Math G2 Practice 3

Systems of Linear Algebraic Equations: the Gaussian elimination

For the solution of systems of linear algebraic equations (SLAE in short) we will use the method
known as Gaussian elimination. During this process the main idea is that if we have a SLAE in

the form
Ax =b,

where A is the matrix of coefficients, x is the vector of unknowns and b is a vector of known values
(the ’right-hand side’), then we construct the extended matrix A = (A[b) (which has the n x n
matrix A as its first n-many columns and b is its last column) and we try to transform it into an
upper triangular form by using the following three operations:

1. add one of the rows (possibly multiplied by some real number) to another row,
2. multiply one of the rows,
3. change the order of two rows.

Then, in the end we get an upper triangular matrix, in which case we can proceed further in two
different ways:

e we can either solve this equation in this form (this is easy, see the lecture for details),

e or continue the process until we have an identity matrix on the left of our matrix: then, the
solution is in the last column of the matrix.

An important statement is the following theorem:
Theorem 1. The following statements are equivalent:
o The system Ax = b has a unique solution.

o A is invertible.

det(A) # 0,

rank(A) = n (here n is the number of unknowns).
Another theorem is about the number of solutions:

Theorem 2. Let us consider the extended matriz A = (A[b) and let us denote the number of
solutions by n. Then,

o if rank(A) = rank(A) = n, then the system Az = b has a unique solution,
o if rank(A) < rank(A), then the system Az = b has no solution,

e ifrank(A) = rank(fl) < n, then the system Ax = b has infinitely many solutions.

Exercises
1. Does the following system of equations have a unique solution? If yes, solve it!
2I1-I’2—ZL‘3: 4,

3?131 + 4.752 — 21’3 = 11,
3%1 — 21’2 —|—4[I}3 =11.

Solution: This SLAE has the following matrix form:

2 -1 -1 Ty 4
3 4 =2 Ty | = |11
3 =2 4 x3 11



The easiest way to determine whether this SLAE has a solution or not is to calculate the
determinant of A - however, in this case we saw it in Practice 2 that A has an inverse
(Exercise 2), which was

L [12 6 6
Al = 5 —18 11 1
—-18 1 11

If someone knows the inverse of A, then the solution can easily be calculated by the following
argument:

Ax =0 & A Az = A" & r = A"'b,

meaning that

L (12 6 6 4 3
x:A‘lb:@ —18 11 1 1)=111,
-18 1 11/ \11 1

meaning that the solution is 1 = 3, x9 = 1 and x5 = 1.

Remark: Because of this, in the midterm you will have two methods to solve an SLAE: you
either use Gaussian elimination, or you calculate the inverse of matrix A (by the method
discussed in Practice 2) and use the formula x = A~'b.

. Solve the following SLAE! How many solutions does it have?

$1—21’2+ T3+ T4 — .%'5:0,
21131+ Tog — T3 — T4+ 375:0,
T+ 71’2 - 55(]3 — 5[E4 + 5[E5 = 07

3I1— To — 2$3+ Ty + 175:0.

Solution: Since here we have only four equations and five unknowns, our assumption is
that this system might have infinitely many solutions. The matrix form in this case is

1 -2 1 1 -1 0

2 1 -1 -1 1 |[® (o

1 7 =5 =5 5™ |o

3 -1 -2 1 1 T4 0
X5

Since A is not a square matrix, we cannot calculate its inverse: because of this, we will use
Gaussian elimination. In this case the extended matrix is

-2 1 1 -1/0
1 -1 -1 110
7 =5 =5 5|0

-1 -2 1 110

W o N =

Our goal is to transform it into an upper triangular form, i.e. make the red elements
disappear. Let us multiply the first row by 2 and subtract it from the second row:

(2 1 -1 -1 10)
(2 -4 2 2 -20)
(0 5 -3 =3 3 0)

Then, the matrix has the form

1 -2 1 1 —-1]0
0O 5 -3 -3 310
1 7 -5 =5 5 |0
3 -1 =2 1 110

Now let us subtract the first row from the second row:
( 1 7 -5 =5 50 )
-(1 -2 1 1 -10)
( 0 9 -6 -6 6 0 )




Then, the matrix has the form

1 -2 1 1 —-1]0
0O 5 -3 -3 3|0
0 9 -6 -6 6 |0
3 -1 -2 1 110

Now let us multiply the first row by 3 and subtract it from the last one:
(3 -1 =2 1 10)
-(3 -6 3 3 =3 0)
(0 5 -5 -2 40)

Then, the matrix has the form

1 -2 1 1 -—-1]0
0 5 -3 -3 3|0
0 9 -6 -6 6 |0
0 5 =5 =2 410
Now let us subtract row 2 from row 4:
(05 -5 -2 40)
-(05 =3 =3 30)
(00 -2 1 10)
Then, the matrix has the form
1 -2 1 1 -—-1]0
0O 5 -3 -3 3|0
0 9 -6 -6 6 |0
0O 0 -2 1 110

To make our calculations easier, let us divide row 3 by 3:

1 -2 1 1 -1/0
0 5 -3 -3 310
0o 3 -2 -2 210
o 0 -2 1 110
Then, multiply row 3 by 5 and row 2 by 3:
1 -2 1 1 =110
015 -9 -9 9|0
0 15 —-10 —10 10 |0
o 0 -2 1 110
Now subtract row 2 to row 3:
1 -2 1 1 -1]0
0 15 -9 -9 9 1|0
o 0 -1 -1 110
0O 0 -2 1 110
Now multiply row 3 by 2 and subtract it from row 4:
1 -2 1 1 —=1]0
0 15 -9 -9 9 1|0
o 0 -1 -1 110
o 0 0 3 -11]0

Now we can see that here the rank of the matrix is 4, but we have 5 unknowns, meaning that
we have infinitely many solutions. Also, the degree of freedom here is n—rank(A) = 5—4 = 1,
meaning that we will have one free variable - let us choose x5 to be this one, so our one
parameter is x5 = p. Then, the current form of equation 4 is

31’4 — X5 = 0,

3



from which we get that x4 = % =

w3

. Similarly, equation 3 is
—x3 — x4 +x5 =0,

2
from which we get x5 = gp. By the same methods, we can get x5 = 0 and z; = 0. Then,

0

0
the final solution is x = | 2/3p
1/3p

p

Remark: In this case one can also choose x4 (or even x3) to be their free variable: we get
a solution which is equivalent to the one above.

. Solve the following SLAE! How many solutions does it have?
1+ $2—3.1)3:—1,
2331 + X9 — 2.(173 = 1,

T+ X9+ T3 = 3,
$1+2I2—3QZ3: 1.

Solution: The matrix form in this case is

11 -3 1
2 1 2| (“) |1
11 1 2= 3
1 2 —3) \'3 1

Since we have 3 unknown and 4 equations, we might suspect that it has no solution. The
extended matrix has the form

11 =3]-1
21 =21
11 113
1 2 =3|1

Let us multiply the first row by 2 and subtract it from the second one:

1 1 -3|-1
0 -1 4| 3
11 113
1 —3] 1

Now let us subtract the first row from the third and the fourth rows:

1 1 =-3|-1
0 —1 4 | 3
0 O 4 1 4
0 1 0 2
Let us add row 2 to the last row:
1 1 =-3|-1
0 —1 4 | 3
0 O 4 1 4
0 O 4 5
Let us subtract row 3 from the last row:
1 1 =-3|-1
0 —1 4 | 3
0 O 4 1 4
0 0 0 1

This means that the rank of A is 3, but the rank of the extended matrix is 4: because of
this, it will have no solution.



Another way to see this is to write up the current form of the equations:

T1+ T9 — 3x3 = — 1,
—x9 +4x3 = 3,
dxs = 4,

0= 1.

As we can see, the last equation is clearly a contradiction.

. Solve the following SLAE! How many solutions does it have depending on the value of \?

AT+ 2o+ a3+ 24 = 1,
r14+ (1 + Nz + a3+ 24 = 3,
r1+ 22+ (14 Naws + x4 = 4,

T+ 2o+ 23 +14 = 1.

Solution: The matrix form in this case is

A1 1 1\ [z 1
1 1+x 1 1| [x]| |3
11 141 1| || " |4
1 1 1 1) \ay 1

Here we have 4 equations with 4 unknowns, so we might have a unique solution. The
extended matrix is

A 1 1 1)1
1 14X 1 113
1 1 1+X 11]4
1 1 1 1)1
To simplify the process, let us change the order of rows 4 and 1:
1 1 1 1)1
1 14X 1 113
1 1 1+X 14
A 1 1 1)1

If we continue the process in this way, we might have to multiply one of the rows by 1/\,
but we do not know whether A is zero or not: because of this, the trick we are going to apply
is to change the columns of 1 and 4:

1 1 1 1171
1 14X 1 113
1 1 14X 14
1 1 1 Al

Keep in mind though that in this case column 1 corresponds to x4 and column 4 has the
coefficients of x;.

Now let us subtract the first row from all the others:

1 11 1 1
0 X0 0 |2
00X 0 |3
000 A=110

Now we have three cases:

(a) Case 1:If A # 0 and A — 1 # 0 (meaning that A # 1), then the rank of A and the rank
of the extended matrix is the same, namely four, which was the number of unknowns:
because of this, in this case we have a unique solution. Our equations in this case are

ZE4—|—CI)2+ZE3—|—CI)1:1,
/\l’z = 2,
)\1'3 = 3,
(Keep in mind that the first column was describing x4 and the last one was describing
3
x1). Then, x1 =0, 3 = v =y and 2, = 1 — "



(b) Case 2: If A = 1, then the matrix is

oo
o= =

1
0
1

o O =
O W N =

0000

Since we have an all-zero row, then the rank of A and the extended matrix is also three,
which is smaller than the number of variables, meaning that we have infinitely many
solutions. Our equations are in the form

Ty + X9+ T3+ a1 = 1,
$2:27

T3 = 3,

Since 4 — 3 = 1, we have one free variable: let us choose x; to be this one, so this will
be the parameter 1 = p. Then, x9 =2, 3 =3 and x4 = —4 — p.

(c) Case 3: If A =0, then the matrix is

O O =
W DN =

11 1
00 O
0 0 O

000 —-1/0

Here the rank of A is 2 but the rank of the extended matrix is 3, so it has no solution.
(Or, another reason is that the final equation has the form —1 = 0.)

5. Solve the following SLAE! How many solutions does it have depending on the value of \7?
ATy + 229 + 323+ 314 = 1,
221 4+ (3+ N)xg + 623 4+ 624 = 14 A,

3$1+6$2+(8+)\)l’3+9$4: 2+)\,
3x1 + 622 + 93+ (8 + N)zy = 2+ A\

Solution: The matrix form in this case is

A2 3 3 7 1
2 3+X 6 6 | 14
3 6 8+A 9 zs |~ [ 2+
3 6 9 8+x \u 24 A

Here we have 4 equations with 4 unknowns, so we might have a unique solution. The

extended matrix is
2 3 3 1

A

2 34X 6 6 I+ A
3 6 84+X 9 |24
3 6 9 84+A|[24A

To simplify the process, let us change the order of columns 1 and 4:

3 2 3 A 1

6 34+X 6 2(1+X

9 6 84+ 3|24+
8+A 6 9 312+ A

Let us subtract the first row multiplied by 2 from the second row:

3 2 3 A 1

0O A—=1 0 2=-2X|A—-1

9 6 8+ A 3 2+ A
8+X 6 9 3 2+ A

Now subtract the first row multiplied by 3 from the third row:

3 2 3 A 1

0 A=1 0 2=2\x|2-1

0 0 A—=1 3-3x|2-1
8+ 6 9 3 24+ A




Then, subtract the first row multiplied by 3 from the fourth one:

3 2 3 A 1

0 -1 0 2-2Xx|X-1

0 0 A—=1 3-=-3x]Xx-1
A—=1 0 0 3-3x|[A-1

Now we have two cases:

(a) Case 1: If A =1 then the matrix is

S OO W
S O O N
S OO Ww
o O O
S O O

Here the rank of A and the extended matrix is both 1, but it is smaller than 4, so we
have infinitely many solutions. Moreover, since 4 — 1 = 3, we have three free variables:
let us choose these to be x5 = p1, 3 = ps and x4 = p3, and then 1 = 1—3p3—2p; — 3o
(keep in mind that the first and the last columns were changed).

(b) Case 2: If A # 1,. then let us multiply rows 2, 3 and 4 by 1/(A — 1): the matrix we get
Is

32 3 A1
010 =-2]1
001 -3]|1
100 =3|1

Let us change rows 1 and 4 to make our calculations easier:

1 00 =31
010 =2]1
001 =31
323 A1
Subtract row 1 multiplied by 3 from row 4:
1 00 =3 |1
010 -2 11
001 -3 |1
0 2 3 A+9|-2
Subtract row 2 multiplied by 2 from row 4:
100 =3 1
010 =2 1
001 =3 1
003 A+13|—-4
Subtract row 3 multiplied by 3 from row 4:
100 =3 1
010 =2 1
001 =3 1
000 A+22|-7
Now if A = —22, we have no solution (since we have 0 = —7 as our last equation), but
if A # —22, then there is a unique solution (since both of the ranks are 4), and we have
— 21
T N o A+ 220 N2 N 2o (keep in mind tha

the first and the last columns were changed).



