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Hausdorff dimension of a set (definition)

Definition
tHE) := lim{inf Alf - E A |A <6
HE(E) := lim {in {Z| Ec U Al }}

H5(E)

|A| := diameter(A)

Definition

dimy(E) :=inf{t: H'(E) > 0} =sup{t: H'(E) < oo}
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Benoit Mandelbrot

)
éskdf
Projections of the random Menger sponge June 13, 2022 4/28



m d € N\ {0}: dimension
m M eN\{0,1}: | don't know yet

m p € [0,1]: probability
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Construction of A3(3, p)

I Unit cube.

m Division into 3% congruent
cubes.
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B Unit cube.

m Division into 33 congruent
cubes.

M Toss the coin for each
independently.
Heads — retain.
Tails — discard.
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I Unit cube.

m Division into 33 congruent
cubes.

MM Toss the coin for each
independently.
Heads — retain.
Tails — discard.

Repetition ad infinitum or until
we do not have any retained
cubes left.
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I Unit cube.

m Division into 33 congruent
cubes.

M Toss the coin for each
independently.
Heads — retain.
Tails — discard.

Repetition ad infinitum or until
we do not have any retained
cubes left.

Projections of the random Menger sponze NN




Qp = 1{0,...,M—1}3
Z :=10,1]? and for (i,j, k) € Qn:

9 n n
) Liijk) = [Z 370 i3t 43"
(=1 =1

X [Z J37E> i3 43T
(=1 /=1
n n
X [Z k370 k37t 437"
(=1 /=1

n '_{(_7.]: ) € Qn .
the cube of index (i, j, k)

is retained at level n}
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Size of Ay(M, p)

dimp(Ag(M, p)) =?
Falconer: dimy(Ag(M, p)) = '°g|;Eg(7\éfl) = "’ligM,\;p a.s. conditioned on
non-extinction.

Size of the orthogonal projections to lines?
Simon and Rams (2-dim), Simon-V&gé (d-dim):
dimy(Ag(M,p)) >1 (+—p>M91) —
for almost all realizations, simoultaneously to all lines of RY the

orthogonal projection contains an interval .
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Example: Random Menger sponge

Construction of the random Menger sponge M,

9 :={(1,1,2),
(1,0,1),(0,1,1),(1,1,1),(2,1,1),(1,2,1),
(1,1,0)}
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Inhomogeneous Mandlebrot percolation continued

dImH(/\?(M, P)) __ log(E(retained level 1 cubes)) Iog(l\z)dgfl\j/:Q)p as.

'\ — log (contraction ratio)
conditioned on non-extinction.

Simon and Rams and Simon and V&4gé (2-dim): It is possible that the
dimension is greater than 1 a.s. condirtioned on non extinction BUT
the projection to some direction does not contains an interval a.s.
(different to the homogeneous case)
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Proj(a,p,c) : R3 — R, Proj(a,b,c)(X,y,2) = ax + by + cz
Proj(1,1,1) and proj o.g)

(1,1,1)

0,00 (1,0,0)
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dimp M, > 1

0.15

*a.s. conditioned
on non-extinction
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Orthogonal projections of the random Menger sponge

dimHMp > 1x

0.15

B P

Eebl(P"OJ'(Ll_l)JMp) =0

*a.s. conditioned
on non-extinction

0.15 < B <0.1514...
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Orthogonal projections of the random Menger sponge

dimpM, > 1x

0.15 0.166. ..
B ju

Eebl(P"OJ'(Ll_l)v‘Mp) =0

xa.s. conditioned

Lebs(proj1.1,1yMp) > 0 but
on non-extinction

Proje.1,1)Mp does not contain an interval as.

0.15 < B <0.1514...
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Orthogonal projections of the random Menger sponge

dimyM; > 1x

0.15 0.166. ..
B 4

Eeb1(proj(1‘1_1),f\/lp) =0

xa.s. conditioned
on non-extinction

Lebs(proj1.1,1yMp) > 0 but
Proje.1,1)Mp does not contain an interval as.

Proje 1,1)Mp contains

an intervalx

0.15 < B <0.1514...
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Orthogonal projections of the random Menger sponge

M, is totally disconnectedx

dimHMp > 1%

0.15 0.166. .. 0.35. ..

B j4

Eebl(P"OJ'(Ll_l)v‘Mp) =0

xa.s. conditioned

Lebs(proj1.1,1yMp) > 0 but
on non-extinction

Proje.1,1)Mp does not contain an interval as.

Proje 1,1)Mp contains

an intervalx

0.15 < B <0.1514...
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Orthogonal projections of the random Menger sponge

M, is totally disconnectedx

dimpM, > 1x

0.15 0.166. .. 0.25 0.35. ..

B p

EEbl(PTOJ'(Ll_l)«Mp) =0

SEIRNNCLCI LT I Leb (proj(,1.1)/M,) > 0+ but Proje 1,1)Mp contains

on non-extinction : . . .
Proje.1,1)M, does not contain an interval a.s. l§ an intervalx

0.15 < B <0.1514...
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Orthogonal projections of the random Menger sponge

M, is totally disconnectedx

Proj1,0,0Mp does not contain an interval a.s.

dimyM; > 1x

0.15 0.166. .. 0.25 0.35. ..

B p

Eebl(P"OJ'(Ll_l)v‘Mp) =0

*a.s. conditioned £eb1(P"°J'(1‘1,1)Mp) > 0% but Proje 1,1)Mp contains

on non-extinction : . . .
Proje.1,1)M, does not contain an interval a.s. l§ an intervalx

0.15 < B <0.1514...
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The ideas of the proofs are coming from the following papers:

m Falconer and Grimmett: On the Geometry of Random Cantor Sets
and Fractal Percolation.

m Simon and Dekking: On the Size of the Algebraic Difference. of Two
Random Cantor Sets
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|dea of the proof

STATEMENT: If p > 2 = 0.166. .., then proj ; 1)(M,)
contains an interval almost surely conditioned on M,
being not empty.

P(Int(proje.1.1)(Mp)) # 0) > 0 implies
P(Int(proj.1,1y (M) # 0|M, # 0) = 1.

Show P(Int(proj;11)(Mp)) # 0) > 0.

Projections of the random Menger sponge June 13, 2022 24/28



Part 1

P(Int(proj(;,1,1)(Mp)) # 0) > 0
implies

P(Int(proj(1,1,1)(Mp)) # O|Mp # 0) = 1.

Ingredients:
Statistical self-similarity.

E With probability 1 conditioned on non extinction #&, (the number of
retained level n squares) tends to infinity.

The projection does not contain an interval if and only if for every n
its intersection with every level n retained squares it does not contain
an interval.
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Part 2, Main idea, projection to the coordinate axes

Let p > %.
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Thank you for your attention!
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