Tenth practice

Eigenvalues, parabolic problems

1. Let a > 0, and compute the eigenvalues and eigenfunctions of the following operators!

a) D(L) ={u e C?*0,a)NC([0,a]) : u(0) = u(a) =0}, Lu=—u",
b) D(L) = {u € C%*(0,a) N C'([0,a]) : v/(0) = u'(a) =0}, Lu=—u".

Solution:

a) We seek those numbers A € R, for which there is such a v € D(L),u # 0, for
which Lu = Au, i.e. —u” = Au. Then by combining these with the conditions inside the
domain of the operator, we get the following one-dimensional boundary-value problem:

—u’(x) = Mu(z) (z€(0,a))
u(0) = 0
u(a) = 0.

The solution of this equation is (See Exercise 4 on Practice 1):

crsin(vVx) + ey cos(Vaz), if A >0,
u(z) = ¢ creVIAE 4 e e if A <0, (1)
C1% + C2, if A=0.

Now let us use the boundary conditions! If A = 0, then by u(0) = 0 we get ¢, = 0,
so since u(a) = 0 we get c;a = 0, so ¢ = 0, and then v = 0. If A < 0, then by
u(0) = 0 we get ¢; + co = 0, so since u(a) = 0 we get cle\/ma — cre" VMY = 0 then
c1 = 0, therefore u = 0. The remaining case is A > 0. In this case since u(0) = 0, then
cc080 = 0, s0 ¢ = 0. On the other hand, since u(a) = 0, then sin vAa = 0, therefore

vAa = km, in which k is a positive whole number (since here we have A > 0). This

means that A = (%”)2, then u(x) = sin %ﬂx, in which k is a positive whole number,

so the eigenvalues are positive, and there are countably infinitely-many of them. It is
well know (from e.g. Fourier analysis), that the sinus system is orthogonal in L?*(0, a).
Let us norm the previous u functions, then we get the complete system of orthonormal
eigenfunctions and eigenvalues of operator L in L?(0,a):
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Note that during the normalization, we used that

/ sin? (k—wx) dr = g,
0 a 2

which can be proved e.g. the following way. If we know that cos2¢ = cos? ¢ — sin® ¢,
then we get sin® p = #. Therefore,

a aq_ 2km a
/ sin? k—ﬂx dr = / o8 ( e x> dr = a4 sin %—ﬂx = g.
0 a 0 2 2 4dkm a w0 2

b) Like in case (a), this problem can also be transformed to a boundary-value problem:

—u’(x) = Mu(z) (z€(0,a))
w'(0) = 0
u'(a) = 0.



The solutions of this equation can be found in Table (1. Taking the boundary condi-
tions into account, if A = 0 we get ¢; = 0, so u = co. If A < 0, then by «/(0) = 0 we get
VIM(er — e2) = 0, i.e. ¢1 = ¢, s0 by u/(a) = 0 we get /|Nex (e Ma _ e~ "\|a> =0,
therefore ¢; = 0, so u = 0. Finally, in the case A > 0, by /(0) = 0 we get v/Ac; cos0 =
= 0, and then ¢; = 0. On the other hand, by «/(a) = 0 we get c;v/Asinva = 0,
consequently v Aa = k, in which k is a positive whole number (since we consider the
case A > 0). Then u(z) = cos Xz, in which by the choice k = 0 we get the constant
functions we got in the case A = 0. The eigenvalues are non-negative, and there are
countably infinitely-many of them (also, the 0 eigenvalue has multiplicity one, and
the constant functions are the corresponding eigenfunctions). It is well known (from
Fourier analysis), that the cosine system is orthogonal in L?(0,a), so by normalizing
the previous functions we get the complete orthonormal eigenfunction and eigenvalue

system of operator L inside L*(0,a):

e = (%”)2 () = % () = \/gcgs (’%%) (k=012 ..)

The constant \/g comes from similar arguments to the ones discussed in the previous
exercise.

. Let T = (0,a) x (0,b) C R? (a,b > 0), and compute the eigenvalues and eigenfunctions
of the following operators!

a) D(L) ={ue C*(T)NC(T) : ulogr =0}, Lu=—Au,
b) D(L) = {u e C*T)NCYT) : d,ulor =0}, Lu= —Au.

Solution: a) We use the method of separation of variables, i.e. we search for the
eigenfunctions in the form u(x,y) = v(x)-w(y). Then the eigenvalue-problem Lu = A\u
means the following differential equation on the two-dimensional interval 7'

—v"(2)w(y) —v(@)w"(y) = o(@)w(y).

Supposing that v(z) - w(y) # 0, after a formal division we get

Note that the left-hand side of the above equation only depends on x, while the right-
hand side only depends on y. Since the equation should hold for all (z,y) € T values,
then this can only happen, if we have constant functions on both sides, i.e. there is a
constant a, # € R for which

_U//(x):&
@)

'y
wly)

and a4+ = \. By the boundary conditions we get the homogeneous Dirichlet conditions
v(0) = v(a) =0, w(0) = w(b) = 0. This means that v is an eigenfunction, and « is an
eigenvalue of the operator in Exercise 1. a), so

o (2]
o(z) = vy(z) = \/gsin <I%Tm) |

Similarly, w is an eigenfunction of the same operator (but here we should write b instead

of a), so
2
o=a ()

and



and

w(z) = wyly) = \@ sin (%”y) |

Consequently, operator L has countably-many eigenvalues, and these are

(k2
/\k7l:7T $+b—2 (k,lzl,Q,...),

and the corresponding orthonormal eigenfunction-system (which is complete in L?(T'))

is
2 km Im
ug(x,y) = —=sin | —az | sin | —y (k,l=12...).
' Vab ( a ) ( b )

Note that from the previous arguments it is still not clear that the operator has no
other eigenvalues. This comes from the fact that the eigenfunctions form a complete
orthogonal system (see the Lecture), and the previous system was complete, so there
are no other eigenfunctions.

b) We proceed similarly as in the previous exercise. By using the method of sepa-
ration of variables, we search for our solution in the form u(z,y) = v(x)w(y). After
substitution and division (assuming that v(z)w(y) # 0), we get that

This should hold for all (z,y) € T values, and it can only hold if we have a constant
on both sides, so there exists such an «a, 8 € R value, for which

UN($) B
o)
'y
) "
and o+ 3 = A.
Note that d,ulsr = —v(z)w'(0) on side (0,a) x {0}, O,ulor = v(z)w'(b) on side

(0,a) x {b}, Oyulsr = —v'(0)w(y) on side {0} x (0,b) and J,ulsr = v'(a)w(y) on side
{a} x (0,b). These (under the assumption v(z)w(y) # 0) mean that v'(0) = v'(a) =0
and w'(0) = w'(b) = 0. So we got that v is an eigenfunction, and « is an eigenvalue of
the operator L in Exercise 1. b). Similarly, w is an eigenfunction, and /3 is an eigevalueof
the same operator L. By Exercise 1. b), so

()
a=0ap=|— )
a

moreover,

w(z) = wy(y) = \/% (’%y) |

in which £, [ are non-negative whole numbers. In conclusion, the eigenvalue-system and
eigenfunction-system (which is complete in L*(T")) of operator L is:

L (K2 P
)\k,l:ﬂ' §+b_2 (k,l:(),l,...),



and

uO,O(I7 y) = T

/2 k
uko(z,y) = — cos (%x) (k=12...),

2 l
uO,l('rvy) = — COs (?y) <l = 1727 s )7

2 km I
up(z,y) = mcos (7x> cos <?y> (k,l=12...).

Note that from the previous arguments it is still not clear that the operator has no
other eigenvalues. This comes from the fact that the eigenfunctions form a complete
orthogonal system (see the Lecture), and the previous system was complete, so there
are no other eigenfunctions.

. Let T'= (0, 7)? and solve the following elliptic boundary-value problems!
) {—Au = x+vy inside T,

ulor = 0,
b) —Au = 3sinzxsindy — 8sin2zsinb5y inside T
u|8T = 07

0 —Au = coswcosy inside T,
al/u’|8T = 0.

Solution: a) We construct the solution from the eigenfunction-system of the operator
orthonormed in L?(T). For this, let us write up function f also in this system:

o0
f = Z Ck, UL,

k=1

in which ug is the system from Exercise 2 a). The coefficients can be computed in the
following way:

Chl = /fukl—// x+y—smk‘x)sm(ly)dxdy—

2 [/0 v sin(kz) dx/o sin(ly) dy+/0 y sin(ly) dy/oﬂsin(lm) d:}:} —

2 2
= = (DM = (D) + (DA = (=1)F) = Sy,
kl kl
in which we used that
T 1 x 1 !
[ sin(ty) dy = § 1= costin)ly_y = 51 = (<1
and - . L g
/ xsin(kz) dx = Z [—x cos(kx)]7_, + E/ cos(ky) dy = (—1)’”1%. (2)
0 0
By these,
2w 2 .
I j_llz - sin(kx) sin(ly).

k=1

Note that the convergence of this line is meant in L?*(T) (actually, a much stronger
convergence also holds, but those theorems are non-trivial).

b) Since on the right-hand side we have an eigenfunction of the operator on the left,
then we should search for the solution in the form

u(z,y) = ¢y sinxsin 4y + ¢, sin 22 sin 5y.



Then
—Au(z,y) = (3% + 4%)c; sin 3z sin 4y + (22 + 5%)cy sin 2z sin by =

= 25c¢; sin 3z sin 4y 4 29¢, sin 22 sin Hy.

If we compare these terms to the right-hand side of our equation, we get

25¢1 = 3,29¢cy = —8, 50 ¢ = % and c; = —%. Then the solution of the problem
is

8
u(z,y) = ——sinzsindy — %9 sin 2 sin 5y.

25
By the unique solution of the Dirichlet problem, this is the only solution
in C*(T) N CY(T).
¢) Since on the right-hand side we have an eigenfunction of the operator on the left,
then we should search for the solution in the form

u(z,y) = ¢ cosx cosy + ca.

Then
—Au(z,y) = (12 + 1%)c; cosz cosy = 2¢; cos T cos Y.

If we compare these terms to the right-hand side of our equation, we get
2cy =1,50 ¢ = % Then the solutions of the problem are

1
u(z,y) = 5 cosTcosy +c.

By the theorem about the form of the solutions of the Neumann-problem, we get that
these are the only solutions in C*(T) N CY(T).

4. *Let T := (0,7)2 C R?, and also 'y := {7} x[0,7), Ty := (0, 7] x {n}, s := {0} x (0, 7],
[y :=[0,m) x {0}. Also, let g, h : R*> — R be such functions that

h|F1UF3 - ]-7 thQUF4 - 07

glriurs =0, glr,ur, = 1.

Then solve the following boundary-value problem! (12 points)

—Au(t, z) = sin(z) cos(3y) — 5sin(3x) cos(4y) inside T,
(90,u + hu)|sr = 0.

Solution: The solution can be submitted.

5. Solve the following mixed parabolic problems!

Owu(t, ) — Pu(t,z) = 0 ((t,x) € (RT x (0,7))),
a) u(0,2) = x (x€l0,7]),
uw(t,0) =u(t,7) = 0 (teRY).
{ Owu(t, ) — Pu(t,x) = 0 ((t,z) € (RT x (0,7))),
b) w(0,z) = sin3z —4sinbz (z € [0, 7)),
u(t,0) =u(t,m) = 0. (t e RY).
Owu(t, ) — Pu(t,z) = sin2z ((t,z) € (RT x (0,7))),
c) u(0,z) = 0 (x € [0,7]),
u(t,0) =u(t,m) = 0 (t e RY).
Owu(t, ) — Pu(t,z) = tsinz ((t,z) € (RT x (0,m))),
d) uw(0,z) = 0 (x € 10,7)),
u(t,0) =u(t,m) = 0. (t e RY).

Solution: a) We use Fourier’s method: we search for the solution u in the form

u(t,z) =Y &G(thu(x),



in which wy, is the eigenfunction of the one-dimensional (minus) Laplace operator with
Dirichlet boundary (k = 1,...) and &(t) are some unknown functions depending only
on ¢t. For this, let us write up the functions present in the equation also in the {uy},,
basis. The series of the constant 0 function is easy, since all of the coefficients in its
series are zero. It is also clear that

r= g (/wasin k:xda:) Cup(z) = g(—l)kﬂguk(m),

in which we used the fact from Exercise 3. a), so

/ rsinkx dr = (—1)’““:
0 k

Also, since u(t,z) =Y o &(t)ug(x), we have

dult,x) = 3 h()urla)

and

Fult,x) =Y &(thui(x) =) &(1) (\/gsin(kv@)) = k) G(u(x)

If we substitute these into our equation, we get

> Gur(r) + K &(t)ur(z) =0,
k=1 k=1
which can only hold if &, (¢) + k?&,.(t) = 0. Similarly, for the initial condition we have

Y & (0)ur(z) = u(0,2) =z = Z(—n“l%uk(x),

k=1 k=1

which can only hold if & (0) = (—1)FZ.

Then, we get the following initial-value problem for &, inside R*:

€k (t) + K*&x(t)

0,
&(0) = (-1

Let us multiply both sides of the equation by e*’t, then

gé(t)ek% + /{326k2t — O,

() =0,

() = E(0)e ™ = (1) T

Therefore, the solution of the parabolic mixed problem is:

u(t,r) =2 (—1)’““%6"& sin kz.
k=1

Note that the above convergence meant for every ¢ > 0 inside L?(0,7) (actually, a
much stronger convergence also holds, but those theorems are non-trivial).

b) We use Fourier’s method: we search for the solution w in the form

u(t,z) = i &k () sin kx,
k=1



since the initial function is the eigenfunction of the one-dimensional (minus) Laplace
operator with homogeneous Dirichlet boundary. Then by the equation and the condi-
tions we get that

&r(0) =0,

if k # 3,5, which has only the constant zero function as a solution, and also

&3(t) = —9&(t), &(0) =1
and
&5(t) = —2565(1), &(0) = —4.
The solutions of these are &(t) = e and &(t) = —4e ¢ so the solution of the
parabolic mixed problem is

9

u(t,z) = e ¥ sin 3z — 4e 2 sin 5.

There are no other solutions, since the solution of the mixed problem is unique.

¢) We use the method of Fourier: let us write function sin 2z into the form
o0
sin 2x = Z ¢ - sinkx
k=1
It is clear that ¢, = 1if k = 2, and in other cases ¢, = 0. Then by searching for solution
u in the form

u(t,z) = Z k() sin kx,
k=1
by the equation and the conditions we get that & = 0, if £ # 2, and for &;:
(1) +486(t) = 1, &(0) = 0.
By multiplying both sides of the equation with e*:
MEL(D) + A Ex(1) = ",

(64t€2(t>>/ _ €4t’

1

fg(t) = 674150 + Z,

and since &(0) = C'+ 1 =0, C = —1 and we have &(f) =
the solution of the mixed parabolic problem is

1 (1 — e~*). Consequently,

1
u(t,z) = ~(1 — e *)sin 2z.

4
There are no other solutions, since the solution of the mixed problem is unique.

d) As in the previous cases, we apply the Fourier’s method to the problem. We seek
our solution u in the form
u(t,z) = c(t) sinz.

Then from the initial condition we get ¢(0) = 0, and by substituting u into the equation
we get the ordinary differential equation

d(t)+c(t) =t.
By multiplying both sides by €,
e'd(t) + e'c(t) = te!
(e'e(t)) = te,

so (since ((te! —e) = te'):
ct)=t—1+ce™?
and by the initial condition
ct)=t—1+e".
The solution of the parabolic mixed problem is
u(t,z) = (' +t—1)sin .

There are no other solutions, since the solution of the mixed problem is unique.



