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.
Outline

We report on some joint works with C. Baiocchi and P. Loreti on the
application of non-harmonic Fourier series to control theory.

0 Strings and beams
e String systems
e Rectangular plates

e Optimal constants?
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Strings

We consider the transversal vibrations of a string of length ¢ with fixed
endpoints.

We observe the solutions u(t, x) on some subinterval («, ) C (0, ¢)
during some time T > 0.

0 @ B 14

Can we determine the whole solution?
Equivalently, is the linear map

(Uo, u1) = U0, 7yx(a,8)

one-to-one, where up, uy : (0,¢) — R denote the initial data? In other
words, is its kernel trivial?
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Strings and beams

Solution

Assuming ¢ = = for simplicity, we have

u(t,x) =" (ake’k’ + bke_”“> sin kx
k=1
with suitable complex coefficients ay, bx depending on ug, u;. Hence

borem 2 > 2 N 7o
/ / u(t. )P dt o =27 (laf + [bx )/ sin? kx dx
a JO k=1 «

i (\ak|2 + |bk|2) :

k=1

X

It follows that
U|(O,27r)><(a,ﬁ) =0=ax=bxk=0 forall k— uy=u; =0.

T = 2r is close to the optimal one T* = 2max{a, 7 — 5} if o, 5 are
close to an endpoint (finite propagation speed = 1).
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Strings and beams

Beams

Next we observe the transversal vibrations u(t, x) of a hinged beam on
some subinterval («, 8) C (0, 7) during some time T > 0. We have

o0
u(tx) =Y (ake’kzt + bke"k2t> sin kx,
p

and the same computation yields the estimate

B rlr o
|ttt dt a3 (1a? + 1b4?)
@ k=1

However, this should hold for all T > 0 instead of T = 27 because now
we have infinite propagation speed.
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Ingham’s inequality, 1936

Theorem
Let (wk)kez C R satisfy the gap condition

7= inf(wier —we) > 0.

Then T* < i—f, ie., forT > ?y—:r we have

)
/0 S ae | ot =Y a2,

KEZ keZ

Examples

Qur=k—= vy =1= T* < 2.
° {Wk}:{:t1,:|:4,:|:9,}:>'y1 =2=T*<nm.

V.

Ty
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Strings and beams

Beurling’s improvement

Under Ingham’s assumptions the critical time is T* = 27” with

v = sup infkaN_wk(Zm).

(1/~ is the upper density of {wk}.)
Examples

@ For wyx = k we have v =~y =1, hence T* = 27.

@ For {wx} ={£1,£4,49,...} we have vy =1 > 0 and y = o0,
hence T* = 0. Indeed,

forall kK and N.

N
2
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String systems

String systems

We consider N > 2 vibrating strings with fixed endpoints, and having a
common endpoint x = 0.

lo

o

2
We measure the total force exerted by all strings at the common

endpoint during some time T.
Can we determine the whole behavior of all strings?
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String systems

Mathematical formulation

Denoting by ¢4, ..., ¢y the lengths of the strings, the vibrations are
given by the formulas

o0 ikt —ikmt kx
é. Z .
ui(t, x) = E <ajke I+ bike > sin 7@
k=1

forj=1,..., N, and the total force is proportional to
N

ou; < ot St \ Koo
Z 87)(1(1‘,0) = ZZ <ajke [I + bjke ZI > 7

j=1 j=1 k=1 g
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String systems

Applicability of Ingham’s theorem

The problem is equivalent to

.
/0 ‘Z axe/“x! ® dt = > lal

KeZ keZ

with the increasing enumeration (wg)xez of the numbers

But Ingham’s assumptions are never satisfied:

@ If for example ¢4 /¢5 is rational, then there exist kq, k> with
M4x = 2% Then we may perhaps identify a; x, + az k. but not ay 4,
and a k, separately.

@ If ¢;/¢p is irrational whenever j # n, then there is no uniform gap:

71 =0.
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String systems

A weakened gap condition

Since (wk)kez is the increasing enumeration of the numbers

iﬁ? k:1727' ) j:17 7N7
¢
an interval of length < m contains at most one fraction for

each j. Hence
s

max{£1,...,€N}

Wk4N — Wk =
for all k, and therefore

. o WKkN — Wk
= inf ———— > 0.
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String systems

Divided differences

Let (wk)kez be an increasing sequence, satisfying for some N > 1 the
weakened gap condition

=inf >0
YN lfll N
For each maximal chain wy, . .. ,w, satisfying
wipg —wj <y for j=k+1,....n

(observe that n < k + N), we introduce the divided differences
) eiwk+1t _ eiwkt
e(t) == e“rt e q(t)=———— ... en(t)=...,
() ()= = n(t)
and we rewrite the usual exponential sum in the form

Z ake’“k’ = Z brex(t).

kezZ kezZ
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A generalization of Ingham’s theorem

Theorem
(Baiocchi, K., Loreti, 2002) If T > , then

/‘Za e’“kt’ ot <) " |byl?.

keZ kezZ

Remark

Since v = supy Y, the theorem applies for each T > 27 W|th some N.

Mehrenberger proved (2005) that the critical length is st|II T = vﬂ
For the above string system this yields T* = 2(¢y + - - - + {n).
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Observability of plates

We consider the small transversal vibrations of a hinged plate:

u'+N%u=0 in RxQ,
u=Au=0 on RxT,
u(0)=uy, U(0)=us in Q,

where Q ¢ R? is some given bounded domain.
We observe the vibrations on some subset S C Q during some time T.

Is the linear map (uo, u1) — Ul(o,7yxs ONe-to-one? If yes, we say that
(0, T) x S'is an observability set.
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Rectangular plates

Square plates

We consider henceforth a square plate Q@ = (0, 7) x (0, 7). Then the
solutions have the form
u(t,x,y) = Z (ak’nei(k2+n2)t + bk,nef"(kanz)t) sin Kx sin ny,
k,n=1
and the observability is equivalent to the implication

u=0 on (0,T)xS=axn=bxn,=0 forall k,n

We may write the solutions in the form

ut,x,y)=>_ > (Ck LK kE®)-Coyst) 4 g nei(k,n,—kz—nz)-(x,y,t))’
KeZ* neZ*

where - stands for the usual scalar product of R3.
We need a multidimensional version of Ingham’s theorem.
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Kahane’s theorem, 1963

Theorem
If a family {wy : k € K} of vectors in RN satisfies the gap condition

71 =m(K) = jnf llwk —wnl| >0

and Bg is a ball of radius R > Cy/~;, then

/B > xgen!t ? dt = > xl?
R

keK kek
Moreover, it suffices to assume instead of R > Cy/~1 that

Cn Cn
71(Kq) 71(Km)
for some finite partition Ky U - - - U K, of K.
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Rectangular plates
Observability holds on the red sets in arbitrarily small time intervals.

The proofs use generalizations of Parseval’'s theorem (and number
theory in the last two cases).

Haraux, ‘89 Jaffard, '90 K.—Loreti, '14 Jaming—K., 20
Remark
None of these sets ensures the observability for membranes. J

Ingham Type Theorems Budapest, September 18, 2025 17/19



On Kahane’s constant

Theorem

(Baiocchi, K., Loreti, 1999) In Kahane’s theorem we may choose

Cn = 2.\/1t, where 1 is the smallest Dirichlet eigenvalue of —A in the
unit ball By of RN,

Examples

@ For N = 1 the first eigenfunction is H(x) = cos %%, so that Cy = 7.

@ For N =2 we have H(x) = Jy(p |x|) where p is the smallest
positive root of Jy(x). Hence Co = 2p ~ 4.8096.

@ For N =3 we have H(x) = sin(zlx) o that C; = 2.

X

Open question: is Cy = 2,/ the best constant?

Ingham Type Theorems Budapest, September 18, 2025 18/19




Optimal constants?
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