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{ MOTIVATION: HOPF BIFURCATION ANALYSIS

Source: YouTube - Nonlinear Dynamics and
Chaos

Source : YouTube — Aeroelastic Flutter



(73 | POINCARE-ANDRONOV-HOPF BIFURCATION

Supercritical case Subcritical case

X1 X1

%




(") | HOPF BIFURCATION AND POINCARE-LYAPUNOV CONST

Nonlinear system at Hopf bifurcation x, 4
Tl = —x9 + Z a..,gj;z.‘.'ixé, x,(7(h))-x,(0)
To = T + Z bUI‘{lI‘é
i+j>2
Xy
11(0) — O
xo(0) = h.

x2(T(h)) —x2(0) = Lih° 4+ Loh” + - - - 4 Lyh ™™
T(h)=2n+O(h).

Ly, ..., L,, Poincaré-Lyapunov constants



{ CRITICALITY OF HOPF BIFURCATION

X1= wx2+a 2()x%+a 11x1x2+a ()zx%m 3()x%+a 21x%x2+a 12X 1x%+a ()3x%+h. 0.1

X)= —a)x1+b2()x%+b 11x1x2+b()2x%+b3()x%+b21x%x2+b 12x1x%+bo3x%+h.o.t

Supercritical case: L1 < () Subcritical case: L1 > 0
X1 X1

V V

v — bifurcation parameter
First Poincaré-Lyapunov constant

Ly = %[(Clzo +apn)(bw—bo—an) + (b +brn)(ax—an+bi)] +

+ %(3&30 +ap + b21 + 3b03)




HOPF QUADRIC 8
WITH ALEXEI UTESHEV - ST. PETERSBURG STATE

Ellipsoid Hyperbolic parahboloid Elliptic paraboloid

Hyperboloid of one sheet Hyperboloid of two sheets Cane

what are other quadric surface, quadratic,
words for quaternary, quartic, quartile,
quadric? square, curve, curved shape

Wl Thesaurus.plus



£ ! HOPF QUADRIC

First Poincaré-Lyapunov constant

Ly = %[(Clzo +apn)(bo—bo—an) + (b +brn)(ax—an+bin)] +

+ %(3&30 +ap + bzl + 3b03)

15 parameters (w, 7 a's and 7 b's) in the planar differential

equation, but L, is a function of only 11 parameters.

L1 Is a quadratic form



(3 | HOPF QUADRIC

Lw[(azo +an)(bxo—bw —an) + (b +bn)(ax —aw+b1)] +

+ %(3&30 +ap + by + 3b03)

.
u= (an,an,a,a0,a30,b11,b21,020,b02,b03)

Li(u) = u'Mu+2n"u

/0 0-1-20000 00\ /0
000 0 00O0O0 0O 1
-L0o 0 00001 00 0
-L 00 0 0000-10 0

1 00 0 0 00O0O0 00O 3

M= —_— n= -

*1 0 0 0 0 0o00< Lo 10
000 0 00O0O0 00O 1
001 0 o0Loo 00 0
000 -10+o00 00 0

\ 000 00000 00 ) \ 3 /
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(. J HOPF QUADRIC

Eigenvalues of M: /3 {-1.-1,1,1,0,0,0,0,0,0}

A=ST™S = 810) /3 diag(-1,-1,1,1,0,0,0,0,0,0)

bT = n"ST = 11—6(0,0,0,0,3,0,1,0,3,1)

HOPF
QUADRIC

H(x) := xTAx +2b'x = 0

Question: can we find the distance between a given
parameter point x,€R® and the Hopf quadric?
This distance would be a

measure of the "criticality” of the Hopf bifurcation.
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(. /| HOPF QUADRIC AND DISCRIMINANTS

H(x) = x'Ax + 2b'x = 0 CHQS,IZ\[F)RIC

The stationary points of the squared distance function from x,€ERn
to the quadric are the real zeros of a univariate algebraic equation

) = Aou* + A p° + Aop®> + Aspu+ Aq € Clul, Ao # 0
Discriminant: D,(f(n)) := 4733 -2773

jz = 4A()A4 —A1A3 + %A%a

T3 = —Aod} — 4244 + %AOA2A4 + %A1A2A3 - %A%.



() | HOPF QUADRIC |+

The condition D.(f(w)) =0 is necessary and sufficient
for the existence of a multiple zero of f.

2A4,35+(34,A,—184¢A3)T3
(2440A,—94%)33-8475

i =

Theorem 1 The square of the distance between the quadric (15) and a point xg
outside the quadric (H(xq) # 0) is the minimal positive zero z. of the distance
equation

= D (®(11,2)) = 0,
provided that this zero is not a multiple one. Here

B A b I x
(I)(/_L,Z) = det (( bT 0 )+ﬂ( Xg' Z—XEXO ))

and I stands for the nth order identity matriz. The coordinates of the point in
the quadric nearest to xo are:

X = (1 — A)7H(b + prexo) .

Here i, stands for the multiple zero of the polynomial ®(p, z,).




HOPF QUADRIC ‘ 'y

(p,2) = Ag (2) p* + A1p® + Ag (2) p® + Azp + Ay,

where
Ap (z) = 8192w?z, Ay = 8192w L, (x0),

Az (z) = 32[20w2—62—|—3(bzo+b02)2—|—3(a20—|—aoz)2—|-2(a20—602—|—bl1)2—}—2(b20—502+a11)2],
AS = —24(3&30 + a1 + 521 + 3b03), A4 = —15.

Theorem 2 For a specific Xo the square of the distance from it to the Hopf
quadric equals the minimal positive zero of the equation

5]
Flz) =) C;2°7 =
7=0

The coefficient C' is a polynomial of the degree 2j in w and components of the

vector Xg:
Co = 12960,

C1 = 216[800w? — 3(3az + a1 + bat + 3bos)?

—200((a20 + ao2)” + (b2o + bo2)?) + 80((b11 + 2a20)(2a02 — b11) + (2b20 — a11)(a11 + 2bo2))]
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HOPF QUADRIC - EXAMPLE

Example For xo = (5,-2,4,—6,—3,—7,2,4,—-2,7)T, one has
F(2) = 12960 2° 4 3456 (50w? — 137) 2* +1152(750w* — 4340w + 1980w + 5442) 2°

+3072(625w° — 6050w? — 2475w3 — 5608w? — 16245w — 11884) 22
+512(3125w° —53500w° —103500w° +7256 10w +212040w> +1655540w> +528084w+163097) 2
—2048(625w° — 6675w* — 16200w® + 111081w? + 33372w + 13189) (3w + 1)2.

For w =2 the distance equation possesses a single real zero, namely
Zs ~ 3.803941 .

Therefore, the distance from u® to the Hopf quadric equals /z, ~ 1.950369.
For w =1/2, the distance equation has three real zeros, namely

Z. ~ 2.016646, 14.061803, 14.252662 .

In this case, the distance to the Hopf quadric equals \/z, ~ 1.420086.
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| Can we determine
stability from eigenvalues

around a nonhyperbolic

equilibrium?
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Y / 15 LITTLE JACOBIANS

Ghaffari and Lasemi considered the autonomous system

where f is continuously differentiable, and the origin x = 0 is an isolated nonhy-
perbolic equilibrium point. Let Xy be a point inside of a punctured neighborhood

N of the origin and J = % . Their theorem states that the origin is as-
X=Xyp

ymptotically stable if for all xg in /N the matrix A is stable, otherwise it is

unstable.

Let us consider
: 2 2 3 2 2 3
X1= wxy+al0x7+al1x1x2+a(2x5+a3(x1+a2lxx2+a12x 1x5+a(3x>,
. 2 2 3 2 2 3
x2=-0x1+b20x1+b 11x1x2+b(02x5+b30x1+b21x7x2+b 12X 1x5+D 03x5.

J 2a20x1 +a11x2+3a30x%+2a21x1x2+a12x§ O+ anxi +2a02x2+a21x%+2a12x1x2+3a03x%
— + 2b20x1 + anz + 3b30x% + 2b21X1X2 + b12x% b11x1 + 2b02X2 + b21x% + 2b12X1X2 + 3[)03)6%

w* = Det J|,__,



» | 15 LITTLE JACOBIANS N

TrJ = (26120 +b11)x1 + (a11 +2b02))€2 + (36130 + b21)x% +2(a21 +b12)X1X2 + (alz + 3b03))€%
_ Z S |
itj=1,2
ti0 = 2a20 + b11, to1 = a11 + 2002,
too = 3azo + b21, t11 =2(a21 +b12), to2 = a2 + 3bo3

Let us define
(%)
X = ,
T2
O=(3a30+b21 as1 + b1o ) b:(ago-l-blTl)
agy + b1z aip +3boz )’ “L + boz

TrJ =xLCx + 2bl x

1r C' = 199 + o2 = 3asg + by + a9 + 3bp3
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(.9 J 15 LITTLE JACOBIANS

Can we express the
Poincare-Lyapunov
constant in terms of TrJ
and DetJ evaluated at
different points?
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2a90 + b11
ay1 + 2002
TrJ = ( L1 L9 113’% L1L9 CL‘% ) 3&30 bgl
) p 2 (as + b12)
=~ (tm — ﬁ) = bo2 + b2o, a12 + 3bo3
2 W
1 do1 5
5 | tio+ — ) = ao2 + ax w* = Det J|__,
2 W X=

1 1
PL = ] (3aso + b21 + a12 + 3bos) + Sw [(bo2 + b20)(2a20 + b11) — (ao2 + azo)(a11 + 2bo2) | =

1 1 1 d1o 1 do1
= (tgo + ¢ =ty — — ) t1o— = (tio+ — | to1 | =
8(20+ 02)+8w[2(01 w)lo 2(10+w)01}

diot10 + do1to1
2dpo

1
— ¢ too —
8(20+ 02
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& 3 4 15 LITTLE JACOBIANS

Ird = A1 + Ao
Det J = )\1)\2

Yes, we can determine
stability from eigenvalues at
15 points
around a nonhyperbolic
equilibrium!



%y | HOPF BIFURCATION AND CARLEMAN MATRICES
=fA WITH CSANAD HUBAY - BME ARA
o 1932, Carleman method based on Poincaré’s
idea NONLINEAR
DYNAMICAL
o 1986, Tsiligiannis & Lyberatos, theorems about SYSTEMS
Hopf bifurcation using Carleman matrices AND
o 1991, Steeb and Kowalski book CARLEMAN
LINEARIZATION
Wik Hans Sead
Goal: Use of linear algebraic methods in bifurcation
analysis o B

Research question:

22

What is the connection between the Poincaré-Lyapunov constants and
the linear algebraic properties of the Carleman matrices?
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Let us consider
1 = —To + E G ok,

i+j>2
o =x1+ Z b;_j,l'iifli.
i+j>2

Introducing the monomials of €1 and I'2

bl — ¢oed wd— Ll L322 adad—2 ST d—1 _GAT.
it =y, o @y, B B, ..., BT o Ty 05
e.g.

' T
XM = (1131,} ;I?Q)

X[Q] = (:r% L1009, l?%)T :

. . ‘ G
X[E‘] — (:1:'-%, :1?%:1:2: :171:1351 a:%) ;



For example, differentiating X[S]

In general,

d
dt

where

[\

xlx%

s )\

S xbl = (N} (j) 1)

{ DERIVATION OF THE VECTORS OF MONOMIALS

Sx%il
211911 + I%Tg
;ﬁ%ﬁl%—Qxlﬁgig

3x3io




The Carleman embedding

(2 | CARLEMAN EMBEDDING TECHNIQUE

The matrices A ;.

(G-.z,o a—1,1 ayj—1
0 @qo a1,
Ajre=Ni(g) | : : :
0 0 0 aro
\ 0 0 0 0
/ 0 0 0 0
bio bi—11 b11-1
+No(i) ] 0 b b1
\ 0 0 0 by

where [ = k — j + 1.

g,
ay,1—1

aj—1.1
0

0

bo i
bii—1 boy

bi—11

0
ao,1

0

0
0

0 0
ajj—1 aoj
0 0
0 0
0 0
0 0
b1i—1 Doy

\

/

‘25



The Carleman embedded system

[ x1
2]

\ "

x!1] \ A1 Ao
d X[2] 0 AQEQ
dt : - : :

X[ﬂ-] / 0 0

¥ Cn

and the vector of the initial conditions

yo = (0, h, 0,0, h% 0,0,0,h°, ...

T

Y.

R 1')

(") | CARLEMAN EMBEDDING TECHNIQUE

+ 0 (xlmH])

)



The linearized system

/X[l] \ /Al.l Al.? Al-."-"!-\
d | x® 0 Asxs ... Ay,

() | CONSTRUCTING A SOLUTION

\ X[.'”-] ) \ 0 0 0. A?.a.n- /

—— S —————

y Cn

Strategy to solve the linearized system:

1. Calculating the eigenvalues of the Carleman matrix
2. Calculating the eigenvectors of the Carleman matrix

3. Constructing the solution as linear combinations

1
( . \

L)

S
y

27



{ 1. EIGENVALUES OF THE CARLEMAN MATRIX

The Carleman matrix:
/ A1 Ao ... Ay
0 AQ‘Q — Aghﬂ_

Lo o0 o0 A,

Lemma (non-trivial):

{0,£2i,...,2ni} 2|n

Sp (A.n.,n.) — { { 3 3;3;1___1;:-?-1.@{} QJ('?’I '

Lemma (trivial):
sp (C ﬂ)— 5p (Aii).

It is true since C,, is an upper-tnangular matrix.

28



Eigenproblem
C,u, = A\u,.

Block matrix structure

|
|
Cn—l !
|
S J-}E,—_l,ia ) Up n—1

\ 0 | An n ) \ WUn n )

M -~ e -~ i
C, Upn

Starting point
sp(Cy) ={+i}. Ciu; = iuy

that yields y

() | 2. EIGENVECTORS OF THE CARLEMAN MATRIX




(.9 | 2. EIGENVECTORS OF THE CARLEMAN MATRIX i’

The equations to solve are

An:nun;n, — )\un,n: (1)

Uy, 1

(Cp1 — AI ; 3 . 2)

Up n—1

1. Case of eigenvalues with already calculated eigenvectors u,,_;
A& sp(Apn), A€sp(C,_q),ie. Ae{(n—1)i, (n—3)i,...}.

The eigenvector reads
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() | 2. EIGENVECTORS OF THE CARLEMAN MATRIX

An,nuﬂ,;ﬂ, — )\un,n: (1)

Uy 1

(Cor—AD) [ ] . [—(2)

Un n—1

2. Case of new, single eigenvalues, A € sp(A,,...), A € sp(C,,_1), i.e. A = £ni.

Uy 1 Al,n

— (}‘I - Cn—l)_l LI PP

Uy n—1 Aﬂ—l,ﬂ
Thus,
( Al,n \
(}‘I - C’n—l)_l
Uy = Tk
An—l,n




T | 2. EIGENVECTORS OF THE CARLEMAN MATRIX | 32

3. Case of repeated eigenvalues,
A€ sp(A, ), A€Esp(C,_). l.e. Ae{(n—2)i, (n—4)i, ...}

a) Similarly to the first case

Inhomogeneous
eigenvalue problem

unm.—l




TRICKY CASE: INHOMOGENEOUS EIGENVALUE PR

In case of zero eigenvalue

u,,| Aln

(CH—I _XI) - u‘”“”’

Wy -1 An.- 1,

utilizing the blockmatrix structure of C,, 4

An—l,n—lun,n—l — _An—l,nuﬂ,na
An—?,n—Zun,n—Q — _An—Z,n—lun—l — An—?,nun,na
AQ,Z“H,Z — _AQ,Sun,S - A2,4un,4 -t AQ,nun,na
Al,lun,l — _Al,Zun,Q - A1,3un,3 - Al,’n,un,n-

Since A=0¢sp(An—1n-1)

—1
Upn-1= — A

n—1,n— IA’H— 1.nUWn.n.

33
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APPLICATION OF THE FREDHOLM ALTERNATIVE

We want to solve the following equation

ﬁn—?,n—i“n._n—? — _A;-:-,—E._n—lu*n;n—l - A?L—E,nun,n-
—

P, _—
e

ba

Let z, e N (A _,,_,) then
Z;grbg = ﬂlLl
If L, # 0.there exists no solution. Otherwise,

_ -1
Wy n—3 = _A»,-l_g?n_g {An—ﬂ,n—zun,n—z + An—ﬁ,n—lun,n—l + An—ﬁ,nun._n)

and
A*.r:-,—cl,n—:lun._n—al =

= _An—:L,n—Hun,n—H - An—il.,ﬂ,—‘zun—ﬂ - An—al,n—luﬂ,,n—l - An—cl,nun,n;

Mo —

by
we examine the scalar product (zs € M (A}_,, _,))

T —
Z, b4 = C‘ng.



(7Y | GENERALIZED EIGENVECTORS

The Carleman matrix Cn is defective.

The number of distinct eigenvaluesis P = 2n+ 1,

Generalized eigenvector of rank k

(Cp, — \I)Fw,, =0,
but

(C,, — \XI)F~1w,, #£ 0.

The rank 1 generalized eigenvector is the normal eigenvector u,, . Generalized
eigenvectors can be calculated from

(Cn — )\I)Wn = W,_1.

35
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,— SOLUTION OF THE LINEAR SYSTEM

‘O‘/lj - algebraic multiplicity of the eigenvalue A j‘

Introducing the notation of the eigenvectors
v(Cn, Aj, k).
where

« (C,, is the Carleman matrix of order n,
), is the jth eigenvalue,
« k denotes the rank k generalized eigenvector.

The linear combination of all the linearly independent solutions of the eigenvalues
gives

tk—l

p Nk
Y0 =3 2D cnted Grv(Co Ao )

j=1 k=1 I=1




{ SOLUTION OF THE LINEAR SYSTEM

x2(T(h)) —x2(0) = Lyl + Lah® + -+ - + Ly h*" 1,
T(h) =21+ O(h). Kuznetsov & Leonov (2007, 2008)

Difference between the solution and the intial conditions

A5 k-1

p k—l
B _ T B _ oy (2m) g ok arad, gl o n
z1(27) — 21(0) = ey (y(27) —y(0)) = ;1 ;;:1 ?:1 cjk(h) oY (Cn, Aj, 1) = Myh? 4+ Mah® + -+ - + My h™,

z2(2m) — 25(0) = €5 (y(27) — y(0)) =

P C\{)\j k—1 (271.)143*! |
:Z chsk(h) (k — l)legV(Cn, A‘?j k): Llhg + L2h5 4o er,h” 4+ O(hn_'_l)
J=1k=11=1 ’
Where
e; = (0,1,0,...,0) is the standard basis vector,

Ly, ..., L,, arethe Poincaré-Lyapunov constants.



_Llhg

_L2h5

L2

.. { PHASE PORTRAIT

;
N

38



) | EXAMPLE

The third order Carleman matrix is written as

( 0 —1 a0 a1 ao2 asp a1 ai? ao,3 \
1 0 bep biax bo2 b3p ba 1 b1,2 bo 3
0 0 0 -2 0 20 2a11 205 0
0 0 1 0 —1 bg,g ag,0 + 3)1,1 a1+ b{],g @p,2
cs=|0o 0o 0o 2 o0 o0 %, %1 2boe
0 0 0 0 0 0 -3 0 0
0 0 0 4] 0 1 0 —2 0
0 0 0 0 0 0 2 0 -1
\o 0 0 0 0 0 0 3 .

its spectrum is
sp (Cs) = {0, +i[2], 21, £33},

and the corresponding eigenvectors are the following.

v(Cs, 0) = (—boa — ba, a2 +aga, 1,0, 1,0, 0, 0, 0)T,
v(Cs, i) = (i, 1,0, 0, 0,0, 0,0, 0)F,

—(3210 + 2(1111 +bo 2 26&2,0 + 5111 — 2{1012
ago+2b11 —ape 2bap —a11 — 2bo2
—3 0
1 0 3
v(Cs, 2i) = 3 3 +i— 0
: 0 0
0 0
0 0
0 0

V(Cg, gi) =i



EXAMPLE: GENERALIZED EIGENVECTOR

2

where

m
M = —(—(10?261,1 —5a1,1bp 2 — Sagpb11 — ai1,1b2o + 10&%,2 + 10ag pap 2 + ﬂ-il + 4&%10 + 9ap3 + 3ag 1 + 45%72—1—

12

0
—2ay,1bo,2 + Baoab1,1 + Tagebr — 4a1,1bo — 4b5 5 — 10bgobo,2 — bT 1 — 10b3 5 + 3b1,2 + b3 \

=

2
10ag 2bo 2 + 14as gbo 2 + a1,1b1,1 — 4ag 2b2 o + 4as b2, — 3b1,1bo 2 + Ibg 3 — 3b1,1b2,0 + 3b2.1
day 1 + 14bg 2 + 10bg o
—b5ap,2 — Taz,0 + b11
2a11 + 4bg o — 4bop
-9
0
-3
0

—4&-{],2 + 4&2,0325111
a1 — Tho2 — 5ba g
10&032 o 14@2,{] + 46111 ;
0

3
0
9

12

™

d= —=(M; +iL1),

+ b3 1 + 1003 o — 3b1,2 + 10bg 2b2,0 — b3 0)

m
In = Z (2{10,21)0,2 = Qagl{]bgl{) +appa1,1 +agzpa11 +a12 + 3@370 o 350,3 = bO,le?l — bl,le,D + bQ?l) :

40



EXAMPLE: CONSTRUCTING A SOLUTION

The subsolutions if d # 0

The solution y(t) of system

where

Sl}l(t) = (Cga )
s2.1(t) = €'v (Cs, i), sp2(t) = € (tv (Cs, i) + v (Cs, i, 2)),
s3,1(t) = e "'V (Cs, i), s32(t) = e (tv(Cs, i) + V(Cs, i, 2)),
54;1(75) = %ty (Cs, 2i),
s5.1(t) = e 2"V (Cs, 2i),
s6.1(t) = e3v (C3, 3i),
s7.1(t) = e ¥ (Cs, 3i).
T %y
B =) ciulh)sia(t),
j=1k=1
[ 1\
2,1
2,2
€31
39 | =Wy
c4,1
(’5 1
Cg,1

\ 71 /

41
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(Y | SOLUTION OF THE EXAMPLE

%hs (fﬂ,o,gbl’l = 5&1,150’2 —= 5&2,0151’1 S (11716270 + 10@332 + loag,gag,g + ﬂ:il + 4(%10 + 9({9,3 + 3(12’1 + 45372 + b%,l + 10[)370 — 3b1’2 + 1050725279 - 95310)
h+ Th3 (2a0,2bo,2 — 2a2,0ba0 + ap2a1,1 + agpa11 + a1 + 3azo + 3bos — boabr1 — biibag + ba1)
0

0

L2

~«
—
=+
—

Il
)

0
0
0

h3

sa e

719
Ly = Z(—%Qobgo + ay1a99 + a11aps — b11bog — b11bga+

+ 2bgaaps + 3asg + ajo + bay + 3bp3)
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LINEAR ALGEBRAIC PROP. OF CARLEMAN MATRIC

Lemma: Suppose Copyq is the (2m + 1)th order Carleman matrix and A\; € C\ {0} are the pure imaginary
eigenvalues of that. Then generalized eigenvectors of the eigenvalues may exists in the form

1
My_1 + 1Lk

V(Cﬂm—i—lu /\'a k) — (')a k<m

Lemma: Suppose Cop,i1 is the (2m + 1)th order Carleman matrix then generalized eigenvectors of the eigenvalue

A=0 1
v(Comy1, 0, k) = L)l i,
Ly




(.9 J LINEAR ALGEBRAIC PROP. OF CARLEMAN MATRI¢ »

The row echelon form of a Carleman matrix

O ... []
((C; o [ ... [] \
Cy, = Lo ,
0O 0 O c—==
\_6_6_6 _____ 0 __)

Lemma:

The research question is answered: we found the connection between the
Poincaré-Lyapunov constants and the linear algebraic properties of the
Carleman matrices.
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Thank you for your attention!



