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Chapter 1

Introduction

The concept of random walks is a crucial subject in modern probability. The simple ran-

dom walk can be defined as a sequence of i.i.d. (independent and identically distiributed)

steps on the integer lattice Z
d. The behaviour of this basic model is well understood, and

there are natural ways to generalize it by relaxing the condition of independence of steps.

The main difficulty here is the loss of Markov property, which makes standard methods

not applicable. Hence the analysis of random walks with memory requires a completely

new approach and different ideas.

More specifically, in this thesis, we consider self-repelling random walks which means

that the random walker is pushed to areas which were less visited in the past. The

definition can be made precise by introducing the local times which denote the amount

of time spent on certain vertices (or edges) of the underlying lattice. In the main model

of the present thesis, the transition rules of the random walker are given in terms of

the discrete gradient of local times: the walker is driven locally by the negative discrete

gradient of its own local time. This concept was originally called the ‘true’ self-avoiding

random walk, because it is a true walk, i.e. a path of length n + 1 can be sampled by

performing one step according to some distribution after a path of length n. Note that

it is not the case for the self-avoiding walk. In order to avoid confusion, throughout this

thesis, we use the more intuitive name myopic self-avoiding walk (MSAW) instead of the

‘true’ self-avoiding walk.

The continuous space counterpart of the MSAW is also investigated in this thesis. The

driving mechanism has essentially the same spirit: it is based on the local time profile,

but its irregularity is smeared out by a convolution. The diffusion process defined in this

way is the self-repellent Brownian polymer (SRBP) model.

In this introductory chapter, we describe the motivation and context of the models

treated in the present thesis. We define the MSAW and SRBP models as they appeared

first in the literature. To illustrate the context of our research, we describe related earlier

results. Then, we give a summary of results of the thesis with rather informal statements.

The precise formulation can be found in later chapters.
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1.1 Motivation and background

The general motivation of the research which the present thesis is based on originates in

the field of statistical physics. The central subject of our investigations, the MSAW which

was already mentioned above was first introduced in the physics literature by Amit, Parisi

and Peliti in 1983, see [APP83]. It was the first example for a non-trivial random walk with

long memory which behaves qualitatively differently from the usual diffusive behaviour of

random walks. The original definition of these authors is given in the following subsection.

This model belongs to the wider class of self-interacting random walks which attracted

attention in recent times. Typical other examples are the self-repellent Brownian polymer

(SRBP) model, the self-avoiding walk or the reinforced random walk. Some references

are given later in this section. In all these cases, long memory of the random walk or

diffusion is induced by a self-interaction mechanism defined locally in a natural way in

terms of the local time (or occupation time) process. The asymptotic scaling behaviour of

self-interacting random walks and processes has been a mathematical challenge since the

early eighties. The two basic families of models considered in the physical and probabilistic

literature are the MSAW and the SRBP model which, although having their origins in

different cultures and having different motivations, are phenomenologically very similar.

1.1.1 The myopic self-avoiding random walk model

Let X(n) be a nearest neighbour random walk on the integer lattice Z
d which starts from

X(0) = 0. Denote its local time on the vertices x ∈ Z
d by

ℓ(n, x) := #{0 < k ≤ n : X(k) = x} (1.1)

where #{. . . } denotes the cardinality of the set. Let X(n) be governed by the evolution

rules

P
(
X(n + 1) = x + e

∣∣ Fn, X(n) = x
)

=
exp{−βℓ(n, x + e)}∑

|e′|=1 exp{−βℓ(n, x + e′)}

=
exp{−β(ℓ(n, x + e) − ℓ(n, x))}∑

|e′|=1 exp{−β(ℓ(n, x + e′) − ℓ(n, x))}

(1.2)

where |e| = 1, β > 0 is a fixed constant, and Fn contains all the information up to time n

including the local times. Then the random walk X(n) is called the myopic self-avoiding

walk (MSAW).

It has been already conjectured by the authors of [APP83] based on non-rigorous

renormalization group arguments that the upper critical dimension of the MSAW is two.

It means that in higher dimensions, the MSAW behaves diffusively similarly to the simple

random walk, and logarithmic corrections appear in two dimensions. The one-dimensional

behaviour was expected to be super-diffusive. In [PP87], Peliti and Pietronero used non-

rigorous scaling arguments to show that the typical order of the displacement in one
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dimension is 2/3th power of time, but with no hint about the limiting distribution. For

renormalization of the MSAW, see also [OP83].

1.1.2 Related models

First, we give the definition of the self-repellent Brownian polymer (SRBP) model which

is investigated in high dimensions in Chapter 5 in details. On the other hand, we present

two other models of self-interacting random walks that are related to the topic of this

thesis but not analysed here.

We denote by X(t) the d-dimensional self-repellent Brownian polymer which is a con-

tinuous time R
d-valued stochastic process. (The same letter X is used as for the MSAW,

but it will be always clear from the context which of them is under discussion.) The local

time or occupation time measure here is given by

ℓ(t, A) := |{0 < s ≤ t : X(s) ∈ A}| (1.3)

for any A ⊆ R
d measurable subset where |{. . . }| is the Lebesgue measure of the set. Let

V : R
d → R+ be a smooth spherically symmetric approximate identity, for instance, we

may choose V (x) := exp(−|x|2). Then, the SRBP is governed by the equation

dX(t) = dB(t) − grad (V ∗ ℓ(t, ·))(X(t)) dt (1.4)

where ∗ stands for convolution in R
d and B(t) is a standard Brownian motion. The drift

term in (1.4) is the negative gradient of the local time smeared out by convolution with

V and taken at the current position.

The SRBP was first introduced by Norris, Rogers and Williams in 1987 in [NRW87].

Later, it has also been analysed mainly in one dimension in [DR92], [CL95] and [CM96].

The work [MT08] contains a survey of earlier results as well. In the recent paper [TTV11],

super-diffusive bounds are given for the one-dimensional Brownian polymer.

Another self-interacting random walk model is the self-avoiding walk where the steps

to sites which were already visited is forbidden. Therefore, the walker might be trapped by

itself, i.e. a finite self-avoiding trajectory cannot necessarily be extended to a longer self-

avoiding trajectory. It shows that the self-avoiding walk is not a ‘true’ random process

that could be sampled step by step according to some distribution as opposed to the

MSAW. For a textbook on the topic, see [MS93], further references can be found therein.

A self-attracting rather than self-repelling random walk model is the reinforced random

walk: it is governed by the discrete gradient of its own local time in such a way that it

prefers to step to vertices that had been more visited before than others. See [T97] for

a limit theorem for a family of reinforced random walks, [T04] for a recent result on the

long time behaviour and [P07] for a survey.

For further surveys of self-interacting random motions, see also [T99] and [T01].
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1.1.3 First one-dimensional results on the MSAW

The first mathematically rigorous result for the MSAW was given by Tóth in 1995 in

[T95]. He considered a modified model of the MSAW (the random walk X̃(n) in our

notation) where the local times are defined on the edges of Z, that is,

ℓ̃(n, x) := #{0 ≤ k < n : {X̃(k), X̃(k + 1)} = {x, x + 1}}. (1.5)

The transition probabilities are

P
(
X̃(n + 1) = x + 1

∣∣ Fn, X̃(n) = x
)

= 1 − P
(
X̃(n + 1) = x − 1

∣∣ Fn, X̃(n) = x
)

=
exp{−β(ℓ̃(n, x) − ℓ̃(n, x − 1))}

exp{−β(ℓ̃(n, x) − ℓ̃(n, x − 1)) + exp{−β(ℓ̃(n, x − 1) − ℓ̃(n, x))}
.

(1.6)

Tóth proved a limit theorem for the sequence of local times of the random walk defined

in (1.6). The limit can be given in terms of a Brownian motion reflected in the Skorohod

sense. He also gave a local limit theorem for the properly rescaled displacement of X̃ in

a late random time, which justified the conjectured scaling exponent 2/3.

A key point in the proof of [T95] is a kind of Ray – Knight type argument which works

for the MSAW with edge repulsion X̃(n) defined in (1.6) but not for the original MSAW

with site repulsion X(n) given by (1.2). For the original idea of Ray – Knight theory, see

[K63] and [R63]. Let

T̃x,h := min{n ≥ 0 : ℓ̃(n, x) ≥ h}

be the so-called inverse local times for x ∈ Z and h ∈ Z+ and

Λ̃x,h(y) := ℓ̃(T̃x,h, y)

the local time sequence of the walk stopped at an inverse local time as y ∈ Z. It turns out

that, in the edge repulsion case, for any fixed (x, h) ∈ Z×Z+, the process y 7→ Λ̃x,h(y) ∈ Z+

is Markovian and it can be thoroughly analysed.

It is a fact that the similar reduction does not hold for the original MSAW with site

repulsion. Here, the natural objects are defined in the same way:

Tx,h := min{n ≥ 0 : ℓ(n, x) ≥ h}
Λx,h(y) := ℓ(Tx,h, y)

for any x, y ∈ Z and h ∈ Z+. The process y 7→ Λx,h(y) ∈ Z+ (with fixed (x, h) ∈ Z×Z+) is

not Markovian and thus the Ray – Knight type of approach fails. Hence no limit theorem

is known for the original MSAW model with site repulsion in discrete time.

Later, in [TW98], Tóth and Werner constructed the true self-repelling motion which

is believed to be the scaling limit of the one-dimensional MSAW. The construction of
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the process is intricate. It is based on an uncountable collection of coalescing Brownian

motions starting from each point of the two-dimensional space-time. This system of

trajectories was later called the Brownian web, see [FINR04]. The local time profile of

the true self-repelling motion is constructed using the Brownian web, and the process

itself can be recovered from that.

The true self-repelling motion possesses all the analytic and stochastic properties of

an assumed scaling limit of A−2/3X̃(⌊At⌋) as A → ∞. The invariance principle for the

MSAW model with edge repulsion defined in (1.5)–(1.6) has been clarified in [NR06].

The proofs of limit theorems in [T95] (and also in subsequent papers) have some built-

in combinatorial elements which make it difficult (if possible at all) to extend these proofs

robustly to a full class of 1d models of random motions pushed by the negative gradient of

their occupation time measure. However, more recently, a robust proof was given for the

super-diffusive behaviour of the 1d models: in [TTV11], inter alia, it is proved that for

the 1d SRBP models limt→∞ t−5/4E (X(t)2) > 0 and limt→∞ t−3/2E (X(t)2) < ∞. These

are robust super-diffusive bounds (not depending on microscopic details) but still far from

the expected t2/3 scaling.

1.1.4 Recent developments for different versions of MSAW and

SRBP

We start the enumeration of results with two remarks on the definition of the MSAW. In

many cases, it is more convenient to speak about MSAW in continuous time. One of the

models of this thesis is also treated in the continuous time setting. The definition can be

modified in a straightforward way, and it is given precisely later in Chapter 4.

It is also worth noting here that, as indicated in the informal introduction, the tran-

sition probabilities of the MSAW given by the last expression of (1.2) are indeed propor-

tional to the exponential function of the negative discrete gradient of local times. We

generalize the definition slightly by replacing the exponential function with an arbitrary

non-decreasing function w : R → R+ with some mild technical assumptions imposed later.

Formally, instead of (1.2), we use the definition

P
(
X(n + 1) = x + e

∣∣ Fn, X(n) = x
)

=
w(ℓ(n, x) − ℓ(n, x + e))∑

|e′|=1 w(ℓ(n, x) − ℓ(n, x + e′))
(1.7)

which gives back (1.2) with the choice w(u) = eβu. For this generalized model, our

methods remain applicable as it will be seen in Chapter 3 and Chapter 4.

Next, we present an overview about the most important results on the MSAW and

SRBP which have appeared in the literature so far.

One dimension: X(n) ∼ n2/3 with non-Gaussian scaling limit conjectured;
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• Conjectures, renormalization group arguments in [APP83], [PP87];

• MSAW with edge repulsion: Tóth in [T95] and explained above;

• Construction of the true self-repelling motion as a scaling limit of one-dimensional

MSAW: Tóth and Werner in [TW98] and above;

• MSAW with oriented edge repulsion: Tóth and Vető in [TV08] and Chapter 3 of

the present thesis;

• MSAW in continuous time with site repulsion: Tóth and Vető in [TV11] and Chapter

4 of the present thesis;

• On-line demonstration of the one-dimensional MSAW models: Vető in [V09];

• Super-diffusive bounds on the one-dimensional SRBP: Tarrès, Tóth and Valkó in

[TTV11].

Two dimensions: X(n) ∼ n1/2 log1/4 n with Gaussian scaling limit conjectured;

• Conjectures, renormalization group arguments in [APP83], [OP83];

• Super-diffusive bounds on the SRBP: Tóth and Valkó in [TV10].

Three or higher dimensions: X(n) ∼ n1/2 with Gaussian scaling limit conjectured;

• Conjectures, renormalization group arguments in [APP83], [OP83];

• Diffusive bounds and central limit theorem for the SRBP: Horváth, Tóth and Vető

in [HTV11] and Chapter 5 of the present thesis;

• Diffusive bounds and central limit theorem for the MSAW: Horváth, Tóth and Vető

in [HTV11]. This result is not part of the present thesis.

1.2 Overview of thesis

In this section, we summarize the results which are presented in details in later chapters

of this thesis. The thesis is based on the papers [TV07], [TV08], [TV11] and [HTV11].

Each of the next four chapters describe the results of one of these papers.

At the beginning of the chapters, we give the appropriate definitions again in order

to avoid confusions. We note here that the same letter may denote different objects in

different chapters, but the notation within the chapters is consistent.

Compared to the journal papers which the chapters are based on, sketch proofs have

been integrated to the text, see Section 2.2, 3.3, 4.2 and 5.3. After stating the main results
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in each chapter, the reader can find a separate section which contains an outline of the

forthcoming rigorous proofs in one or two pages with references to the formulae of the

proof. It enables the reader to skim through the thesis without all the details and also to

keep track of the steps of the proofs.

The chapters are not based on each other. We tried to keep them self-contained in

order to make them understandable on their own.

Finally, we give a short summary of recent developments about MSAW and SRBP and

we finish with conclusion.

1.2.1 Reflected Brownian trajectories

In Chapter 2, we consider Brownian trajectories reflected on each other in the Skorohod

sense. One motivation for studying these problems was that reflected Brownian trajec-

tories come up as building blocks in the construction of the true self-repelling motion

defined in [TW98] which is the limit object of the one-dimensional myopic self-avoiding

walk.

As in [TV07], we consider independent Brownian motions B(t), X(t) and Y (t) in one

dimension. Let X+(t) and Y −(t) be the trajectories of X(t) and Y (t) pushed upwards

and respectively downwards by B(t) according to Skorohod reflection. We show that the

distance of the reflected trajectories X+(t)− Y −(t) is a three-dimensional Bessel process.

By the time of publishing [TV07], it turned out that a more general theorem was proved

parallelly in [W07], but we give a simpler elementary proof in Chapter 2 by using the

discrete approximation of Brownian paths and Donsker’s invariance principle.

1.2.2 One-dimensional results

In Chapter 3 and 4, we consider two different versions of the one-dimensional MSAW, and

we describe the scaling limits in both models which are different from the usual diffusion

processes. Limit theorems for the local time processes are also proved.

The definition of the model treated in Chapter 3 and in [TV08] is slightly different

from the original MSAW, i.e. the local time is defined on oriented edges instead of local

times on the vertices of Z. (The unoriented edge version was described above.) This little

change in the definition results in a surprisingly new phenomenon: we prove that the

scaling behaviour is different from the other one-dimensional MSAW models. Instead of

the 2/3th power, the proper scaling of the walk turns out to be square root of time. We

use the general idea of Ray – Knight approach which appeared first in [T95] in this context

for the proof of the edge repulsion case of the MSAW. We show that, after appropriate

scaling, the local time process of the walk converges to a deterministic triangular shape.

We also give a local limit theorem for the position of the random walker after a large

random number of steps. The rescaled limit distribution is uniform. It suggests that
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there cannot exist any continuous scaling limit of the walk. At the end of the chapter, we

present computer simulations thich show an apparent agreement with our limit theorems.

In the continuous time version of the original MSAW, we prove in Chapter 4 and in

[TV11] that the right scaling is 2/3th power of time in accordance with the physicists’

conjecture, and we identify the scaling limit which is the true self-repelling motion de-

fined in [TW98]. With the Ray – Knight method, we can describe the MSAW stopped

at inverse local times. We give the limit of the rescaled local time profile of the stopped

MSAW in terms of reflected and absorbed Brownian motions and a local limit theorem for

the displacement. These are the first mathematically rigorous results for a self-repelling

random walk model with site repulsion, which is the original formulation of the problem.

With these results, we contribute to the understanding of the one-dimensional MSAW,

but the picture is not complete yet. We use the general Ray – Knight method of [T95] in

our proofs for both models among other new ideas, but it does not seem to be applicable

for the original model in discrete time for some combinatorial reasons. Nevertheless, it is

commonly agreed that the original MSAW behaves also like the discrete time unoriented

edge repulsion model such as the continuous time site repulsion model.

1.2.3 Transient dimensions

In the paper [HTV11], the MSAW and the SRBP model are investigated in three or

more dimensions. Chapter 5 contains the results about the SRBP model with full proof,

but those about the MSAW are not part of the present thesis, however the theorems are

formulated in Chapter 6 in order to have a complete picture in high dimensions. We remark

here that the central limit theorem for both models are based on similar ideas, but with

essential differences. For the diffusive upper bound for the MSAW, the Brascamp – Lieb

inequality was needed which we do not use in the thesis.

In Chapter 5, we work in three or higher dimensions where the simple symmetric

random walk is transient. Heuristically, in this regime, in any bounded domain, only finite

amount of time is spent, hence the effect of self-repellence causes only a local perturbation

which disappears in the limit.

We give a rigorous proof of the central limit theorem for the SRBP in terms of the finite

dimensional distributions, which means that the scaling is indeed diffusive with Gaussian

limit as conjectured in the 1980’s. In addition, diffusive upper and lower bounds are given

on the variance of the displacement, which yield that the normal distribution in the limit

is non-degenerate.

Considering the SRBP, the main difficulty is caused by its long memory, since the

whole history of the process influences the evolution. With a natural observation due to

Varadhan, if one considers the motion from the point of view of the moving particle, then

the problem transforms to finding Gaussian behaviour for a certain additive functional of
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a Markov process, which has an extended theory in the literature.

The first result on central limit theorem for additive functionals of Markov chains

dates back to 1986 due to Kipnis and Varadhan [KV86]. The main tool in their proof and

later generalizations is approximation via a martingale with stationary increments. The

theorem of Kipnis and Varadhan is only applicable if the Markov chain under discussion

is reversible, which is not the case here. Extensions of this theory for the non-reversible

case appeared in the literature. The most general sufficient condition, the the so-called

graded sector condition, is given in [SVY00] for the central limit theorem to hold.

Checking the graded sector condition for the SRBP in three or more dimensions re-

quires advanced functional analytic tools. The theory of Gaussian Hilbert spaces provides

the framework of the computations. The proof relies on deep understanding of the re-

solvent calculus of the operator which appears here as infinitesimal generator. The com-

putations are performed in the space of Fourier transforms where the operators can be

handled.

In the proof of the diffusive bounds, the natural symmetries (most notably the Yaglom

reversibility) of the model are used several times.



16 CHAPTER 1. INTRODUCTION



Chapter 2

Reflected Brownian trajectories

The study of 1d Brownian trajectories pushed up or down by Skorohod reflection on some

other Borwnian trajectories (running backwards in time) was initiated in [STW00] and

motivated in [TW98] by the construction of the object what is today called the Brownian

web, see [FINR04]. It turns out that these Brownian paths, reflected on one another,

have very interesting, sometimes surprising properties. For further studies of Skorohod

reflection of Brownian paths on one another, see also [SW02], [BN02], [W07] etc. In

particular, in [W07], Warren considers two interlaced families of Brownian trajectories

with paths belonging to the second family reflected off by paths belonging to the first (in

Skorohod’s sense) and derives a determinantal formula for the distribution of coalescing

Brownian motions.

A particular case of Warren’s formula is the following: fix a Brownian path and let

two other Brownian paths be pushed upwards and respectively downwards by Skorohod

reflection on the trajectory of the first one. The difference of the last two will be a three-

dimensional Bessel process. In the present chapter, we give an alternative, elementary

proof of this fact.

2.1 Results on reflected Brownian paths

2.1.1 Skorohod reflection

Let T ∈ (0,∞) and b, x : [0, T ) → R be continuous functions. Assume x(0) ≥ b(0). The

construction of the following proposition is due to Skorohod. Its proof can be found either

in [RY99] (see Lemma 2.1 in Chapter VI) or in [STW00] (see Lemma 2 in Section 2.1)

Proposition 2.1.1. (1) There exists a unique continuous function xb↑ : [0, T ) → R with

the following properties:

– The function xb↑ − b is non-negative.

– The function xb↑ − x is non-decreasing.

17
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x0↑(t)

x(t)

b ≡ 0

XB↑(t)

B(t)

YB↓(t)

Figure 2.1: Example for Skorohod reflection and the reflected Brownian paths of Theorem

2.1.2

– The function xb↑ − x increases only when xb↑ = b. That is

∫ T

0

11(xb↑(t) 6= b(t)) d(xb↑(t) − x(t)) = 0.

(2) The function t 7→ xb↑(t) is given by the construction

xb↑(t) = x(t) + sup
0≤s≤t

(
x(s) − b(s)

)
−.

(3) The map C([0, T ))×C([0, T )) ∋
(
b(·), x(·)

)
7→

(
b(·), xb↑(·)

)
∈ C([0, T ))×C([0, T )) is

contunuous in supremum distance.

We call the function t 7→ xb↑(t) the upwards Skorohod reflection of x(·) on b(·). As

it is remarked in [STW00], the term Skorohod pushup of x(·) by b(·) would be more

adequate. Skorohod reflection on paths b(t) = const. plays a fundamental role in the

proper formulation and proof of Tanaka’s formula, see Chapter VI of [RY99]. See also

Figure 2.1.

The downwards Skorohod reflection or Skorohod pushdown is defined for continuous

functions b, y : [0, T ) 7→ R with y(0) ≤ b(0) by

yb↓ := −
(
(−y)(−b)↑

)
, yb↓(t) = y(t) − sup

0≤s≤t

(
y(s) − b(s)

)
+
.

Given three continuous trajectories b, x, y : [0, T ) → R with y(0) ≤ b(0) ≤ x(0), the

map C([0, T ))×C([0, T ))×C([0, T )) ∋ (b(·), x(·), y(·)) 7→ (b(·), xb↑(·), yb↓(·)) ∈ C([0, T ))×
C([0, T )) × C([0, T )) is clearly continuous in supremum distance.

2.1.2 The result

Let B(t), X(t) and Y (t) be independent standard 1d Brownian motions starting from 0

and define
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X+(t) := XB↑(t), X̂(t) := X+(t) − B(t), (2.1)

Y −(t) := YB↓(t), Ŷ (t) := −Y −(t) + B(t) (2.2)

as seen on Figure 2.1. We are interested in the difference process

Z(t) := X+(t) − Y −(t) = X̂(t) + Ŷ (t). (2.3)

It is straightforward that 2−1/2X̂(t) and 2−1/2Ŷ (t) are both standard reflected Brownian

motions. They are, of course, strongly dependent.

The following fact is a particular consequence of the main results in [W07]:

Theorem 2.1.2. The process 2−1/2Z(t) is BES3, that is, standard 3d Bessel process:

dZ(t) = 2
1

Z(t)
dt +

√
2dW (t), Z(0) = 0. (2.4)

In Section 2.3, we present an elementary proof of this fact.

2.2 Sketch of proof

Before the formal proof of Theorem 2.1.2, we describe the main steps and ideas in this

short section.

The basic tools are the discrete approximation of Brownian trajectories and Donsker’s

invariance principle. The Brownian motions B(t), X(t) and Y (t) are given as diffusive

limits of the independent simple random walks M(n), U(n) and L(n), see (2.6). For the

random walk trajectories, the discrete Skorohod reflection is defined in Proposition 2.3.1.

By Donsker’s invariance principle, it follows that the difference process Z(t) defined in

(2.3) can be represented as the scaling limit of the distance of two random walk trajectories

UM↑(n) and LM↓(n) reflected upwards and downwards on the trajectory of M(n) in the

discrete Skorohod sense, see (2.7). The discrete distance of UM↑(n) and LM↓(n) is called

2Dn.

Lemma 2.3.2 tells us that Dn is a Markov chain on its own, and the transition matrix

is given by (2.8). It is enough to see that the scaling limit of Dn is indeed BES3, because

the SDE (2.4) can be deduced by computing the expectation and variance of one step of

Dn.

The actual computations for checking the transitions of Dn are left to Lemma 2.3.3.

Slightly more is proved there: besides identifying the transition matrix of Dn, it is also

shown that the position of M(n) between the reflected versions of U(n) and L(n) is

uniformly distributed. The two statements are verified by a common induction using

elementary observations.
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2.3 Proof of the theorem

2.3.1 Discrete Skorohod reflection

Define the following square lattices embedded in R × R:

L := {(t, x) ∈ Z × Z : t + x is even}, L∗ := {(t, x) ∈ Z × Z : t + x is odd}. (2.5)

In both of the lattices, the points (t1, x1) and (t2, x2) are connected with an edge if and

only if |t1 − t2| = |x1 − x2| = 1. Note that L and L∗ are Whitney duals of each other.

We define the discrete analogue of the Skorohod reflection in L and L∗. Later on, we

say that the function y : [0, T ] ∩ Z → Z is a walk in the lattice L or L∗ if the consecutive

elements of the sequence (0, y(0)), (1, y(1)), . . . , (T, y(T )) are edges in L or L∗.

Let b : [0, T ] ∩ Z → Z and x : [0, T ] ∩ Z → Z be two walks in the lattices L and L∗,

respectively. Assume that x(0) ≥ b(0). An analogue of Proposition 2.1.1 holds in this

case, but the proof is even easier.

Proposition 2.3.1. (1) There is a unique walk xb↑ : [0, T ] ∩ Z → Z in L∗ with the

following properties:

– The function xb↑ − b is non-negative.

– The function xb↑ − x is non-decreasing.

– The function xb↑ − x increases only when xb↑ = b + 1, i.e.

T∑

t=1

11(xb↑(t) − b(t) > 1)
[(

xb↑(t) − x(t)) − (xb↑(t − 1) − x(t − 1)
)]

= 0.

(2) The function t 7→ xb↑(t) can be expressed as

xb↑(t) = x(t) + sup
s∈[0,t]∩Z

(x(s) − b(s))− + 1.

We call the function t 7→ xb↑(t) the discrete upwards Skorohod reflection of x(·) on b(·).
The discrete downwards Skorohod reflection is defined similarly. If y : [0, T ]∩Z → Z is a

walk in L∗ and b : [0, T ] ∩ Z → Z is a walk in L with y(0) ≤ b(0), then

yb↓ := −
(
(−y)(−b)↑

)
, yb↓(t) = y(t) − sup

s∈[0,t]∩Z

(y(s) − b(s))+ − 1.

See also Figure 2.2.

In this chapter, we use the same notation for the discrete Skorohod reflection and

the continuous one (defined as Skorohod reflection), but it will be always clear from the

context which is the adequate one.
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b(t)

x(t)

xb↓(t)

b(t)

Figure 2.2: The discrete upwards Skorohod reflection of the path x(t) ∈ L on b(t) ∈ L∗.

The green edges have been modified

2.3.2 Approximation of reflected Brownian motions

Let M(t) be a random walk on the lattice L with jumps from (t, x) to (t + 1, x + 1) or

(t + 1, x − 1) with probability 1/2 − 1/2 and M(0) = 0. We define the random walks

U(t) and L(t) on L∗ with the same transition probabilities, which are independent of each

other and of M(t). The initial values are U(0) = 1 and L(0) = −1. We extend our walks

for non-integral values of t linearly, so the trajectories are continuous.

Since all these three random walks have steps with mean 0 and variance 1, it follows

that (
M(nt)√

n
,
U(nt)√

n
,
L(nt)√

n

)

0≤t≤T

=⇒ (B(t), X(t), Y (t))0≤t≤T (2.6)

weakly on C[0, T ] for any T > 0 as n → ∞. We established earlier that the map

(b(·), x(·), y(·)) 7→ (b(·), xb↑(·), yb↓(·)) is continuous in supremum distance. From Donsker’s

invariance principle (see e.g. Section 7.6 of [D95] for the notion of weak convergence and

Donsker’s invariance principle), we conclude that
(

M(nt)√
n

,
UM(n·)↑(nt)√

n
,
LM(n·)↓(nt)√

n

)

0≤t≤T

=⇒ (B(t), X+(t), Y −(t))0≤t≤T (2.7)

weakly as n → ∞. Note that we can use the discrete Skorohod reflection to transform U

and L, because the difference is only the addition of 1, which vanishes in the limit. At

this point, it suffices to show that

2−1/2 UM(n·)↑(nt) − LM(n·)↓(nt)√
n

converges to a BES3 process.

For x, y ∈ Z
+, we define the stochastic matrix

Pxy =
y

x
·





1
2

if y = x
1
4

if |y − x| = 1

0 otherwise

. (2.8)
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It is well known that if Xn is a homogeneous Markov chain with transition proba-

bilities (Pxy)x,y∈Z+ , then its diffusive limit is BES3, i.e. for every T > 0, the process√
2(n−1/2Xnt)0≤t≤T converges to a 3d Bessel process in the Skorohod topology as n → ∞.

So the proof of our theorem relies on the following

Lemma 2.3.2. 1
2
(UM↑(t) − LM↓(t)) is a Markov chain and its transition matrix is given

by (Pxy)x,y∈Z+ where UM↑ and LM↓ are discrete Skorohod reflections.

2.3.3 Markov property of the distance of the two reflected walks

We introduce a different notation for the triple (M,UM↑, LM↓), which is just a linear

transformation. Let Kn := LM↓(n) be the position of the lower reflected walk. With the

definition Dn := 1
2
(UM↑(n) − LM↓(n)), the distance of the two reflected walks is 2Dn.

Pn := 1
2
(M(n) − LM↓(n) − 1), which means that the position of M related to the lower

walk is 2Pn + 1. The vector (Kn, Dn, Pn) is clearly a Markov chain.

We are only interested in the coordinate Dn, which turns out to be also Markovian and

to have transition matrix (Pxy)xy∈Z+ . To show this, we have to determine the conditional

distribution of Pn, because in certain cases it modifies the transition rules of Dn.

Lemma 2.3.3. The following identities hold

P
(
Pn = x

∣∣ Dn
0

)
= 1

Dn
11(x ∈ {0, 1, . . . , Dn − 1}), (2.9)

P
(
Dn+1 = y

∣∣ Dn
0

)
= PDny (2.10)

where Dn
0 means the sequence of variables D0, . . . , Dn.

Proof. The two identities (2.9), respectively, (2.10) of the lemma are proved by a common

induction on n. Since D0 = 1 and P0 = 0, the case n = 0 is trivial.

For the induction step, we have to enumerate the possible transitions of the Markov

chain (Kn, Dn, Pn). For the sake of simplicity, we only prove for Dn = Dn−1 − 1, the

other cases are similar. It is easy to check that the transition (k, d, p) → (k + 1, d − 1, p)

has probability 1
8
11(p ∈ {0, 1, . . . , d − 2}), this will be called type A events. Type B

events are the transitions (k, d, p) → (k + 1, d − 1, p − 1), which happen with probability
1
8
11(p ∈ {1, 2, . . . , d − 1}). No other cases give d → d − 1.
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Proof of (2.9): Let x, y ∈ Z
+. We suppose that y = Dn−1 − 1.

P
(
Pn = x

∣∣ Dn = y,Dn
0

)

=
∑

z∈Z

P
(
Pn = x

∣∣ Pn−1 = z,Dn = y,Dn−1
0

)
P

(
Pn−1 = z

∣∣ Dn = y,Dn−1
0

)

=
∑

z∈Z

P
(
Pn = x,Dn = y

∣∣ Pn−1 = z,Dn−1
0

)

P
(
Dn = y

∣∣ Pn−1 = z,Dn−1
0

) P
(
Pn−1 = z

∣∣ Dn = y,Dn−1
0

)

=
x+1∑

z=x

P
(
Pn = x,Dn = y

∣∣ Pn−1 = z,Dn−1
0

) P
(
Pn−1 = z

∣∣ Dn−1
0

)

P
(
Dn = y

∣∣ Dn−1
0

)

= P
(
Pn = x,Dn = y

∣∣ Pn−1 = x,Dn−1
0

) P
(
Pn−1 = x

∣∣ Dn−1
0

)

P
(
Dn = y

∣∣ Dn−1
0

)

+ P
(
Pn = x,Dn = y

∣∣ Pn−1 = x + 1, Dn−1
0

) P
(
Pn−1 = x + 1

∣∣ Dn−1
0

)

P
(
Dn = y

∣∣ Dn−1
0

)

=
1

8
11(x ∈ {0, 1, . . . , Dn−1 − 2})

1
Dn−1

11(x ∈ {0, 1, . . . , Dn−1 − 1})
1
4

Dn−1−1
Dn−1

+
1

8
11(x ∈ {0, 1, . . . , Dn−1 − 2})

1
Dn−1

11(x ∈ {−1, 0, . . . , Dn−1 − 2})
1
4

Dn−1−1
Dn−1

=
1

Dn−1 − 1
11(x ∈ {0, . . . , Dn−1 − 2}) =

1

y
11(x ∈ {0, 1, . . . , y − 1}).

(2.11)

First, we used the law of total probability and the definition of conditional probability

and the identity P(E|F )/P(F |E) = P(E)/P(F ) on a conditional probability space. As

remarked at the beginning of this proof, there are only two cases to reduce the value of D,

so the sum has only two terms. Then, we used both inductional hypotheses to evaluate

the conditional probabilities. The remaining steps are obvious.

Proof of (2.10): We spell out the proof for Dn+1 = Dn − 1, the cases Dn+1 = Dn and

Dn+1 = Dn + 1 are similar.

P
(
Dn+1 = Dn − 1

∣∣ Dn
0

)

=
Dn−1∑

x=0

P
(
Dn+1 = Dn − 1

∣∣ Pn = x,Dn
0

)
P

(
Pn = x

∣∣ Dn
0

)

=
Dn−1∑

x=0

(
1

8
11(x ∈ {0, 1, . . . , Dn − 2}) +

1

8
11(x ∈ {1, 2, . . . , Dn − 1})

)
1

Dn

=
1

4

Dn − 1

Dn

= PDn(Dn−1).

(2.12)

In the second step, only type A and B events can cause the transition Dn+1 = Dn−1. We

applied the first part of this lemma to evaluate the second conditional probability factor.
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As a consequence, we see that the distribution of Dn+1 conditioned on Dn
0 depends

only on Dn, which means that Dn is a Markov chain with transition matrix (Pxy)xy. From

this, the assertion of the theorem follows.



Chapter 3

One-dimensional myopic

self-avoiding walk with oriented edge

repulsion

In this chapter, we consider a variant of self-repelling random walk on the integer lattice

Z where the self-repellence is defined in terms of the local time on oriented edges. This

model is similar to the one examined in [T95], but the walker here is pushed by the local

differences of occupation time measures on oriented rather than unoriented edges.

The phenomenological behaviour is surprisingly different from the unoriented case. We

prove limit theorems for the local time process and for the position of the random walker

under square-root-of-time (rather than time-to-the-2/3) space-scaling, but the limit laws

are not the usual diffusive ones. The main ingredient is a Ray – Knight type of approach.

This chapter is organized as follows. We introduce the model formally in Section 3.1.

In Section 3.2, we formulate the main results. In Section 3.3, we give a sketch of proof. In

Section 3.4, we prove Theorem 3.2.2 about the convergence in sup-norm and in probability

of the local time process stopped at inverse local times. As a consequence, we also prove

convergence in probability of the inverse local times to deterministic values. In Section

3.5, we convert the limit theorems for the inverse local times to local limit theorems for

the position of the random walker at independent random stopping times of geometric

distribution with large expectation. Finally, in Section 3.6, we present some numerical

simulations of the position and local time processes with particular choices of the weight

function. The figures show the strange scaling behaviour of the walk considered.

3.1 Definition of the model

Let w be a weight function which is non-decreasing and non-constant:

w : Z → R+, w(z + 1) ≥ w(z), lim
z→∞

(
w(z) − w(−z)

)
> 0. (3.1)

25
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We will consider a nearest neighbour random walk X(n), n ∈ Z+ := {0, 1, 2, . . . }, on

the integer lattice Z, starting from X(0) = 0, which is governed by its local time process

through the function w in the following way. Denote by ℓ±(n, k), (n, k) ∈ Z+ × Z, the

local time (that is: its occupation time measure) on oriented edges:

ℓ±(n, k) := #{0 ≤ j ≤ n − 1 : X(j) = k,X(j + 1) = k ± 1}

where #{. . . } denotes cardinality of the set. Note that

ℓ+(n, k) − ℓ−(n, k + 1) =





+1 if 0 ≤ k < X(n),

−1 if X(n) ≤ k < 0,

0 otherwise.

(3.2)

We will also use the notation

ℓ(n, k) := ℓ+(n, k) + ℓ−(n, k + 1) (3.3)

for the local time spent on the unoriented edge 〈k, k + 1〉.
Our random walk is governed by the evolution rules

P
(
X(n + 1) = X(n) ± 1

∣∣ Fn

)

=
w(∓(ℓ+(n,X(n)) − ℓ−(n,X(n))))

w(ℓ+(n,X(n)) − ℓ−(n,X(n))) + w(ℓ−(n,X(n)) − ℓ+(n,X(n)))
,

ℓ±(n + 1, k) = ℓ±(n, x) + 11(X(n) = k,X(n + 1) = k ± 1).

(3.4)

That is: at each step, the walk prefers to choose that oriented edge pointing away from

the actually occupied site which had been less visited in the past. In this way, it balances

or smoothes out the roughness of the occupation time measure. We prove limit theorems

for the local time process and for the position of the random walker at large times under

diffusive scaling, that is: essentially for n−1/2ℓ(n, ⌊n1/2x⌋) and n−1/2X(n), but with limit

laws strikingly different from usual diffusions. See Theorem 3.2.2 and 3.2.4 for precise

statements.

3.2 The main results

As in [T95], the key to the proof is a Ray – Knight approach. Let

T±
j,r := min{n ≥ 0 : ℓ±(n, j) ≥ r}, j ∈ Z, r ∈ Z+

be the so-called inverse local times and

Λ±
j,r(k) := ℓ(T±

j,r, k) = ℓ+(T±
j,r, k) + ℓ−(T±

j,r, k + 1), j, k ∈ Z, r ∈ Z+ (3.5)
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Λ+
3,2 = 0 1 3 3 3 2 0

Figure 3.1: The local time sequence of the walk stopped at the inverse local time T+
3,2 = 12

the local time sequence (on unoriented edges) of the walk stopped at the inverse local

times. See Figure 3.1. We denote by λ±
j,r and ρ±

j,r the leftmost, respectively, the rightmost

edges visited by the walk before the stopping time T±
j,r:

λ±
j,r : = inf{k ∈ Z : Λ±

j,r(k) > 0},
ρ±

j,r : = sup{k ∈ Z : Λ±
j,r(k) > 0}.

The next proposition states that the random walk is recurrent in the sense that it

visits infinitely often every site and edge of Z.

Proposition 3.2.1. Let j ∈ Z and r ∈ Z+ be fixed. We have

max

{
T±

j,r, ρ
±
j,r − λ±

j,r, sup
k

Λ±
j,r(k)

}
< ∞

almost surely.

Actually, we will see from the proofs of our theorems that the quantities in Proposition

3.2.1 are finite, and much stronger results are true for them, so we do not give a separate

proof of this statement.

3.2.1 Limit theorem for the local time process

The main result concerning the local time process stopped at inverse local times is the

following:

Theorem 3.2.2. Let x ∈ R and h ∈ R+ be fixed. Then

A−1λ±
⌊Ax⌋,⌊Ah⌋

P−→ −|x| − 2h, (3.6)

A−1ρ±
⌊Ax⌋,⌊Ah⌋

P−→ |x| + 2h, (3.7)

and

sup
y∈R

∣∣∣A−1Λ±
⌊Ax⌋,⌊Ah⌋(⌊Ay⌋) − (|x| − |y| + 2h)+

∣∣∣ P−→ 0 (3.8)

as A → ∞.
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Note that

T±
j,r =

ρ±j,r∑

k=λ±
j,r

Λ±
j,r(k).

Hence, it follows immediately from Theorem 3.2.2 that

Corollary 3.2.3. With the notations of Theorem 3.2.2,

A−2T±
⌊Ax⌋,⌊Ah⌋

P−→ (|x| + 2h)2 (3.9)

as A → ∞.

Theorem 3.2.2 and Corollary 3.2.3 will be proved in Section 3.4.

Remark. Note that the local time process and the inverse local times converge in proba-

bility to deterministic objects rather than converging weakly in distribution to genuinely

random variables. This makes the present case somewhat similar to the weakly reinforced

random walks studied in [T97].

3.2.2 Limit theorem for the position of the walker

According to the arguments in [T95], [T99] and [T01], from the limit theorems

A−1/νT±
⌊Ax⌋,⌊A(1−ν)/νh⌋ ⇒ Tx,h (3.10)

valid for any (x, h) ∈ R × R+, one can essentially derive the limit theorem for the one-

dimensional marginals of the position process:

A−νX(⌊At⌋) ⇒ X (t).

Indeed, the summation arguments, given in detail in the papers quoted above, indicate

that

ϕ(t, x) := 2
∂

∂t

∫ ∞

0

P (Tx,h < t) dh (3.11)

is the good candidate for the the density of the distribution of X (t), with respect to

Lebesgue measure. The scaling relation

A1/νϕ(At,A1/νx) = ϕ(t, x) (3.12)

clearly holds. In some cases (see e.g. [T95]), it is not trivial to check that x 7→ ϕ(t, x)

is a bona fide probability density of total mass 1. (However, a Fatou argument easily

shows that its total mass is not more than 1.) But in our present case, this fact drops

out from explicit formulas. Indeed, the weak limits (3.9) hold, which, by straightforward

computation, imply

ϕ(t, x) =
1

2
√

t
11(|x| ≤

√
t).
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Actually, in order to prove limit theorem for the position of the random walker, some

smoothening in time is needed, which is realized through the Laplace transform. Let

ϕ̂(s, x) := s

∫ ∞

0

e−stϕ(t, x)dt =
√

sπ(1 − Φ(
√

2s|x|))

where

Φ(x) :=
1√
2π

∫ x

−∞
e−y2/2dy

is the standard normal distribution function.

We prove the following local limit theorem for the position of the random walker

stopped at an independent geometrically distributed stopping time of large expectation:

Theorem 3.2.4. Let s ∈ R+ be fixed and θs/A a random variable with geometric distri-

bution

P
(
θs/A = n

)
= (1 − e−s/A)e−sn/A (3.13)

which is independent of the random walk X(n). Then, for almost all x ∈ R,

A1/2P
(
X(θs/A) = ⌊A1/2x⌋

)
→ ϕ̂(s, x)

as A → ∞.

From the above local limit theorem, the integral limit theorem follows immediately:

lim
A→∞

P
(
A−1/2X(θs/A) < x

)
=

∫ x

−∞
ϕ̂(s, y)dy.

From (3.6) and (3.7), the tightness of the distributions (A−1/2X(⌊At⌋))A≥1 follows

easily. Theorem 3.2.4 yields that if the random walk X(·) has any scaling limit, then

ϕ(t, ·) given in (3.11) is indeed the density of the scaling limit, that is,

A−1/2X(⌊At⌋) =⇒ UNI(−
√

t,
√

t) (3.14)

as A → ∞ holds where UNI(−
√

t,
√

t) stands for the uniform distribution on the interval

(−
√

t,
√

t).

The proof of Theorem 3.2.4 is presented in Section 3.5.

3.3 Sketch proof of the limit theorems

We present the main ideas of the proofs of Theorem 3.2.2 and 3.2.4. Our aim is to let the

reader understand the structures of the proofs without the technical details which are left

to Section 3.4 and 3.5.
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3.3.1 Theorem 3.2.2

The proof of Theorem 3.2.2 is organized as follows. We introduce independent auxiliary

Markov chains ηj,± in (3.25)–(3.28) associated to the vertices j ∈ Z with the same dis-

tribution. These Markov chains are essentially the differences of local times on adjacent

edges. The law of these Markov chains is already analysed in Subsection 3.4.1. Lemma

3.4.1 determines the stationary distribution ρ of these Markov chains and it gives an ex-

ponential bound on the rate of convergence to the stationary measure. It turns out that

the stationary mean (3.24) is −1/2.

Proposition 3.4.2 tells us that these auxiliary Markov chains are indeed independent

and have the same distribution which enables us to represent the local time sequence Lj,r

as a random walk. More precisely, we follow a Ray – Knight approach which means that

we consider the local times of the random walk X stopped at an inverse local time T±
j,r,

i.e. the sequence (Lj,r(k))k∈Z with some j ∈ Z− and r ∈ Z+, see (3.15).

The starting point of the random walk representation (3.29) follows by definition.

On the other hand, equations (3.30)–(3.32) can also be seen easily from (3.2) and the

definitions (3.15) and (3.25)–(3.28). These formulas yield that starting from position

j ∈ Z−, one might generate the sequence of local times Lj,r(k) step by step by always

adding a new independent random variable, that is, as a random walk. Note that the

expected jump size is 1/2 between j and 0, −1/2 above 0 and −1/2 below j backwards.

It is in accordance with (3.17). At this point, we have to show that the two-sided random

walk Lj,r(k) does not differ too much from the expected behaviour.

For taking the scaling limit, we set j = ⌊Ax⌋ and r = ⌊Ah⌋. By Lemma 3.4.1, as

long as L⌊Ax⌋,⌊Ah⌋(k) > A1/2+ε, the Markov chains ηk,± which appear in the increments

L⌊Ax⌋,⌊Ah⌋(k)−L⌊Ax⌋,⌊Ah⌋(k−1) are exponentially close to the stationary distribution. This

enables us to couple them efficiently to the i.i.d. copies η̃k(m) of the stationary Markov

chain, that is, for which P (η̃k(m) = x) = ρ(x) for all k ∈ Z and m ∈ Z.

We build up the walk L̃j,r(k) in (3.36) similarly to (3.29)–(3.32) where the increments

of L̃j,r follow exactly the stationary distribution ρ, see (3.37). It is a standard large

deviation estimate that the fluctuation of the random walk L̃j,r around its mean value is

uniformly smaller than A1/2+ε with high probability, see (3.39). By the construction of

the coupling, it can be seen that L⌊Ax⌋,⌊Ah⌋(k) = L̃⌊Ax⌋,⌊Ah⌋(k) with high probability as

long as both are above the threshold A1/2+ε as given in (3.45). On the other hand, (3.46)

yields that, close to k = ±(A(|x|+2h)), the random walk L⌊Ax⌋,⌊Ah⌋(k) approaches 0 with

high probability.

The main part of Subsection 3.4.4 is Lemma 3.4.3 which gives an upper bound on the

expected hitting time of 0 for L starting from any level r ∈ Z+. By applying Markov’s

inequality, we get that if L is below the threshold given in (3.46), then it hits 0 within time

A1/2+ε with high probability, see (3.47) and (3.48). This completes the proof of Theorem
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3.2.2.

3.3.2 Theorem 3.2.4

With the definitions (3.58)–(3.60), the assertion of Theorem 3.2.4 can be expressed as

(3.61) with a pointwise convergence of Laplace transforms. The crucial identity here is

(3.63) which connects the distribution of the displacement X(n) with that of the inverse

local times T±
k,m. Therefore, we can use the limit theorem stated in Corollary 3.2.3 which

is equivalent to (3.67) by the definitions (3.62) and (3.65). Hence the pointwise limit of

the rescaled Laplace transform ϕ̂A can be given by using Fatou’s lemma, and the result

of Theorem 3.2.4 follows.

3.4 Proof of the limit theorem for the local times

In this section, we first introduce independent auxiliary Markov chains associated to the

vertices of Z in such a way that the value of the local time at the edges can be expressed

with a sum of such Markov chains. It turns out that the auxiliary Markov chains converge

exponentially fast to their common unique stationary distribution. It allows us to couple

the local time process of the self-repelling random walk with the sum of i.i.d. random

variables. The coupling yields that the law of large numbers for i.i.d. variables can be

applied for the behaviour of the local time, with high probability. The coupling argument

breaks down when the local time approaches 0. We show in Subsection 3.4.4, how to

handle this case.

Let

Lj,r(k) := ℓ+(T+
j,r, k). (3.15)

Mind that due to (3.2), (3.3) and (3.5)

∣∣Λ+
j,r(k) − 2Lj,r(k)

∣∣ ≤ 1. (3.16)

We give the proof of (3.6), (3.7) and

sup
y∈R

∣∣∣∣A
−1L⌊Ax⌋,⌊Ah⌋(⌊Ay⌋) −

( |x| − |y|
2

+ h

)

+

∣∣∣∣
P−→ 0 (3.17)

as A → ∞, which, due to (3.16), implies (3.8) for Λ+. The case of Λ− can be done

similarly. Without loss of generality, we can suppose that x ≤ 0.
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3.4.1 Auxiliary Markov chains

First, we define the Z-valued Markov chain l 7→ ξ(l) with the following transition proba-

bilities:

P
(
ξ(l + 1) = x + 1

∣∣ ξ(l) = x
)

=
w(−x)

w(x) + w(−x)
=: p(x), (3.18)

P
(
ξ(l + 1) = x − 1

∣∣ ξ(l) = x
)

=
w(x)

w(x) + w(−x)
=: q(x). (3.19)

Let τ±(m), m = 0, 1, 2, . . . be the stopping times of consecutive upwards/downwards

steps of ξ:

τ±(0) := 0, τ±(m + 1) := min {l > τ±(m) : ξ(l) = ξ(l − 1) ± 1} .

Then, clearly, the processes

η+(m) := −ξ(τ+(m)), η−(m) := +ξ(τ−(m))

are themselves Markov chains on Z. Due to the ± symmetry of the process ξ, the Markov

chains η+ and η− have the same law. In the present subsection, we simply denote them

by η neglecting the subscripts ±. The transition probabilities of this process are

P (x, y) := P
(
η(m + 1) = y

∣∣ η(m) = x
)

=

{∏y
z=x p(z)q(y + 1) if y ≥ x − 1,

0 if y < x − 1.
(3.20)

In the following lemma, we collect the technical ingredients of the forthcoming proof

of our limit theorems. We identify the stationary measure of the Markov chain η, state

exponential tightness of the distributions of
(
η(m)

∣∣ η(0) = 0
)

uniformly in m and state

exponentially fast convergence to stationarity. The proof of the lemma is postponed to

Subsection 3.4.5.

Lemma 3.4.1. (i) The unique stationary measure of the Markov chain η is

ρ(x) = Z−1

⌊|2x+1|/2⌋∏

z=1

w(−z)

w(z)
with Z := 2

∞∑

x=0

x∏

z=1

w(−z)

w(z)
. (3.21)

(ii) There exist constants C < ∞, β > 0 such that for all m ∈ N

Pm(0, y) ≤ Ce−β|y|. (3.22)

(iii) There exist constants C < ∞ and β > 0 such that for all m ≥ 0

∑

y∈Z

|Pm(0, y) − ρ(y)| < Ce−βm. (3.23)
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Remark on notation: We shall use the generic notation for a function f

f(Y ) ≤ Ce−βY

for exponentially strong bounds. The constants C < ∞ and β > 0 will vary at different

occurrences and they may (and will) depend on various fixed parameters but of course

not on quantities appearing in the expression Y . There will be no cause for confusion.

Note that for any choice of the weight function w

+∞∑

x=−∞
xρ(x) = −1

2
. (3.24)

3.4.2 The basic construction

For j ∈ Z, denote the inverse local times (times of jumps leaving site j ∈ Z)

γj(l) := min
{
n : ℓ+(n, j) + ℓ−(n, j) ≥ l

}
, (3.25)

and

ξj(l) := ℓ+(γj(l), j) − ℓ−(γj(l), j), (3.26)

τj,±(0) := 0, τj,±(m + 1) := min {l > τj,±(m) : ξj(l) = ξj(l − 1) ± 1} , (3.27)

ηj,+(m) := −ξj(τj,+(m)), ηj,−(m) := +ξj(τj,−(m)). (3.28)

The following proposition is the key to the Ray – Knight approach.

Proposition 3.4.2. (i) The processes l 7→ ξj(l), j ∈ Z, are independent copies of the

Markov chain l 7→ ξ(l), defined in Subsection 3.4.1, starting with initial conditions

ξj(0) = 0.

(ii) As a consequence: the processes k 7→ ηj,±(k), j ∈ Z, are independent copies of the

Markov chain m 7→ η±(m), if we consider exactly one of ηj,+ and ηj,− for each j.

The initial conditions are ηj,±(0) = 0.

The statement is intuitively clear. The mathematical content of the driving rules

(3.4) of the random walk X(n) is exactly this: whenever the walk visits a site j ∈ Z,

the probability of jumping to the left or to the right (i.e. to site j − 1 or to site j + 1),

conditionally on the whole past, will depend only on the difference of the number of past

jumps from j to j−1, respectively, from j to j+1, and independent of what had happened

at other sites. The more lengthy formal proof goes through exactly the same steps as the

corresponding statement in [T95]. We omit here the formal proof.
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Fix now j ∈ Z− and r ∈ N. The definitions (3.15) and (3.25)–(3.28) imply that

Lj,r(j) = r, (3.29)

Lj,r(k + 1) = Lj,r(k) + 1 + ηk+1,−(Lj,r(k) + 1), j ≤ k < 0, (3.30)

Lj,r(k + 1) = Lj,r(k) + ηk+1,−(Lj,r(k)), 0 ≤ k < ∞, (3.31)

Lj,r(k − 1) = Lj,r(k) + ηk,+(Lj,r(k)), −∞ < k ≤ j. (3.32)

Similar formulas are found for j ∈ Z+ and r ∈ N.

Note that if Lj,r(k0) = 0 for some k0 ≥ 0 (respectively, for some k0 ≤ j) then Lj,r(k) =

0 for all k ≥ k0 (respectively, for all k ≤ k0).

The idea of the further steps of proof can be summarized in terms of the above setup.

With fixed x ∈ R− and h ∈ R+, we choose j = ⌊Ax⌋ and r = ⌊Ah⌋ with the scaling

parameter A → ∞ at the end. We know from Lemma 3.4.1 that the Markov chains

ηj,± converge exponentially fast to their stationary distribution ρ. This allows us to

couple efficiently the increments L⌊Ax⌋,⌊Ah⌋(k + 1) − L⌊Ax⌋,⌊Ah⌋(k) with properly chosen

i.i.d. random variables as long as the value of L⌊Ax⌋,⌊Ah⌋(k) > A1/2+ε and to use the law

of large numbers. This coupling does not apply when the value of L⌊Ax⌋,⌊Ah⌋(k) < A1/2+ε.

We prove that once the value of L⌊Ax⌋,⌊Ah⌋(k) drops below this threshold, L⌊Ax⌋,⌊Ah⌋(k)

hits zero (and sticks there) in o(A) time, with high probability. These steps of the proof

are presented in the next two subsections.

3.4.3 Coupling

We are in the context of the representation (3.29)–(3.32) with j = ⌊Ax⌋, r = ⌊Ah⌋. Due

to Lemma 3.4.1, we can realize jointly the pairs of coupled processes

(
m 7→ (ηk,−(m), η̃k(m))

)
k>j

,
(
m 7→ (ηk,+(m), η̃k(m))

)
k≤j

(3.33)

with the following properties.

– The pairs of coupled processes with different k-indices are independent.

– The processes
(
m 7→ ηk,−(m)

)
k>j

and
(
m 7→ ηk,+(m)

)
k≤j

are those of the previous

subsection, i.e. they are independent copies of the Markov chain m 7→ η(m) with initial

conditions ηk,±(0) = 0.

– The processes
(
m 7→ η̃k(m)

)
k∈Z

are independent copies of the stationary process m 7→
η(m), i.e. these processes are initialized independently with P (η̃k(0) = x) = ρ(x) and

run independently of one another.

– The pairs of coupled processes m 7→ (ηk,±(m), η̃k(m)) are coalescing. This means the

following: we define the coalescence time

µk := inf{m ≥ 0 : ηk,±(m) = η̃k(m)}. (3.34)
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Then, for m ≥ µk, the two processes stick together: ηk,±(m) = η̃(m). Mind that the

random variables µk, k ∈ Z are i.i.d.

– The tail of the distribution of the coalescence times decays exponentially fast:

P (µk > m) < Ce−βm. (3.35)

We define the processes k 7→ L̃j,r(k) similarly to the processes k 7→ Lj,r(k) in (3.29)–

(3.32) with the η’s replaced by the η̃’s:

L̃j,r(j) = r,

L̃j,r(k + 1) = L̃j,r(k) + 1 + η̃k+1,−(L̃j,r(k) + 1), j ≤ k < 0,

L̃j,r(k + 1) = L̃j,r(k) + η̃k+1,−(L̃j,r(k)), 0 ≤ k < ∞,

L̃j,r(k − 1) = L̃j,r(k) + η̃k,+(L̃j,r(k)), −∞ < k ≤ j.

(3.36)

Note that the increments of this process are independent with distribution

P
(
L̃j,r(k + 1) − L̃j,r(k) = z

)
= ρ(z − 1), j ≤ k < 0,

P
(
L̃j,r(k + 1) − L̃j,r(k) = z

)
= ρ(z), 0 ≤ k < ∞,

P
(
L̃j,r(k − 1) − L̃j,r(k) = z

)
= ρ(z), −∞ < k ≤ j.

(3.37)

Hence, from (3.24), it follows that for any K < ∞

sup
|y|≤K

∣∣∣A−1L̃⌊Ax⌋,⌊Ah⌋(⌊Ay⌋) −
(
(|x| − |y|)/2 + h

)∣∣∣ P−→ 0. (3.38)

Actually, by Doob’s inequality, the following large deviation estimate holds: for any x ∈ R,

h ∈ R+ and K < ∞ fixed

P

(
sup

|k|≤AK

∣∣∣L̃⌊Ax⌋,⌊Ah⌋(k) −
(
(A|x| − |k|)/2 + Ah

)∣∣∣ > A1/2+ε

)
< Ce−βA2ε

. (3.39)

(The constants C < ∞ and β > 0 do depend on the fixed parameters x, h and K.) Denote

now

κ+
j,r : = min{k ≥ j : Lj,r(k) 6= L̃j,r(k)},

κ−
j,r : = max{k ≤ j : Lj,r(k) 6= L̃j,r(k)},

i.e. the coupling of Lj,r and L̃j,r works on the interval (κ−
j,r, κ

+
j,r). Then, for k ≥ j:

P
(
κ+

j,r ≤ k + 1
)
− P

(
κ+

j,r ≤ k
)

= P
(
κ+

j,r = k + 1, L̃j,r(k) ≤ A1/2+ε
)

+ P
(
κ+

j,r = k + 1, L̃j,r(k) ≥ A1/2+ε
)

≤ P
(
L̃j,r(k) ≤ A1/2+ε

)
+ P

(
κ+

j,r = k + 1
∣∣ κ+

j,r > k,Lj,r(k) = L̃j,r(k) ≥ A1/2+ε
)

.

(3.40)
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Similarly, for k ≤ j:

P
(
κ−

j,r ≥ k − 1
)
− P

(
κ−

j,r ≥ k
)

= P
(
κ−

j,r = k − 1, L̃j,r(k) ≤ A1/2+ε
)

+ P
(
κ−

j,r = k − 1, L̃j,r(k) ≥ A1/2+ε
)

≤ P
(
L̃j,r(k) ≤ A1/2+ε

)
+ P

(
κ−

j,r = k − 1
∣∣ κ−

j,r < k,Lj,r(k) = L̃j,r(k) ≥ A1/2+ε
)

.

(3.41)

Now, from (3.39), it follows that for |k| ≤ A(|x| + 2h) − 4A1/2+ε

P
(
L̃j,r(k) ≤ A1/2+ε

)
≤ Ce−βA2ε

. (3.42)

On the other hand, from (3.35),

P
(
κ+

j,r = k + 1
∣∣ κ+

j,r > k,Lj,r(k) = L̃j,r(k) ≥ A1/2+ε
)
≤ Ce−βA1/2+ε

, (3.43)

P
(
κ−

j,r = k − 1
∣∣ κ−

j,r < k,Lj,r(k) = L̃j,r(k) ≥ A1/2+ε
)
≤ Ce−βA1/2+ε

(3.44)

with some constants C < ∞ and β > 0 which do depend on all fixed parameters and may

vary from formula to formula.

Putting together (3.40), (3.42), (3.43), respectively, (3.41), (3.42), (3.44) and noting

that P
(
κ+

j,r = j
)

= 0, we conclude that

P
(
min

{
|k| : L⌊Ax⌋,⌊Ah⌋(k) 6= L̃⌊Ax⌋,⌊Ah⌋(k)

}
≤ A(|x| + 2h) − 4A1/2+ε

)
≤ CAe−βA2ε

,

(3.45)

the coupling does not break down between −A(|x|+2h)+4A1/2+ε and A(|x|+2h)−4A1/2+ε.

On the other hand, at these two values of k, L⌊Ax⌋,⌊Ah⌋(k) is not too large:

P
(
L⌊Ax⌋,⌊Ah⌋(±⌊A(|x| + 2h) − 4A1/2+ε⌋) ≥ 3A1/2+ε

)
≤ Ce−βA2ε

. (3.46)

3.4.4 Hitting of 0

It follows from Lemma 3.4.1 that all moments of the distributions P n(0, ·) converge to the

corresponding moments of ρ. In particular, for any δ > 0, there exists nδ < ∞ such that

∑

x∈Z

P n(0, x)x ≤ − 1

2 + δ

holds if n ≥ nδ.

Consider now the Markov chains defined by (3.31) or (3.32) (the two are identical in

law):

L(k + 1) = L(k) + ηk+1(L(k)), L(0) = r ∈ N,

where m 7→ ηk(m), k = 1, 2, 3, . . . are i.i.d. copies of the Markov chain m 7→ η(m) with

initial conditions ηk(0) = 0. Define the stopping times

τx := min{k : L(k) ≤ x}, x = 0, 1, 2, . . . .
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Lemma 3.4.3. For any δ > 0 there exists Kδ < ∞ such that for any r ∈ N:

E
(
τ0

∣∣ L(0) = r
)
≤ (2 + δ)r + Kδ.

Proof. Clearly,

E
(
τ0

∣∣ L(0) = r
)
≤ E

(
τnδ

∣∣ L(0) = r
)

+ max
0≤s≤nδ

E
(
τ0

∣∣ L(0) = s
)
.

Now, by optional stopping,

E
(
τnδ

∣∣ L(0) = r
)
≤ (2 + δ)r,

and obviously

Kδ := max
0≤s≤nδ

E
(
τ0

∣∣ L(0) = s
)

< ∞.

In particular, choosing δ = 1 and applying Markov’s inequality, it follows that

P
(
ρ+
⌊Ax⌋,⌊Ax⌋ > A(|x| + 2h) + A1/2+2ε

∣∣ L⌊Ax⌋,⌊Ah⌋(⌊A(|x| + 2h) − 4A1/2+ε⌋) ≤ 3A1/2+ε
)

≤ 9A1/2+ε + K1

5A1/2+2ε
< 10A−ε,

(3.47)

and similarly

P
(
λ+
⌊Ax⌋,⌊Ax⌋ < −A(|x| + 2h) − A1/2+2ε

∣∣ L⌊Ax⌋,⌊Ah⌋(−⌊A(|x| + 2h) + 4A1/2+ε⌋) ≤ 3A1/2+ε
)

≤ 9A1/2+ε + K1

5A1/2+2ε
< 10A−ε.

(3.48)

Eventually, Theorem 3.2.2 follows from (3.38), (3.45), (3.46), (3.47) and (3.48).

3.4.5 Proof of Lemma 3.4.1

Proof. The following proof is reminiscent of the proof of Lemmas 1 and 2 from [T95]. It

is somewhat streamlined and weaker conditions are assumed.

(i) The irreducibility of the Markov chain η is straightforward. One can easily rewrite

(3.20) using (3.21) as

P (x, y) =





1
ρ(x)

(
p(x)

∏y+1
z=x+1 q(z)

)
ρ(y) if y ≥ x − 1,

0 if y < x − 1.

It yields that ρ is indeed stationary distribution for η, because

∑

x∈Z

ρ(x)P (x, y) =

(
∑

x≤y+1

p(x)

y+1∏

z=x+1

q(z)

)
ρ(y) = ρ(y)
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where the last equality holds, because limz→−∞
∏y+1

u=z q(u) = 0.

(ii) The stationarity of ρ implies that

P n(0, y) ≤ ρ(y)

ρ(0)
=

⌊|2y+1|/2⌋∏

z=1

w(−z)

w(z)
≤ Ce−β|y|. (3.49)

The exponential bound follows from (3.1). As a consequence, we get finite expectations

in the forthcoming steps of the proofs below.

(iii) Define the stopping times

θ+ = min{n ≥ 0 : η(n) ≥ 0},
θ0 = min{n ≥ 0 : η(n) = 0}.

From Theorem 6.14 and Example 5.5(a) of [N84], we can conclude the exponential

convergence (3.23), if for some γ > 0

E
(
exp(γθ0)

∣∣ η(0) = 0
)

< ∞ (3.50)

holds.

The following decomposition is true, because the Markov chain η can jump at most

one step to the left.

E
(
exp(γθ0)

∣∣ η(0) = 0
)

= eγ
∑

y≥0

P (0, y)E
(
exp(γθ0)

∣∣ η(0) = y
)

+ eγP (0,−1)
∑

y≥0

E
(
exp(γθ+)11(η(θ+) = y)

∣∣ η(0) = −1
)
E

(
exp(γθ0)

∣∣ η(0) = y
)
.

(3.51)

One can easily check that, given η(0) = −1, the random variables θ+ and η(θ+) are

independent by the form of (3.20), and the distribution of η(θ+) is the same as that of

η(1) conditionally given η(0) = 0 and η(1) ≥ 0. Hence for y ≥ 0

E
(
exp(γθ+)11(η(θ+) = y)

∣∣ η(0) = −1
)

=
P (0, y)

1 − P (0,−1)
E

(
exp(γθ+)

∣∣ η(0) = −1
)
.

(3.52)

Combining (3.51) and (3.52) gives us

E
(
exp(γθ0)

∣∣ η(0) = 0
)

= eγ
∑

y≥0

P (0, y)E
(
exp(γθ0)

∣∣ η(0) = y
) (

1 +
P (0,−1)

1 − P (0,−1)
E

(
exp(γθ+)

∣∣ η(0) = −1
))

.

(3.53)

So, in order to get the result, we need to prove that for properly chosen γ > 0

E
(
exp(γθ+)

∣∣ η(0) = −1
)

< ∞ (3.54)
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and

E
(
exp(γθ0)

∣∣ η(0) = y
)
≤ e

β
2
y for y ∈ Z+ (3.55)

where β is the constant in (3.22).

In order to make the argument shorter, we make the assumption

w(−1) < w(+1),

or, equivalently,

p(1) =
w(−1)

w(+1) + w(−1)
<

1

2
<

w(+1)

w(+1) + w(−1)
= q(1).

The proof can be easily extended for the weaker assumption (3.1), but the argument is

somewhat longer.

First, we prove (3.54). Let x < 0 and x − 1 ≤ y < 0. Then the following stochastic

domination holds:

∑

z≥y

P (x, z) =

y∏

z=x

p(z) ≥ p(−1)y−x+1 = q(1)y−x+1. (3.56)

Let ζ(r), r = 1, 2, . . . be i.i.d. random variables with geometric law:

P (ζ = z) = q(1)z+1p(1), z = −1, 0, 1, 2, . . . ,

and

θ̃ := min
{
t ≥ 0 :

t∑

s=1

ζ(s) ≥ 1
}
.

Note that E (ζ) > 0. From the stochastic domination (3.56), it follows that

P
(
θ+ > t

∣∣ η(0) = −1
)
≤ P

(
θ̃ > t

)
,

and hence

E
(
exp(γθ+)

∣∣ η(0) = −1
)
≤ E

(
exp(γθ̃)

)
< ∞

for sufficiently small γ > 0.

Now, we turn to (3.55). Let now 0 ≤ x − 1 ≤ y. In this case, the following stochastic

domination is true:
∑

z≥y

P (x, z) =

y∏

z=x

p(z) ≤ p(1)y−x+1. (3.57)

Let now ζ(r), r = 1, 2, . . . be i.i.d. random variables with geometric law:

P (ζ = z) = p(1)z+1q(1), z = −1, 0, 1, 2, . . . ,

and for y ≥ 0

θ̃y := min
{
t ≥ 0 :

t∑

s=1

ζ(s) ≤ −y
}
.
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Note that now E (ζ) < 0. From the stochastic domination (3.57), it follows now that with

y ≥ 0

P
(
θ0 > t

∣∣ η(0) = y
)
≤ P

(
θ̃y > t

)
,

and hence

E
(
exp(γθ0)

∣∣ η(0) = y
)
≤ E

(
exp(γθ̃y)

)
≤ Ce

β
2
y,

for sufficiently small γ > 0.

3.5 Proof of the theorem for the position of the walker

First, we introduce the following notations. For n ∈ N and k ∈ Z, let

P (n, k) := P (X(n) = k) (3.58)

be the distribution of the position of the random walker. For s ∈ R+,

R(s, k) := (1 − e−s)
∞∑

n=0

e−snP (n, k) (3.59)

is the distribution of X(θs) where θs has geometric distribution (3.13) and it is independent

of X(n).

Also (3.12) tells us that the proper definition of the rescaled distribution is

ϕA(t, x) := A1/2P (⌊At⌋, ⌊A1/2x⌋),

if t ∈ R+ and x ∈ R. Let

ϕ̂A(s, x) := A1/2R(A−1s, ⌊A1/2x⌋) (3.60)

which is asymptotically the Laplace transform of ϕA as A → ∞.

With these definitions, the statement of Theorem 3.2.4 is equivalent to

ϕ̂A(s, x) → ϕ̂(s, x), (3.61)

which is proved below.

We will need the Laplace transform of the limit of the inverse local times Tx,h given in

(3.10). In this case, Tx,h is deterministic by Corollary 3.2.3. Hence the Laplace transform

is given by

ρ̂(s, x, h) = sE (exp (−s Tx,h)) = se−s(|x|+2h)2 , (3.62)

for which

ϕ̂(s, x) = 2

∫ ∞

0

ρ̂(s, |x|, h)dh

holds.
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Proof of Theorem 3.2.4. Fix x ≥ 0. We can proceed in the case x ≤ 0 similarly. We start

with the identity

P (n, k) = P (X(n) = k) =
∞∑

m=0

(
P

(
T+

k−1,m = n
)

+ P
(
T−

k+1,m = n
))

, (3.63)

which holds, because the event {T+
k−1,m = n} means that the nth step of the walker X is

exactly the mth k − 1 → k jump. From the definitions (3.59) and (3.60),

ϕ̂A(s, x) =
1 − e−s/A

s/A
s

∞∑

m=0

1√
A

e−ns/AP (n, ⌊A1/2x⌋)

=
1 − e−s/A

s/A
s

∞∑

m=0

1√
A

(
E

(
e
−T+

⌊A1/2x⌋−1,m
s/A

)
+ E

(
e
−T−

⌊A1/2x⌋+1,m
s/A

)) (3.64)

where we used (3.63) in the second equality. Let

ρ̂±
A(s, x, h) = sE

(
exp

(
− s

A
T±
⌊A1/2x⌋,⌊A1/2h⌋

))
. (3.65)

Then (3.64) can be written as

ϕ̂A(s, x) =
1 − e−s/A

s/A

∫ ∞

0

(
ρ̂+

A(s, x − A−1/2, h) + ρ̂−
A(s, x + A−1/2, h)

)
dh. (3.66)

It follows from (3.9) that, for all s > 0, x ∈ R and h > 0,

ρ̂±
A(s, x, h) → ρ̂(s, x, h) (3.67)

as A → ∞. Applying Fatou’s lemma in (3.66) yields

lim inf
A→∞

ϕ̂A(s, x) ≥ 2

∫ ∞

0

ρ̂(s, x, h)dh = ϕ̂(s, x).

If we use Fatou’s lemma again, we get

1 =

∫ ∞

−∞
ϕ̂(s, x)dx ≤

∫ ∞

−∞
lim inf
A→∞

ϕ̂A(s, x)dx ≤ lim inf
A→∞

∫ ∞

−∞
ϕ̂A(s, x)dx = 1,

which gives for all s ∈ R that

ϕ̂(s, x) = lim inf
A→∞

ϕ̂A(s, x) (3.68)

holds for almost all x ∈ R. Note that (3.68) is also true for any subsequence Ak → ∞,

which implies the assertion of Theorem 3.2.4.
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Figure 3.2: The local time process of the random walk with w(k) = 2k and w(k) = 10k

Figure 3.3: The trajectories of the random walk with w(k) = 2k and w(k) = 10k

3.6 Computer simulations

We have prepared computer simulations with exponential weight functions w(k) = 2k and

w(k) = 10k.

Note that the limit objects in our theorems do not depend on the choice of the weight

function w. Therefore, we expect that the behaviour of the local time and the trajectories

is qualitatively similar, and we will find only quantitative differences.

Figure 3.2 shows the local time process of the random walk after approximately 106

steps. More precisely, we have plotted the value of Λ+
100,800 with w(k) = 2k and w(k) = 10k

respectively. One can see that the limits are the same in the two cases – according to

Theorem 3.2.2 – but the rate of convergence does depend on the choice of w. We can

conclude the empirical rule that the faster the weight function grows at infinity, the faster

the convergence of the local time process is.

The difference between the trajectories of random walks generated with various weights

is more conspicuous. On Figure 3.3, the trajectories of the walks with w(k) = 2k and

w(k) = 10k are illustrated, respectively. The number of steps is random, it is about 106.

The data comes from the same sample as the one shown on Figure 3.2.
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The first thing that we can observe on Figure 3.3 is that the trajectories draw a sharp

upper and lower hull according to
√

t and −
√

t, which agrees with our expectations after

(3.14). On the other hand, the trajectories oscillate very heavily between their extreme

values, especially in the case w(k) = 10k, there are almost but not quite straight crossings

from
√

t to −
√

t and back. It shows that there is no continuous scaling limit of the

self-repelling random walk with directed edges.

The shape of the trajectories are slightly different in the cases w(k) = 2k and w(k) =

10k. The latter has heavier oscillations, because it corresponds to a higher rate of growth

of the weight function. Note that despite this difference in the oscillation, the large scale

behaviour is the same on the two pictures on Figure 3.3. The reason for this is that if

the random walk explores a new region, e.g. it exceeds its earlier maximum, then the

probability of the reversal does not depend on w, since both outgoing edges have local

time 0. It can be a heuristic argument, why the upper and lower hulls
√

t and −
√

t are

universal.
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Chapter 4

One-dimensional myopic

self-avoiding walk with site repulsion

in continuous time

In the present chapter, we consider the continuous time version of the ‘true’ or ‘myopic’

self-avoiding random walk (MSAW) with site repulsion in 1d. The Ray – Knight type

method which was applied first in [T95] and also in Chapter 3 of this thesis to the discrete

time and (unoriented and oriented) edge repulsion case is applicable to this model with

some modifications. We present a limit theorem for the local time of the walk and a local

limit theorem for the displacement.

The main ideas of this chapter are similar to those of [T95], but there are essential

differences, too. Those parts of the proofs which are the same as in [T95] will not be

spelled out explicitly. E.g. the full proof of Theorem 4.3.6 is omitted altogether. We put

the emphasis on those arguments which differ genuinely from [T95]. In particular, we

present some new coupling arguments.

This chapter is organized as follows. First, we describe the model which we will study

and present our theorems. Then, we outline the proof of them in Section 4.2. In Section

4.3, we give the full proof of Theorem 4.1.1 in three steps. First, we introduce the main

technical tools, i.e. some auxiliary Markov processes. Then we state technical lemmas

which are all devoted to check the conditions of Theorem 4.3.6 cited from [T95]. Finally,

we complete the proof using the lemmas. The proof of these lemmas are postponed until

Section 4.5. The proof of Theorem 4.1.3 can be found in Section 4.4.

45
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4.1 The random walk considered and the main re-

sults

Now, we define a version of myopic self-avoiding random walk in continuous time which

is a counterpart of the one given in (1.7) and for which the Ray – Knight type method

is applicable. Let X(t), t ∈ R+ be a continuous time random walk on Z starting from

X(0) = 0 and having right continuous paths. Denote by ℓ(t, x), (t, x) ∈ R+ × Z its local

time (occupation time measure) on sites:

ℓ(t, x) := |{s ∈ [0, t) : X(s) = x}| (4.1)

where |{. . . }| denotes Lebesgue measure of the set indicated. Let w : R → (0,∞) be an

almost arbitrary rate function. We assume that it is non-decreasing and not constant.

The law of the random walk is governed by the following jump rates and differential

equations (for the local time increase):

P
(
X(t + dt) = x ± 1

∣∣ Ft, X(t) = x
)

= w(ℓ(t, x) − ℓ(t, x ± 1)) dt + o(dt), (4.2)

ℓ̇(t, x) = 11(X(t) = x) (4.3)

with initial conditions

X(0) = 0, ℓ(0, x) = 0.

The dot in (4.3) denotes time derivative. Note that, for the choice of exponential weight

function w(u) = exp{βu}, this means exactly that conditionally on a jump occurring

at the instant t, the random walker jumps to right or left from its actual position with

probabilities e−βℓ(t,x±1)/(e−βℓ(t,x+1) + e−βℓ(t,x−1)), just like in (1.2). It will turn out that in

the long run the holding times remain of order one.

Fix j ∈ Z and r ∈ R+. We consider the random walk X(t) running from t = 0 up to

the stopping time

Tj,r = inf{t ≥ 0 : ℓ(t, j) ≥ r} (4.4)

which is the inverse local time for our model. Define

Λj,r(k) := ℓ(Tj,r, k) k ∈ Z (4.5)

the local time process of X stopped at the inverse local time.

Let

λj,r := inf{k ∈ Z : Λj,r(k) > 0},
ρj,r := sup{k ∈ Z : Λj,r(k) > 0}.

Fix x ∈ R and h ∈ R+. Consider the two-sided reflected Brownian motion Wx,h(y),

y ∈ R with starting point Wx,h(x) = h. See Figure 4.1. Define the times of the first
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h

x

Figure 4.1: The two-sided reflected and absorbed Brownian motion Wx,h

hitting of 0 outside the interval [0, x] or [x, 0] with

lx,h := sup{y < 0 ∧ x : Wx,h(y) = 0},
rx,h := inf{y > 0 ∨ x : Wx,h(y) = 0}

where a ∧ b = min(a, b), a ∨ b = max(a, b), and let

Tx,h :=

∫
rx,h

lx,h

Wx,h(y) dy. (4.6)

The main result of this chapter is

Theorem 4.1.1. Let x ∈ R and h ∈ R+ be fixed. Then

A−1λ⌊Ax⌋,⌊
√

Aσh⌋ =⇒ l0∧x,h, (4.7)

A−1ρ⌊Ax⌋,⌊
√

Aσh⌋ =⇒ r0∨x,h, (4.8)

and
(

Λ⌊Ax⌋,⌊
√

Aσh⌋(⌊Ay⌋)
σ
√

A
,
λ⌊Ax⌋,⌊

√
Aσh⌋

A
≤ y ≤

ρ⌊Ax⌋,⌊
√

Aσh⌋
A

)

=⇒ (Wx,h(y), l0∧x,h ≤ y ≤ r0∨x,h)

(4.9)

as A → ∞ where σ2 =
∫ ∞
−∞ u2ρ(du) ∈ (0,∞) with ρ defined by (4.26) and (4.22) later.

Corollary 4.1.2. For any x ∈ R and h ≥ 0,

T⌊Ax⌋,⌊
√

Aσh⌋
σA3/2

=⇒ Tx,h. (4.10)

For stating Theorem 4.1.3, we need some more definitions. It follows from (4.6) that

Tx,h has an absolutely continuous distribution. Let

ω(t, x, h) :=
∂

∂t
P (Tx,h < t) (4.11)
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be the density of the distribution of Tx,h. Define

ϕ(t, x) :=

∫ ∞

0

ω(t, x, h) dh.

Theorem 2 of [T95] gives that, for fixed t > 0, ϕ(t, ·) is a density function, i.e.

∫ ∞

−∞
ϕ(t, x) dx = 1. (4.12)

One could expect that ϕ(t, ·) is the density of the limit distribution of X(At)/A2/3 as

A → ∞, but we prove a similar statement for their Laplace transform. We denote by ϕ̂

the Laplace transforms of ϕ:

ϕ̂(s, x) := s

∫ ∞

0

e−stϕ(t, x) dt. (4.13)

Theorem 4.1.3. Let s ∈ R+ be fixed and θs/A a random variable of exponential distribu-

tion with mean A/s which is independent of the random walk X(t). Then, for almost all

x ∈ R,

A2/3P
(
X(θs/A) = ⌊A2/3x⌋

)
→ ϕ̂(s, x) (4.14)

as A → ∞.

From this local limit theorem, the integral limit theorem follows immediately:

lim
A→∞

P
(
A−2/3X(θs/A) < x

)
=

∫ x

−∞
ϕ̂(s, y) dy.

4.2 Sketch proof of limit theorems

The proofs of limit theorems of the present chapter follow the same structure as in Chapter

3, see Section 3.3 for a sketch. We point out here the differences from those proofs. We

also give some hints about the proof of one of the technical lemmas which contains a new

coupling argument.

Similarly to [T95] and Chapter 3, we apply a Ray – Knight approach, and we introduce

auxiliary Markov processes. Adapted to the present setup, these processes evolve in

continuous time, and they are associated to the edges of Z. By definitions (4.15)–(4.18)

and (4.24)–(4.25), ηk,± is essentially the difference of local times at vertices k and k + 1

which turn out to be Markovian. Proposition 4.3.1 gives that these Markov processes

are independent, which is a crucial point for the random walk representation, because it

provides the independence of the steps. The initial distributions are also given.

The key step of the proof of Theorem 4.1.1 is the random walk representation of

the sequence of local times (Λj,r(k))k∈Z. The equations (4.40) are the continuous time

counterparts of (3.29)–(3.32), but formulae are simpler this time. Theorem 4.3.6 is used
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without proof, because an analogous result has already appeared in [T95]. It says that,

under some technical assumptions, the random walk representations (4.41) and (4.42) both

forward and backward converge to a reflected and absorbed Brownian motion Wx,h under

the proper scaling, which immediately yields Theorem 4.1.1. The technical assumptions

are satisfied by the Lemmas 4.3.2–4.3.5 which are proved in Section 4.5.

The proof of Theorem 4.1.3 is rather similar to that of Theorem 3.2.4. The main

difference is caused by considering continuous time. Therefore, the key equation (4.45) is

given by integration as opposed to (3.63). In the remaining steps, convergence of Laplace

transforms is checked.

From the proofs of technical lemmas, the most interesting might be that of Lemma

4.3.4 which is given in Subsection 4.5.2. We prove that a copy of the auxiliary Markov

process η1 starting from 0 converges exponencially fast to the stationary distribution ρ.

We couple it with a stationary process η2 which evolves according to the same transition

rules. The two processes merge at the random time T , and the right tail of T provides an

upper bound on the variational distance in (4.61).

It is easily seen that the two processes can be coupled in such a way that if both are

in the interval (−b, b) with some b > 0 to be chosen at the end, then the rate of marge

can be bounded from below by some β(b) > 0, see (4.62). The rest of the proof is devoted

to show that, for a positive proportion of time, both processes are in the interval (−b, b)

with high probability if b is large enough. It completes the proof.

4.3 Ray – Knight construction

The aim of this section is to give a random walk representation of the local time sequence

Λj,r. Therefore, we introduce auxiliary Markov processes corresponding to each edge of

Z. The process corresponding to the edge e is defined in such a way that its value is the

difference of local times of X(Tj,r) on the two vertices adjacent to e where X(Tj,r) is the

process X(t) stopped at an inverse local time. It turns out that the auxiliary Markov

processes are independent. Hence, by induction, the sequence of local times can be given

as partial sums of independent auxiliary Markov processes. The proof of Theorem 4.1.1

relies exactly on this observation.

4.3.1 The basic construction

Let

τ(t, k) := ℓ(t, k) + ℓ(t, k + 1) (4.15)

be the local time spent on (the endpoints of) the edge 〈k, k + 1〉, k ∈ Z, and

θ(s, k) := inf{t ≥ 0 : τ(t, k) > s} (4.16)
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its inverse. Further on, define

ξk(s) := ℓ(θ(s, k), k + 1) − ℓ(θ(s, k), k), (4.17)

αk(s) := 11(X(θ(s, k)) = k + 1) − 11(X(θ(s, k)) = k). (4.18)

A crucial observation is that, for each k ∈ Z, s 7→ (αk(s), ξk(s)) is a Markov process

on the state space {−1, +1} × R. The transition rules are

P
(
αk(t + dt) = −αk(t)

∣∣ Fk
t

)
= w(αk(t)ξk(t)) dt + o(dt), (4.19)

ξ̇k(t) = αk(t), (4.20)

with some initial state (αk(0), ξk(0)). The σ-algebra Fk
t contains the history of (αk(s), ξk(s))

up to time t. Remember that due to the time change defined in (4.15)–(4.18), t here is

the time that the walker had spent on one of the endpoints of the edge (k, k + 1).

Furthermore, these processes are independent. In plain words:

1. ξk(t) is the difference of time spent by αk in the states +1 and −1, alternatively,

the difference of time spent by the walker on the sites k + 1 and k;

2. αk(t) changes sign with rate w(αk(t)ξk(t)) since the walker jumps between k and

k + 1 with these rates.

The common infinitesimal generator of these processes is

(Gf)(±1, u) = ±f ′(±1, u) + w(±u)
(
f(∓1, u) − f(±1, u)

)

where f ′(±1, u) is the derivative with respect to the second variable. It is an easy com-

putation to check that these Markov processes are ergodic and their common unique

stationary measure is

µ(±1, du) =
1

2Z
e−W (u) du (4.21)

where

W (u) :=

∫ u

0

(w(v) − w(−v)) dv and Z :=

∫ ∞

−∞
e−W (v) dv. (4.22)

Mind that, due to the condition imposed on w (non-decreasing and non-constant),

lim
|u|→∞

W (u)

|u| = lim
v→∞

(w(v) − w(−v)) > 0, (4.23)

and thus Z < ∞ and µ(±1, du) is indeed a probability measure on {−1, +1} × R.

Let

β±(t, k) := inf

{
s ≥ 0 :

∫ s

0

11(αk(u) = ±1) du ≥ t

}
(4.24)

be the inverse local times of (αk(t), ξk(t)). With the use of them, we can define the

processes

ηk,−(t) := ξk(β−(t, k)), ηk,+(t) := −ξk(β+(t, k)) (4.25)
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Figure 4.2: A possible trajectory of ξk(t) and ηk,±(t)

which are also Markovian. By symmetry, the processes with different sign have the same

law. The infinitesimal generator of ηk,± is

(Hf)(u) = −f ′(u) + w(u)

∫ ∞

u

e−
R v

u w(s) dsw(v)(f(v) − f(u)) dv.

For a typical trajectory of ξk(t) and ηk,±(t), see Figure 4.2.

It is easy to see that the Markov processes ηk,± are ergodic and their common unique

stationary distribution is

ρ(du) :=
1

Z
e−W (u) du (4.26)

with the notations (4.22). The stationarity of ρ is not surprising after (4.21), but a

straightforward calculation yields it also.

Denote by P t = etH the transition kernel of ηk,±. For any x ∈ R, define the probability

measure

Q(x, dy) :=

{
exp(−

∫ y

x
w(u) du)w(y) dy if y ≥ x,

0 if y < x

which is the conditional distribution of the endpoint of a jump of ηk,± provided that ηk,±

jumps from x. Hence Q(x, ·) is a transition kernel.

The main point is the following

Proposition 4.3.1. 1. The processes s 7→ (αk(s), ξk(s)), k ∈ Z are independent Markov

process with the same law given in (4.19)–(4.20). They start from the initial states

ξk(0) = 0 and

αk(0) =

{
+1 if k < 0,

−1 if k ≥ 0.

2. The processes s 7→ ηk,±(s), k ∈ Z are independent Markov processes if we consider
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exactly one of ηk,+ and ηk,− for each k. The initial distributions are

P (ηk,+(0) ∈ A) =

{
Q(0, A) if k ≥ 0,

11(0 ∈ A) if k < 0,
(4.27)

P (ηk,−(0) ∈ A) =

{
11(0 ∈ A) if k ≥ 0,

Q(0, A) if k < 0.
(4.28)

4.3.2 Technical lemmas

The lemmas of this subsection descibe the behaviour of the auxiliary Markov processes

ηk,±. Since they all have the same law, we denote them by η to keep the notation simple,

and it means that the statement is true for all ηk,±.

Fix b ∈ R. Define the stopping times

θ+ := inf{t > 0 : η(t) ≥ b}, (4.29)

θ− := inf{t > 0 : η(t) ≤ b}. (4.30)

In our lemmas, γ will always be a positive constant which is considered as being a

small exponent, and C will be a finite constant considered as being large. To simplify the

notation, we will use the same letter for constants at different points of our proof. The

notation does not emphasizes, but their values depend on b.

First, we estimate the exponential moments of θ− and θ+.

Lemma 4.3.2. There are γ > 0 and C < ∞ such that, for all y ≥ b,

E
(
exp(γθ−)

∣∣ η(0) = y
)
≤ exp(C(y − b)). (4.31)

Lemma 4.3.3. There exists γ > 0 such that

E
(
exp(γθ+)

∣∣ η(0) = b
)

< ∞. (4.32)

We show that the Markov process η converges exponentially fast to its stationary

distribution ρ defined by (4.26) if the initial distribution is 0 with probability 1 or Q(0, ·).

Lemma 4.3.4. There are C < ∞ and γ > 0 such that

∥∥P t(0, ·) − ρ
∥∥ < C exp(−γt) (4.33)

and
∥∥Q(0, ·)P t − ρ

∥∥ < C exp(−γt). (4.34)

We give a bound on the decay of the tails of P t(0, ·) and Q(0, ·)P t uniformly in t.
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Lemma 4.3.5. There are constants C < ∞ and γ > 0 such that

P t(0, (x,∞)) ≤ Ce−γx (4.35)

and

Q(0, ·)P t(0, (x,∞)) ≤ Ce−γx (4.36)

for all x ≥ 0 and for any t > 0 uniformly, i.e. the values of C and γ do not depend on x

and t.

We introduce some notation from [T95] and cite a theorem, which will be the main

ingredient of our proof. Let A > 0 be the scaling parameter, and let

SA(l) = SA(0) +
l∑

j=1

ξA(j) l ∈ N

be a discrete time random walk on R+ with the law

P
(
ξA(l) ∈ dx

∣∣ SA(l − 1) = y
)

= πA(dx, y, l)

for each l ∈ N with ∫ ∞

−y

πA(dx, y, l) = 1.

Define the following stopping time of the random walk SA(·):

ω[Ar] = inf{l ≥ [Ar] : SA(l) = 0}.

We give the following theorem without proof, because this is the continuous analogue

of Theorem 4 in [T95] and its proof is essentially identical to that of the corresponding

statement in [T95].

Theorem 4.3.6. Suppose that the following conditions hold:

1. The step distributions πA(·, y, l) converge exponentially fast as y → ∞ to a common

asymptotic distribution π. That is, for each l ∈ Z,

∫

R

|πA(dx, y, l) − π(dx)| < Ce−γy.

2. The asymptotic distribution is symmetric: π(−dx) = π(dx), and its moments are

finite, in particular, denote

σ2 :=

∫

R

x2π(dx). (4.37)

3. Uniform decay of the step distributions: for each l ∈ Z,

πA((x,∞), y, l) ≤ Ce−γx.
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4. Uniform non-trapping condition: The random walk is not trapped in a bounded

domain or in a domain away from the origin. That is, there is δ > 0 such that

∫ ∞

δ

πA(dx, y, l) > δ or

∫ ∞

x=δ

∫ ∞

z=−∞
πA(dx−z, y+z, l+1)πA(dz, y, l) > δ (4.38)

and ∫ −(δ∧y)

−∞
πA(dx, y, l) > δ.

Under these conditions, if
SA(0)

σ
√

A
→ h,

then
(

ω[Ar]

A
,
SA([Ay])

σ
√

A
: 0 ≤ y ≤ ω[Ar]

A

)
=⇒

(
ωW

r , |Wy| : 0 ≤ y ≤ ωW
r

∣∣ |W0| = h
)

(4.39)

in R+ × D[0,∞) as A → ∞ where

ωW
r = inf{s > r : Ws = 0}

with a standard Brownian motion W and σ is given by (4.37).

4.3.3 Proof of the limit theorem for local times

Using the auxiliary Markov processes introduced in Subsection 4.3.1, we can build up the

local time sequence as a random walk. This Ray – Knight type construction is the main

idea of the following proof.

Proof of Theorem 4.1.1. Fix j ∈ Z and r ∈ R+. Using the definition (4.5) and the

construction of ηk,± (4.15)–(4.25), we can formulate the following recursion for Λj,r:

Λj,r(j) = r,

Λj,r(k + 1) = Λj,r(k) + ηk,−(Λj,r(k)) if k ≥ j,

Λj,r(k − 1) = Λj,r(k) + ηk−1,+(Λj,r(k)) if k ≤ j.

(4.40)

It means that the processes (Λj,r(j − k))∞k=0 and (Λj,r(j + k))∞k=0 are random walks on

R+, they start from Λj,r(j) = r, and the distribution of the following step always depends

on the actual position of the walker. In order to apply Theorem 4.3.6, we rewrite (4.40):

Λj,r(j + k) = r +
k−1∑

i=0

ηj+i,−(Λj,r(j + i)) k = 0, 1, 2, . . . , (4.41)

Λj,r(j − k) = r +
k−1∑

i=0

ηj−i−1,+(Λj,r(j − i)) k = 0, 1, 2, . . . . (4.42)
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The step distributions of these random walks are

πA(dx, y, l) =

{
P y(0, dx)

Q(0, ·)P y(dx)

according to (4.27)–(4.28).

The exponential closeness of the step distribution to the stationary distribution is

shown by Lemma 4.3.4. One can see from (4.26) and (4.22) that the distribution ρ is

symmetric and it has a non-zero finite variance. Lemma 4.3.5 gives a uniform exponential

bound on the tail of the distributions P t(0, ·) and Q(0, ·)P t.

Since we only consider [λj,r, ρj,r], that is, the time interval until Λj,r hits 0, we can

force the walk to jump to 1 in the next step after hitting 0, which does not influence our

investigations. It means that πA({1}, 0, l) = 1 for l ∈ Z, and with this, the non-trapping

condition (4.38) fulfils. Therefore, Theorem 4.3.6 is applicable for the forward and the

backward walks, and Theorem 4.1.1 is proved.

4.4 The position of the random walker

We turn to the proof of Theorem 4.1.3. First, we introduce the rescaled distribution

ϕA(t, x) := A2/3P
(
X(⌊At⌋) = ⌊A2/3x⌋

)

where t, x ∈ R+. We define the Laplace transform of ϕA with

ϕ̂A(s, x) = s

∫ ∞

0

e−stϕA(t, x) dt (4.43)

which is the position of the random walker at an independent random time of exponential

distribution with mean A/s.

We denote by ω̂ the Laplace transforms of ω defined in (4.11) and we rewrite (4.13):

ω̂(s, x, h) := s

∫ ∞

0

e−stω(t, x, h) dt = sE
(
e−sTx,h

)
,

ϕ̂(s, x) = s

∫ ∞

0

e−stϕ(t, x) dt =

∫ ∞

0

ω̂(s, x, h) dh.

Note that the scaling relations

αω(αt, α2/3x, α1/3h) = ω(t, x, h),

α2/3ϕ̂(α−1s, α2/3x) = ϕ̂(s, x) (4.44)

hold because of the scaling property of the Brownian motion.

Proof of Theorem 4.1.3. The first observation for the proof is the identity

P (X(t) = k) =

∫ ∞

h=0

P (Tk,h ∈ (t, t + dh)) , (4.45)
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which follows from (4.4). If we insert it to the definition of ϕ̂A (4.43), then we get

ϕ̂A(s, x) = sA−1/3

∫ ∞

0

e−st/AP
(
X(t) = ⌊A2/3x⌋

)
dt

= sA−1/3

∫ ∞

0

e−st/A

∫ ∞

h=0

P
(
T⌊A2/3x⌋,h ∈ (t, t + dh)

)
dt

= sA−1/3

∫ ∞

0

E
(
e
−sT

⌊A2/3x⌋,h
/A

)
dh

(4.46)

using (4.45). Defining

ω̂A(s, x, h) = sE
(
exp(−sT⌊A2/3x⌋,⌊A1/3σh⌋/(σA))

)

gives us

ϕ̂A(s, x) =

∫ ∞

0

ω̂A(σs, x, h) dh (4.47)

from (4.46). From Corollary 4.1.2, it follows that, for any s > 0, x ≥ 0 and h > 0,

ω̂A(s, x, h) → ω̂(s, x, h).

Applying Fatou’s lemma in (4.47), one gets

lim inf
A→∞

ϕ̂A(s, x) ≥
∫ ∞

0

ω̂(σs, x, h) dh = σ2/3ϕ̂(s, σ2/3x), (4.48)

where we used (4.44) in the last equation. A consequence of (4.12), (4.48) integrated and

a second application of Fatou’s lemma yield

1 =

∫ ∞

−∞
ϕ̂(s, x) dx ≤

∫ ∞

−∞
lim inf
A→∞

ϕ̂A(s, x) dx ≤ lim inf
A→∞

∫ ∞

−∞
ϕ̂A(s, x) dx = 1,

which gives that, for fixed s ∈ R+, ϕ̂A(s, x) → ϕ̂(s, x) holds for almost all x ∈ R,

indeed.

4.5 Proof of lemmas

4.5.1 Exponential moments of the return times

Proof of Lemma 4.3.2. Consider the Markov process ζb(t) which decreases with constant

speed 1, it has upwards jumps with homogeneous rate w(−b), and the distribution of the

size of a jump is the same as that of η, provided that the jump starts from b. In other

words, the infinitesimal generator of ζb is

(Zbf)(u) = −f ′(u) + w(−b)

∫ ∞

0

e−
R v
0 w(b+s) dsw(b + v)(f(u + v) − f(u)) dv.
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Note that, by the monotonicity of w, η and ζb can be coupled in such a way that they

start from the same position and, as long as η ≥ b holds, ζb ≥ η is true almost surely. It

means that it suffices to prove (4.31) with

θ′− := inf{t > 0 : ζb(t) ≤ b} (4.49)

instead of θ−. But the transitions of ζb are homogeneous in space, which yields that (4.31)

follows from the finiteness of

E
(
exp(γθ′−)

∣∣ ζb(0) = b + 1
)
. (4.50)

In addition to this, ζb is a supermartingale with stationary increments, which gives us

E (ζb(t)) = b + 1 − ct

with some c > 0, if the initial condition is ζb(0) = b + 1. For α ∈
(
−∞, limu→∞

W (u)
u

)

(c.f. (4.23)), the expectation

log E
(
eα(ζb(t)−ζb(0))

)

is finite, and negative for some α > 0. Hence, the martingale

M(t) = exp
(
α(ζb(t) − ζb(0)) − t log E

(
eα(ζb(1)−ζb(0))

))
(4.51)

stopped at θ′− gives that the expectation in (4.50) is finite with γ = − log E
(
eα(ζb(1)−ζb(0))

)
.

Proof of Lemma 4.3.3. First, we prove for negative b, more precisely, for which w(−b) >

w(b). In this case, define the homogeneous process κb with κb(0) = b and generator

Kbf(u) = −f ′(u) + w(−b)

∫ ∞

0

e−w(b)sw(b)(f(u + s) − f(u)) ds.

It is easy to see that there is a coupling of η and κb, for which η ≥ κb as long as η ≤ b.

Therefore, it is enough to show (4.32) with

θ′+ := inf{t > 0 : κb(t) ≥ b}

instead of θ+.

But κb is a submartingale with stationary increments, for which

log E
(
eα(κb(t)−κb(0))

)

is finite if α ∈ (−∞, w(b)), and negative for some α < 0. The statement follows from the

same idea as in the proof of Lemma 4.3.2.

Now, we prove the lemma for the remaining case. Fix b, for which we already know

(4.32), and chose b1 > b arbitrarily. We start η from η(0) = b1, and we decompose its

trajectory into independent excursions above and below b, alternatingly. Let

Y0 := inf{t ≥ 0 : η(t) ≤ b}, (4.52)
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and by induction, define

Xk := inf

{
t > 0 : η

(
k−1∑

j=1

Xj +
k−1∑

j=0

Yj + t

)
≥ b

}
, (4.53)

Yk := inf

{
t ≥ 0 : η

(
k∑

j=1

Xj +
k−1∑

j=0

Yj + t

)
≤ b

}
(4.54)

if k = 1, 2, . . . . Note that (Xk, Yk)k=1,2,... is an i.i.d. sequence of pairs of random variables.

Finally, let

Zk := Xk + Yk k = 1, 2, . . . . (4.55)

With this definition, the Zk’s are the lengths of the epochs in a renewal process. Lemma

4.3.2 tells us that Y0 has finite exponential moment. The same holds for X1, X2, . . .

because of the first part of this proof for the case of small b. Note that the distribution

of the upper endpoint of a jump of η conditionally given that η jumps above b is exactly

Q(b, ·). Since Q(b, ·) decays exponentially fast, we can use Lemma 4.3.2 again to conclude

that E (exp(γYk)) < ∞ for γ > 0 small enough. Define

νt := max

{
n ≥ 0 :

n∑

k=1

Zk ≤ t

}
(4.56)

in the usual way. The following decomposition is true:

P

(∑νt+1
k=1 Yk

t
< ε

)

≤ P

(
νt + 1

t
<

1

2

1

E (Z1)

)
+ P

(∑νt+1
k=1 Yk

t
< ε,

νt + 1

t
≥ 1

2

1

E (Z1)

)
.

(4.57)

Lemma 4.1 of [BT91] gives a large deviation principle for the renewal process νt, hence

P

(
νt + 1

t
<

1

2

1

E (Z1)

)
≤ P

(
νt

t
<

1

2

1

E (Z1)

)
< e−γt (4.58)

with some γ > 0. For the second term on the right-hand side in (4.57),

P

(∑νt+1
k=1 Yk

t
< ε,

νt + 1

t
≥ 1

2

1

E (Z1)

)

= P

(∑νt+1
k=1 Yk

νt + 1
< ε

t

νt + 1
,
νt + 1

t
≥ 1

2

1

E (Z1)

)

≤ P

(∑νt+1
k=1 Yk

νt + 1
< 2εE (Z1) ,

νt + 1

t
≥ 1

2

1

E (Z1)

)

≤ max
n≥ 1

2
1

E(Z1)
t
P

(∑n
k=1 Yk

n
< 2εE (Z1)

)
,

(4.59)
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which is exponentially small for some ε > 0 by standard large deviation theory, and the

same holds for the probability estimated in (4.57), which means that η spends at least εt

time above b with overwhelming probability.

The inequality

P
(
θ+ > t

∣∣ η(0) = b1

)
≤ P

(
νt+1∑

k=1

Yk < εt

)
+ P

(
θ+ > t

∣∣∣∣ η(0) = b1,

νt+1∑

k=1

Yk > εt

)

is obvious. The first term on the right-hand side is exponentially small by (4.57)–(4.59).

In order to bound the second term, denote by J(t) the number of jumps when η(s) ≥ b.

The condition
∑νt+1

k=1 Yk > εt means that this is the case in an at least ε portion of [0, t].

The rate of these jumps are at least w(−b) by the monotonicity of w. Note that J(t)

dominates stochastically a Poisson random variable L(t) with mean w(−b)t. Hence,

P

(
J(t) <

1

2
w(−b)t

)
≤ P

(
L(t) <

1

2
w(−b)t

)
< e−γt (4.60)

for t large enough with some γ > 0 by a standard large deviation estimate.

Note that Q is also monotone in the sense that
∫ ∞

b1

Q(x1, dy) <

∫ ∞

b1

Q(x2, dy)

if x1 < x2. Therefore, a jump of η, which starts above b, exits (−∞, b1] with probability

at least

r =

∫ ∞

b1

Q(b, dy) > 0.

Finally,

P

(
θ+ > t

∣∣∣∣ η(0) = b1,
νt+1∑

k=1

Yk > εt

)

≤ P

(
J(t) <

1

2
w(−b)εt

)
+ P

(
θ+ > t

∣∣∣∣ J(t) ≥ 1

2
w(−b)εt, η(0) = b1,

νt+1∑

k=1

Yk > εt

)

≤ e−γt + (1 − r)
1
2
w(−b)εt

by (4.60), which is an exponential decay, as required.

4.5.2 Exponential convergence to the stationarity

Proof of Lemma 4.3.4. First, we prove (4.33). We couple two copies of η, say η1 and η2.

Suppose that

η1(0) = 0 and P (η2(0) ∈ A) = ρ(A).

Their distribution after time t are obviously P t(0, ·) and ρ, respectively. We use the

standard coupling lemma to estimate their variation distance:

∥∥P t(0, ·) − ρ
∥∥ ≤ P (T > t) (4.61)
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where T is the random time when the two processes merge.

Assume that η1 = x1 and η2 = x2 with fixed numbers x1, x2 ∈ R. Consider the

corresponding processes (ξi(t), αi(t)) where i = 1, 2 with distribution given by (4.19)–

(4.20), and suppose that η1 and η2 are derived from them similarly to (4.24)–(4.25). Then

ξ1 = x1, ξ2 = x2 and αi = −1 holds i = 1, 2. Our aim is to couple them in such a way that

η1 and η2 merge with a certain positive rate. αi turn to +1 with rate w(−xi) with i = 1, 2,

hence both turn to +1 with rate w(−x1 ∨x2) in a proper coupling. After that it happens,

the probability that one of the ξi’s grows from level x1 ∧ x2 up to level x1 ∨ x2 without

interruption (that is, αi turning back to −1) is exp
(
−

∫ x1∨x2

x1∧x2
w(z) dz

)
. Note that, if it

happens, then η1 and η2 merge. Therefore, there is a coupling where the rate of merge is

c(x1, x2) := w(−x1 ∨ x2) exp

(
−

∫ x1∨x2

x1∧x2

w(z) dz

)
.

Consider the interval Ib = (−b, b) where b will be chosen later appropriately. If η1 = x1

and η2 = x2 where x1, x2 ∈ Ib, then for the rate of merge

c(x1, x2) ≥ w(−b) exp

(
−

∫ b

−b

w(z) dz

)
=: β(b) > 0 (4.62)

holds if w(x) > 0 for all x ∈ R.

Let ϑ be the time spent in Ib, more precisely,

ϑi(t) := |{0 ≤ s ≤ t : ηi(s) ∈ Ib}| i = 1, 2,

ϑ12(t) := |{0 ≤ s ≤ t : η1(s) ∈ Ib, η2(s) ∈ Ib}|.

The estimate

P (T > t) ≤ P

(
ϑ12(t) <

t

2

)
+ P

(
T > t

∣∣ ϑ12(t) ≥
t

2

)

is clearly true. Note that

P

(
T > t

∣∣∣∣ ϑ12(t) ≥
t

2

)
≤ exp

(
−1

2
β(b)t

)

follows from (4.62).

By the inclusion relation
{

ϑ12(t) <
t

2

}
⊂

{
ϑ1(t) <

3

4
t

}
∪

{
ϑ2 <

3

4
t

}
, (4.63)

it suffices to prove that the tails of P
(
ϑi(t) < 3

4
t
)

decay exponentially i = 1, 2, if b is large

enough.

We will show that

P

( |{0 ≤ s ≤ t : η(s) < b}|
t

<
7

8

)
≤ e−γt. (4.64)
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A similar statement can be proved for the time spent above −b, therefore another inclusion

relation like (4.63) gives the lemma.

First, we verify that the first hitting of level b

inf{s > 0 : ηi(s) = b}

has finite exponential moment, hence, it is negligible with overwhelming probability and

we can suppose that ηi(0) = b. Indeed, for any fixed ε > 0, the measures ρ and Q(b, ·)
assign exponentially small weight to the complement of the interval [−εt, εt] as t → ∞.

From now on, we suppress the subscript of ηi, we forget about the initial values, and

assume only that η(0) ∈ [−εt, εt].

If η(0) ∈ [b, εt], then recall the proof Lemma 4.3.2. There, we could majorate η with

a homogeneous process ζb. If we define

a := E
(
θ′−

∣∣ ζb(0) = b + 1
)

with the notation (4.49), which is finite by Lemma 4.3.2, then from a large deviation

principle,

P
(
θ−(t) > 2aεt

∣∣ η(0) ∈ [b, εt]
)
≤ P

(
θ′−(t) > 2aεt

∣∣ η(0) ∈ [b, εt]
)

< e−γt (4.65)

with some γ > 0.

If η(0) ∈ [−εt, b], then we can neglect that piece of the trajectory of η which falls into

the interval [0, θ+], because without this, ϑ(t) decreases and the bound on (4.64) becomes

stronger. Since η jumps at θ+ a.s. and the distribution of η(θ+) is Q(b, ·), we can use the

previous observations concerning the case η(0) ∈ [b, εt].

Using (4.65), it is enough to prove that

P

( |{0 ≤ s ≤ t : η(s) < b}|
t

<
7

8
+ 2aε

)
≤ e−γt

with the initial condition η(0) = b where the value of b is not specified yet. We introduce

Xk, Yk, Zk and νt as in (4.53)–(4.56) with Y0 ≡ 0. The only difference is that here we want

to ensure a given portion of time spent below b with high probability with the appropriate

choice of b. With the same idea as in the proof of Lemma 4.3.3 in (4.57)–(4.59), we can

show that

P

(∑νt+1
k=1 Xk

t
≤ 7

8
+ 2aε

)

is exponentially small by large deviation theory if we choose b large enough to set E (X1) /E (Z1)

(the expected portion of time spent below b) sufficiently close to 1. With this, the proof

of (4.33) is complete, that of (4.34) is similar.
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4.5.3 Decay of the transition kernel

Proof of Lemma 4.3.5. We return to the idea that the partial sums of Zk’s form a renewal

process. Remember the definitions (4.53)–(4.56). This proof relies on the estimate

|η(t)| ≤ Zνt+1,

which is true, because the process η can decrease with speed at most 1. Therefore, it

suffices to prove the exponential decay of the tail of Zνt+1.

Define the renewal measure with

U(A) :=
∞∑

n=0

P

(
n∑

k=1

Zk ∈ A

)

for any A ⊂ R. We consider the age and the residual waiting time

At := t −
νt∑

k=1

Zk,

Rt :=
νt+1∑

k=1

Zk − t

separately. For the distribution of the former H(t, x) := P (At > x), the renewal equation

H(t, x) = (1 − F (t))11(t > x) +

∫ t

0

H(t − s, x) dF (s) (4.66)

holds where F (x) = P (Z1 < x). (4.66) can be deduced by conditioning on the time of

the first renewal, Z1. From Theorem (4.8) in [D95], it follows that

H(t, x) =

∫ t

0

(1 − F (t − s))11(t − s > x)U(ds). (4.67)

As explained after (4.55), Lemma 4.3.2 and Lemma 4.3.3 with b = 0 together imply

that 1 − F (x) ≤ Ce−γx with some C < ∞ and γ > 0. On the other hand,

U([k, k + 1]) ≤ U([0, 1])

is true, because, in the worst case, there is a renewal at time k. Otherwise, the distribution

of renewals in [k, k +1] can be obtained by shifting the renewals in [0, 1] with Rk. We can

see from (4.67) by splitting the integral into segments with unit length that

H(t, x) ≤ U([0, 1])
∞∑

k=⌊x⌋
Ce−γk,

which is uniform in t > 0.

With the equation

{Rt > x} = {At+x ≥ x} = {no renewal in (t, t + x]},

a similar uniform exponential bound can be deduced for the tail P (Rt > x). Since Zνt+1 =

At + Rt, the proof is complete.



Chapter 5

Central limit theorem for the

self-repellent Brownian polymer in

three or higher dimensions

As a continuous space-time counterpart of the myopic self-avoiding walk, we investigate

the asymptotic behaviour of the self-repellent Brownian polymer (SRBP) in the non-

recurrent dimensions. First, extending 1d results from [TTV11], we identify a natural

time-stationary and ergodic distribution of the environment (essentially smeared-out oc-

cupation time measure of the process) as seen from the moving particle. As a main result,

we prove that, in three and more dimensions, in this stationary (and ergodic) regime, the

displacement of the moving particle scales diffusively and its finite dimensional distribu-

tions converge to those of a Wiener process.

The results of the present chapter settle parts of the conjectures in [APP83], which are

also described in Section 1.1. These conjectures were based on scaling and renormalization

group arguments, but we present a rigorous proof which is a first mathematical result in

the high dimensional regime.

The main tool is the non-reversible version of the Kipnis – Varadhan type central limit

theorem for additive functionals of ergodic Markov processes and the graded sector con-

dition of Sethuraman, Varadhan and Yau, see [SVY00].

5.1 Definition of model and background

The self-repellent Brownian polymer (SRBP) model is defined as follows. We give a more

precise definition here than the one in (1.3)–(1.4). Let V : R
d → R+ be an approximate

identity, that is, a smooth (C∞), spherically symmetric function with sufficiently fast

decay at infinity, and

F : R
d → R

d, F (x) := −grad V (x).

63
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For reasons which will be clarified later, we also impose the condition of positive definite-

ness of V :

V̂ (p) := (2π)−d/2

∫

Rd

eip·xV (x) dx ≥ 0.

A particular choice could be V (x) := exp{− |x|2 /2}.
Let t 7→ B(t) ∈ R

d be standard d-dimensional Brownian motion and define the stochas-

tic process t 7→ X(t) ∈ R
d as the solution of the SDE

X(t) = B(t) +

∫ t

0

∫ s

0

F (X(s) − X(u)) du ds, (5.1)

or

dX(t) = dB(t) +

(∫ t

0

F (X(t) − X(u)) du

)
dt. (5.2)

Remark. Other types of self-interaction functions F give rise to various different asymp-

totics. For the few rigorous results (mostly in 1d), see [NRW87], [DR92], [CL95], [CM96]

and in particular [MT08] which also contains a survey of the results. Recent 1d results

appear in [TTV11].

Now, introducing the occupation time measure

ℓ(t, A) := ℓ(0, A) + |{0 < s ≤ t : X(s) ∈ A}| (5.3)

where A ⊂ R
d is any measurable domain, and ℓ(0, A) is some signed initialization, we can

rewrite the SDE (5.2) as follows:

dX(t) = dB(t) − grad
(
V ∗ ℓ(t, ·)

)
(X(t)) dt (5.4)

where ∗ stands for convolution in R
d. We assume that ℓ(0, A) is a signed Borel measure

on R
d with slow increase: for any ε > 0

lim
N→∞

N−(d+ε) |ℓ| (0, [−N,N ]d) = 0.

The form (5.4), compared with (1.7), shows explicitly the phenomenological similarity

with the MSAW.

The non-rigorous scaling and renormalization group arguments originally formulated

for the MSAW are equally well applicable to the SRBP. They suggest that the the

dimension-dependent asymptotic scaling behaviour given in Section 1.1 is also valid here.

In the present chapter, we address the three or higher dimensional case of the SRBP

model. We identify a stationary and ergodic distribution of the environment as seen

from the position of the moving point where the environment is the smeared-out local

time profile on R
d. In this particular stationary regime, we prove diffusive limit (that is

non-degenerate central limit theorem with normal scaling) for the displacement.
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Our general approach is that of martingale approximation for additive functionals of

ergodic Markov processes initiated for reversible processes in the classic Kipnis – Varadhan

paper [KV86] and extended to non-reversible cases in [T86], [V96] and [SVY00]. We shall

refer to this approach as the Kipnis –Varadhan theory. In particular, validity of the

efficient martingale approximation will rely on checking the graded sector condition of

[SVY00].

Next, we describe our results in plain words. For precise formulations, see subsection

5.2.4.

As a first step, we note that the environment profile appearing on the right-hand side

of (5.2) and (5.4) as seen in a moving coordinate frame tied to the current position of the

process η(t) = (η(t, x))x∈Z with

η(t, x) := η(0, X(t) + x) +

∫ t

0

V (X(t) + x − X(u)) du =
(
V ∗ ℓ(t, ·)

)
(X(t) + x) (5.5)

is a Markov process in a properly chosen function space Ω, to be specified later, see

(5.16), (5.18) and (5.22). As a first step, we identify a natural time-stationary and ergodic

distribution of this process (5.5). Rather surprisingly, this is the Gaussian (scalar) field

x 7→ ω(x) ∈ R with expectation and covariances

E (ω(x)) = 0, C(x − y) := E (ω(x)ω(y)) = g ∗ V (x − y) (5.6)

where

g : R
d → R, g(x) := |x|2−d

is the Green function of the Laplacian in R
d. Note that throughout this chapter, d ≥ 3.

This is the massless free Gaussian field whose ultraviolet singularity is smeared out by

convolution with the smooth and rapidly decaying approximate identity V . The Fourier

transform of the covariance is

Ĉ(p) = |p|−2 V̂ (p). (5.7)

See Theorem 5.2.1. All further results will be meant for the process being in this stationary

regime. From this result, by ergodicity, the law of large numbers for the process X(t) drops

out, see Corollary 5.2.2.

The main result of this chapter refers to the diffusive limit of the process t 7→ X(t).

From (5.1) and (5.5), it arises that the displacement is written as

X(t) = B(t) +

∫ t

0

ϕ(η(s)) ds (5.8)

where ϕ : Ω → R
d is a function of the state of the stationary and ergodic Markov process

t 7→ η(t):

ϕ(ω) = −grad ω(0). (5.9)
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So, the natural approach to the diffusive limit of X(t) is the Kipnis – Varadhan theory.

We will prove validity of an efficient martingale approximation by checking Sethuraman –

Varadhan – Yau’s graded sector condition, cf. [SVY00]. It is easy to see that due to the

spherical symmetry of the problem, we get

E (Xk(t)Xl(t)) = δk,ld
−1E

(
|X(t)|2

)
.

We prove that, for d ≥ 3, the limiting variance

σ2 := d−1 lim
t→∞

t−1E
(
|X(t)|2

)
∈ (0,∞) (5.10)

exists and the finite dimensional marginals of the diffusively rescaled process

XN(t) :=
X(Nt)

σ
√

N
(5.11)

converge to those of a standard d-dimensional Brownian motion. See Theorem 5.2.3.

The main result shows similarity in spirit and techniques with those of [KO03], but the

differences are also clear.

The results are meant in probability with respect to the initial profile η(0, x) sampled

from the stationary (and ergodic) initial distribution hinted at above. Recent results by

Cuny and Peligrad [CP10] raise the hope that the Kipnis – Varadhan theory could be

enhanced to central limit theorem for almost all initial conditions sampled according to

the stationary distribution.

The rest of the chapter is structured as follows: in Section 5.2, we give the formal

definitions, introduce notations, identify the stationary measure and formulate our main

results precisely. Section 5.3 contains a sketch proof of the central limit theorem. In Sec-

tion 5.4, we give the functional analytic background: the Hilbert spaces and the (bounded

and unbounded) linear operators involved and the infinitesimal generator is presented. Er-

godicity and law of large numbers for the displacement drop out for free. The short Section

5.5 is devoted to recalling the martingale approximation in Kipnis – Varadhan theory and

the graded sector condition of [SVY00]. Finally, in Section 5.6, we check the abstract

functional analytic conditions for our particular problem, and we conclude with the full

proof of the central limit theorem for the displacement.

5.2 Formal setup and results

5.2.1 The stationary measure

We start with the Ansatz that the stationary distribution of the process t 7→ η(t, ·) is

translation invariant zero mean Gaussian scalar with some covariance

E (η(t, x)η(t, y)) = C(y − x) (5.12)
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to be identified at the end of the following computations.

In order to prove that this is indeed time-stationary, we have to show that, for any

test function x → u(x) ∈ R, the moment generating functional

ϕ(t, u) := E (exp{〈u, η(t)〉})

is actually constant in time. In the present subsection, we use the notation

〈u, v〉 :=

∫

Rd

v(x)u(x) dx.

In the forthcoming computations of the present section all repeated subscripts are

summed from 1 to d. Using (5.5), note that, by standard Itô calculus,

d〈u, η(t)〉 = −〈∂lu, η(t)〉 dBl(t) +
1

2
〈∂2

llu, η(t)〉 dt − 〈∂lu, η(t)〉∂lη(t, 0) dt + 〈u, V 〉 dt.

Hence

E
(
d exp{〈u, η(t)〉}

∣∣ Ft

)

= exp{〈u, η(t)〉}
(

1

2
〈∂2

llu, η(t)〉 +
1

2
〈∂lu, η(t)〉2 − 〈∂lu, η(t)〉∂lη(t, 0) + 〈u, V 〉

)
dt.

(5.13)

Now, using the Ansatz that x 7→ η(t, x) (with t fixed) is a Gaussian field with covariance

(5.12), by standard computations of Gaussian expectations, from (5.13), we obtain

dE (exp{〈u, η(t)〉})
dt

= exp{〈u,C ∗ u〉/2}
(1

2
〈∂2

llu,C ∗ u〉 +
1

2
〈∂lu,C ∗ ∂lu〉+

+
1

2
〈∂lu,C ∗ u〉2 − 〈∂lu, ∂lC〉 − 〈∂lu,C ∗ u〉〈u, ∂lC〉 + 〈u, V 〉

)
dt.

(5.14)

On the right-hand side the first two terms cancel out by an integration by parts. The

third and fifth terms cancel one by one due to the simple fact that for any test function

u,

〈∂lu,C ∗ u〉 = 0.

Thus, the right-hand side of (5.14) is canceled out completely if and only if

V = −∂2
llC. (5.15)

This is equivalent to (5.6) or (5.7). Note that d ≥ 3 was assumed.

5.2.2 State space and Gaussian measure

The proper state space of our basic processes will be the space of smooth scalar fields of

slow increase at infinity:

Ω :=
{
ω ∈ C∞(Rd → R) : ‖ω ‖m,r < ∞

}
(5.16)
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where ‖ω ‖m,r are the seminorms

‖ω ‖m,r := sup
x∈Rd

(
1 + |x|

)−1/r ∣∣∂|m|
m1,...,md

ω(x)
∣∣

defined for the multiindices m = (m1, . . . ,md), mj ≥ 0; and r ≥ 1. The space Ω endowed

with these seminorms is a Fréchet space.

From Minlos’s theorem (see [S74]), it follows that there exists a unique Gaussian

probability measure π(dω) on the space of tempered distributions S ′(Rd → R) with

characteristic functional

E (exp{i〈u, ω〉}) = exp

{
−1

2

∫

Rd

∫

Rd

u(x)C(x − y)u(y) dx dy

}
,

and from smoothness of the covariance function C(x), it follows that the probability

measure π(dω) is actually concentrated on the space Ω ⊂ S ′(Rd → R) and (5.6) holds.

The Gaussian field ω(x) is realized e.g. as a moving average of white noise:

ω(x) =

∫

Rd

U(x − y)w(y) dy,

where U is the unique positive definite function for which U∗U = V and w is d-dimensional

white noise.

The group of spatial translations

R
d ∋ z 7→ τz : Ω → Ω, (τzω)(x) := ω(x + z)

acts naturally on Ω and preserves the probability measure π(dω). Actually, the dynamical

system (Ω, π(dω), τz : z ∈ R
d) is ergodic.

5.2.3 Processes

First, we consider the process t 7→ (X(t), ζ(t, ·)) ∈ R
d × Ω defined as follows:

X(t) = X(0) + B(t) −
∫ t

0

grad ζ(s,X(s)) ds, (5.17)

ζ(t, x) = ζ(0, x) +

∫ t

0

V (x − X(s)) ds (5.18)

where t 7→ B(t) is a standard d-dimensional Brownian motion, and X(0) ∈ R
d, ζ(0, ·) ∈ Ω

are the initial data for the process t 7→ (X(t), ζ(t, ·)).
Written as a single SDE for the process t 7→ X(t), we get from (5.17) and (5.18) that

X(t) = X(0) + B(t) +

∫ t

0

{
ζ(0, X(s)) +

∫ s

0

F (X(s) − X(u)) du

}
ds. (5.19)

The SDE (5.19) differs from the original SDE (5.1) only by the presence of the initial

profile ζ(0, x), which is a natural modification.
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From (5.17) and (5.18), it follows that

X(t0 + t) = X(t0) +
(
B(t + t0) − B(t0)

)
−

∫ t0+t

t0

grad ζ(s,X(s)) ds, (5.20)

ζ(t0 + t, x) = ζ(t0, x) +

∫ t0+t

t0

V (x − X(s)) ds. (5.21)

From this form, it is apparent that the process t 7→ (X(t), ζ(t, ·)) ∈ R
d ×Ω is Markovian.

The environment profile as seen from the moving point X(t) is

x 7→ η(t, x) := ζ(t,X(t) + x). (5.22)

From (5.20) and (5.21), we readily obtain that t 7→ η(t) := η(t, ·) is itself a Markov process

on the state space Ω.

We define the function ϕ : Ω → R
d by (5.9), and from (5.17), (5.18) and (5.22), we

readily get (5.8).

5.2.4 Results

Theorem 5.2.1. The Gaussian probability measure π(dω) on Ω with mean 0 and covari-

ances (5.6) is time-invariant and ergodic for the Ω-valued Markov process t 7→ η(t).

Corollary 5.2.2. For π-almost all initial profiles ζ(0, ·),

lim
t→∞

X(t)

t
= 0 a.s. (5.23)

Remark. It is clear that, in dimensions d ≥ 3, other stationary distributions of the

process t 7→ η(t) exist. In particular, due to transience of the process t 7→ X(t), the

stationary measure (presumably) reached from starting with “empty” initial conditions

η(0, x) ≡ 0 certainly differs from our dπ. Our methods and results are valid for the

particular stationary distribution dπ.

The main result of the present chapter is the following theorem:

Theorem 5.2.3. In dimensions d ≥ 3, the following hold:

1. The limiting variance

σ2 := d−1 lim
t→∞

t−1E
(
|X(t)|2

)

exists and

1 ≤ σ2 ≤ 1 + ρ2 (5.24)

where

ρ2 := d−1

∫

Rd

|p|−2 V̂ (p) dp < ∞. (5.25)
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2. The finite dimensional marginal distributions of the diffusively rescaled process

XN(t) :=
X(Nt)

σ
√

N
(5.26)

converge to those of a standard d-dimensional Brownian motion. The convergence

is meant in probability with respect to the starting state η(0) sampled according to

dπ.

Theorem 5.2.3 will be proved by use of the martingale approximation of the Kipnis –

Varadhan theory and the so-called graded sector condition of [SVY00].

5.3 Sketch proof of the central limit theorem

In Section 5.4, we introduce the Gaussian Hilbert space H = L2(Ω, π) first which the

infinitesimal generator of the Markov process η(t) acts on. This is a graded Hilbert space,

that is, a direct sum of infinitely many orthogonal subspaces as given in (5.28). There

are two other isomorphic representations of H which are used in the computations later.

The basic linear operators (differentiations, creations and annihilations) are defined in

Subsection 5.4.2 and their action is given in all the three representations in Subsection

5.4.3.

The infinitesimal generator G of the environment process η(t) is computed in (5.42).

It is rewritten in (5.43) using the basic operators. The self-adjoint and skew self-adjoint

parts of G are (5.45) and (5.46) which are compatible with the grading of the Hilbert

space in the sense of (5.47).

A natural symmetry holds in our model, η(t) has the Yaglom reversibility property,

i.e., starting from the stationary distribution, the flipped and time-reversed process η̃(t)

in (5.50) is equal with η(t) in law. In terms of the genarator, it is equivalent to (5.49).

This property will be useful later.

For the proof of Theorem 5.2.1, stationarity of dπ was verified in Subsection 5.2.1.

The Dirichlet form of the process η(t) is given in (5.51). Ergodicity drops out from that

easily.

The starting point for proving central limit theorem for the displacement X(t) of SRBP

is the equation (5.8). In this representation, B(t) is a Brownian motion, the integral term

is an additive functional of the Markov process η(t). Hence our aim is to use a version of

the Kipnis – Varadhan theorem.

Section 5.5 is devoted to recall the general Kipnis – Varadhan theory and the graded

sector condition, which will be used for the SRBP later. The first version of the Kipnis –

Varadhan theorem in [KV86] is valid for reversible Markov processes, i.e. if the skew self-

adjoint part of the generator A = 0 vanishes. Theorem 5.5.1 from [T86] gives sufficient
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conditions (5.55)–(5.56) for the central limit theorem for additive functionals of non-

reversible Markov processes to hold. In the presence of grading (5.58), Theorem 5.5.2

can be applied. One assumes that the operators are compatible with the grading, i.e.

(5.47) holds. Then the conditions (5.59) and (5.60) yield the central limit theorem for

the functional (5.52) through Theorem 5.5.1. (5.59) refers to the operator, and it is the

graded sector condition, (5.60) is the diffusive upper bound or H−1-bound on the function

f .

Section 5.6 contains the rigorous proof of Theorem 5.2.3. The central limit theorem

is proved using Theorem 5.5.2, hence diffusive upper bound and graded sector condition

are checked. For showing (5.24), diffusive lower bound is also needed. With the latter,

we rule out the case when the diffusive limit of the integral term is (5.8) cancels out with

the martingale (in this case Brownian) term. In principle, it could happen just like in the

famous case of the one-dimensional nearest neighbour symmetric simple exclusion process,

see [A83].

The diffusive lower bound follows from the Yaglom reversibility of the SRBP model,

namely the process M(s, t) defined in (5.61) is a forward and backward martingale as

stated in Lemma 5.6.1. It is enough to see that M(s, t) and the integral
∫ t

s

ϕ(η(u)) du

are uncorrelated. This provides a diffusive lower bound on the variance of the displacement

X(t), see (5.64).

For the diffusive upper bound, Lemma 5.6.2 from [SVY00] is used. It says that the

limiting variance of the integral term in (5.8) is bounded by that of the integral of the

same function along the trajectory of a different Markov process ξ(t) on the same state

space. The process ξ(t) is a reversible Markov process with infinitesimal generator −S,

i.e. the symmetric part of the generator G of η(t). In the case of the SRBP, the process

ξ(t) is a diffusion in random scenery, for which the limiting variance of the integral is

computed in (5.66), and it is finite in three or higher dimensions.

For checking the graded sector condition, one needs to prove a bound (5.67) with γ < 1.

The exact form of the operator to be bounded is given in (5.68). It is already established

in (5.38) that the operator ∇l|∆|−1/2 is bounded, hence it is enough to calculate the norm

of |∆|−1/2a∗
l . It is done in (5.69)–(5.70). The result is (5.71), that is, the graded sector

condition is satisfied with γ = 1/2. We use in the computations again that the dimension

is at least 3. With this, the proof of Theorem 5.2.3 is complete.

5.4 Spaces and operators

The natural formalism for the proofs of our theorems is that of Fock spaces and Gaussian

Hilbert spaces, and linear operators over them. For basics of Gaussian Hilbert spaces and
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Wick products, see [J97] and [S74]. Our main Hilbert space is H := L2(Ω, π). This is a

Gaussian Hilbert space, and has very natural unitary equivalent representations as Fock

spaces. We follow the usual notation of Euclidean quantum field theory, see e.g. [S74]. In

subsection 5.4.1, we give formal definition of the three unitary equivalent representations

of the Hilbert space L2(Ω, π). In subsection 5.4.2, we define the linear operators which

are relevant for our purposes and we present their action on the three unitary equivalent

formulations in Subsection 5.4.3. In Subsection 5.4.4, the infinitesimal generator of the

semigroup of the stationary Markov process t 7→ η(t, ·) ∈ Ω, acting on L2(Ω, π), and its

adjoint are computed and the first consequences (ergodicity, law of large numbers) are

settled.

5.4.1 Spaces

Throughout this chapter, we use the convention of unitary Fourier transform

û(p) := (2π)−d/2

∫

Rd

eip·xu(x) dx (5.27)

and the shorthand notation

x = (x1, . . . , xn) ∈
(
R

d
)n

, xm = (xm1, . . . , xmd) ∈ R
d, ∂ml :=

∂

∂xml

,

p = (p1, . . . , pn) ∈
(
R

d
)n

, pm = (pm1, . . . , pmd) ∈ R
d,

m = 1, . . . , n, l = 1, . . . , d.

We denote by Sn, respectively, Ŝn, the symmetric Schwartz spaces

Sn :={u : R
dn → C : u(̟x) = u(x), ̟ ∈ Perm(n)},

Ŝn :={û : R
dn → C : û(̟p) = û(p), ̟ ∈ Perm(n)}.

In the preceding formulas Perm(n) denotes the group of permutations on the n indices.

The spaces Sn, respectively, Ŝn are endowed with the following scalar products

〈u, v〉 :=

∫

Rdn

∫

Rdn

u(x)C(x − y)v(y) dxdy,

〈û, v̂〉 :=

∫

Rdn

û(p)Ĉ(p)v̂(p) dp

where

C(x − y) :=
n∏

m=1

C(xm − ym), Ĉ(p) :=
n∏

m=1

Ĉ(pm).

Let Kn and K̂n be the closures of Sn, respectively, Ŝn with respect to the Euclidean

norms defined by these inner products. The Fourier transform (5.27) realizes an isometric

isomorphism between the Hilbert spaces Kn and K̂n.
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These Hilbert spaces are actually the symmetrized n-fold tensor products

Kn := symm
(
K⊗n

1

)
, Kn := symm

(
K̂⊗n

1

)
.

Finally, the full Fock spaces are

K := ⊕∞
n=0Kn, K̂ := ⊕∞

n=0K̂n.

The Hilbert space of our true interest is H = L2(Ω, π). This is itself a graded Gaussian

Hilbert space

H = ⊕∞
n=0Hn (5.28)

where the subspaces Hn are isometrically isomorphic with the subspaces Kn of K through

the identification

ϕn : Kn → Hn, ϕn(u) :=
1√
n!

∫

Rdn

u(x) :ω(x1) . . . ω(xn): dx. (5.29)

Here and in the rest of this chapter, we denote by :X1 . . . Xn: the Wick product of the

jointly Gaussian random variables (X1, . . . , Xn). In order to ease notation, the mapping

ϕ1 : K1 → H1 will be simply denoted by ϕ.

As the graded Hilbert spaces

H := ⊕∞
n=0Hn, K := ⊕∞

n=0Kn, K̂ := ⊕∞
n=0K̂n

are isometrically isomorphic in a natural way, we shall move freely between the various

representations.

5.4.2 General notation of operators

We use the standard notation of Fock spaces. First, we give a general framework of

notation and identities formulated over the Gaussian Hilbert space H. Then, we turn to

our relevant linear operators and we give their representations in all three Hilbert spaces

H, K and K̂.

The action of linear operators over H = ⊕∞
n=0Hn will be typically given in terms of

Wick monomials. It is understood that their action is extended by linearity and graph

closure.

Given a (bounded or unbounded) densely defined and closed linear operator A over

the basic Hilbert space K1, its second quantized version acting over the graded Gaussian

Hilbert space H will be denoted by dΓ(A). This latter one acts over Wick monomials as

follows, dΓ(A) : Hn → Hn,

dΓ(A) :ϕ(v1) · · ·ϕ(vn): =
n∑

m=1

:ϕ(v1) · · ·ϕ(Avm) · · ·ϕ(vn): .
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Given a vector u from the basic Hilbert space K1, the creation and annihilation (raising

and lowering) operators associated to it, acting over the Gaussian Hilbert space H, will

be denoted by a∗(u) : Hn → Hn+1, respectively, a(u) : Hn → Hn−1 acting on Wick

monomials as

a∗(u) :ϕ(v1) . . . ϕ(vn): =:ϕ(u)ϕ(v1) . . . ϕ(vn): ,

a(u) :ϕ(v1) . . . ϕ(vn): =
n∑

m=1

〈u, vm〉 :ϕ(v1) . . . ϕ(vm−1)ϕ(vm+1) . . . ϕ(vn): .

For basics about creation, annihilation and second quantized operators, see e.g. [S74] or

[J97].

We also define the unitary involution J on H:

Jf(ω) := f(−ω), J ↾Hn= (−1)nI ↾Hn .

The well-known canonical commutation relations between the operators introduced

are:

[a(u), a(v)] = 0, [a∗(u), a∗(v)] = 0, [a(u), a∗(v)] = 〈u, v〉I, (5.30)

[dΓ(A), a∗(u)] = a∗(Au), [dΓ(A), a(u)] = −a(A∗u), (5.31)

[J, dΓ(A)] = 0, {J, a∗(u)} = 0, {J, a(u)} = 0. (5.32)

Two more operators will be needed: given an element u ∈ K1, multiplication by ϕ(u)

will be denoted M(u), that is, formally, for f ∈ L2(Ω, π),

(
M(u)f

)
(ω) := ϕ(u)(ω)f(ω).

Finally, for a fixed element ϑ ∈ Ω, we introduce differentiation in the direction ϑ: formally

Dϑf(ω) := lim
ε→0

ε−1
(
f(ω + εϑ) − f(ω)

)
.

Both operators are well-defined on Wick monomials, and are extended by linearity and

graph closure.

Given u ∈ K1 the identities (5.33) and (5.34) below hold:

(1) The multiplication operator M(u) is actually

M(u) = a∗(u) + a(u). (5.33)

(2) If C ∗ u ∈ Ω then

DC∗u = a(u). (5.34)

Both identities are checked by direct computation on Wick monomials. The identity (5.34)

is a particular case of the directional derivative of Malliavin calculus, see [J97].
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5.4.3 Specific linear operators

The most relevant operators for our present purposes are

∇l := dΓ(∂l), ∆ :=
d∑

l=1

∇2
l , al := a(∂lδ0), a∗

l := a∗(∂lδ0)

where ∂l = ∂
∂xl

and δ0 is Dirac’s delta concentrated on 0 ∈ R
d. Note that δ0 and all its

partial derivatives are in the Hilbert space K1.

We give now their action on the spaces Hn, Kn and K̂n. The point is that we are

interested primarily in their action on the space L2(Ω, π) = ⊕∞
n=0Hn, but explicit com-

putations in later sections are handy in the unitary equivalent representations over the

space K̂ = ⊕∞
n=0K̂n. The action of various operators over Hn will be given in terms of the

Wick monomials :ω(x1) . . . ω(xn): and it is understood that the operators are extended

by linearity and graph closure.

• The operators ∇l, l = 1, . . . , d:

∇l : Hn → Hn, ∇l :ω(x1) . . . ω(xn): = −
n∑

m=1

:ω(x1) . . . ∂lω(xm) . . . ω(xn): ,

∇l : Kn → Kn, ∇lu(x) =
n∑

m=1

∂u

∂xml

(x),

∇l : K̂n → K̂n, ∇lû(p) = i
( n∑

m=1

pml

)
û(p).

Note that these are actually unbounded, closed, skew self-adjoint operators. They

are densely defined on Hn, Kn, respectively, K̂n.

• The operator ∆:

∆ : Hn → Hn, ∆ :ω(x1) . . . ω(xn):

=
d∑

l=1

n∑

m,m′=1

:ω(x1) . . . ∂lω(xm) . . . ∂lω(xm′) . . . ω(xn): ,

∆ : Kn → Kn, ∆u(x) =
d∑

l=1

n∑

m,m′=1

∂2u

∂xml∂xm′l

(x),

∆ : K̂n → K̂n, ∆û(p) = −
∣∣∣∣∣

n∑

m=1

pm

∣∣∣∣∣

2

û(p).

The operator ∆ is unbounded, densely defined, self-adjoint and positive. Note that

∆ is not the second quantized Laplacian.



76 CHAPTER 5. CENTRAL LIMIT THEOREM FOR THE SRBP

• The operator |∆|−1/2 = (−∆)−1/2:

|∆|−1/2 : Hn → Hn, no explicit formula,

|∆|−1/2 : Kn → Kn, no explicit formula,

|∆|−1/2 : K̂n → K̂n, |∆|−1/2 û(p) =

∣∣∣∣∣

n∑

m=1

pm

∣∣∣∣∣

−1

û(p).

The operator |∆|−1/2 is unbounded, densely defined, self-adjoint and positive.

• The operators |∆|−1/2 ∇l, l = 1, . . . , d:

|∆|−1/2 ∇l : Hn → Hn, no explicit formula, (5.35)

|∆|−1/2 ∇l : Kn → Kn, no explicit formula, (5.36)

|∆|−1/2 ∇l : K̂n → K̂n, |∆|−1/2 ∇lû(p) =
i
∑n

m=1 pml

|∑n
m=1 pm|

û(p). (5.37)

These are bounded skew self-adjoint operators with operator norm
∥∥∥ |∆|−1/2 ∇l

∥∥∥ = 1. (5.38)

• The creation operators a∗
l , l = 1, . . . , d:

a∗
l : Hn → Hn+1, a∗

l :ω(x1) . . . ω(xn): =:∂lω(0)ω(x1) . . . ω(xn): ,

a∗
l : Kn → Kn+1, a∗

l u(x1, . . . , xn+1)

=
1√

n + 1

n+1∑

m=1

∂lδ(xm)u(x1, . . . , xm−1, xm+1, . . . , xn+1),

a∗
l : K̂n → K̂n+1, a∗

l û(p1, . . . , pn+1)

=
1√

n + 1

n+1∑

m=1

ipmlû(p1, . . . , pm−1, pm+1, . . . , pn+1).

The creation operators a∗
l , restricted to the subspaces Hn, Kn, respectively, K̂n are

bounded with operator norm
∥∥∥ a∗

l ↾Hn

∥∥∥ =
∥∥∥ a∗

l ↾Kn

∥∥∥ =
∥∥∥ a∗

l ↾bKn

∥∥∥ =
√

C(0)
√

n + 1. (5.39)

• The annihilation operators al, l = 1, . . . , d:

al : Hn → Hn−1, al :ω(x1) . . . ω(xn):

=
n∑

m=1

∂lC(xm) :ω(x1) . . . ω(xm−1)ω(xm+1) . . . ω(xn): ,

al : Kn → Kn−1, alu(x1, . . . , xn−1) =
√

n

∫

Rd

u(x1, . . . , xn−1, y)∂lC(y) dy,

al : K̂n → K̂n−1, alû(p1, . . . , pn−1) =
√

n

∫

Rd

û(p1, . . . , pn−1, q)iqlĈ(q) dq.
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The annihilation operators al restricted to the subspaces Hn, Kn, respectively, K̂n

are bounded with operator norm

∥∥∥ al ↾Hn

∥∥∥ =
∥∥∥ al ↾Kn

∥∥∥ =
∥∥∥ al ↾bKn

∥∥∥ =
√

C(0)
√

n. (5.40)

Furthermore, as the notation a∗
l and al suggests, these operators are adjoint of each

other.

Since all computations will be performed in the representation K̂, we give a common

core for all the unbounded operators defined above – and some others to appear in future

sections:

Ĉ := ⊕∞
n=0Ĉn, Ĉn := {û ∈ K̂n : sup

p∈Rdn

|û(p)| < ∞}. (5.41)

Note that the operator |∆|−1/2 is defined on the dense subspace Ĉ only for d ≥ 3. Further-

more, in dimensions d ≥ 3, the operators |∆|−1/2
↾bKn

defined on the dense subspaces Ĉn,

are essentially self-adjoint. This follows, e.g., from Propositions VIII.1, VIII.2 of [RS72].

Notice also that ∇ is the infinitesimal generator of the unitary group of spatial trans-

lations while ∆ is the infinitesimal generator of the Markovian semigroup of diffusion in

random scenery

exp{z∇} = Tz, Tzf(ω) := f(τzω),

exp{t∆} = Qt, Qtf(ω) :=

∫
exp{−z2/(2t)}√

2πt
f(τzω) dz.

5.4.4 The infinitesimal generator, stationarity, Yaglom reversibil-

ity, ergodicity

We denote by Pt the semigroup of the process η(t):

Pt : H → H, Ptf(ω) := E
(
f(η(t))

∣∣ η(0) = ω
)
.

Then [0,∞) ∋ t 7→ Pt ∈ B(H) is a Markovian contraction semigroup on H. In order to

identify its infinitesimal generator, note that the infinitesimal change in the state of the

Markov process η(t) is due to the following three terms:

(1) infinitesimal spatial shift due to dB(t);

(2) infinitesimal spatial shift due to −grad η(t, 0) dt;

(3) infinitesimal local change in η due to increase of local time.

Altogether

η(t + dt, x) = η(t, x + dB(t) − grad η(t, 0) dt) + V (x) dt.
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Hence, given a sufficiently regular function on the state space f : Ω → R, we compute

lim
t→0

E
(
f(η(t) − f(η(0)))

∣∣ η(0) = ω
)

t
=

(
1

2
∆ −

d∑

l=1

M(∂lδ0)∇l + DV

)
f(ω). (5.42)

Recall (5.6) and note that hence

V = −C ∗
d∑

l=1

∂2
llδ0

with

−
d∑

l=1

∂2
llδ0 ∈ K1.

Using (5.33), (5.31) and (5.34) (in this order), we readily obtain the following expression

for the infinitesimal generator of the semigroup Pt:

G :=
1

2
∆ +

d∑

l=1

(
a∗

l ∇l + ∇lal

)
. (5.43)

This operator is well defined on Wick polynomials of the field ω(x) and is extended by

linearity and graph closure. It is not difficult to see that it satisfies the criteria of the

Hille – Yoshida theorem (see [RS72]) and thus it is indeed the infinitesimal generator of a

Markovian semigroup. We omit these technical details.

The adjoint generator is

G∗ :=
1

2
∆ −

d∑

l=1

(
a∗

l ∇l + ∇lal

)
. (5.44)

Note that due to the inner coherence of the model the last two terms on the right hand

side of (5.42) combine to give the tidy skew self-adjoint part of the infinitesimal generators

in (5.43) and (5.44).

For later use, we introduce notation for the symmetric (self-adjoint) and anti-symmetric

(skew self-adjoint) parts of the generator

S := −1

2
(G + G∗) = −1

2
∆, (5.45)

A :=
1

2
(G − G∗) =

d∑

l=1

(
a∗

l ∇l + ∇lal

)
=: A+ + A−. (5.46)

It is a standard – though not completely trivial – exercise to check that the operators

S and A, a priori defined on the dense subspace Ĉ are indeed essentially self-adjoint,

respectively, essentially skew self-adjoint.

Note that

S : Hn → Hn, A+ : Hn → Hn+1, A− : Hn → Hn−1, A∓ = −A∗
± (5.47)



5.5. FUNCTIONAL CENTRAL LIMIT THEOREM FOR MARKOV PROCESSES 79

and

S ↾H0= 0, A+ ↾H0= 0, A− ↾H0⊕H1= 0. (5.48)

It is clear that

G∗11 = 0

and hence, it follows that π is indeed stationary distribution of the process t 7→ η(t) and

G∗ is itself the infinitesimal generator of the stochastic semigroup P ∗
t of the time-reversed

process.

Actually, so-called Yaglom reversibility holds. From (5.32), it follows that

G∗ = JGJ. (5.49)

This identity means that the stationary forward process (−∞,∞) ∋ t 7→ η(t) and the

flipped backward process

(−∞,∞) ∋ t 7→ η̃(t) := −η(−t) (5.50)

obey the same law. This is a special kind of time-reversal symmetry called Yaglom

reversibility, see [Y47], [Y49] and [DFS88].

Proving ergodicity is easy: the Dirichlet form of the process t 7→ η(t) is

D(f) := −(f,Gf) = −1

2
(f, ∆f) =

1

2

d∑

l=1

‖∇lf ‖2 . (5.51)

So

{D(f) = 0} ⇐⇒ {∇lf = 0, l = 1, . . . , l} ⇐⇒ {f = const.π-a.s.},

since z 7→ τz acts ergodically on (Ω, π).

This proves Theorem 5.2.1. Corollary 5.2.2 follows directly from (5.8) by the ergodic

theorem.

5.5 Central limit theorem for additive functionals of

ergodic Markov processes, graded sector condi-

tion

In the present short section, we recall the non-reversible version of the Kipnis – Varadhan

central limit thoerem for additive functionals of ergodic Markov processes and the graded

sector condition of Sethuraman, Varadhan and Yau, [SVY00].

Let (Ω,F , π) be a probability space: the state space of a stationary and ergodic Markov

process t 7→ η(t). We put ourselves in the Hilbert space H := L2(Ω, π). Denote the

infinitesimal generator of the semigroup of the process by G, which is a well-defined

(possibly unbounded) closed linear operator on H. The adjoint generator G∗ is the in-

finitesimal generator of the semigroup of the reversed (also stationary and ergodic) process
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η∗(t) = η(−t). It is assumed that G and G∗ have a common core of definition C ⊆ H. Let

f ∈ H such that (f, 11) =
∫
Ω

f dπ = 0. We ask about central limit theorem and invariance

principle for

N−1/2

∫ Nt

0

f(η(s)) ds (5.52)

as N → ∞.

We denote the symmetric and anti-symmetric parts of the generators G, G∗, by

S := −1

2
(G + G∗), A :=

1

2
(G − G∗).

These operators are also extended from C by graph closure and it is assumed that they

are well-defined self-adjoint, respectively, skew self-adjoint operators

S∗ = S ≥ 0, A∗ = −A.

Note that −S is itself the infinitesimal generator of a Markovian semigroup on L2(Ω, π),

for which the probability measure π is reversible (not just stationary). We assume that

−S is itself ergodic:

Ker(S) = {c11 : c ∈ C}.

We denote by Rλ ∈ B(H) the resolvent of the semigroup s 7→ esG:

Rλ :=

∫ ∞

0

e−λsesGds =
(
λI − G

)−1
, λ > 0 (5.53)

and given f ∈ H as above, we will use the notation

uλ := Rλf. (5.54)

The following theorem yields the efficient martingale approximation of the additive

functional (5.52):

Theorem 5.5.1 (KV). With the notation and assumptions as before, if the following two

limits hold in H:

lim
λ→0

λ1/2uλ = 0, (5.55)

lim
λ→0

S1/2uλ =: v ∈ H, (5.56)

then

σ2 := 2 lim
λ→0

(uλ, f) ∈ [0,∞)

and there exists a zero mean, L2-martingale M(t), adapted to the filtration of the Markov

process η(t) with stationary and ergodic increments and variance

E
(
M(t)2

)
= σ2t
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such that

lim
N→∞

N−1E

((∫ N

0

f(η(s)) ds − M(N)

)2
)

= 0.

In particular, if σ > 0, then the finite dimensional marginal distributions of the rescaled

process t 7→ σ−1N−1/2
∫ Nt

0
f(η(s)) ds converge to those of a standard 1d Brownian motion.

Remarks. 1. Conditions (5.55) and (5.56) of the theorem are jointly equivalent to the

following

lim
λ,λ′→0

(λ + λ′)(uλ, uλ′) = 0. (5.57)

Indeed, straightforward computations yield:

(λ + λ′)(uλ, uλ′) =
∥∥S1/2(uλ − uλ′)

∥∥2
+ λ ‖uλ ‖2 + λ′ ‖uλ′ ‖2 .

2. The theorem is a generalization to non-reversible setup of the celebrated Kipnis –

Varadhan theorem, [KV86]. To the best of our knowledge, the non-reversible for-

mulation, proved with resolvent rather than spectral calculus, appears first – in

discrete time Markov chain, rather than continuous time Markov process setup and

with condition (5.57) – in [T86] where it was applied, with bare hand computations,

to obtain central limit theorem for a particular random walk in random environ-

ment. Its proof follows the original proof of the Kipnis – Varadhan theorem with the

difference that spectral calculus is to be replaced by resolvent calculus.

3. In continuous time Markov process setup, it was formulated in [V96] and applied

to tagged particle motion in non-reversible zero mean exclusion processes. In this

paper, the (strong) sector condition was formulated, which, together with an H−1-

bound on the function f ∈ H, provide sufficient condition for (5.55) and (5.56) of

Theorem 5.5.1 to hold.

4. In [SVY00], the so-called graded sector condition is formulated and Theorem 5.5.1

is applied to tagged particle diffusion in general (non-zero mean) non-reversible

exclusion processes in d ≥ 3.

5. For a more complete list of applications of Theorem 5.5.1 together with the strong

and graded sector conditions, see the surveys [O01] and [KLO09].

Checking conditions (5.55) and (5.56) (or, equivalently, condition (5.57)) in particular

applications is typically not easy. In the applications to RWRE in [T86], the conditions

were checked by some tricky bare hand computations. In [V96], respectively, [SVY00],

the so-called sector condition, respectively, the graded sector condition were introduced

and checked for the respective models.
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We recall from [SVY00] the graded sector condition. Assume that the Hilbert space

H = L2(Ω, π) is graded

H = ⊕∞
n=0Hn (5.58)

and the infinitesimal generator is consistent with this grading in the sense of (5.47).

Theorem 5.5.2 (SVY). Assume that the Hilbert space and the infinitesimal generator

G = −S +A are graded in the sense specified above and, in addition, there exist γ ∈ [0, 1)

and C < ∞ such that for any n ∈ N and any g ∈ Hn, h ∈ Hn+1

|(h,A+g)| ≤ Cnγ
√

(h, Sh)
√

(g, Sg). (5.59)

If f ∈ H with (f, 11) = 0 is such that

∥∥S−1/2f
∥∥ := lim

λ→0
(f, uλ) < ∞, (5.60)

then (5.55) and (5.56) hold and, as consequence, the conclusions of Theorem 5.5.1 are

valid.

5.6 Proof of the central limit theorem

The proof of Theorem 5.2.3 consists of three parts. First, in Subsection 5.6.1, we prove

diffusive lower bound on the variance of the displacement X(t). We need this in order

to exclude the possibility that the a priori martingale part of the displacement and the

martingale approximation of the compensator in the limit just cancel out. (As it is well

known, this happens for example in tagged particle diffusion in 1d simple symmetric

exclusion process with nearest neighbour jumps, see [A83].) Then, in Subsection 5.6.2,

we prove the H−1-bound (5.60) for our particular case. Finally, in Subsection 5.6.3, we

check conditions (5.59) of Theorem 5.5.2 for our particular model.

5.6.1 Diffusive lower bound

Similarly to the decomposition (5.8), for s, t ∈ R with s < t, let

M(s, t) := X(t) − X(s) −
∫ t

s

ϕ(η(u)) du = B(t) − B(s). (5.61)

Lemma 5.6.1. 1. Fix s ∈ R. The process [s,∞) ∋ t 7→ M(s, t) is a forward martin-

gale with respect to the forward filtration {F(−∞,t] : t ≥ s} of the process t 7→ η(t).

2. Fix t ∈ R. The process (−∞, t] ∋ s 7→ M(s, t) is a backward martingale with respect

to the backward filtration {F[s,∞) : s ≤ t} of the process t 7→ η(t).
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Proof. There is nothing to prove about the first statement: the integral on the right-hand

side of (5.61) was chosen exactly so that it compensates the conditional expectation of

the infinitesimal increments of X(t).

We turn to the second statement, which does need a proof. This consists of the

following ingredients:

(1) The displacements are preserved on the flipped backward trajectories t 7→ η̃(t) defined

in (5.50):

X̃(t) − X̃(s) = X(−t) − X(−s). (5.62)

(2) The forward process t 7→ η(t) and flipped backward process t 7→ η̃(t) are identical in

law (Yaglom reversibility).

(3) The function ω 7→ ϕ(ω) is odd with respect to the flip-map ω 7→ −ω.

Putting these facts together (in this order), we obtain

lim
h→0

(−h)−1E
(
X(s − h) − X(s)

∣∣ F[s,∞)

)
= lim

h→0
h−1E

(
−X̃(−s + h) + X̃(−s)

∣∣ F̃(−∞,−s]

)

= −ϕ(η̃(−s)) = ϕ(η(s)).

From Lemma 5.6.1, it follows directly that for any s < t, the random variables M(s, t)

and
∫ t

s
ϕ(η(u)) du are uncorrelated, because

E

(
M(s, t)

∫ t

s

ϕ(η(u)) du

)
=

∫ t

s

(E (M(s, u)ϕ(η(u))) + E (M(u, t)ϕ(η(u)))) du. (5.63)

The first expectation on the right-hand side of (5.63) can be written as

E
(
E

(
M(s, u)ϕ(η(u))

∣∣ F[s,u]

))
= E

(
ϕ(η(u))E

(
M(s, u)

∣∣ F[s,u]

))
,

which is 0 by the martingale property. Similarly, the second term in (5.63) vanishes by

the backward martingale property. Therefore,

E
(
(X(t) − X(s))2

)
= E

(
(M(s, t))2

)
+ E

((∫ t

s

ϕ(η(u)) du

)2
)

= (t − s) + E

((∫ t

s

ϕ(η(u)) du

)2
)

.

(5.64)

Hence, the lower bound in (5.24).
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5.6.2 Diffusive upper bound: H−1-bound

We recall a general result proved in [SVY00]. See also the surveys [O01], [KLO09] and

further references cited therein.

Let t 7→ ξ(t) be the reversible Markov process on the same state space (Ω, π) as the

original η(t) which has the infinitesimal generator −S.

Lemma 5.6.2 (SVY). Let ϕ ∈ L2(Ω, π) with
∫

ϕ dπ = 0. Then

lim sup
t→∞

t−1E

((∫ t

0

ϕ(η(s)) ds

)2
)

≤ lim
t→∞

t−1E

((∫ t

0

ϕ(ξ(s)) ds

)2
)

= 2‖S−1/2ϕ‖2.

(5.65)

In our case,

S = −1

2
∆

and the reversible process t 7→ ξ(t) is the so-called diffusion in random scenery process.

That means:

ξ(t) := τZtω

where t 7→ Zt is a Brownian motion in R
d of covariance δij, independent of the field ω.

The function ϕ : Ω → R is ϕ(ω) = ω(0). Thus, the upper bound in (5.65) will be

lim
t→∞

t−1E

((∫ t

0

ϕ(ξ(s)) ds

)2
)

= lim
t→∞

t−1E

((∫ t

0

ω(Zs) ds

)2
)

=

∫

Rd

|p|−2 V̂ (p) dp.

(5.66)

Here, the last step is straightforward computation with expectation taken over the Brow-

nian motion Z(t) and over the random scenery ω. The integral on the right-hand side is

the same as in (5.25), and thus, (5.66) yields the upper bound in (5.24).

5.6.3 Graded sector condition

As a first remark, note that condition (5.59) is equivalent to

∥∥S−1/2A+S−1/2 ↾Hn

∥∥ ≤ Cnγ (5.67)

where the operator S−1/2A+S−1/2 ↾Hn is meant as first defined on a dense subspace of Hn

and extended by continuity. In our case, the dense subspace will be Ĉn specified in (5.41)

and

S−1/2A+S−1/2 =
d∑

l=1

|∆|−1/2 a∗
l ∇l |∆|−1/2 . (5.68)

The operators ∇l |∆|−1/2 map the subspaces Ĉn to themselves and are bounded, see (5.37)

and (5.38). In order to bound the norm of the operator |∆|−1/2 a∗
l : Hn → Hn+1, let
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û ∈ Ĉn, then

|∆|−1/2 a∗
l û(p1, . . . , pn+1) =

i√
n + 1

1∣∣∑n+1
m=1 pm

∣∣

n+1∑

m=1

pmlû(p1, . . . , pm−1, pm+1, . . . , pn).

(5.69)

Hence

(n + 1)
∥∥∥ |∆|−1/2 a∗

l û
∥∥∥

2

=

∫

Rd

...

∫

Rd

1
∣∣∑n+1

m=1 pm

∣∣2

∣∣∣∣∣

n+1∑

m=1

pmlû(p1,..., pm−1, pm+1,..., pn)

∣∣∣∣∣

2 n+1∏

m=1

V̂ (pm)

|pm|2
dp1...dpn+1

≤ (n + 1)2

∫

Rd

...

∫

Rd

1
∣∣∑n+1

m=1 pm

∣∣2 |pn+1,l|2 |û(p1,..., pn)|2
n+1∏

m=1

V̂ (pm)

|pm|2
dp1...dpn+1

= (n + 1)2

∫

Rd

...

∫

Rd

|û(p1,..., pn)|2
n∏

m=1

V̂ (pm)

|pm|2

(∫

Rd

p2
n+1,l

|pn+1|2
V̂ (pn+1)∣∣∑n+1

m=1 pm

∣∣2 dpn+1

)
dp1...dpn.

(5.70)

In the second line, Schwarz’s inequality and the symmetry of the function û(p1, . . . , pn) is

used.

The innermost integral of the last expression in (5.70) is bounded above by

C2 := sup
p∈Rd

∫

Rd

V̂ (p + q)

|q|2
dq < ∞.

Thus, for û ∈ Ĉn ∥∥∥ |∆|−1/2 a∗
l û

∥∥∥
2

≤ C2(n + 1) ‖ û ‖2 .

Hence, by continuous extension,

∥∥∥ |∆|−1/2 a∗
l ↾Hn

∥∥∥ ≤ C
√

n + 1 (5.71)

and (5.67) with γ = 1/2 follows.
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Chapter 6

Further developments and conclusion

In this final chapter, we report some recent results concerning the MSAW and the SRBP.

The theorems about the MSAW are from the paper [HTV11], but they are not part of the

present thesis, and we quote them without proof.

6.1 Central limit theorem for the MSAW in three

and higher dimensions

We recall the definition of local times on the lattice Z
d in continuous time (4.1), and we

modify it by adding some initial values ℓ(0, x) ∈ R for each x ∈ Z
d:

ℓ(t, x) := ℓ(0, x) + |{s ∈ [0, t) : X(s) = x}|.

The definition of jump rates (4.2) remains valid.

Similarly to (5.5) for the SRBP model, we consider the local time profile as seen from

the position of the random walker:

η(t) =
(
η(t, x)

)
x∈Zd , η(t, x) := ℓ(t,X(t) + x).

It is obvious that t 7→ η(t) is a càdlàg Markov process on the state space

Ω := {ω =
(
ω(x)

)
x∈Zd : ω(x) ∈ R, (∀ε > 0) lim

|x|→∞
|x|−ε |ω(x)| = 0}.

Note that we allow initial values ℓ(0, x) ∈ R for the occupation time measure and thus

ℓ(t, x) need not be non-negative.

Next, we define a probability measure on Ω which will turn out to be stationary and

ergodic for the Markov process t 7→ η(t). Let

R : R → [0,∞), R(u) :=

∫ u

0

w(v) − w(−v)

2
dv.

87
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R is strictly convex and even. We denote by dπ(ω) the unique centered Gibbs measure

(Markov field) on Ω defined by the conditional specifications for Λ ⊂ Z
d finite:

dπ
(
ωΛ

∣∣ ωZd\Λ
)

= Z−1
Λ exp




−1

2

∑

x,y∈Λ

|x−y|=1

R(ω(x) − ω(y)) −
∑

x∈Λ,y∈Λc

|x−y|=1

R(ω(x) − ω(y))





dωΛ.

(6.1)

Note that the (translation invariant) Gibbs measure given by the specifications (6.1)

exists only in three and more dimensions. The measure dπ is invariant under the spatial

shifts and the dynamical system which consists of the probability space (Ω, π) with the

translations is ergodic.

In the particular case when r(u) = u, R(u) = u2/2, the measure dπ(ω) is the distri-

bution of the massless free Gaussian field on Z
d, d ≥ 3 with expectations and covariances

∫

Ω

ω(x) dπ(ω) = 0,

∫

Ω

ω(x)ω(y) dπ(ω) = (−∆)−1
x,y

where ∆ is the lattice Laplacian.

Theorem 6.1.1. The probability measure dπ(ω) is stationary and ergodic for the Markov

process t 7→ η(t) ∈ Ω.

The law of large numbers for the displacement of the random walker drops out for

free:

Corollary 6.1.2. For π-almost all initial profiles ℓ(0, ·), almost surely,

lim
t→∞

X(t)

t
= 0.

The main results refer to the diffusive scaling limit of the displacement.

Theorem 6.1.3. 1. Under some technical conditions for the rate function,

0 < γ ≤ inf
|e|=1

lim
t→∞

t−1E
(
(e · X(t))2

)
≤ sup

|e|=1

lim
t→∞

t−1E
(
(e · X(t))2

)
< ∞.

2. Assume that

r(u) = u, s(u) = s4u
4 + s2u

2 + s0

and we also make the technical assumption that s4/γ is sufficiently small. Then, the

matrix of asymptotic covariances

σ2
kl := lim

t→∞
t−1E (Xk(t)Xl(t))

exists and it is non-degenerate. The finite dimensional distributions of the rescaled

displacement process

XN(t) := N−1/2X(Nt)

converge to those of a d-dimensional Brownian motion with covariance matrix σ2.
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6.2 Conclusion

In order to provide a complete picture for the reader, we remark that the SRBP model in

one and two dimensions has also been investigated recently.

In one dimension, Tarrès, Tóth and Valkó proved essentially the bounds

C1t
5/4 ≤ E

(
|X(t)|2

)
≤ C2t

3/2 (6.2)

for the displacement of the SRBP defined in (1.3)–(1.4) with some 0 < C1 < C2 < ∞
under some conditions on the function V , see [TTV11].

On the other hand, Tóth and Valkó proved in [TV10] among others that, for the

two-dimensional SRBP, the super-diffusive bounds

C3t log log t ≤ E
(
|X(t)|2

)
≤ C4t log t (6.3)

hold with some 0 < C3 < C4 < ∞.

These bounds (6.2) and (6.3) are still not of the order conjectured in the 1980’s for

the MSAW and formulated in Section 1.1, but they give robust estimates which do not

depend on the particularities of the model.

The existence of these recent results also shows that the self-repelling random walks

and processes are at the cutting edge of modern probability theory.

For possible directions of future research, there is a wide variety of open questions.

The conjectures of Section 1.1 are still unknown in general. The results of the present

thesis and those of the quoted references are valid under some restrictive assumptions.

For example, the powerful tool of Ray – Knight approach cannot be extended beyond

the models treated here for some combinatorial reasons. One may ask for some robust

argument for proving super-diffusive behaviour of the MSAW in one (and two) dimension.

Concerning the case above the critical dimension, the functional analytic tools used in

Chapter 5 can be applied for stationary initialization of local times. It is a natural question

to consider different (most interestingly empty) initial condition. The recent paper [CP10]

treats similar issues and proves central limit theorem for additive functionals of reversible

Markov processes for almost all initial values, but those methods do not seem to be directly

applicable here and they are not valid for the empty initial condition. Another direction

of future research might be the extension of the functional analytic methods for other

types of models, e.g. random walks in random environment which is already the starting

point of a new research project.
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