Seventh practice

Parabolic equations

1. Let ¢ > 0 and b € R be constants. Prove that

—+o00 b2
/ e~ cos by dy = \/Ee_ﬂ.
. a

Solution: First we prove that for all @ > 0 and b € R values the above integral exists
and it is finite. Indeed, since |cos by| < 1, then the integrant has an integrable majorant
(namely e~®"). Also observe that in the special case of b = 0 we can compute the value
of the integral easily, since (using z = ay)

+o0 1 +00
/—oo e_adey - % \/—oo e_J:de B \/g

To compute our initial integral, let us consider it as a function of a € R™ and b € R,
and define the following function 7: R™ x R — R:

“+oo
I(a,b) = / e~ cos by dy.

[e.o]

Differentiate I by its second variable! Then by the theory of parametric integrals,
if the derivative of the integrand (taken in the second variable) has an integrable
majorant (not depending on the parameter), then the differentiation can be done in
a way that we differentiate only the integrand. By simple computations we get that
Ape™* cos by = —ye*‘ly2 sin by. Let us restrict the domain of function I to the set [ag, +
+00) x R, in which @y > 1is fixed. Then in the case a > a9 we get

—ye~™" sin by‘ < |yle=®¥* which has a convergent improper integral (it can even

be computed), so the theory mentioned above can be applied. Consequently, (in which
we integrate by parts in variable y):

+00 1 400
81)](@, b) = / —ye—ayz sin by dy = 2— / —2aye_ay2 sin by dy =
_ a J_

o

. [e‘“yzsinbyroo —b/+ooe_“y2cosb d ——i](a b)
~ 94 Y yay | = 9q )

Yy=—00 —00

This means that function [ satisfies the following initial-value problem:

Opl(ab) b [z
T = 0 =f%

Now by integrating both sides of the above ordinary differential equation in variable b,
we get that log I(a,b) = —% + ¢(a), meaning that I = C'(a) exp <—£> in which C(a)

a ]’

is a constant depending on a. Then by the substitution b = 0, and using the initial

value I(a,0) we get
™ 2
o) = [Tosp (~2).
(CL ) \/;exp 4a

Note that the above reasoning works for all a > ay > 0 values, so it is true for any
a > 0, which means that we proved the statement.

Remark: The exercise could have been solved by the following observation:

“+00 +oo . 2 +oo . 2 _ﬁ
/ e~ cos by dy = Re/ e~ W e dy = eZaRe/ emalviz) dy = \/je da,
—00 —00 — 0o a
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in which we used that

+o0
.2 T
/ e dy=]—
oo a

for all z € C, since it is true for all z € R, and then by the unicity theorem it should
be also true for all complex values of z.

. Suppose that g € C(R") is bounded, and let u(t,x) =

1 e
T /n g(z —2V/tn) dn.

a) Prove that u(0,z) = g(z) holds for all x € R™.
b) Assume that g € C*(R"), for which g,9;9,9%g (j = 1,...,n) are bounded. Show
that then O,u — Au = 0 inside Rt x R™,

Solution: a) First we note that since g is bounded, the integral exists and is finite.
Also, by the continuity of parametric improper integrals

w(0,z) = ! e~ g(z =g(x ! e~ dn = g(x
0.0) = = [ M ata)dn = o(a) e [ dn = gfa),

in which we used that / eI dn = (/7 )" (see Exercise 3 from Practice 6).

n

b) Because of the assmupltions, the differentiation can be moved inside the integral
(by the differentiability of parametric improper integrals). Then by simple calculations
we get that

n

Ouult, ) = =3 (\/i—r)n /IR e 09w — 2\/577)% dn;

and

32ju(t,m) =

T

Wl? )" / e 0k g(w — 2V/tn) di =

- ﬁ /Rn_l ({—2%/%6_”23]‘9(% — 2\/577)} O:OO - /_Z e 0;g(x — 2\/577)% dm) ,

in which we used a partial integral. Observe that the function inside the brackets |[...]
tends to zero if || — oo, because 0;¢ is bounded, and all the other terms tend to zero,
when |n| — oo. Consequently,

n

Au(t,z) = — Z (\/j—r)n / e " 0;g(x — 2\/577)% dn;

so Oyu = Au holds inside RT x R™.

It is important to realize that all the above calculations hold if the derivatives of
function g do not "grow too fast" (e.g. the magnitude of their growth is ecl®l).

Note that we could have solved the problem in a different way. By the transformation
£ =z — 2/t we get that

1 oIl g _ 1 ei\z—fwz
) /n gz — 2V'tn) dn /Rn ENGID g(€) de.

. . . . o—¢|?
We proved in Exercise 4 on Practice 6 that the function (¢, ) — meJ a (more

precisely, its dilatation) is the solution of the heat equation, so by the assumptions its
integral is also one. In this case it is enough to assume that g € C(R") N L>®(R™), we
don’t need differentiability. Note that the solution u is always inside C>°(R* x R™) (it
is even analytic), and this does not depend on the smoothness of g. This property of
the heat equation is sometimes called parabolic smoothing.

Another important remark is that the Cauchy problem of the heat equation has infi-
nitely many solutions, the above formula only gives us one of them. Thikhonov (1906—
1993) gave an easy construction for such infinite set of solutions, these solutions "grow
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fast" as |z| — oo (with magnitude el”I"). If we assume a slower growth, then the
solution is unique, and the above formula holds. Also, David Vernon Widder (1898-
1990) showed that even if we have infinitely many solutions, there is only one, which
is non-negative, and this is the interesting one, if u means absolute temperature.

From now on, when we talk about "the solution of the Cauchy-problem", we think of
the solution described by the above formula.

. Solve the following Cauchy-problems!

2) O —0%*u = 0 inside RT x R,
uw(0,z) = x (x€R).

b) Ou—%u = 0 inside R x R,
u(0,2) = cosx (z€R).

Solution: We use the formula which we proved in Exercise 2.

a)

u(t,z) = %/_OO ~lnl? (z —2v/tn) dn \/_/ e 1 dy — \/_/_Z e "2ty dn = z,

1

using that — eI’ dn = 1, and the second integrand is an odd function, so its
m R

integral is zero on an interval which is symmetric to the origin.

b) By the formula,

u(t,z) = % /_Z e 1 cos(z — 2v/tn) dn

™

Now we apply the formula cos(av — 3) = cos avcos § 4 sin acsin 3, then we get

1 o
u(t,z) = 7/ e 1 cos(z— 2V/tn) dn = —/ ~lnl? (cosa:cos?fn—l—smxsm%fn)

™

= COS x—/ “I* cos 2v/tndn = e~ cos

in which we used that sin is an odd function, so its integral is zero on an interval
symmetric to the origin, and by Exercise 1 we know that

o0 2
/ e~ cos by dy = \/fe_zay
= a

so we can use it with the choices a = 1 and b = 2v/t. In conclusion, u(t,r) = e~ cos z.
. Let n =1, f =0, and observe the parabolic Cauchy-problem.

a) Assume that g € C(R) is bounded. Prove that if g(z) > 0 (z € R), then for the
solution u of the Cauchy-problem u(z) > 0 (z € R).

b) Assume that g € C*(R) and g, ¢/, ¢” are bounded. Prove that if ¢ is convex, then
for all ¢ > 0 the solution u of the Cauchy-problem u(t,-) is also convex.

Solution: a) If g(z) > 0 for all = € R, then

1o
u(t, z) = ﬁ/ e g(x — 2v/tn) dn > 0,

since the integral of a non-negative function is non-negative.

b) If g is convex, then ¢”(x) > 0 for all z € R, so

Ou(t,x) = % /_00 I g (z — 2/t dny > 0,

™

meaning that u(t,-) is a convex function.

3



3.

7.

Prove that the solution of the parabolic Cauchy-problem depends continuously on ¢ in
the following sense: if g1, go € C(R™) are bounded, for which

|91(2) — g2(z)| < € (x € R"),
then for the corresponding solutions wuy, uy of the Cauchy-problem

lui(t, x) — ua(t,z)| < e ((t,z) € R§ x R).
Solution: By the assumptions, we get from the formula that

! e P\ g1(2) — go(z < eI qn = ¢
e [ ) - m@lan < s [ et

Let n =1, f =0, g € C(R), and assume that supp g C [a,b], and g|,4 > 0. Prove that
then for the solution u of the parabolic Cauchy-problem wu(t,z) > 0 for all (t,z) € Rt
+ x R! (Heat moves with infinite speed.)

luy (t, ) — ua(t, )| <

z—b x—a

2V 2V

Solution: From the conditions g(z — 2v/tn) > 0, ifn € I = [ ], and for

n-s outside of this interval g(z — 2v/tn) = 0. Then

u(t,z) = % /e|’72g(gc — 2V/ty) dn > 0,

TJr
since the integral of a positive function is positive.

Let g: R? — R continuous, for which 0, g exists ad it is continuous on R2. Let us define
x

function f: R — R in a way that f(z) = / g(z,y) dy, in which a € R is fixed. Prove

that f'(x) = g(z, x) +/ Ag(w,y)dy.
Solution: The solution can be submitted.

Consider the following set of problems:

ov—Av = 0 inside R™ x R™, 1)
v(0,2) = f(r,z) (zeR") ’

in which 7 € R{ is a parameter. Suppose that for all 7 € R, for the solutions v(, - ;)
of the equation, v, v, Av € C(R{ x R™ x RY) holds. Define function u as:

¢
u(t,z) = / v(t — 7, z;T)dT.
0

Prove that Oyu — Au = f inside R™ x R” and u(0,2) = 0 (z € R"), so u is a solution
of the second sub-problem. (Duhamel-principle)

0
Solution: It is clear that u(0,z) = / (...) =0 (z € R"). Then by applying the rule
0

of derivation from Exercise 7:
t t
Owu(t, x) = v(0,x;t) +/ ow(t —T,x;7)dr = f(t,x) +/ ow(t — T, x;7)dr,
0 0

since v(-, -; 7) is the solution of problem (1)) with parameter 7 = ¢, so v(0, z;t) = f(¢, x).
t
Moreover, Au(t,z) = Av(t — 7,2;7)dr, since by the conditions, the derivative of

0
the integral is the integral of the derivative of the ingerand. Therefore,
t
atu(tu I) - Au(twr) = f(twr) + / (8tv<t - T, T) - AU(t - T, T)) dr = f(t7 l’),
0

since Op(t — 7, 2;7) — Av(t — 7,2;7) = 0 holds for all 7 € RT, because v(-,-;7) is the
solution of problem ([I).



Remark: Note that by Exercise 2, we can even compute functions v(-, - ; 7), namely

=

5 f(r ) de,

v(t,z;7) = ult,x) =

1 1
)" @2v/t) / :

in which we used the substitution ¢ = x — 2v/fn (and we used that the Jacobian is

(2\/12)"). Then the solution of the second sub-problem is

t 1 _le—g?
uQ(t,x):/O NG /"e @ f(7,€) dE dr.

So the solution of the parablic Cauchy-problem

ov—Av = f R* x R™ben,
v(0,z) = g(z) (reR")

has the form

t 1 e 1 6_|x—f|2
u(t,x)zfo : m_mn/ne < >f(T,§)d§dT+—<2m)n/Rn 9(6) dé.

Remark: The Duhamel-principle holds for more general equations in the form
Owu — Lu = f, in which L is a differential operator with constant coefficients. The
principle can even extended to hyperbolic probelms, see the next Sheet of exercises. It
even holds for ordinary differential equations: the solution of the initial-value problem

y(") + anily(nfl) —+ ... aly’ + apy = f>
yID0)y=0 (j=0,...,n—1)

can be computed from the solution ¥, of the problem

Y™ a1y Y+ ayl + agy, = 0,
yI0)=0 (j=1,...,n—1)
y-(0) = f(7)
by the integral t
)= [ e =r)dn
In other words, t
o) = [ @it =
in which ¢ is the solution of the initial-value problem

g(n) + an_lg(”_l) + .. .alyj' +ayy=f
g(j)(o):() (j=0,....,n—1),

so § (by extending it to the negative values as zero) is a fundamental solution of the
differential-operator (and then the solution y can be computed as the convolution of
the fundamental solution and the right-had side).

. Solve the following Cauchy-problems!
) O —0%*u = x+1t inside RT x R,
uw(0,z) = €* (x € R).
b) O —40%u +u = €* inside RT x R,
uw(0,z) = z* (z €R).

Solution: a) Instead of considering the whole problem, we split our equation into two
sub-problems, namely

Oy — %u; = 0 inside RT x R,
u(0,2) = e* (z€R).



and
Opug — ?uy = x+t inside RT x R,
uz(0,z) = 0 (x € R).

The solution of the first sub-problem by our formula is

1 +o0
uy(t, ) = ﬁ/ o~ L m—2VEn dn = \/_/ —(n+Vt)? dy = "+,

+oo
in which we used that / ¢~ dn = /7 (see Exercise 3 on Practice 6).

We seek the solution of <>tohe second sub-problem using the Duhamel-principle. Our
auxiliary problem is the following:

ov—Av = 0 inside R™ x R,
v(0,2) = z+7 (reR").

The solution of the above problem is
I
v(t,z;T) = ﬁ/oo e (x4 71— 2Vtn)dny =

oo 2Vt >
e (x+71)dn— —= e"ndn:x+r,
\/_/ VT )

since the second integral is an integral of an odd function, so it is zero, and for the first
we use Exercise 3 from Practice 6. Then the solution of the second sub-problem is

2

t
t
uQ(t,a:):/ (l‘—i—T)dT:t.T—i-E.
0

By the linearity of the problem, the solution is the sum of the solutions of the two
2

t
sub-problems so u(t, x) = uy(t, x) + ug(t,x) = " + ta + 7

b) First we transform our problem to a "regular" form. Let us substitute 2z instead of
x, and let z(¢,z) = u(t,2z), then we get the following Cauchy-problem for z:

Oz — 022 +2z = €* inside RT x R,
2(0,z) = 4z2* (z €R).

Let us multiply the equation with e, and let w(t,z) = e'z(t,z), then we get the
following Cauchy-problem for w (using that w(0,z) = 2(0,z)):

Ow — Pw = ¥ inside RT x R,
w(0,z) = 42* (z €R).

This is now a problem we can solve. The two sub-problems in this case are

Owy — 2wy, = 0 inside RT x R,
w(0,2) = 42° (z € R),
and
Oywy — O*wy = €* ™ inside RT x R,
we(0,2) = 0 (x € R).

The solution of the first sub-problem from the formula is

Lo 2,
wl(t,yc):ﬁ/_oo e 4z — 2V/tn)% dny =

+oo \/_ +o00 +oo 9 2
—41’—/ e”dn—16 / e"ndn—i—th—/ e
\/_

Observe that since the function n — e 1 is odd, the second integral on the right-
hand side of the above equation is zero. The first integral equals 422, by using that



+oo
/ e dn = /7 (see Exercise 3 on Practice 6). We can also compute the third
in}zogral:
S I S U e Y e 1
— p2dn = — | —Ze" - 1 dn = =
e e T et

in which we used that e‘”zn — 0 when || — 400, since the decrease of the exponential
is faster than the growth of the polynomial. In conclusion, wy(t,x) = 422 + 8t.

For the solution of the 2nd sub-problem, we define the following auxiliary problem:

ov—Av = 0 inside R™ x R,
v(0,z) = ¥ (z eR").

The solution of this one is

Lot Lo :
U(t,l’; 7_) - e . 62x74\/i17+7 dn - 67(7772\/2) +4t+-2x+T d77 _
VT /_oo VT s

1 T
— €2x+7+4t_ 675 df — €2x+7+4t'
VT J o

where we used the substitution & = 7 — 2v/t. Then by the Duhamel-principle, the
solution of the 2nd sub-problem is

t ¢
Uz(t, 1}) — / 62x+7+4(t77') dr = e2x+4t/ 6737' dr = —%€2x+4t(63t . 1)
0 0

By linearity of the equation, the solution of the original problem is the sum of the
solutions of the sub-problems, ie. w(t,z) = 4a? + 8t + 3™ — 2e** and then
u(t, ) = a%e " 4 8te™ + e — Le”.



