��Z!^!Z`_}_�c}pV�}�bl;�5®6l

t = 0
�5sPlVnu½��CsC�·®5pVqV�

a − b + c − d − e + f − g + h = 0,
� fuU���f*�

\MlVjmlVr¡xyz#_
2 + a − b − c + d + e − f − g + h = 0.

� fhU��X���
Y[Z!®CZ!jW�VZ]_�_bZ!c�W_�\XZ � fhU��#�*��� � fuU��#Ä*� ��Z]_ � fuU���f��»a!c � fhU �#�*� � ¦5l

a + c = e + g − 1
� fhU��V� �

a!c
a + e = c + g − 1

� fhU��#� �
lV�5�u�5xys·U £ka!q:!5j �5qV�#lMzu«CqV�:�·r¡xyz#_¥lV^�Z]jyc%	ÃZ]c}Z]_}¦.Z]z l � fuU��5T � ��Z]_ � fuU��X���[a!c � fhU ����� � ¦�Z�¦�Z!®5Z]jW�XZ`_��
_bZ]c W_�\XZ

a + c = a + e

(

=
N − 6

4

) � fhU �#���
z#�XZ!��®5Z]_%	5Uw¨ z5z5Z]z

c = e
�Va!c � fhU���� �0a!c � fhU��X¹���� ¦C	Xj

d = f−1
lM�5�h�Cxys·U vw^]Z!z|�C_}pXjyc��ksMa]_ Z]qV�XZ]z5jyZ`_

oHZ!jW®6lVc}^]z6~Vjy~Vcb~<\MlVjksM±Xz5z#�XZ]z jy~M_bc�^!xys��¥®5pXqM��r¡xyz5�
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• • a + b a + b a + c a + c a + d + g a + d + g a + e + g a + e + g a + f + g a + f + g

• • a + b a + b a + c a + c a + d + g a + d + g a + e + g a + e + g a + f + g a + f + g

• • b b • • d + g d + g e + g e + g f + g f + g

• • • • c c d + g d + g e + g e + g f + g f + g

• • b b • • g g g g f + g f + g

• • a + b a + b a + c a + c a + g a + g a + e + g a + e + g a + g a + g

• • • • c c g g g g f + g f + g

• • a a a a a + d + g a + d + g a + g a + g a + g a + g

• • a + b a + b a + c a + c a + d + g a + d + g a + g a + g a + g a + g

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7
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M2(C) F �  / Oh1�� "9^ � /  $ σk, k = 0, . . . , 3

� $!G() / F � & �;( /NM ', @) �9�  = 303 - 193 $ .04`.0/  @) % ',+!- $ 303 $!  $Oh1 ) ������1 ) 1 ) % ',+!-�$ $&) $ ��1 )N- Ak
(��9� " $&)5+ 197*( $ $&)5+ 197*( $ / ) $!+ / "�' � ' (:O ) 1 +!- 1�3 M2(C) F	$ 1 ) $!" $&)r& 7 F7 /  ����Oh1 ) �;�b�;1 )�) 1 ) 1  >$ / $ $&) 1�30� t 	Á����1 " /  1 +!- '*)5-*$ 3 (S1, S2, S3)

' DE1�( & � ' ( %0& (�� $ � ) $ ��1 )N- (:1 / #
Sk, k = 1, 2, 3 = 3 $ . B:G 3 +>& ) � G 3 / �;��( ) �9� /L/ # S3 = −

!
S1S2

) S1S2 + S2S1 = 0
�;1 ) B 1���? ) Hï  � &' (

$!" I, S1, S2, S3
' DE1�( & � ' ( '! ��19(����9� " 1b�;19�S� 4X. ' 3 $!" ' 3 ' � ^ � %($ � 4 $# $ � $!G() / � & �;( /lM ', � $ )£) �9�^L+!- 1 +!- M2(C) F£$ 1 ) / "�' � ' (�OÂ(��9� " $&)5+ 197*( & � + 1�3019( &&) 3 $! Hï "�" 1 ) $ D*( ' 7 ) �9� &�$&$ )Á &' ( & 707 $ 3 Î "�& 3�� 4 JA3 . ( & � / �ÜO ',+&) $&)5 &'," ' ��� ) $! / $ � $#G() / F � & �;( /NM ', ��1 +!^ �;�:� + � $ 1 ) � /  19(�1���1�3  &' 3*�:�;( G'&&) � 6 / )5- 193 $&)5+ 1970( & � ° ����±�H J " <���1 +&'*) . & � $ $!" $&)L& 707 / $*'*) � t

vÁw��uw��'w � ¼����Â}uw
{σ1 ⊗ σ1, σ1 ⊗ σ2, σ0 ⊗ σ3},
{σ2 ⊗ σ2, σ2 ⊗ σ3, σ0 ⊗ σ1},
{σ3 ⊗ σ3, σ3 ⊗ σ1, σ0 ⊗ σ2},
{σ2 ⊗ σ2, σ3 ⊗ σ2, σ1 ⊗ σ0},
{σ3 ⊗ σ3, σ1 ⊗ σ3, σ2 ⊗ σ0},
{σ1 ⊗ σ1, σ2 ⊗ σ1, σ3 ⊗ σ0}.
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) M2(C) F	$ 1 ) / " ' � ' (:O (���� " $ )L+ 1�70( & � $ )L &' ��H
{σ0 ⊗ σ1,−σ1 ⊗ σ3, σ1 ⊗ σ2}

" U HWV,�*#
{σ3 ⊗ σ1, σ1 ⊗ σ1, σ2 ⊗ σ0}

" U HWV � #
{σ1 ⊗ σ0, σ2 ⊗ σ2, σ3 ⊗ σ2}

" U HWV ��#
{σ0 ⊗ σ2, σ2 ⊗ σ3, σ2 ⊗ σ1}
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2
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1 −1 1 −1 1 −1 1 −1

1 −1 −1 1 1 −1 −1 1

1 1 1 1 −1 −1 −1 −1

1 1 −1 −1 −1 −1 1 1

1 −1 1 −1 −1 1 −1 1

1 −1 −1 1 −1 1 1 −1
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x z z 1 1 z z

z x z 1 z 1 z

z z x 1 z z 1

1 1 1 y z z z

1 z z z y 1 1
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z z 1 z 1 1 y
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a −a −a −a −a −a −a 1 1 1 1

−a −1 1 1 1 −a −a −a −a 1 1

−a 1 −1 1 1 −a −a 1 1 −a −a

−a 1 1 −1 −a −a 1 1 −a −a 1

−a 1 1 −a −1 1 −a −a 1 1 −a

−a −a −a −a 1 a 1 −a 1 −a 1

−a −a −a 1 −a 1 a 1 −a 1 −a

1 −a 1 1 −a −a 1 −1 1 −a −a

1 −a 1 −a 1 1 −a 1 −1 −a −a

1 1 −a −a 1 −a 1 −a −a a −a

1 1 −a 1 −a 1 −a −a −a −a a
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−1 1 −x 1 −x 1 −x 1 −x 1 −x 1 −x 1 −x

1 −1 −x 1 1 −x −x 1 1 −x −x 1 1 −x −x

−x −x x 1 −x −x 1 1 −x −x 1 1 −x −x 1

1 1 1 −1 −x −x −x 1 1 1 1 −x −x −x −x

−x 1 −x −x x −x 1 1 −x 1 −x −x 1 −x 1

1 −x −x −x −x x 1 1 1 −x −x −x −x 1 1
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−x −x 1 −x 1 1 −x −x 1 1 −x 1 −x −x x
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1 x x a b b a b b

x 1 x b a b b a b

x x 1 b b a b b a

a b b 1 x x a b b

b a b x 1 x b a b

b b a x x 1 b b a

a b b a b b 1 x x

b a b b a b x 1 x

b b a b b a x x 1
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x = � � t S � _ )*� t ∈ [1

3
π, 5

3
π] S ! K E,+�J

a = a(x) =
−x2 − x − 1 +

√
x4 + 6x3 − 5x2 + 6x + 1

2(x − 1)

��� <��K\]�

b = b(x) =
−x2 + 5x − 1 −

√
x4 + 6x3 − 5x2 + 6x + 1

4(x − 1)
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1 1 1 1 1 1 1 1 1

1 a−2 −a−1 1 a−2 −a−1 a−1 a−1 −a−1

1 −a−1 a−2 1 −a−1 a−2 a−1 −a−1 a−1

1 1 1 a−1 a−2 a−2 a a2 a2

1 a−2 −a−1 a−2 a−3 −a−3 a 1 −a

1 −a−1 a−2 a−2 −a−3 a−3 a −a 1

1 a−1 a−1 a a a a2 a3 a3

1 a−1 −a−1 a2 1 −a a3 a2 −a3

1 −a−1 a−1 a2 −a 1 a3 −a3 a2
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1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 −1 −1 −1 −1 −1

1 −1 −1 � − iπ
3 � iπ

3 1 −1 1 � − 2iπ
3 � 2iπ

3

1 1 −1 − � − iπ
3 − � iπ

3 −1 1 1 � − 2iπ
3 � 2iπ

3

1 −1 −1 � iπ
3 � − iπ

3 1 1 −1 � 2iπ
3 � − 2iπ

3

1 −1 1 − � iπ
3 − � − iπ

3 −1 1 1 � 2iπ
3 � − 2iπ

3

1 � − iπ
3 � iπ

3 −1 −1 1 � 2iπ
3 � − 2iπ

3 1 −1

1 − � − iπ
3 − � iπ

3 1 −1 −1 � 2iπ
3 � − 2iπ

3 1 1

1 � iπ
3 � − iπ

3 −1 −1 1 � − 2iπ
3 � 2iπ

3 −1 1

1 − � iπ
3 − � − iπ

3 −1 1 −1 � − 2iπ
3 � 2iπ

3 1 1
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N · R
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(5)
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(a, b, c, d, e)
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A10
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• • • • • • • • • •
• • • • • • • • • •
• a • a a a + e a + e e e e

• a • a a a + e a + e e e e

• • b b b b + e e b + e e e

• • b b b b + e e b + e e e

• c c c • c + e e e e c + e

• c c c • c + e e e e c + e

• d d • d d + e e e d + e e

• d d • d d + e e e d + e e
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6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6
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1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1

1 −1 −1 −1 1 � − iπ

3 � iπ

3 1 −1 −1 −1 1 � − iπ

3 � iπ

3

1 1 −1 −1 −1 � − iπ

3 � iπ

3 −1 1 −1 1 1 − � − iπ

3 − � iπ

3

1 −1 −1 1 −1 � iπ

3 � − iπ

3 1 −1 −1 1 −1 � iπ

3 � − iπ

3

1 −1 1 −1 −1 � iπ

3 � − iπ

3 −1 −1 1 1 1 − � iπ

3 − � − iπ

3

1 −1 1 � − iπ

3 � iπ

3 −1 −1 1 1 −1 � iπ

3 � − iπ

3 −1 −1

1 −1 −1 � − iπ

3 � iπ

3 −1 1 −1 1 1 − � iπ

3 − � − iπ

3 −1 1

1 1 −1 � iπ

3 � − iπ

3 −1 −1 1 −1 1 � − iπ

3 � iπ

3 −1 −1

1 −1 −1 � iπ

3 � − iπ

3 1 −1 −1 1 1 − � − iπ

3 − � iπ

3 1 −1

1 � − iπ

3 � iπ

3 −1 −1 1 −1 1 � − iπ

3 � iπ

3 −1 −1 −1 1

1 � − iπ

3 � iπ

3 −1 1 −1 −1 −1 − � − iπ

3 − � iπ

3 1 −1 1 1

1 � iπ

3 � − iπ

3 −1 −1 −1 1 1 � iπ

3 � − iπ

3 −1 −1 1 −1

1 � iπ

3 � − iπ

3 1 −1 −1 −1 −1 − � iπ

3 − � − iπ

3 −1 1 1 1

3
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7

7

7

7

7

7

7

7

7

7
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7
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A
(7)
14 (a, b, c, d, e, f, g) = A14 ◦

��� i (

N · R
A

(7)
14

(a, b, c, d, e, f, g)
)

,
��� < Q ) �

� _ )*�

R
(7)
A14
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• • • • • • • • • • • • • •
• • • • • • • • • • • • • •
• a • • a • • a + g a + g g a + g g a + g a + g

• a • • a • • a + g a + g g a + g g a + g a + g

• • b b • • • b + g g b + g g b + g b + g b + g

• • b b • • • b + g g b + g g b + g b + g b + g

• • c • • • c c + g g c + g c + g c + g g c + g

• • c • • • c c + g g c + g c + g c + g g c + g

• d • • • d • d + g d + g g d + g d + g d + g g

• d • • • d • d + g d + g g d + g d + g d + g g

• • • • e e • e + g e + g e + g e + g g e + g g

• • • • e e • e + g e + g e + g e + g g e + g g

• • • f • • f f + g f + g f + g g f + g g f + g

• • • f • • f f + g f + g f + g g f + g g f + g
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