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Motivation 

Stick balancing 

stick length 

reaction time delay 

sensory uncertainty 

~ critical length? 
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Different human balancing tasks 

Stick balancing on fingertip 
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Different human balancing tasks 

Stick balancing on pingpong racket 
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Different human balancing tasks 

Balancing a linearly driven stick 
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Stick balancing on the fingertip 

⇒     𝑚0≅ 2.3kg 

𝜑 

(de Leva, 1996) 
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Stick balancing model 

𝜑 𝜑 

𝑚0 ≅ 0 𝑚0 ≫ 𝑚 

𝑄 𝑄 

𝑇 

𝜑 

𝑇A = 2𝜋 2𝑙/(3𝑔) 𝑇B = 2𝜋 𝑙/(6𝑔) = 𝑇A/2 𝑇C = 2𝜋 2𝑙/(3𝑔) = 𝑇A 

A B C 

𝜑 −
6𝑔

𝑙
𝜑 = 𝑐𝐵𝑄 𝜑 −

3𝑔

2𝑙
𝜑 = 𝑐𝐴𝑇 𝜑 −

3𝑔

2𝑙
𝜑 = 𝑐𝐶𝑄 
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Stick balancing model 
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Stick balancing model 
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Reaction delay 

𝑄 𝑡 = 𝑓(𝜑 𝜗 , 𝜑 𝜗 , 𝜑 𝜗 ) 𝜗 ∈ [0, 𝑡 − 𝜏] 

𝜏 

For example 𝑄 𝑡 = −𝑘p𝜑 𝑡 − 𝜏 − 𝑘d𝜑 (𝑡 − 𝜏) 
𝜑 𝑡 −

3𝑔

2𝑙
𝜑 𝑡 = −

6

𝑚𝑙
𝑄(𝑡) 

delay for visual tracking 

Nasher (1976): 150~250ms 

Miall (1993): 200~250ms 

Jordan (1996): 100~200ms 

Kawato (1999): 150~250ms 

delay for stick balancing using cross-correlation: 

Cabrera, Milton (2004): 80~200ms 
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Reaction delay 

blankout tests: 

Milton (2011): 

     𝜏 ≈ 230ms 
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Delayed PD feedback 

𝜏 = 1, 𝑎 = 0.5 

𝜑 𝑡 − 𝑎𝜑 𝑡 = −𝑘p𝜑 𝑡 − 𝜏 − 𝑘d𝜑 (𝑡 − 𝜏) 

D-subdivision: 𝜔 = 0:  𝑘p = 𝑎 

𝜔 ≠ 0:  𝑘p = 𝜔2 + 𝑎 cos 𝜔𝜏  

              𝑘d =
𝜔2+𝑎

𝜔
sin 𝜔𝜏  

𝑎 =
3𝑔

2𝑙
 

(system parameter) 
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Delayed PD feedback 

𝜑 𝑡 − 𝑎𝜑 𝑡 = −𝑘p𝜑 𝑡 − 𝜏 − 𝑘d𝜑 (𝑡 − 𝜏) 

𝑎crit =
2

𝜏2  (Schürer, 1948) 

𝜏 = 1 

Or, for fixed 𝑎,  𝜏crit =
2

𝑎
=

𝑇p

𝜋 2
,      𝑇p: downward oscillation period 

(Stepan, 2009) 
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Stick balancing model 

𝜑 𝑡 − 𝑎𝜑 𝑡 = −𝑘p𝜑 𝑡 − 𝜏 − 𝑘d𝜑 (𝑡 − 𝜏) 

𝑎 =
3𝑔

2𝑙
  

𝜏 = 230ms 

𝑙crit−B = 3g𝜏2 = 156cm 𝑙crit−C =
3

4
𝑔𝜏2 = 39cm 

𝜑 

𝑚0 ≅ 0 𝑚0 ≫ 𝑚 

𝑄 𝑄 

𝜑 B C 

𝑎crit =
2

𝜏2  

Experiments:  𝑙crit = 25~30cm  (Milton et al., 1990−) 

 

𝑎 =
6𝑔

𝑙
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Stick balancing model 

𝑙crit−C =
3

4
𝑔𝜏2 = 39cm 

Experiments:  𝑙crit = 25~30cm  (Milton et al., 1990−) 
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Stick balancing model 

𝑙crit−C =
3

4
𝑔𝜏2 = 39cm 

Experiments:  𝑙crit = 25~30cm  (Milton et al., 1990−) 

 

Another video 
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Virtual stick balancing 
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Virtual stick balancing 

𝜑 𝑡 −
3𝑔

2𝑙
𝜑 𝑡 = −

3

2𝑙
𝑎𝑆(𝑡) 

𝑎 =
3𝑔

2𝑙
 𝜑 𝑡 − 𝑎𝜑 𝑡 = −𝑝 𝜑 𝑡 − 𝜏 − 𝑑 𝜑 (𝑡 − 𝜏) 

𝑎𝑆(𝑡) = −𝑘p𝜑 𝑡 − 𝜏 − 𝑘d𝜑 (𝑡 − 𝜏) 

𝑎𝑆: acceleration of stick’s bottom 

𝑎𝑆 = 𝑥  

S 

𝜑 
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Virtual stick balancing 

𝜑 𝑡 − 𝑎𝜑 𝑡 = −𝑝 𝜑 𝑡 − 𝜏 − 𝑑 𝜑 (𝑡 − 𝜏) 

uncertainty radii 

𝜀𝑃 =
1

2
∆𝑝

𝑝0+
1

2
∆𝑝

  

𝜀𝐷 =
1

2
∆𝑑

𝑑0+
1

2
∆𝑑
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Virtual stick balancing 

𝜑 𝑡 − 𝑎𝜑 𝑡 = −𝑝 𝜑 𝑡 − 𝜏 − 𝑑 𝜑 (𝑡 − 𝜏) 

𝑙crit 
𝜀=0

= 𝑎0𝜏2 

𝑎0 =
3

4
𝑔 

𝑙crit 
𝜀>0

= 𝑎1𝜏2 

𝑎1

𝑎0
=? 
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Virtual stick balancing 

𝜏 = 𝜏Machine  +   𝜏Neural + 𝜏Added 

122 ms ~250 ms 𝑘 ×50 ms 
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Virtual stick balancing 

INDIVIDUAL SINGLE 
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Virtual stick balancing 
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Virtual stick balancing 

𝑙crit 
𝜀=0

= 𝑎0𝜏2 𝑙crit 
𝜀>0

= 𝑎1𝜏2 
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Virtual stick balancing 

Uncertainty radii 

3.1~27.6% 

mean: 14.1% 

16.8~58.2% 

mean: 40.3% 
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Different human balancing tasks 

Ball and beam (rolling cart on a see-saw) 
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Different human balancing tasks 

Pendulum-cart and beam (pendulum-cart rolling on a see-saw) 
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Two balancing tasks 

1, Ball and beam (rolling cart on a see-saw) 

2, Pendulum-cart and beam 

    (pendulum-cart rolling on a see-saw) 

Manipulated variable: 

1.1. angle 

1.2. angular velocity 

1.3. angular acceleration 

1.4. torque 

Manipulated variable: 

2.1. angle 

2.2. angular velocity 

2.3. angular acceleration 

2.4. torque 
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Model 1.1 

Ball and beam ~ angle 
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Model 1.1 

Ball and beam ~ angle with reaction delay 
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Model 1.1 

Ball and beam ~ angle with reaction delay 

𝜏crit = ∞ 
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Model 1.2 

Ball and beam ~ angular velocity 
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Model 1.2 

Ball and beam ~ angular velocity 

with reaction delay 
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Model 1.3 

Ball and beam ~ angular acceleration 
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Model 1.3 

Ball and beam ~ angular acceleration 

with reaction delay 
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Model 1.4 

Ball and beam ~ torque (2 DoF) 
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Model 1.4 

with reaction delay 

Ball and beam ~ torque (2 DoF) 

𝜏crit = 180 ms 
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Model 2.1 

Pendulum-cart and beam ~ angle (2 DoF) 
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Model 2.1 

Pendulum-cart and beam ~ angle (2 DoF) 

with reaction delay 

Advanced functional differential equation 
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Model 2.2 

Pendulum-cart and beam ~ angular velocity  (2 DoF) 
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Model 2.2 

Pendulum-cart and beam ~ angular velocity  (2 DoF) 

with reaction delay 

Neutral functional diff. eq. 

strong stability: 
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Model 2.3 

Pendulum-cart and beam ~ angular acceleration  (2 DoF) 

Not controllable! 
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Model 2.4 

Pendulum-cart and beam ~ torque (3 DoF) 
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Model 2.4 

Pendulum-cart and beam ~ torque (3 DoF) 
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Model 2.4 

Pendulum-cart and beam ~ torque (3 DoF) 

𝜏crit =5 ms 

with reaction delay 



http://hbrg.mm.bme.hu/ 

Farkas Miklós Alkalmazott Analízis Szeminárium  -  28 March 2019 

Comparison 

Pendulum-cart and beam 

Ball and beam 

𝜏crit =5 ms 

𝜏crit = 180 ms 

𝜏crit =∞ 
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Comparison 

Pendulum-cart and beam 

Ball and beam 

𝜏crit =5 ms 

𝜏crit = 180 ms 

𝜏crit =∞ 
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Model 1.1 
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Experiments 

Tests by 22 subjects 

5-day test series 

20 trials per day 

Settling time decreases 

Overshoot decreases 
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Balance Board 

𝒉 

𝑹 

„easy” „difficult” 
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Balance Board 

𝒉 

𝑹 

unstable 

stable 

size ≈ std 
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Balance Board 
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Balance Board 

𝜏crit ≈ 350ms  𝜏crit ≈ 450ms  

𝜏crit ≈ 420ms  

𝜏crit ≈ 250ms  

𝜏crit ≈ 230ms  𝜏crit ≈ 350ms  

(Judo meister) 



http://hbrg.mm.bme.hu/ 

Farkas Miklós Alkalmazott Analízis Szeminárium  -  28 March 2019 

Thank you! 
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