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1 Introduction
We consider the following random stirring mechanism: n numbered balls are
given in the beginning on their corresponding numbered places. In each step,
independently, the �rst ball, which is referred to as the stirring particle or
stirring element, changes place with one of the n balls or stays unchanged
with probability 1/n. We investigate that permutation which brings the balls
from their initial place to their place after i steps.

Formally, let π(n)(i) = T
(n)
i ◦T (n)

i−1◦· · ·◦T (n)
1 be a permutation acting on the

set [n] := {1, . . . , n}. The permutations (T
(n)
i )∞i=1 are chosen independently

with uniform distribution from the n− 1 transpositions moving the stirring
particle and the identity permutation.

Let σ be a permutation of a �nite set S, i.e. an S → S bijective function.
The cycles (orbits) of σ are the sets of form {v, σ(v), σ2(v), . . . } ⊆ S for some
v ∈ S. The set S is the disjoint union of its cycles. The cycle structure of
σ is the sequence of the cardinalities of the di�erent cycles in non-increasing
order.

In our case one of the cycles can be distinguished from the others (namely
the cycle which contains the stirring element), which will be called the active
cycle. For the complete description it is enough to determine the distribution
of the cycle structure of the permutation π(n)(i) (regarding the active cycle
separately). This gives the distribution of the conjugacy class of π(n)(i)

restricting ourself to the conjugation with permutations �xing the stirring
particle. The distribution of π(n)(i) is uniform within a �xed conjugacy class.

We encode the permutation π(n)(i) with the vector

C(n)(i) := (C
(n)
0 (i), C

(n)
1 (i), C

(n)
2 (i), . . . ) (1)

where C(n)
0 (i) denotes the length of the active cycle, C(n)

1 (i), C
(n)
2 (i), . . . the

lengths of those cycles in non-increasing order which are already moved by
one of the transpositions (T

(n)
j )ij=1. Other C(n)

j (i)-s are 0.
Note that with this de�nition we omit n−O(i) �xed points of the permu-

tation π(n)(i), which are not yet involved to the stirring mechanism. These
singletons can be considered as dust, which builds up the cycles. We will see
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Figure 1: The metric on S

that discarding components with value 1 does not change our limit because
of the normalization. Our bene�t is that

∑∞
j=0C

(n)
j (i) gives the number of

elements already moved.
(C(n)(i))∞i=0 is a process on the state space

S := {(s0, s1, s2, . . . ) : sn ∈ R, sn ≥ 0 n = 0, 1, 2, . . . ,

s1 ≥ s2 ≥ · · · ≥ sn ≥ . . . and sj > 0 for �nitely many j} (2)

with the distance

d(A,B) := sup

{∣∣∣∣∣
k∑
j=0

Aj −
k∑
j=0

Bj

∣∣∣∣∣ : k = 0, 1, 2, . . .

}
(3)

where A = (A0, A1, A2, . . . ) and B = (B0, B1, B2, . . . ) are elements of S. (See
Figure 1.) The ranking is not a natural part of the problem, but it facilitates
studying the model.

At each step after applying a random transposition two types of changes
may happen in the cycle structure: merging of two distinct cycles or split-
ting of a cycle in two. While di�erent transpositions (T

(n)
j )ij=1 are applied

(meaning that the stirring particle chooses a new element in each step un-
til i), the cycle decomposition of π(n)(i) contains only �xed points and the
active cycle, which increases by one in each step: C(n)(i) = (i + 1, 0, 0, . . . ).
If a transposition recurs, then the cycle splits in two, one of which will be
the new active cycle. If there are already more than one non-trivial cycles in
the decomposition, then the active cycle can merge with another cycle. (See
Figure 2.) The model realizes a coagulation-fragmentation process.

A reduction of the problem is to study the coagulation and fragmentation
events of the cycles together, because both of these events happen when the
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Figure 2: Coagulation and fragmentation of cycles

stirring element steps to a place already visited. We investigate this simpler
question �rst. Then we introduce a continuous time process on S, which
turns out to be the limit process. The convergence is proved by coupling.

A natural modi�cation of the model is to consider more than one stirring
particles. It is called multiple stirring, a limit theorem is stated in Section 4,
which is similar to the case of one stirring element.

Section 5 discusses general coagulation-fragmentation processes. Some
basic features of partition-valued distributions (e.g. the Poisson �Dirichlet
distribution) are presented. Finally we introduce a split-and-merge transfor-
mation of partitions of [0, 1], which is in a sense the limit of the coagulation-
fragmentation mechanism generated by random transpositions. The station-
ary measure of this random transformation is the adequate modi�cation of
the Poisson �Dirichlet distribution.
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2 Related results
The issue of random graphs was �rst brought up by Erd®s [7] in the late
1940's. The random graph G(n, p) is a random variable which is a graph
on the vertex set [n], and each pair of points is connected by an edge with
probability p, independently.

The classical Erd®s �Rényi Theorem [8] describes the asymptotic be-
haviour of the largest connected component of the random graph G(n, c/n) as
n→∞ depending on the constant c. At the parameter value c = 1 we �nd a
phase transition in the limit. If c < 1, then the size of the largest connected
component is O(log n) asymptotically almost surely. In G(n, 1/n) we �nd
components with size O(f(n)) for any function f(n) growing faster than n2/3.
If c > 1, then asymptotically almost surely there is a giant component with
asymptotic size βn where β is the survival probability of a Galton �Watson
branching process which has Poisson o�spring distribution with mean c. In
other words β ∈ (0, 1) is the solution of the equation 1− β = e−βc. For more
information about random graphs see e.g. [9]. A possible generalization is
the random graph process in [14].

The random permutation model described by Schramm in [13] is similar
to the one de�ned in the introduction. In that paper (Ti)

∞
i=1 are independent

random transpositions with uniform distribution from all possible transpo-
sitions of the set [n]. The limit distribution of the proportions of the giant
cycles in the permutation Π(cn) = Tcn ◦ · · · ◦T1 is identi�ed as n→∞ where
c > 1/2 is a constant.

The following informal argument shows that the phase transition in the
Erd®s �Rényi graph model at c = 1 is the same as the phase transition here
at c = 1/2. In the critical random graph G(n, 1/n) the number of edges has
binomial distribution with parameters

(
n
2

) ∼ n2/2 and 1/n. The expectation
is asymptotically n/2, which yield that if we have a phase transition, then it
can be found at the parameter value c = 1/2.

This result is in accordance with the theory of random graphs. Let us
consider the random graphG(n) on the vertex set [n] where {u, v} is an edge if
and only if the transposition (u, v) appears among T1, . . . , Tcn. By the Erd®s �
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Rényi Theorem the graph G(n) has a giant connected component only in the
case c > 1/2 similarly to the condition on the random permutations.

The random transposition model is motivated by Tóth in connection with
the quantum-physical applications of the problem. He introduces the ran-
dom stirring process on the lattice graph Zd in [15]. The trajectory of a given
particle is then a random walk with long memory, and we may ask the condi-
tion of recurrence. The model can be considered on di�erent graphs as well:
the complete graph at Schramm, the star graph in our case. Angel analyzed
Tóth's random walk model on regular trees and proved the appearance of
phase transition in [1].

Schramm proves that the large cycles of Π(cn) normalized by the sum of
their lengths have a distribution that is close to the distribution of the large
cycles of a uniform random permutation. More precisely the vector of the
cycle sizes of Π(cn) in non-increasing order normalized by the magnitude of
the giant connected component of G(n) converges in distribution to Poisson �
Dirichlet distribution with parameter 1 as n→∞, if c > 1/2 (cf. Proposition
4 in this thesis).

The proof relies on a coupling, which can be applied to justify the unique-
ness of the stationary distribution for the continuous uniform coagulation-
fragmentation process. This is a discrete time Markov-chain on the random
probability distributions. Given Y = (Y1, Y2, . . . ) with Y1 ≥ Y2 ≥ · · · ≥ 0

and
∑

i Yi = 1 almost surely, we choose two independent random indices
I, J ∈ N with P(I = k

∣∣ Y ) = P(J = k
∣∣ Y ) = Yk. If I 6= J , then let Y ′ be

obtained from Y by replacing the two entries YI and YJ with the single entry
YI + YJ and resorting. If I = J , then given (Y, I, J) a random variable U is
selected uniformly in [0, YI ], and Y ′ is obtained by splitting the entry YI into
the two entries U and YI −U and resorting. Then Y ′ is the new state of the
Markov-chain.

Mayer-Wolf, Zeitouni and Zerner in [6] give a characterization of invariant
measures for a wider class of continuous coagulation-fragmentation processes.

Berestycki and Durrett [2] also study the random transposition walk on
the group of permutations of [n]. Contrary to Schramm they consider this
walk in continuous time starting at the identity. Let Dt be the minimum
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number of transpositions needed to go back to the identity from the location
at time t. The main result is the phase transition of this quantity: Dcn ∼ cn

if c ≤ 1/2 and Dcn ∼ u(c)n with u(c) < c if c > 1/2 as n→∞.
The results of Sections 3 and 5.3 are published in [16].

3 Limit theorem
First we consider the coagulation and fragmentation events together. We
present a limit theorem for their occurrence. Then a stronger theorem is
stated, which will be proved with coupling, and it incorporates also our �rst
assertion.

Coagulations and fragmentations of non-trivial cycles occur exactly in
those steps when the stirring element returns to a place already visited. It
motivates the following de�nitions. The movement of the stirring particle is
a random walk (B

(n)
i )∞i=0 on the set [n], which is homogeneous in space and

time. Let

V
(n)
i := #{k : k ≤ i,∃j < k : B

(n)
j = B

(n)
k } (4)

be the number of the returns until the ith step to places already visited by
the random walk (B

(n)
j )∞j=0. We also include those steps when the stirring

particle keeps its place.
After the ith step the stirring element has already visited exactly i+ 1−

V
(n)
i places (including the starting point), so the transition probabilities of

the Markov-chain (V
(n)
i )∞i=0 are

P
(
V

(n)
i+1 − V (n)

i = 1|V (n)
i

)
= 1− P

(
V

(n)
i+1 − V (n)

i = 0|V (n)
i

)
=
i+ 1− V (n)

i

n
.

(5)

In order to get a non-trivial limit distribution, the time of the processes
should be accelerated. As opposed to Schramm [13], in Theorem 1 the scal-
ing will be √n. This means that we describe the beginning of the evolution,
because after O(

√
n) steps the bulk of the elements is still unchanged. Si-

multaneously we normalize the cycle sizes with √n and we let n→∞.
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From now on we investigate the limit of the vectors
(

C(n)(b√ntc)√
n

)
t≥0

as

n → ∞, where the division is meant coordinatewise, namely C(n)(b√ntc)√
n

:=

(
C

(n)
0 (b√ntc)√

n
,
C

(n)
1 (b√ntc)√

n
, . . . ). Elementary calculations, similar to the classical

birthday problem, give the following limit distribution of the returns. For
limit theorems related to generalizations of the birthday problem see also [4].

Proposition 1. Let (Vt)t≥0 be an inhomogeneous Poisson point process with
intensity ρ(t) = t. Then

(V
(n)

b√ntc)t≥0
d

=⇒ (Vt)t≥0 (n→∞) (6)

in terms of the �nite dimensional marginal distributions.

3.1 Coupling
Much more can be stated for our model. Not only (V

(n)

b√ntc)t≥0, but the se-
quence of the processes

(
C(n)(b√ntc)√

n

)
t≥0

converges in distribution. Moreover
by means of coupling a stronger type of convergence is realized.

The limit process is a natural continuous extension of the discrete pro-
cesses (C(n)(i))∞i=0. For large n the active coordinate C(n)

0 (i) increases in the
bulk of the steps (when no split or merge occurs). In the times of jumps
of (V

(n)
i )∞i=0 a split or a merge happens depending on the proportions of the

cycle sizes as follows. The probability of a split in the ith step, conditionally
given that the stirring particle returns to a place already visited, is

C
(n)
0 (i− 1)∑∞

m=0C
(n)
m (i− 1)

. (7)

The conditional probability of the merge of the jth cycle and the active one
is

C
(n)
j (i− 1)

∑∞
m=0C

(n)
m (i− 1)

. (8)

We de�ne an S valued continuous time stochastic process C(t) = (C0(t),

C1(t), C2(t), . . . ) with càdlàg paths, which imitates the above process. It is
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built on a Poisson point process (Vt)t≥0 with intensity ρ(t) = t. Similarly to
the discrete processes (C(n)(i))∞i=0 at the times of jumps of (Vt)t≥0 a split or
a merge event occurs with probability proportional to the coordinates of C.

The initial state is C(0) := (0, 0, 0, . . . ). The evolution of the process is
the following: the coordinate C0(t) increases with constant speed 1 between
the jumps of (Vt)t≥0. Let τk be the kth time of jump of (Vt)t≥0, in other
words Vτk = k and Vτk− = limε→0 Vτk−ε = k− 1. Let (Uk)

∞
k=1 be i.i.d. random

variables with uniform distribution on [0, 1], independent of (Vt)t≥0. One of
the next two actions occurs at time τk.

1. Split: If

Uk ≤ C0(τk−)∑∞
m=0Cm(τk−)

, (9)

then let C0(τk) := Uk
∑∞

m=0Cm(τk−), and the sequence (Cm(τk))
∞
m=1

will be the collection of (Cm(τk−))∞m=1 and C0(τk−)−Uk
∑∞

m=0Cm(τk−)

rearranged in decreasing order.

2. Merge: Otherwise a unique index j ≥ 1 can be chosen a.s. via
∑j−1

m=0Cm(τk−)∑∞
m=0Cm(τk−)

< Uk ≤
∑j

m=0Cm(τk−)∑∞
m=0Cm(τk−)

. (10)

Let C0(τk) := C0(τk−)+Cj(τk−), and Cm(τk) := Cm(τk−) if 1 ≤ m < j,
and Cm(τk) := Cm+1(τk−) if m ≥ j restoring the decreasing order.

Observe that
∑∞

m=0Cm(t) = t, but we did not use it to simplify the
formulas (9) and (10) in the above de�nition because the analogous discrete
assertion is not true, compare with (7) and (8).

The normalized discrete processes converge in probability to (C(t))t≥0 in
the following uniform sense in terms of the distance de�ned by (3).

Theorem 1. There exists a probability space (Ω,F ,P), on which the dis-
crete processes (C(n)(i))∞i=0 n = 1, 2, . . . and the continuous time process
(C(t))t≥0 can be jointly realized so that if T > 0 is �xed and f(n) is any
function tending to in�nity with n, then

P
(

sup
0≤t≤T

d

(
C(t),

C(n)(b√ntc)√
n

)
<
f(n)√
n

)
→ 1 as n→∞. (11)
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Proof. Let (Ω,F ,P) be such a probability space where a Poisson point pro-
cess (Vt)t≥0 with intensity ρ(t) = t and the i.i.d. random variables (Uk)

∞
k=1

and (Z
(n)
i )∞i,n=1 with uniform distribution on [0, 1] are given independently of

each other.
We have constructed the process (C(t))t≥0 from (Vt)t≥0 and (Uk)

∞
k=1 ear-

lier. We �rst re-create the processes (V
(n)
i )∞i=0 with the appropriate distribu-

tions on the new probability space (Ω,F ,P). The main idea of the construc-
tion is that we observe the process (Vt)t≥0 in 1√

n
long time intervals.

Let X(n)
i := 11

(
V i√

n
− V i−1√

n
≥ 1
)

i = 1, 2 . . . n = 1, 2, . . . be the in-
dicators of the increase of the process (Vt)t≥0, which are Bernoulli random
variables with respective parameters

p
(n)
i = 1− exp

(
−2i− 1

2n

)
=
i

n
+O

((
i

n

)2
)
. (12)

The required parameter for the increase of V (n)
i is

q
(n)
i =

i

n
− V

(n)
i−1

n
. (13)

We de�ne the values of V (n)
i for �xed n with induction on i. Let V (n)

0 :=

0 n = 1, 2, . . . and

Y
(n)
i := X

(n)
i − 11

(
p

(n)
i > q

(n)
i

)
11
(
X

(n)
i = 1

)
11

(
Z

(n)
i >

q
(n)
i

p
(n)
i

)

+ 11
(
p

(n)
i < q

(n)
i

)
11
(
X

(n)
i = 0

)
11

(
Z

(n)
i <

q
(n)
i − p(n)

i

1− p(n)
i

)
. (14)

We de�ne V (n)
i := V

(n)
i−1 + Y

(n)
i .

It is easy to see that the distribution of the new (V
(n)
i )∞i=0 is in accordance

with (5). Later on we say that a correction happens if the products of the
indicators in (14) do not vanish. In Subsection 3.2 we will see that the total
probability that a correction ever occurs is small if n is large enough. This
gives an alternative proof of Proposition 1. Afterwards we show that for large
n after splits and merges the distance between the continuous and discrete
processes remains small with large probability, which completes the proof of
Theorem 1.
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3.2 The convergence of the return process
Lemma 1. Let T > 0 be �xed and denote 0 = τ0, τ1, . . . , τκ the random times
of jumps of the process (Vt)0≤t≤T and denote 0 = τ

(n)
0 , τ

(n)
1 , . . . , τ

(n)

κ(n) that of
the discrete process (V

(n)

b√ntc)0≤t≤T de�ned above. Then for su�ciently large
n, with probability close to 1, the numbers of the jumps are equal: κ = κ(n).
Furthermore, there exists a bijection between the jumps of the processes in
such a way that

|τk − τ (n)
k | ≤

1√
n

k = 1, . . . , κ (15)

holds with probability tending to 1 as n→∞.

For technical convenience we introduce the following events for �xed ε, δ >
0:

Eε := {V (n)

b√nT c ≤ Kε n = Nε, Nε + 1, . . . }, (16)

where Kε is a su�ciently large constant and Nε is a threshold satisfying
P(Eε) ≥ 1− ε. This makes sense by Proposition 1. Later we always suppose
that n > Nε. Let

Mδ :=

{
min
j:τj≤T

{τj − τj−1} > δ

}
∩ {VT − VT−δ = 0}, (17)

where τj is the time of the jth jump of the process (Vt)0≤t≤T and τ0 = 0.
limε→0 P(Eε) = 1 by de�nition and

Proposition 2.

lim
δ→0

P(Mδ) = 1. (18)

Proof. Since the estimate

P(Mδ) ≥ P
(

min
j:τj≤T

{τj − τj−1} > δ

)
− P(VT − VT−δ > 0) (19)

and limδ→0 P(VT −VT−δ > 0) = 0 trivially holds, we will show for �xed k ∈ N
that

lim
δ→0

P
(

min
j:τj≤T

{τj − τj−1} > δ
∣∣∣ VT = k

)
= 1. (20)

11



We give a lower bound for P
(
minj:τj≤T{τj − τj−1} > δ

∣∣ VT = k
)
as fol-

lows. We partition the interval [0, T ] into subintervals of di�erent lengths
so that each subinterval has a weight Tδ computed by integration of the in-
tensity function ρ(t) = t corresponding to the Poisson point process (Vt)t≥0.
Then each subinterval has length at least δ, and the number of subintervals
is b t2/2

tδ
c = bt/2δc considering only subintervals with entire weight (probably

we omit a remaining interval at the right end of [0, T ] with weight less than
Tδ).

It is a subset of the event Mδ, if all the k times of jumps of the process
(Vt)0≤t≤T fall to di�erent subintervals which are not even neighbouring, and
the �rst subinterval is empty. We can indicate in

(bt/2δc−k
k

)
di�erent ways

those subintervals which will contain a time of jump corresponding to the
previous condition. The distribution of the number of τj-s falling to certain
subintervals, conditioned on the event {VT = k}, is multinomial. Hence the
conditional probability that a given con�guration of the times of jumps is
realized equals k!(t/2δ)−k. It yields

lim
δ→0

P
(

min
j:τj≤T

{τj − τj−1} > δ
∣∣∣ VT = k

)
≥
(bt/2δc − k

k

)
k!

(
t

2δ

)−k

=
k−1∏
i=0

bt/2δc − k − i
t/2δ

→ 1 as δ → 0. (21)

For arbitrary ε > 0

P
(

min
j:τj≤T

{τj − τj−1} > δ

)

≥
Kε∑

k=0

P
(

min
j:τj≤T

{τj − τj−1} > δ
∣∣∣ VT = k

)
P(VT = k)

→
Kε∑

k=0

P(VT = k) ≥ 1− ε as δ → 0, (22)

which gives the assertion as ε→ 0.

Proof of Lemma 1. By (17), on the eventMδ the increment of the process
(Vt)0≤t≤T on any interval

[
i√
n
, i+1√

n

]
does not exceed 1 if n > 1

δ2 , hence V i√
n
−

12



V i−1√
n

= X
(n)
i . Since V (n)

i√
n

− V (n)
i−1√
n

= Y
(n)
i , it is enough to prove that

P({∃i ≤ b√nT c : X
(n)
i 6= Y

(n)
i } ∩ Eε ∩Mδ)→ 0 (n→∞) (23)

for all �xed ε, δ > 0.
On the event Eε, X(n)

i = 1 can be true for at most Kε many indices i. So
the probability of the correction in the cases p(n)

i > q
(n)
i satis�es

1− q
(n)
i

p
(n)
i

= O
(

1√
n

)
(n→∞) (24)

using the power series of the exponential function and equations (12) and
(13) to estimate p(n)

i and q(n)
i . If we add this at most Kε many times, then

the sum still goes to 0 as n→∞. A similar calculation shows that for an i,
for which p(n)

i < q
(n)
i holds, the probability of the correction is at most

q
(n)
i − p(n)

i

1− p(n)
i

= O
(

1

n

)
(n→∞). (25)

Summing up for i = 1, . . . , b√nT c the total probability still tends to 0, as
required.

3.3 Splits and merges
With the processes (V

(n)
i )∞i=0 we have determined when a split or a merge

occurs, our task is now to de�ne how it should happen. Similarly to the
de�nition of the limit process (C(t))t≥0, we can prescribe the evolution of
the discrete processes (C(n)(i))∞i=0 with the use of the same independent uni-
form random variables (Uk)

∞
k=1 as follows. Let C(n)

0 (0) := 1, C
(n)
m (0) :=

0 m = 1, 2, . . . . The evolution of the process C(n) in the steps i = 1, 2, . . .

is described below:

• if V (n)
i − V

(n)
i−1 = 0, then C

(n)
0 (i) := C

(n)
0 (i − 1) + 1 and the other

coordinates stay unchanged,

• if V (n)
i − V (n)

i−1 = 1 and V (n)
i = k, then the uniform random variable Uk

determines a unique index j with probability 1, as in (10), via
∑j−1

m=0C
(n)
m (i− 1)∑∞

m=0C
(n)
m (i− 1)

< Uk ≤
∑j

m=0C
(n)
m (i− 1)∑∞

m=0C
(n)
m (i− 1)

. (26)

13



Similarly to the de�nition of the limit process

1. j = 0: split. If Uk
∑∞

m=0C
(n)
m (i − 1) < 1, then let everything be un-

changed: C(n)(i) := C(n)(i − 1), let us call this case �ctitious split
(corresponding to the event that the stirring particle keeps its place).
Otherwise C(n)

0 (i) := bUk
∑∞

m=0C
(n)
m (i− 1)c, and add the broken frag-

ment C(n)
0 (i− 1)−bUk

∑∞
m=0C

(n)
m (i− 1)c to the collection of nonactive

pieces (C
(n)
m (i− 1))∞m=1 to form the new ranked sequence (C

(n)
m (i))∞m=1.

2. j > 0: merge. Let C(n)
0 (i) := C

(n)
0 (i − 1) + C

(n)
j (i − 1) and for the re-

ranking C(n)
m (i) := C

(n)
m (i− 1) if 0 < m < j, and C(n)

m (i) := C
(n)
m+1(i− 1)

if m ≥ j.

It is easy to show that this new de�nition of (C(n)(i))∞i=0 provides the
same distribution as in the model generated by transpositions, so we prove
the convergence for these processes.

Let ε, δ > 0 be �xed. Let An denote the event that the assertion of Lemma
1 holds for (V

(n)

b√ntc)0≤t≤T . We restrict ourselves to the events Eε ∩Mδ ∩ An.
Let us de�ne a measure (which is not a probability measure) on the sets
B ∈ F :

Pε,δ,n(B) := P(B ∩ Eε ∩Mδ ∩ An). (27)

By Lemma 1 it is enough to show that for �xed ε, δ > 0 the processes C(t)

and C(n)(b√ntc)√
n

are su�ciently close to each other for large n except a set with
Pε,δ,n-measure tending to 0 as n → ∞. The proof consists of the following
steps:

1. We estimate the increase of the distance between C(t) and C(n)(b√ntc)√
n

between two successive split or merge events.

2. We introduce those events when the distance under discussion cannot
be estimated: the awkward events (de�ned later) and the �ctitious
splits. We show that they have small probability.

3. On the complementary event, which has probability tending to 1 as
n→∞, we show that a merge does not increase the distance between
C(t) and C(n)(b√ntc)√

n
very much.

14



4. We do this also for the splits.

5. We summarize the estimates.

Step 1. Let

d−k := d

(
C(τk−),

C(n)(b√nτ (n)
k c − 1)√
n

)
, d+

k := d

(
C(τk),

C(n)(b√nτ (n)
k c)√

n

)

(28)

denote the distance between the discrete and continuous processes before
and after the time of the kth split or merge. (Recall that τk is the time of
the kth jump of (Vt)0≤t≤T and τ (n)

k is that of (V
(n)

b√ntc)0≤t≤T , which are close
Pε,δ,n-almost surely by Lemma 1.)

While no split or merge occurs, the distance between the processes does
not increase very much. From Lemma 1 the di�erence between τk and τ (n)

k

can be at most 1√
n
. The discrete processes (C(n)(b√ntc)√

n
)t≥0 change only in the

times which are multiples of 1√
n
. Thus Pε,δ,n-almost surely

d−k ≤ d+
k−1 +

2√
n
. (29)

Step 2. From now on we investigate only the split or merge points of the
processes. At the kth time of jump of (Vt)0≤t≤T and (V

(n)

b√ntc)0≤t≤T we choose
with the help of Uk one of the components of C(τk−) and C(n)(b√nτ (n)

k c−1)

via (10) and (26). Let us call the possibility that these components are of
di�erent indices an awkward event. If an awkward event or a �ctitious split
(meaning that Uk

∑∞
m=0C

(n)
m (i − 1) < 1) occurs, then we cannot estimate

d(C,C(n)/
√
n). We will see that these events have probability tending to 0

as n→∞.
We can choose the components of C and C(n) as follows. We construct two

partitions of [0, 1] into subintervals. Let the partition P contain intervals of
length equal to the coordinates of the vector C(τk−)/

∑∞
m=0Cm(τk−), which

gives indices corresponding to the subintervals. Then the dividing points are
∑j

m=0Cm(τk−)∑∞
m=0Cm(τk−)

j = 0, 1, 2, . . . . (30)
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We do this at the same time with dividing points
∑j

m=0C
(n)
m (b√nτ (n)

k c − 1)∑∞
m=0C

(n)
m (b√nτ (n)

k c − 1)
j = 0, 1, 2, . . . (31)

to obtain the partition P(n).
Let Wk denote the set of those points in [0, 1] which are covered by the

subintervals of P and P(n) of di�erent indices. The probability of the awk-
ward events (which is an upper estimate for their Pε,δ,n-measure) is exactly
the Lebesgue measure of Wk.

We know that
∑∞

m=0Cm(t) = t for all t ≥ 0. From the construction

b√ntc −Kε√
n

≤
∑∞

m=0C
(n)
m (b√ntc)√
n

≤ t if t ∈ [0, T ], (32)

because at the split or merge points (occurring at most Kε many times)
the total length of the discrete process does not increase. From this, using
Lemma 1, it follows that
∣∣∣∣∣
∑
m

Cm(τk−)−
∑

mC
(n)
m (b√nτ (n)

k c − 1)√
n

∣∣∣∣∣

≤
∣∣∣∣∣τk −

b√nτ (n)
k c − 1−Kε√

n

∣∣∣∣∣ ≤
Kε√
n

+
3√
n
. (33)

From the above it is an elementary exercise to show that the distance
between the corresponding dividing points of the partitions P and P(n) can
be, respectively, at most

d−k + Kε+3√
n

τk
. (34)

Since the number of coordinates is at most Kε, this provides the following
upper bound:

Leb(Wk) ≤
d−k + Kε+3√

n

τk
Kε ≤

d−k + Kε+3√
n

δ
Kε, (35)

where we used the fact that τk =
∑∞

m=0Cm(τk−) ≥ δ holds for k = 1, 2, . . .

on the event Mδ. This yields

Pε,δ,n(awkward event at τk) ≤ Leb(Wk) ≤
d−k + Kε+3√

n

δ
Kε. (36)
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(n  )
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(n  )
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(n  )C2

(n  )
C3

(n  )

C1
C2 C3

+

+

3

Figure 3: The piece C2 merges C0 parallel with the C(n)
2 − C(n)

0 coagulation

Furthermore

Pε,δ,n(�ctitious split at τ (n)
k ) ≤

1√
n∑∞

m=0C
(n)
m (b√nτ (n)

k c − 1)/
√
n
≤ 2

δ
√
n
,

(37)

if n is large enough by (32). So we conclude that

Pε,δ,n(awkward event or �ctitious split at the kth split or merge point)

≤ Kε

δ
d−k +

K2
ε + 3Kε + 2

δ
√
n

. (38)

Step 3. In the case when the random variable Uk chooses the same
components of C and C(n) and it is not the active coordinate, i.e. there is a
merge in both processes (see Figure 3), then

d+
k ≤ 3d−k . (39)

Step 4. If a (non-�ctitious) split occurs in the discrete and continuous
processes, then using inequality (33) we have
∣∣∣∣∣C0(τk)− C

(n)
0 (b√nτ (n)

k c)√
n

∣∣∣∣∣

≤
∣∣∣∣∣Uk

∞∑
m=0

Cm(τk−)− bUk
∑∞

m=0C
(n)
m (b√nτ (n)

k c − 1)c√
n

∣∣∣∣∣ ≤
Kε + 3√

n
+

1√
n
.

(40)

This is why the broken pieces from C0(τk−) and C
(n)
0 (b√nτ (n)

k c − 1)/
√
n

(denoted by X and X ′ on Figure 4) can di�er by at most d−k + Kε+4√
n
: the

di�erence can be Kε+4√
n

between the left end points and at most d−k between
the right end points.
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X

X’

A

A’
B B’

Figure 4: Split: the broken pieces from the coordinate 0 are X and X ′, which
have to be moved to places B and A′

It is possible that the two broken pieces do not come to the same place in
the decreasing order of the coordinates. This case is shown on Figure 4. Let
x be the number how many pieces are between the present place of X and
its place in the decreasing order, and de�ne x′ similarly for X ′ (x = 3, x′ = 1

on the �gure). Move �rst X and X ′ min(x, x′) places to the right (to the
places A and A′ on the �gure). The result is two vectors: the modi�cations
of C(τk−) and C(n)(b√nτ (n)

k c − 1)/
√
n, but one of them is not necessarily

in decreasing order. Because |A− A′| ≤ d−k , the d(·, ·)-distance of these two
vectors is at most 2d−k + Kε+4√

n
bigger than before this modi�cation.

In the second step we move X from A to B (see Figure 4). The lengths
of the parts between A and B are at least |X| and at most |X ′| + 2d−k ≤
|X|+3d−k + Kε+4√

n
. So any two of these parts have lengths di�ering by at most

3d−k + Kε+4√
n
. Swapping X always with its right neighbour until hitting place

B, the number of the swaps is at most Kε, and at each swap the distance
can increase by at most 3d−k + Kε+4√

n
, so we have

d+
k ≤ 2d−k +

Kε + 4√
n

+Kε

(
3d−k +

Kε + 4√
n

)
. (41)

Step 5. Summing up the estimates (29), (39) and (41) we get easily the
following recursive bound:

d+
k ≤ max(3, 2 + 3Kε)d

+
k−1 +

K2
ε + 5Kε + 4 + 2 max(3, 2 + 3Kε)√

n

=: ad+
k−1 +

b√
n
. (42)
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Hence sup0≤k≤Kε d
±
k ≤

(∑Kε
i=0 ba

i
)

1√
n
. Considering the results of steps 1 and

2 the assertion of the theorem follows.

4 Multiple stirring
From the idea of the stirring model studied in the previous sections we can
obtain a more general construction, if we allow more than one stirring par-
ticles. Let k be a �xed integer, and the elements 1, 2, . . . , k ∈ [n] will be the
stirring particles. We associate to them independent sequences of random
transpositions (T

(n)
i,j )∞i=1 j = 1, . . . , k in such a way that the permutation

T
(n)
i,j is chosen with uniform distribution from all transpositions moving the

stirring element j and the identity permutation. Let

P
(k,n)
i := T

(n)
i,k ◦ T (n)

i,k−1 ◦ · · · ◦ T (n)
i,1 i = 1, 2, . . . .

The random permutation generated by k stirring particles is

π(k,n)(i) := P
(k,n)
i ◦ P (k,n)

i−1 ◦ · · · ◦ P (k,n)
1 . (43)

We mention that another de�nition of π(k,n)(i) could be possible: the dif-
ferent stirring elements could apply their transpositions in a random order. If
ξ1, ξ2, . . . are i.i.d. random variables with uniform distribution on the discrete
set [k] independently from all transpositions, then the alternative de�nition
is

π(k,n)(i) := T
(n)
i,ξki
◦ T (n)

i−1,ξi−1
◦ · · · ◦ T (n)

1,ξ1
, (44)

but we investigate the case (43), because both processes provide the same
limit distribution apart from a k-times acceleration of the time.

The evolution of the permutation (π(k,n)(i))∞i=0 is quite similar to that of
(π(n)(i))∞i=0 as long as the di�erent stirring particles choose di�erent elements
to swap places with. If two transposed elements were present in di�erent
active cycles, then these two cycles coagulate. Furthermore in a general sit-
uation more stirring elements join in a common cycle in some cyclic order.
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This order determines a permutation Π(k,n)(i) on the set of the stirring par-
ticles via its cyclic decomposition. The orientation of the cycles in Π(k,n)(i)

is induced by that of the cycles in π(k,n)(i).
We can associate to each stirring particle its active cycle segment which

is the number of the elements between the current and the next stirring
element in the adequate cycle with the suitable orientation including exactly
one stirring particle. So the following state space could be appropriate to
describe the behaviour of our processes:

S(k) := {(Π, (a1, . . . , ak), (s1, s2, . . . )) : Π ∈ Perm({1, . . . , k}),
aj ∈ R, aj ≥ 0 j = 1, . . . , k, sm ∈ R m = 1, 2, . . . ,

s1 ≥ s2 ≥ · · · ≥ 0 and sm > 0 for �nitely many m}. (45)

In similar way as in the case of S we can de�ne a metric on S(k) (see
(3)) provided that the Π components of the two vectors in S(k) are equal,
otherwise let the distance be ∞.

The encoding of the permutation π(k,n)(i) is

C(k,n)(t) := (Π(k,n)(t), (A
(k,n)
1 (t), . . . , A

(k,n)
k (t)), (C

(k,n)
1 (t), C

(k,n)
2 (t), . . . )) ∈ S(k),

(46)

where Π(k,n)(i) is the permutation induced by the stirring elements, A(k,n)
j (i)

is the active cycle segment of the jth stirring particle, and the numbers
C

(k,n)
1 (i) ≥ C

(k,n)
2 (i) ≥ . . . are the lengths of the non-active cycles. See

Figure 5 for an example.
Let (B

(k,n)
j (i))∞i=0 denote the random walk of the jth stirring particle (j =

1, . . . , k). Similarly to (4) let

V
(k,n)
j (i) := #{l : l ≤ i,∃m < l, ∃r ∈ [k] : B(k,n)

r (m) = B
(k,n)
j (l)}

+ 11
(
∃l : 1 ≤ l < j : B

(k,n)
l (i) = B

(k,n)
j (i)

)
(47)

be the number of returns of the stirring element j until the time i. The total
number of returns is

V (k,n)(i) :=
k∑
j=1

V
(k,n)
j (i). (48)

20



1

2

3

4

Figure 5: An example C(k,n)(t): C(4,16) = (Π(4,16) = ((1, 3, 4)(2)), (A
(4,16)
1 =

2, A
(4,16)
2 = 4, A3 = 3, A

(4,16)
4 = 3), (4, 0, 0, . . . )). Only the stirring particles

numbered.

Proposition 3. Let (V
(k)
j (t))t≥0 be independent Poisson point processes with

common intensity ρ(t) = kt j = 1, 2, . . . . Then
(
V

(k,n)
j (b√ntc)

)k
j=1

d
=⇒

(
V

(k)
j (t)

)k
j=1

(n→∞) (49)

in terms of the �nite dimensional marginal distributions.

The limit process in the general case is the continuous time stochastic
process

C(k)(t) = (Π(k)(t), (A
(k)
1 (t), . . . , A

(k)
k (t)), (C

(k)
1 (t), C

(k)
2 (t), . . . )) ∈ S(k)

with the following transitions:

• The coordinates A(k)
j (t) increase with unit speed j = 1, . . . , k.

• In each time of jump τ of the jth Poisson point process (V
(k)
j (t))t≥0

with intensity ρ(t) = kt we choose one of the coordinates Al or Cm
with size-biased distribution (i.e. with probability proportional to the
numbers A(k)

1 (τ−), . . . , A
(k)
k (τ−) and C(k)

1 (τ−), C
(k)
2 (τ−), . . . ) indepen-

dently from the past.

Depending on this choice the following can happen:

1. If Cm is chosen, then Cm(τ−) merges with Aj(τ−) as in the case of one
stirring particle and the coordinates are re-ranked.
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1 1

2 2

Figure 6: Stirring particle 1 leaves its cycle in Π (j = 1)

2. If Aj is chosen and j is a �xed point of the permutation Π(k)(τ−), then
a piece of A(k)

j (τ−) splits with uniform distribution and gets to the
adequate place in the decreasing order of the coordinates C(k). (This
case corresponds to a simple split in the original model.)

If j is not a �xed point, then it leaves its earlier cycle in Π(k)(τ−) as a
�xed point. In addition to this the active cycle segment of the stirring
element preceding j in this cycle of Π(k)(τ−) merges with a piece split
with uniform distribution from A

(k)
j (τ−) (see Figure 6).

3. If we choose Al, but l 6= j and j and l are in the same cycle in the
permutation Π(k)(τ−), then this cycle splits in two: the �arc� starting
with j ending with l and the remaining arc. Further the active cycle
segment of the stirring particle preceding j in its cycle of Π(k)(τ−)

merges with a piece of A(k)
l (τ−) split with uniform distribution (see

Figure 7).

4. If Al is chosen, but l 6= j and these stirring elements are in di�erent
cycles of Π(k)(τ−), then these cycles coagulate: the cycles broken before
j and after l should be joined. Besides a piece split from A

(k)
l (τ−) with

uniform distribution is added to the active cycle segment of the stirring
particle preceding j in the appropriate cycle in Π(k)(τ−) (see Figure 8).

Theorem 2. There exists a probability space (Ω,F ,P), on which the dis-
crete processes (C(k,n)(i))∞i=0 n = 1, 2, . . . and the continuous time process
(C(k)(t))t≥0 can be jointly realized so that if T > 0 is �xed and f(n) is any
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1 2 1 2

3 3

Figure 7: The cycle of stirring element 1 splits in two (j = 1, l = 2)
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Figure 8: The cycles of stirring particles 1 and 2 coagulate (j = 1, l = 2)
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function tending to in�nity with n, then

P
(

sup
0≤t≤T

d(k)

(
C(k)(t),

C(k,n)(b√ntc)√
n

)
<
f(n)√
n

)
→ 1 as n→∞ (50)

where d(k)(·, ·) is the appropriate sup-distance on S(k).

We omit the proof, because it can be done in a similar fashion as that of
Theorem 1, but the notation is much more cumbersome in this case.

Our multiple stirring dynamics can be generalized further: the number
of the stirring elements can depend on the size of the set [n]. E.g. we can
consider the permutation generated by k(n) stirring elements, where k(n) =

nα with some 0 < α < 1, but other functions k(n) satisfying the condition
limn→∞ k(n) =∞ might be worth studying. Of course, in this case we need
di�erent scaling of time and space.

5 Stationary distribution
It is a natural question to identify the stationary distribution of the stirring
process. We do it for the model generated by one stirring element. First
we need some basic de�nitions and properties of partition valued random
processes, which will be used in our proof.

5.1 Poisson �Dirichlet and GEM distributions
Let W1,W2, . . . be independent random variables with common beta(1, θ)

distribution (i.e. their density is θ(1 − x)θ−1dx if 0 < x < 1) where θ > 0 is
a �xed parameter. Then, by de�nition the random sequence

(P1, P2, . . . ) := (W1, (1−W1)W2, (1−W1)(1−W2)W3, . . . ) (51)

has GEM(θ) distribution named after Gri�ths, Engen and McCloskey. The
distribution of the decreasing rearrangement of (P1, P2, . . . ) is called Poisson �
Dirichlet, denoted PD(θ). See also [10].
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These distributions appear in our model only with the parameter value
θ = 1, in which case W1,W2, . . . have uniform distribution on [0, 1]. For gen-
eral θ the GEM(θ) distribution arises as the limit frequencies of the Black-
well �MacQueen urn scheme [3]: let (Xn), with values in [0, 1], be governed
by the following rule for n ≥ 0:

P
(
Xn+1 ∈ ·

∣∣ X1, . . . , Xn

)
=
θ Leb(·) +

∑n
i=1 11(Xi ∈ ·)

θ + n
(52)

where Leb(·) is the Lebesgue measure on [0, 1].
Let η1 := 1 and ηk := min

{
i : Xi 6∈ {Xη1 , Xη2 , . . . , Xηk−1

}} be the kth
value appearing in the sequence X1, X2, . . . , and de�ne N (n)

k := #{i ∈ [n] :

Xi = Xηk}. Then
(
N

(n)
1

n
,
N

(n)
2

n
, . . .

)
d

=⇒ GEM(θ) (53)

in distribution as n→∞.
Another formulation of this process is the so called Chinese restaurant

model, see [11] for the details. In the special case θ = 1 the statement
about the limit of the Blackwell �MacQueen urn scheme is equivalent to the
following

Proposition 4. Let σn be a random permutation of [n], chosen uniformly
from all the n! permutations. Denote by C(σn) the cycle structure of σn, i.e.
the non-increasing sequence of the lengths of all cycles in σn. Then

C(σn)

n

d
=⇒ PD(1) (n→∞) (54)

in distribution.

The sequence (51) can be regarded as the resulting pieces of a stick break-
ing process where in each step we break our stick with the same beta dis-
tribution scaled by the length of the current piece independently from the
past. In this case it is natural to consider (P1, P2, . . . ) as a partition of [0, 1],
namely the intervals [0, P1], [P1, P1 + P2], . . . . On the other hand it is also a
random probability distribution, because

∑∞
i=1 Pi = 1. Later on we refer to

(P1, P2, . . . ) both as a partition and a probability distribution.
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We introduce the size-biased permutation of a random probability distri-
bution (p1, p2, . . . ). Let U1, U2, . . . be i.i.d. uniform random variables on [0, 1],
independently of (p1, p2, . . . ). The unique index I1 is de�ned by

∑I1−1
i=1 pi ≤

U1 <
∑I1

i=1 pi. With a piecewise linear transformation of U2 we can easily con-
struct a uniform random variable Ũ2 on [0, 1]\ [

∑I1−1
i=1 pi,

∑I1
i=1 pi]. The index

I2 is determined by
∑I2−1

i=1 pi ≤ Ũ2 <
∑I2

i=1 pi. Given the values I1, . . . , Ik−1

let Uk be transformed to a uniform random variable Ũk on

[0, 1] \
k−1⋃
j=1



Ij−1∑
i=1

pi,

Ij∑
i=1

pi


 , (55)

and let Ik be such that
∑Ik−1

i=1 pi ≤ Ũk <
∑Ik

i=1 pi. The vector (pI1 , pI2 , . . . ) is
called the size-biased permutation of (p1, p2, . . . ).

Theorem 3. The GEM(θ) distribution is invariant under the size-biased
permutation.

The theorem clears up the relation of the GEM and the PD-family of
distributions. PD(θ) is obtained by ranking of a sample with GEM(θ) dis-
tribution; the size-biased permutation of the PD(θ) is GEM(θ).

Proof. First we prove the theorem for θ = 1, because only this part is needed
later. After this we show how to handle the extra di�culties arising in the
general case.

Let (P1, P2, . . . ) be as in (51) with θ = 1 (recall that W1,W2, . . . are
i.i.d. [0, 1]-uniform r.v.-s). Denote the size-biased permutation of (P1, P2, . . . )

by (X1, X2, . . . ), which is constructed with the use of U1, Ũ2, Ũ3, . . . . We
identify the density function fn(x1, x2, . . . , xn) of the joint distribution of
(X1, X2, . . . , Xn).

For n = 1 let 0 < x < 1. Then we have

P(X1 ∈ (x, x+ δx)) =

∫ 1

0

P
(
X1 ∈ (x, x+ δx), U1 < W1

∣∣ W1 = w
)
dw

+

∫ 1

0

P
(
X1 ∈ (x, x+ δx), U1 > W1

∣∣ W1 = w
)
dw =: A1 +B1. (56)
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The �rst term on the right hand side of (56) is obviously

A1 =

∫ 1

0

P
(
X1 ∈ (x, x+ δx)

∣∣ U1 < W1,W1 = w
)
P
(
U1 < W1

∣∣ W1 = w
)
dw

=

∫ 1

0

11 (w ∈ (x, x+ δx))w dw =

∫ x+δx

x

w dw = x δx+ o(δx).

(57)

For the second term

B1 =

∫ 1

0

P
(
X1 ∈ (x, x+ δx)

∣∣ U1 > W1,W1 = w
)
P
(
U1 > W1

∣∣ W1 = w
)
dw

=

∫ 1−x

0

P
(
X̃1 ∈

(
x

1− w,
x

1− w +
δx

1− w
))

(1− w) dw

=

∫ 1−x

0

f1

(
x

1− w
)

δx

1− w (1− w) dw + o(δx)

=

∫ 1−x

0

f1

(
x

1− w
)
δx dw + o(δx)

(58)

where X̃1 has the same distribution as X1, because the distribution of X1

conditioned on the event {U1 > W1,W1 = w} is a size-biased sample from a
GEM(θ) partition scaled by (1−w). The upper limit of the integral is 1−x,
because if w > 1− x, then P (X1 ∈ (x, x+ δx)

∣∣ U1 > W1,W1 = w
)

= 0.
Substituting (57) and (58) to (56), dividing by δx and letting δx→ 0 we

get the integral equation

f1(x) = x+

∫ 1−x

0

f1

(
x

1− w
)

dw = x

(
1 +

∫ 1

x

f1(u)

u2
du
)

(59)

after changing the variable under the integral sign. Then we di�erentiate
and substitute the value of the integral expressed from (59), and we get

f ′1(x) = 1 +

∫ 1

x

f1(u)

u2
du− xf1(x)

x2
= 0 ∀ 0 < x < 1, (60)

which yields f1(x) = 1 if 0 < x < 1.
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If n = 2, then with x1, x2 ≥ 0 and x1 + x2 ≤ 1

P(X1 ∈ δx1, X2 ∈ δx2)

=

∫ 1

0

P
(
X1 ∈ δx1, X2 ∈ δx2, U1 < W1

∣∣ W1 = w
)
dw

+

∫ 1

0

P
(
X1 ∈ δx1, X2 ∈ δx2, U1 > W1, Ũ2 < W1

∣∣ W1 = w
)
dw

+

∫ 1

0

P
(
X1 ∈ δx1, X2 ∈ δx2, U1 > W1, Ũ2 > W1

∣∣ W1 = w
)
dw

=: A2 +B2 + C2

(61)

where (Xi ∈ δxi) stands for (Xi ∈ (xi, xi + δxi)) i = 1, 2.
For the �rst term

A2 =

∫ 1

0

P
(
X1 ∈ δx1, X2 ∈ δx2

∣∣ U1 < W1,W1 = w
)

× P (U1 < W1

∣∣ W1 = w
)
dw

=

∫ 1

0

P
(
X2 ∈ δx2

∣∣ X1 ∈ δx1, U1 < W1,W1 = w
)

× P (X1 ∈ δx1

∣∣ U1 < W1,W1 = w
)
w dw

=

∫ 1

0

P
(
X̃1 ∈

(
x2

1− w,
x2

1− w +
δx2

1− w
))

11 (w ∈ δx1)w dw

= x1 δx1f1

(
x2

1− x1

)
δx2

1− x1

+ o(δx1δx2) =
x1

1− x1

δx1δx2 + o(δx1δx2)

(62)

where X̃1 has the same distribution as X1, which is already computed in the
n = 1 case.
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Very similarly

B2 =

∫ 1

0

P
(
X2 ∈ δx2

∣∣ X1 ∈ δx1, U1 > W1, Ũ2 < W1,W1 = w
)

× P
(
Ũ2 < W1

∣∣ X1 ∈ δx1, U1 > W1,W1 = w
)

× P (X1 ∈ δx1

∣∣ U1 > W1,W1 = w
)
P
(
U1 > W1

∣∣ W1 = w
)
dw

=

∫ 1

0

11(w ∈ δx2)
w

1− x1 +O(δx1)
f1

(
x1

1− w
)

δx1

1− w (1− w) dw

= f1

(
x1

1− x2

)
δx1

1− x2

(1− x2)
x2

1− x1

+ o(δx1δx2)

=
x2

1− x1

δx1δx2 + o(δx1δx2).

(63)

Finally

C2 =

∫ 1

0

P
(
X2 ∈ δx2

∣∣ Ũ2 > W1, X1 ∈ δx1, U1 > W1,W1 = w
)

× P
(
Ũ2 > W1

∣∣ X1 ∈ δx1, U1 > W1,W1 = w
)

× P (X1 ∈ δx1

∣∣ U1 > W1,W1 = w
)
P
(
U1 > W1

∣∣ W1 = w
)
dw

=

∫ 1−x1−x2

0

P
(
X̃1 ∈ δx1

1− w, X̃2 ∈ δx2

1− w
)(

1− w

1− x1 +O(δx1)

)

× (1− w) dw

=

∫ 1−x1−x2

0

f2

(
x1

1− w,
x2

1− w
)

δx1

1− w
δx2

1− w (1− w)
1− w − x1

1− x1

dw

+ o(δx1δx2)

= δx1δx2

∫ x1
x1+x2

x1

f2

(
u,
x2

x1

u

)
(1− u)

x1

u2

1

1− x1

du+ o(δx1δx2)

(64)

where the distribution of (X̃1, X̃2) is equal to that of (X1, X2), and we change
the variable under the integral sign as in (59), namely u = x1/(1− w).

If we return to (61), divide by δx1δx2 and let them tend to zero, then we
get

f2(x1, x2) =
x1 + x2

1− x1

+
x1

1− x1

∫ x1
x1+x2

x1

f2

(
u,
x2

x1

u

)
(1− u)

1

u2
du. (65)
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Keeping in mind the desired result we introduce g2(x1, x2) = (1−x1)f2(x1, x2),
and we rewrite (65) as

g2(x1, x2) = x1 + x2 + x1

∫ x1
x1+x2

x1

g2

(
u,
x2

x1

u

)
1

u2
du. (66)

Let x2

x1
be �xed, λ2 = 1 + x2

x1
, and de�ne h2(x1) = g2(x1,

x2

x1
x1). Then (66)

transforms to

h2(x1) = x1

(
λ2 +

∫ 1
λ2

x1

h2(u)

u2
du
)
. (67)

Because λ2 does not depend on x1, the di�erentiation yields

h′2(x1) = λ2 +

∫ 1
λ2

x1

h2(u)

u2
du

︸ ︷︷ ︸
h2(x1)/x1

+x1

(
−h2(x1)

x2
1

)
= 0. (68)

For the pair (x1, x2) choose ε ≤ λ−1
2 . Since g2(·, ·) is constant along every

straight line starting from the origin to the �rst sector of the coordinate
system, using (66) we get

g2(x1, x2) = g2

(
ε,
x2

x1

ε

)
= x1 + x2 + x1

∫ x1
x1+x2

x1

g2

(
ε,
x2

x1

ε

)
1

u2
du

= x1 + x2 + (1− x1 − x2)g2

(
ε,
x2

x1

ε

)
, (69)

which means g2(x1, x2) = g2

(
ε, x2

x1
ε
)

= 1 and f2(x1, x2) = 1
1−x1

if x1, x2 ≥ 0

and x1 + x2 ≤ 1.
To complete the proof for θ = 1 we use induction for n. We assume that

the density function of (X1, . . . , Xn−1) is

fn−1(x1, . . . , xn−1) =
1

(1− x1)(1− (x1 + x2)) . . . (1−∑n−2
i=1 xi)

(70)

if xi ≥ 0 and
∑n−1

i=1 xi ≤ 1. The key step of the induction is that we decom-
pose the event E := {X1 ∈ δx1, . . . , Xn ∈ δxn} to the disjoint union of n+ 1

events depending on which of X1, . . . , Xn will be equal to W1. It is easy to
see from the construction that the events E ∩ {Xi = W1} for i = 1, . . . , n
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and E ∩{X1 6= W1, . . . , Xn 6= W1} are almost surely disjoint and their union
equals E. So we can deduce the integral equation

fn(x1, . . . , xn) =
n∑
i=1

xi

(1− x1)(1− (x1 + x2) . . . (1−∑n−1
j=1 xj)

+

∫ 1−Pn
i=1 xi

0

fn

(
x1

1− w, . . . ,
xn

1− w
)(

1− x1

1− w
)
. . .

(
1− x1 + · · ·+ xn−1

1− w
)

× 1

1− x1

1

1− (x1 + x2)
. . .

1

1−∑n−1
j=1 xj

dw

=
1

(1− x1) . . . (1−∑n−1
j=1 xj)

(
n∑
i=1

xi +

∫ x1Pn
i=1

xi

x1

fn

(
u,
x2

x1

u, . . . ,
xn
x1

u

)

×(1− u)

(
1− x1 + x2

x1

u

)
. . .

(
1− x1 + · · ·+ xn−1

x1

u

)
x1

u2
du
)

(71)

similarly to the n = 2 case, where the �rst n summands come from the
possibilities {Xi = W1} i = 1, . . . , n, the integral term corresponds to the
event when all the Xi-s are chosen from [W1, 1]. We introduce

gn(x1, . . . , xn) = (1− x1)(1− (x1 + x2)) . . . (1−
n−1∑
j=1

xj)fn(x1, . . . , xn), (72)

to obtain

gn(x1, . . . , xn) =
n∑
i=1

xi + x1

∫ x1Pn
i=1

xi

x1

gn

(
u,
x2

x1

u, . . . ,
xn
x1

u

) du
u2

(73)

Let the ratios x2

x1
, x3

x1
, . . . , xn

x1
be �xed and let λn = 1 + x2

x1
+ · · ·+ xn

x1
. With

the function hn(x1) = gn(x1,
x2

x1
x1, . . . ,

xn
x1
x1) we have

hn(x1) = x1

(
λn +

∫ 1
λn

x1

hn(u)

u2
du
)
. (74)

From here the computation is essentially the same as after (67), the result is
gn(x1, . . . , xn) = 1 and

fn(x1, . . . , xn) =
1

(1− x1)(1− (x1 + x2)) . . . (1−∑n−1
i=1 xi)

(75)

if xi ≥ 0 and
∑n

i=1 xi ≤ 1, as required.
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The case of general θ > 0 and n = 1 is not complicated: we obtain the
equation

f1(x) = θx(1− x)θ−1 + θxθ
∫ 1

x

f1(u)

uθ+1
du (76)

in the same way as in (56)-(59). After di�erentiation one gets immediately
f1(x) = θ(1− x)θ−1 if 0 < x < 1.

If n = 2, then we can deduce

f2(x1, x2) = θx1(1− x1)θ−1θ

(
1− x2

1− x1

)θ−1
1

1− x2

+ θ(1− x2)θ−1θ

(
1− x1

1− x2

)θ−1
x2

1− x1

+

∫ x1
x1+x2

x1

f2

(
u,
x2, x1

u

)
(1− u)θ

xθ

uθ+1

1

1− x1

du, (77)

which simpli�es to

g2(x1, x2) = x1 + x2 + θxθ1

∫ x1
x1+x2

x1

(
1− u− x2

x1
u

1− x1 − x2

)θ−1 g2

(
u, x2

x1
u
)

uθ+1
du (78)

with the notation g2(x1, x2) = (1−x)f2(x1,x2)
θ2(1−x1−x2)θ−1 . For �xed x2

x1
and λ2 = 1 + x2

x1

with h2(x1) = g2(x1,
x2

x1
x1)

h2(x1) = λ2x1 + θ
xθ1

(1− λ2x1)θ−1

∫ 1
λ2

x1

(1− λ2u)θ−1h2(u)

uθ+1
du. (79)

If we di�erentiate and rewrite the derivative with the value of the integral
expressed from (79), then we have the solution

h2(x1) = 1 + c(1− λ2x1)−(θ−1). (80)

If one writes it back to (79), the only solution will be h2(x1) = 1 corre-
sponding to c = 0. It yields g2(x1, x2) = 1 and f2(x1, x2) = θ2(1−x1−x2)θ−1

1−x1

if x1, x2 ≥ 0 and x1 + x2 ≤ 1, as required. The statement for general n is
veri�ed with exactly the same computations as in (78)-(80).
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5.2 Alternative de�nition
We present a new de�nition of the PD(θ) distribution. Let ρ(x) = θx−1e−x

if x > 0 be the intensity of a Poisson point process on (0,∞) with random
lengths denoted by J1 ≥ J2 ≥ · · · ≥ 0 in non-increasing order. The total
length is T =

∑∞
i=1 Ji.

It is well known that with this chose of the intensity ρ the distribution of
T is gamma with parameter θ. It can be easily veri�ed with the method of
the characteristic function.

Theorem 4. The random partition
(
J1

T
,
J2

T
, . . .

)
(81)

is independent of T and has PD(θ) distribution.

Proof. We apply a more general proof from Pitman [11]. We only assume
that (J1, J2, . . . ) is the decreasing sequence of the points of a Poisson point
process with intensity ρ and that the density function of the total length
f(t) = P(T ∈ dt)/dt exists (T =

∑∞
i=1 Ji). Let (J̃1, J̃2, . . . ) be the size-biased

permutation os (J1, J2, . . . ) and we introduce the notation Pi = Ji/T and
P̃i = J̃i/T for i = 1, 2, . . . .

Let T1(v, dv) :=
∑

i Ji11(Ji ∈ (v, v + dv)) and T2(v, dv) := T − T1(v, dv).
Note that for �xed v

P(T1(v, dv) 6= 0) = ρ(v)dv + o(dv) = O(dv) as dv → 0 (82)

It is obvious that

P(J̃1 ∈ (v, v + dv), T ∈ (t, t+ dt))
= P(T1(v, dv) ∈ (v, v + dv), T2(v, dv) ∈ (t− v, t− v + dt), J̃1 = T1(v, dv))

= P
(
J̃1 = T1

∣∣ T1 ∈ (v, v + dv), T2 ∈ (t− v, t− v + dt)
)

× P(T1 ∈ (v, v + dv), T2 ∈ (t− v, t− v + dt)). (83)
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The conditional probability above equals v/t+O(dv+dt) because of the
size-biased sampling. The other factor in (83) is
∫ v+dv

v

P(T2(v, dv) ∈ (t− x, t− x+ dt))ρ(x)dx

=

∫ v+dv

v

(f(t− x)dt+O(dv))ρ(x)dx = f(t− v)ρ(v)dvdt+O((dv)2) (84)

using (82). Brie�y, apart from a term tending to zero, we got the equation

P(J̃1 ∈ dv, T ∈ dt) = ρ(v)dvf(t− v)dtv
t
, (85)

which can be utilized in the computation below.

P
(
P̃1 ∈ dp

∣∣ T = t
)

dp =
P(J̃1 ∈ tdp, T ∈ dt)

dpP(T ∈ dt) =
ρ(pt)tdpf(p̄t)dt

dpf(t)dt

= ptρ(pt)
f(p̄t)

f(t)
= ρ∗(pt)

f(p̄t)

f(t)
(86)

where p̄ = 1− p and ρ∗(x) = xρ(x).
Let Xj = T −∑j

k=1 J̃k =
∑∞

k=j+1 J̃k. Then the sequence (X0, X1, X2, . . . )

is a Markov-chain since the distribution of Xj+1 depends only on the value
of Xj. From (86) the transition probabilities are

P
(
Xj+1 ∈ dt1

∣∣ Xj = t
)

= ρ∗(t− t1)
f(t1)

f(t)
dt1. (87)

It results the representation

P̃j = Wj

j−1∏
i=1

(1−Wi) where 1−Wi =
Xi

Xi−1

(88)

and W1,W2, . . . are independent.
In our case ρ∗(x) = θe−x and f(t) = tθ−1e−t/Γ(θ) from the �rst part of

this proof. Substituting to (88) we have

P
(
Xj+1 ∈ dt1

∣∣ Xj = t
)

= θe−(t−t1) t
θ−1
1 e−t1

tθ−1e−t
dt1 = θ

(
t1
t

)θ−1

dt1, (89)

which means that the distribution of Wj+1 = 1−Xj+1/Xj is beta(1, θ) as in
the original de�nition of the PD(θ) distribution.
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The family of PD distributions is closely connected to the gamma pro-
cesses. Following Pitman [11] a subordinator (Ts, s ≥ 0) is an increasing
process with right continuous paths, stationary independent increments, and
T0 = 0.

Every such process can be represented as

Tt = ct+
∑

s:0<s≤t
∆s (90)

if t ≥ 0 for some c ≥ 0 where ∆s := Ts−Ts− and {(s,∆s) : s > 0,∆s > 0)} is
the set of points of a Poisson point process on (0,∞)2 with intensity measure
Leb×Λ satisfying the following regularity conditions.

The measure Λ (called the Lévy measure of the process) has to ful�l
∫ 1

0

x dΛ(x) <∞
∫ ∞

1

dΛ(x) <∞, (91)

which is equivalent to the �niteness of of the Laplace exponent

ψ(u) = cu+

∫ ∞
0

(1− e−ux) dΛ(x) (92)

for some (hence all) u > 0.
The standard gamma process (Γs, s ≥ 0) is the subordinator with marginal

densities

P(Γs ∈ dx)/dx =
1

Γ(s)
xs−1e−x (93)

if x > 0. In this case the Lévy measure of (Γs, s ≥ 0) is the measure
with density ρ(x) = x−1e−x. Using Theorem 4 the magnitudes of jumps
{∆s, 0 < s < θ} in non-increasing order normalized by the value Γθ is a
vector with PD(θ) distribution.

5.3 Stationary distribution of the stirring process
In this section we consider the following split-and-merge transformation cor-
responding to the stirring generated by random transpositions. Let C =
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(C0, C1, C2, . . . ) ∈ S be a random probability distribution, i.e.
∑

mCm = 1

almost surely. C0 is the active component. Let U be a random variable
with uniform distribution of [0, 1] which is independent of C. If U ≤ C0,
then C0 splits: the new active component will be U and (C0−U,C1, C2, . . . )

will be the remaining components after restoring the decreasing order. If∑j−1
m=0Cm < U ≤ ∑j

m=0Cm, then C0 merges with Cj similarly to (7-10)
because

∑
mCm = 1.

Consider the following probability distribution on S. Let (Q1, Q2, . . . )

have PD(1) distribution. Let C0 be a size-biased part from (Q1, Q2, . . . ) (i.e.
the �rst component of the size-biased permutation of (Q1, Q2, . . . )) corre-
sponding to the active cycle and the rest (C1, C2, . . . ) is the vector of the
remaining Qj-s in non-increasing order. We denote by µ the distribution of
C = (C0, C1, C2, . . . ).

Theorem 5. The distribution µ is invariant under the above split-and-merge
transformation.

Proof. By de�nition a random partition C with distribution µ can be consid-
ered as follows. LetW1,W2, . . . be i.i.d. uniform random variables on [0, 1] as
in the de�nition of PD(1). By Theorem 3 we can suppose that for the active
component C0 = W1 holds and (C1, C2, . . . ) is the decreasing rearrangement
of ((1 −W1)W2, (1 −W1)(1 −W2)W3, . . . ). Let ν be the distribution of the
random partition obtained by the application of a stirring step to C.

If U < W1 for the [0, 1]-uniform random variable U , then the new non-
active components are (W1 − U, (1 − W1)W2, (1 − W1)(1 − W2)W3, . . . ) in
decreasing order. Conditionally on {U < W1} and on U , the variable W1 is
uniform on [U, 1], thus the vector of the non-active components has PD(1)

distribution scaled by (1 − U). It yields that ν conditioned on {U < W1}
and on U is the same as µ conditioned on the active component having size
U .

If U > W1, then a coagulation occurs. Conditioned on {U > W1} and
on the value of W1, the size of the component which merges with C0 has
uniform distribution on [0, 1 −W1], because it is a size-biased component.
We get the same distribution, if we choose this component merging C0 to
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be of length U −W1. Conditionally on {U > W1} and on U the rest has
PD(1) distribution scaled by (1−U). Thus, a sample from ν conditioned on
{U > W1} and on U has an active coordinate of size U and the remaining
components with a scaled PD(1) distribution.

Hence, a vector with distribution ν can be obtained by sampling U uni-
formly on [0, 1], taking the active coordinate of length U and taking a scaled
PD(1) distribution on the rest. It shows that ν = µ, as required.

Theorem 5 proves that µ is a stationary measure for our process, but it
is not at all clear if this is the unique stationary measure. The proof of this
would be the analogue of Schramm's result in [13].

An open question is for our original model to establish after how much
time a permutation can be regarded as a random permutation chosen with
uniform distribution, if it can be regarded at all. The solution of the problem
in this simply describable model is not obvious in the least. For more about
this problem in similar models see [5].
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