The time evolution of permutations under
random stirring

BALINT VETO

Abstract. We consider permutations of {1,...,n} obtained by |/nt| indepen-
dent applications of random stirring. In each step the same marked stirring
element is transposed with probability 1/n with any one of the n elements.
Normalizing by /n, we describe the asymptotic distribution of the cycle struc-
ture of these permutations, for all ¢ > 0, as n — co.

1. Introduction

We consider the following random stirring mechanism: n numbered balls are given in
the beginning on their corresponding numbered places. In each step, independently,
the first ball, which is referred to as the stirring particle or stirring element, changes
place with one of the n balls or stays unchanged with probability 1/n. We investigate
that permutation which brings the balls from their initial place to their place after
1 steps.

Formally, let 7(™ (i) := 7™ o ™) o ... o T be a permutation acting on the
set [n] := {1,...,n}. The permutations (Ti(n));?i1 are chosen independently with
uniform distribution from the n — 1 transpositions moving the stirring particle and
the identity permutation.

Let o be a permutation of a finite set .5, i.e. an .S — S bijective function. The
cycles (orbits) of o are the sets of form {v,0(v),0%(v),...} C S for some v € S.
The set S is the disjoint union of its cycles. The cycle structure of o is the sequence
of the cardinalities of the different cycles in non-increasing order.

In our case one of the cycles can be distinguished from the others (namely the
cycle that contains the stirring element), which will be called the active cycle. For
the complete description it is enough to determine the distribution of the cycle
structure of the permutation 7(") (i) (regarding the active cycle separately). This
gives the distribution of the conjugacy class of 7(") (i), with attention restricted to
the conjugation with permutations that fix the stirring particle. The distribution
of (™ (4) is uniform within a fixed conjugacy class.

We encode the permutation 7(" (i) with the vector C™ (i) := (C{™ (i), C\™ (i),
c{™(i),...), where C{" (i) denotes the length of the active cycle, C\™ (i), C{™ (i), ...
the lengths of those cycles in non-increasing order which are already moved by one
of the transpositions (TJ(”))é-:l. All other C](n) (i)-s are 0. (C(™(4))22, is a process
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Figure 1: The metric on S

on the state space

S :={(s0,51,82,...):$n €R, s, >0 n=0,1,2,...,
§1 >89 >--->5, > ... and s; > 0 for finitely many j}

with the distance

k k
d(A,B) :=sup > A; =3 Bj|:k=0,1,2,... (1)
7=0

§=0
where A = (Ag, A1, As,...) and B = (By, B1, Ba, . .. ) are elements of S. (See Figure
1.) The ranking is not a natural part of the problem, but it facilitates studying the
model.

At each step after applying a random transposition two types of changes may
happen in the cycle structure: merging of two distinct cycles or splitting of a cycle
in two. While different transpositions (Tj("));l-:1 are applied (which means that the
stirring particle chooses a new element in each step until ¢), the cycle decomposition
of 7(™) (i) contains only fixed points and the active cycle, which increases by one
in each step: C™ (i) = (i +1,0,0,...). If a transposition recurs, then the cycle
splits in two, one of which will be the new active cycle. If there are already more
than one non-trivial cycles in the decomposition, then the active cycle can merge
with another cycle. (See Figure 2.) The model realizes a coagulation—fragmentation
process.

A reduction of the problem is to study the coagulation and fragmentation events
of the cycles together, because both of these events happen when the stirring el-
ement steps to a place already visited. We investigate this simpler question first.
Then we introduce a continuous time process on S, which turns out to be the limit
process. The convergence is proved by coupling. In Section 4 we show that the sta-
tionary distribution of the underlying split-and-merge transformation is an adequate
modification of the Poisson —Dirichlet distribution.

A similar model is studied by Schramm in [11]. He chooses (T;)2; to be inde-
pendent random transpositions with uniform distribution from all possible transpo-
sitions of the set [n]. He identifies the limit distribution of the proportions of the
giant cycles in the permutation II(t) = T; o --- o T} after ¢ = cn steps as n — o0,
where ¢ > 1/2 is a constant.
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Figure 2: Coagulation and fragmentation of cycles

This result is in accordance with the classical theory of the random graphs
derived from Erdés [6]. Let us consider the random graph G(t) on the vertex set
[n] where {u,v} is an edge in it if and only if the transposition (u,v) appears in
{T1,...,T;}. By the Erd6s— Rényi Theorem [7] the graph G(¢) has a giant connected
component only in the case t/n = ¢ > 1/2 similarly to the condition on the random
permutations. (For random graphs and random graph processes see [8] and [12]).

In Schramm’s paper the vector of the cycle sizes of II(¢), listed in non-increasing
order and normalized by the magnitude of the giant connected component of G(¢),
converges in distribution to Poisson —Dirichlet distribution with parameter 1 after
t = cn steps (¢ > 1/2) as n — oco. That is the limit distribution of the relative
cycle sizes in a random permutation chosen uniformly from all permutations of [n]
as n — 0o. Thus for large n the permutation II(¢) behaves on the giant connected
component of the Erdés —Rényi graph G(t) as a uniform permutation.

Our paper is motivated by T6th [13] in connection with the quantum-physical
applications of the problem. Angel analyzed Téth’s random walk model on regular
trees in [1]. For similar random stirring models see also [2] and [5].



2. Return times of the stirring particle

The movement of the stirring particle is a random walk (Bi(n));’io on the set [n],
which is homogeneous in space and time. Let

V) = ki k <i,3j <k BM = BM)

be the number of returns until the ith step to places already visited by the random
walk (Bj(n));?‘;o. We also include those steps when the stirring particle keeps its
place.

After the ith step the stirring element has already visited exactly i +1 — Vi(n)
places (including the starting point), so the transition probabilities of the Markov-
chain (V™) are

i+1-v™
n

PV -V =1 V™) =1-p (v - v =0 | V) = - (2)

In order to get a non-trivial limit distribution, the time of the processes should
be accelerated. As opposed to Schramm [11], in Theorem 1 the scaling is \/n. This
means that we describe the beginning of the evolution, because after O(y/n) steps
the bulk of the elements is still unchanged. Simultaneously we normalize the cycle
sizes with \/n and we let n — oc.

From now on we investigate the asymptotic behaviour of (C™(|\/nt])//n) >0

as m — 00, where the division is meant coordinatewise, namely C™) (|\/nt])/\/n :=

M (|mt])/v/m, C™ (| /at))/vn, ... ). Elementary calculations, similar to the
classical birthday problem, give the following limit distribution of the returns. For
limit theorems related to generalizations of the birthday problem see also [3].

Proposition 1. Let (V});>0 be an inhomogeneous Poisson point process with intensity
p(t) =t. Then

(VU izo == (Vim0 (n— )

in terms of finite dimensional marginal distributions.

3. Coupling

Much more can be stated for the above model. Not only (Vf\%t J),520, but the
sequence of the processes (C™(|/nt])/\/n) 4>, converges. Moreover, a stronger
type of convergence is realized by means of coupling.

The limit process is a natural continuous extension of the discrete processes
(C™M(i))$2,,. For large n, the active coordinate C’én) (7) increases in the bulk of the

steps (when no split or merge occurs). In the times of jumps of (Vi(”));?io a split



or a merge happens depending on the proportions of the cycle sizes as follows. The
probability of a split in the ith step, conditionally, given that the stirring particle
returns to a place already visited, is

Ci-1) ‘)
Smo (i = 1)
The conditional probability of the merge of the jth cycle and the active one is
c™Mi—1
i (i—1) @

S O —1)

We define an S-valued continuous time stochastic process C(t) = (Co(t), C1(¢),
Cs(t),...) with cadlag paths, which imitates the evolution of (C(™(i))32,. Tt is
built on a Poisson point process (V;);>o with intensity p(¢) = ¢. Similarly to the
discrete case, at the moments of jumps of (V;);>0 a split or a merge event occurs
with probability proportional to the coordinates of C.

The initial state is C(0) := (0,0,0,...). The evolution of the process is as
follows: the coordinate Cy(t) increases with constant speed 1 between the jumps
of (V;)i>0- Let 7, be the kth time of jump of (V});>0, in other words V,, = k and
Vie— =lime o V5, —. = k — 1. Let (Ug)?2, be ii.d. random variables with uniform
distribution on [0, 1], independent of (V;)¢>0. One of the following two actions occurs
at time 7.

1. Split: T
Co(T—)
> om=0 Cm (=)’

then let Co(71) := Ur >_ro_ Cin(7x—), and the sequence (C,(7%))35_; will be
the collection of (Cy, (16 —))25—; and Co(1k—) —Ug Y C (7,—) rearranged
in decreasing order.

U, < (5)

2. Merge: Otherwise, a unique index j > 1 can be chosen a.s. via

Zf,;lo Cm(Tk_) an:o Cm (Tk_)
> Cm(r) ~ ST Gl

Let Co(7) := Co(mx—) + Cj(1—), and C, (1) := Cpp(1—) if 1 <m < j, and
Cin (1) := Cpg1(1,—) if m > j, restoring the decreasing order.

(6)

Observe that > °_ C,,(t) = t, but we did not use it to simplify the formulas
(5) and (6) in the above definition because the analogous discrete assertion is not
true; compare with (3) and (4).

The main result of this paper is that the normalized discrete processes converge
in probability to (C(t));>0, uniformly on each finite time-interval, in terms of the
distance defined by (1).



Theorem 1. There exists a probability space (2, F,P), on which the discrete pro-
cesses (C™) (i), n=1,2,..., and the continuous time process (C(t))¢>0 can be
Jjointly realized so that if T > 0 is fixed and f(n) is any function tending to infinity
with n, then

c<"><wu>> _ 1)

p( sup d (C(t), /e T

—1 asn— oo.
0<t<T

3.1. The convergence of the return process

Let (9, F,P) be such a probability space where a Poisson point process (V;)i>0
with intensity p(¢) = ¢t and the i.i.d. random variables (Uy)%2; and (Zi("))i‘;:1 with
uniform distribution on [0, 1] are given independently of each other.

We have constructed the process (C(t)):>o from (V;);>0 and (Ux)72, earlier. We
first re-create the processes (Vi("));’io with the appropriate distributions on the new
probability space (2, F,P). The main idea of the construction is that we observe
the process (V;);>o in time intervals of length 1/\/n.

Let X" := 1 (Vi)ym — Vii_1yym = 1), i = 1,2..., n = 1,2,..., be the indi-
cators of the increase of the process (V;);>0, which are Bernoulli random variables
with respective parameters

29 —1 ) i2

The required parameter for the increase of Vi(”) is

. (n)
w1 Vio
g = o Tl (8)

We define the values of V" for fixed n with induction on i. Let V™ :=0, n =
1,2,..., and

(n)
v = X -1 (o > ) 1 (x = 1)1 (ZZ-(") > q(—n)>
b;

+1 (pgm < qiw) 1 (Xi(”) _ o) 1 <Z§”> < %) )

We define V™ .= v") 4 y",

It is easy to see that the distribution of the new (Vi("))fio is in accordance with
(2). Later on we say that a correction happens if the products of the indicators in
(9) do not disappear. We will see that the total probability that a correction ever

occurs is small if n is large enough. This gives an alternative proof of Proposition
1.



Lemma l. Let T > 0 be fized, denote by 0 = 19,71, . .., Tx the random times of jumps
of the process (Vi)o<i<r and let 0 = Tén),Tl(n),...,T’i?,z) be those of the discrete
process (VL(\%H)OSST defined above. Then, for sufficiently large n, with probability
close to 1, the number of the jumps are equal: k = k™). Furthermore, there exists
a bijection between the jumps of the processes in such a way that

n 1
|Tk_7_]£/)‘§%7 ]f:l,...,ﬂ,

hold simultaneously with probability tending to 1 as n — oo.

For technical convenience, we introduce the following events for fixed €,6 > 0:

E.:=/{ <K, n=N,N.+1,...},

(n)
Vivar
where K, is a sufficiently large constant and N. is a threshold satisfying P(E.) >

1 — e. This makes sense by Proposition 1. Later we always suppose that n > N..
Let

M; = {kg}ng{Tk — Th-1} > 5} N{Vr = Vr—s =0},

where 7y, is the time of the kth jump of the process (V3)o<i<r and 7o = 0. It is easy
to see that lim. o P(E.) = lims o P(Ms) = 1.

Proof of Lemma 1: By definition, on the event M; the increment of the process

(Vi)o<t<r on any interval [i/\/n, (i + 1)/y/n] does not exceed 1 if n > 1/6%, hence
Viryi = Vietyvm = x™. Since VZ(/% - V((;i)m/ﬁ = Y™, it is enough to prove
that

P({3i < [VaT|: X" £V} N B0 M) =0 (n— o)

for all fixed €,6 > 0.

On the event E., Xi(") = 1 can be true for at most K. many indices i. So the

probability of the correction in the cases p§”) > ql(")

(n) 1
1- q’(n) :(9<—> (n — o0)

satisfies

D; \/ﬁ
using the power series of the exponential function and equations (7) and (8) to
estimate pz(-") and qgn). If we add this at most K. many times, then the sum still

goes to 0 as n — co. A similar calculation shows that for an i, for which pgn) < qE")

holds, the probability of the correction is at most
(n) (n)
2 —ps 1
“ohe—o(y) -
1—p" n

Summing up for i = 1,...,[/nT], the total probability still tends to 0, as required.



3.2. Splits and merges

The processes (Vi("));-’io determine when splits or merges occur, and our task is
now to describe how these events should happen. Similarly to the definition of
the limit process (C(t)):>0, we can prescribe the evolution of the discrete processes
(C™)(4))$2, with the use of the same independent uniform random variables (U )52,
as follows. Let C™(0) :=1, C§”(0):=0, m =1,2,.... The development of the
process C™ in the steps i = 1,2,... is described below:

o if V" — V") =0, then C{™ (i) := C{"(i — 1) + 1 and the other coordinates
are unchanged,

o if V™ — V™ — 1 and V") = k, then the uniform random variable Uy
determines a unique index j with probability 1 as in (6) via

j—1 (n) i — 1 J (n) i— 1
Em:O C?("f:l) (i ) < Uy < Zm=0 C?("f:l) (i ) (10)
Do O (i = 1) 2 om=o Cm (i —1)

Similarly to the definition of the limit process

1. j=0: split. EULY C,(#)(i — 1) < 1, then let everything be unchanged:
C™ (i) := C™(i — 1); we call this case fictitious split (corresponding to
the event that the stirring particle keeps its place). Otherwise, Cé") (1) =
WUk >0 C™(i—1)], and the broken fragment C’é") (i—1)— U >0, i (i—
1)] is added to the collection of nonactive pieces (C’fﬁ) (1—1))_, to form the

new ranked sequence (C,(,? ) (0))S0_4.

2. j > 0: merge. Let C{ (i) := C{" (i — 1) + C'J(.") (i — 1) and for the re-ranking

put C9 (i) == C (i = 1) if 0 < m < j, and O (i) := C (i — 1) if m > j.
It is easy to show that this new definition of (C(™(4))22, provides the same distri-
bution as in the model generated by transpositions, so we prove the convergence for
these processes.

Proof of Theorem 1: Let ¢,0 > 0 be fixed. Let A, denote the event that the
assertion of Lemma 1 holds for (Vf\%t J)ogth. We restrict ourselves to the events
E.NMsNA,. Let us define a measure (which is not a probability measure) on the

sets B € F:
P.sn(B):=P(BNE.NMsNA,).

By Lemma 1, it is enough to show that for fixed ¢, > 0 the processes C(t) and
C™(|/nt])/+/n are sufficiently close to each other for large n except a set with
P, 5,n-measure tending to 0 as n — oo. The proof consists of the following steps:



1. We estimate the increase of the distance between C(t) and C™) (|\/nt|)/\/n
between two successive split or merge events.

2. We introduce those events when the distance under discussion cannot be esti-
mated: the awkward events (defined later) and the fictitious splits. We show
that they have small probability.

3. On the complementary event, which has probability tending to 1 as n —
oo, we show that a merge does not increase the distance between C(t) and

C™(|/nt])/+/n very much.
4. We do this also for the splits.

5. We summarize the estimates.

STEP 1. Let

d :=d<0<m—>,0( (L J”>, at :=d<c<7k>,—c( i ”)

vn vn

denote the distance between the discrete and continuous processes before and after
the time of the kth split or merge. Recall that 7 is the time of the kth jump of
(Vi)o<i<r and T,En) is that of (VL(\%H Jo<t<T, which are close P, s ,,-almost surely by
Lemma, 1.

While no split or merge occurs, the distance between the processes does not

increase very much. From Lemma 1, the difference between 75, and T,ﬁn) can be at
most 1/y/n. The discrete processes (C™(|\/nt])/+/n)i>0 change only in the times
which are multiples of 1/y/n. Thus P, s ,-almost surely

2
vn

STEP 2. From now on we investigate only the split or merge points of the
processes. At the kth time of jump of (V;)o<i<7 and (VL(\%tJ)OStST we choose with
the help of Uy one of the components of C(7,—) and C(”)(L\/ET,E")J — 1) via (6)

and (10). Let us call the possibility that these components are of different indices
an awkward event. If an awkward event or a fictitious split (which means that
Ue > oo clr (i—1) < 1) occurs, then we cannot estimate d(C, C™ /\/n). We will
see that these events have probability tending to 0 as n — oc.

We can choose the components of C and C("™ as follows. We construct two parti-
tions of [0, 1] into subintervals. Let the partition P contain intervals of length equal
to the coordinates of the vector C(7,—)/ >~ _, Cin(7—). Then the right end point

of the jth subinterval in this partition is 3 _ Cn(me—)/ 305y Con(T6—), § =
0,1,2,.... We do this at the same time with dividing points 37 _, C (| y/nr™ |-
1)/ 3% (/™| = 1), j=0,1,2,... to obtain the partition P(™). Let W}
denote the set of those points in [0, 1] which are covered by the subintervals of P

dy <df |+ (11)



and P of different indices. The probability of the awkward events (which is an
upper estimate for their P, 5 ,-measure) is exactly the Lebesgue measure of Wi.
We know that Y °_ Cp,(t) =t for all ¢t > 0. From the construction,

Lat) — K. _ Yoo O (LV/t))
Vi Vi

because at the split or merge points (occurring at most K. many times) the total
length of the discrete process does not increase. Hence, by Lemma 1,

<t if tel0,7], (12)

() — 2o Ot (L) =)

NG
nrn) —1 -
gm—w—’“ Jﬁl ke s%+%- (13)

It is an elementary exercise to show from the above that the distance between
the corresponding dividing points of the partitions P and P("™) can be, respectively,
at most

- | K.43
d + 75

Tk
Since the number of coordinates is at most K., this implies

d* + Ka+3 d* + K5+3
Leb(W},) < kg < ’“%KE,

Tk

where we used the fact that 7, = > °°

o Cm(mk—) > 0 for all k = 1,2,... on the
event M;. This yields

d 4 Kei3
P, s5.n(awkward event at 71,) < Leb(WW}) < %KE.

Furthermore,

7= L2
S O (ar | — 1)/~ 0V

if n is large enough, by (12). So we conclude that

P. 5. (fictitious split at T,g")) <

b

P. s.n(awkward event or fictitious split at the kth split or merge point)
K. K2 +3K. +2
5 5/n '

< d, +

10
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Figure 3: The piece Cy merges Cy parallel with the C{” — C{" coagulation
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Figure 4: Split: the broken pieces from the coordinate 0 are X and X’ which have
to be moved to places B and A’

STEP 3. In the case when the random variable Uy chooses the same components
of C and C™ and it is not the active coordinate, i.e. there is a merge in both
processes (see Figure 3), then

dif < 3d;. (14)

STEP 4. If a (non-fictitious) split occurs in the discrete and continuous processes,
then we have

M) (| ™
Co(m) — % (Lﬁ . J)‘
> U Ol (v =D | K.+3 | 1
< |U, Co(1—) — m < + —.

using inequality (13). This is why the broken pieces from the components Cy(7—)

and Cé”)(L\/ﬁT,in)J —1)/y/n (denoted by X and X’ on Figure 4) can differ by at

most d; + %: the difference can be % between the left end points and at

most d,, between the right end points.

It is possible that the two broken pieces do not come to the same place in the
decreasing order of the coordinates. This case is shown on Figure 4. Let x be
the number telling how many pieces are between the present place of X and its
place in the decreasing order, and define 2’ similarly for X’ (z = 3,2 = 1 on
the figure). Move first X and X’ min(z,2’) places to the right (to the places A
and A’ on the figure). The result is two vectors: the modifications of C(7,—) and

C(”)(L\/ﬁTkn)J — 1)/y/n, but one of them is not necessarily in decreasing order.

11



Because |[A — A'| < d;; and | |X|—|X'| | < d; + K\E/#, the d(-, -)-distance of these

two vectors is at most 2d,  + % bigger than before this modification.

In the second step we move X from A to B. The lengths of the parts between
A and B are at least |X| and at most |X'| + 2d, < |X|+ 3d, + Kf/#. So any
two of these parts have lengths that differ by at most 3d, + %. If we swap X
always with its right neighbour until it hits place B, then we see that the number
of the swaps is at most K., and at each swap the distance can increase by at most

3d,, + Kf/#, so we have

_ K. +4 _ K.+4
df <2d; + 87 + K. <3dk 1 67) : (15)
STEP 5. Summing up the estimates (11), (14) and (15) we get easily the following
recursive bound:

K2 +5K. + 4+ 2max(3,2 + 3K.) b

vn v
Hence supg<<x. df < (Zf&o bai) /+/n. Considering the results of steps 1 and 2,
the assertion of the theorem follows.

df <max(3,2+3K.)d; | + =rad, |+

4. Stationary distribution and generalizations

It is a natural question to identify the stationary distribution of the stirring process
generated by transpositions. This means that we look at the asymptotic behaviour
of the process (C™(|nt])/n)¢>0. Observe that the time scale is of order n, i.e. the
time scale when the stirring element has already visited the bulk of the n places.
This setup is the same as that of the problem studied by Schramm in [11], but
different from the phenomenon described by Theorem 1.

In this section we consider the following split-and-merge transformation corre-
sponding to the stirring generated by random transpositions. Let C = (Cy, Cq,
C3,...) € S be a random probability distribution, i.e. >  C,, = 1 almost surely,
where Cj is the active component. Let U be a random variable with uniform dis-
tribution of [0,1] which is independent of C. If U < Cy, then Cj splits, i.e. the
new active component will be U and (Cy — U,C4,Cs,...) will be the remaining
components after restoring the decreasing order. If an;lo Cp <U <) Ci,
then C( merges with C; similarly as in (3)—(6) because ) C,, = 1.

In limit theorems of random partitions and permutations the following distri-
bution appears often. Let the random variables W7, W5, ... be independent with
uniform distribution on [0, 1]. Let (Q1,Qx2,...) be the decreasing rearrangement of
the random variables

(Pl,PQ,...) = (Wl,(l - Wl)WQ,(l - Wl)(l - WQ)Wg,...).

12



Then the random sequence (P, Ps,...) has GEM(1) distribution after Griffiths,
Engen and McCloskey and (Q1,Q2,...) has Poisson— Dirichlet distribution with
parameter 1, abbreviated PD(1). For more about this family of distributions see
[9].

Let (p1,p2,...) be a random probability distribution. We construct its size-
biased permutation. Let Uy, Us,... be i.i.d. uniform random variables on [0, 1],
independent of (p1,p2,...). Let I; be the unique index for which Zf;;l p; <U; <

Zf;l p;. Let Ji, denote the kth smallest integer m satisfying I,,, ¢ {I1,Is,..., I;n—1}.
Then the vector (py,,ps,,...) is called the size-biased permutation of (p1,p2,...).
It is well known that the size-biased permutation of a random partition with PD(1)
distribution has GEM(1) distribution. See also [10].

Consider the following probability distribution on S. Let (Q1,Q2,...) have
PD(1) distribution. Let Cj be a size-biased part from (Q1,Q2,...) (i-e. the first
component of the size-biased permutation of (Q1,Qa,...)) corresponding to the
active cycle and the rest (Cq,Cy,...) is the vector of the remaining @);-s in non-
increasing order. We denote by p the distribution of C = (Cy, C1,Ca,. . .).

Theorem 2. The distribution p is invariant under the above split-and-merge trans-
formation.

Proof: By definition, a random partition C with distribution x4 can be considered
as follows. Let Wy, W5, ... be ii.d. uniform random variables on [0,1] as in the
definition of PD(1). Because the size-biased permutation of PD(1) is GEM(1), we
can suppose that for the active component Cy = W; holds and (C4,Cs,...) is the
decreasing rearrangement of ((1 — Wq)Wa, (1 — W1)(1 — W5)Ws,...). Let v be the
distribution of the random partition obtained by the application of a stirring step
to C.

If U < W; for the [0, 1]-uniform random variable U, then the new non-active
components are (Wy —U, (1 —W;y)Wa, (1—W7)(1—W5)Ws,...) in decreasing order.
Conditionally on {U < W1} and on U, the variable W is uniform on [U, 1], thus the
vector of the non-active components has PD(1) distribution scaled by (1 —U). This
yields that v, conditioned on {U < W3} and on U, is the same as y conditioned on
the active component having size U.

If U > Wy, then a coagulation occurs. Conditioned on {U > W;} and on the
value of W7, the size of the component which merges with Cy has uniform distribu-
tion on [0,1 — W] because it is a size-biased component. We get the same distribu-
tion if we choose this component merging Cy to be of length U — W;. Conditionally
on {U > W1} and on U, the rest has PD(1) distribution scaled by (1 — U). Thus,
a sample from v, conditioned on {U > W3} and on U, has an active coordinate of
size U and the remaining components with a scaled PD(1) distribution.

Hence, a vector with distribution v can be obtained by sampling U uniformly
on [0, 1], taking the active coordinate of length U and taking a scaled PD(1) distri-
bution on the rest. This shows that v = u, as required.

Theorem 2 proves that p is a stationary measure for our process, but it is not at
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all clear if this is a unique stationary distribution. The proof of this would be the
analogue of Schramm’s result in [11].

A possible generalization of the model studied in this paper is multiple stirring.
It means that we consider more than one stirring particles. For a fixed number & of
stirring elements an analogous limit theorem can be proved with a coupling similar
to that in Theorem 1. The case when the number of the stirring elements depends
on the size of the set [n] might also be worth studying (for example with k(n) = n®
where 0 < a < 1). Of course, we would need different scaling of time and space in
this case.

An open question is for our original model to establish after how much time a
permutation can be regarded as a random permutation chosen with the uniform
distribution, if it can so be regarded at all. The solution to this problem is not
obvious in the least. See [4] for more about this problem in similar models .
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