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Origins of Convex Integration: the Nash embedding theorem(s)

Nash (1954-1956) proved
the long-standing conjecture that ”every Riemannian manifold
can be isometrically embedded into some Euclidean space.”

”isometric” = preserves the length of every
path, e.g. bending without stretching or tearing a page of paper

example:
”flat torus”: can you create a torus out of a sheet of paper?

Figure: Flat torus in 3D through Nash’s work: fractal, but intrinsically flat (no stretching)!!
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Intuition behind Nash’s result:

one proves that any short map (does not increase distances) can be approximated by
an isometric map (preserves distances) w.r.t. the L∞ norm

elementary case:

u : Ω ⊂ Rn → Rn short iff ∇uT∇u ≤ Id a.e. in Ω

isometric would then require ∇uT∇u = Id

Nash’s idea: use an eigenvalue decomposition of the error Id−∇uT∇u, which gives
you directions in which you can ”oscillate” (by adding so called ”corrugations” to u)
such that the error is reduced, without harming the L∞ norm by much

one then needs to prove that this scheme can be made to converge
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A more functional analytic/PDE approach

What is the L∞ limit of solutions of the PDE

∇uT∇u = Id a.e. in Ω? (1)

We rewrite this nonlinear PDE as a linear PDE satisfying a nonlinear algebraic
constraint by setting ∇u = A ∈ Rn×n such that

curl A = 0, ATA = Id a.e. in Ω.

Then, instead of taking the uniform limits in u, we take weak limits in A.

Basic functional analysis exercise: suppose that Ak ⇀ Ā, Ak(x) ∈ K for a.e. x ∈ Ω,
for any k ≥ 0, where K is compact, then it follows that Ā(x) ∈ K co for a.e. x ∈ Ω.

Basic algebra exercise: the convex hull of orthogonal matrices is the set of matrices
with norm no greater than 1.

Conclusion: since the linear PDE curl A = 0 commutes with weak convergence, the
uniform limit of solutions of (1) is a solution of

∇uT∇u ≤ Id a.e. in Ω. (2)
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One may actually prove using the Baire cathegory method that solutions to (1) are
dense in the set of solutions to (2), i.e. if one finds a solution to (2), there exist
infinitely many solution to (1), which converge uniformly to this solution

(2) is often called ”the relaxation” of (1), and solutions of (2) are often called
”subsolutions” of (1).

Nash’s idea and this simple relationship between weak convergence and convexity
were further developed by the likes of Gromov, Tartar, Müller and others into the
method of Convex Integration for solving nonlinear PDEs.

However, only recently (2007-2009) did mathematicians realize that this method can
not only also be applied for evolution equations coming from fluid mechanics, but is
a ”natural” way of modelling turbulence.
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A few words on turbulence:

turbulence = fluid motion with chaotic changes in pressure and velocity

caused by excessive kinetic energy in parts of a fluid flow, which overcomes the
damping effect of the fluid’s viscosity

Richard Feynman has described turbulence as the most important unsolved problem
in classical physics

Werner Heisenberg: ”When I meet God, I am going to ask him two questions: Why
relativity? And why turbulence? I really believe he will have an answer for the first.”
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...and mathematicians’ attempts to model it:

Richardson: turbulent flow = eddies of different sizes, at first kinetic energy is
contained in the large scale eddies, as they rotate they transfer it to smaller eddies,
which in the end dissipate it through viscosity ⇒ ”energy cascade”

Kolmogorov, 1941: first statistical theory of turbulence (K-41), describes the scale
at which the energy cascade happens

Big whorls have little whorls
That feed on their velocity,
And little whorls have lesser whorls
And so on to viscosity.
– Lewis F. Richardson, 1920
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Convex integration to the rescue?

in a pioneering work (Annals, 2009), De Lellis and Székelyhidi Jr. were the first to
apply convex integration to fluid mechanics

adapting the ”simple” PDE (1) from Nash’s embedding problem, they showed that
the relaxation of the incompressible Euler equations

∂tv + div (v ⊗ v) +∇p = 0, div v = 0, (3)

is given by

∂tv + div σ +∇p =0, div v = 0,

v ⊗ v − σ ≤e Id a.e.,
(4)

where e plays the role of the kinetic energy and can be prescribed to be any
non-negative function

by similar arguments as in Nash’s case, they managed to approximate (weakly) any
subsolution (i.e. weak solution of (4)) by weak solutions of (3)
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hence, they managed to prove not only that weak solutions of the homogeneous
incompressible Euler equations are non-unique, but that they can exhibit weird and
nonphysical behaviour, such as non-conservation of energy, since e can be chosen
freely

this method can be seen as a good model for turbulence since when the fluid is
moving in a very fast and chaotic way, it makes more sense from a physical point of
view to look at the equations satisfied by an averaged fluid velocity

it is well known that taking weak limits can be seen as the same as averaging the
equation, hence we are thrown into the framework of convex integration mentioned
previously, of how nonlinear PDEs change under weak convergence

the non-uniqueness is connected to the unstable nature of turbulence, and therefore
the selection happens on the level of mean flow (subsolutions), rather than solutions

in fact the mathematical objects playing the role of the Nash-type corrugations in
the works of De Lellis and Székelyhidi Jr. model the behaviour of eddies
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Since then, there has been a large interest in applying convex integration to other
problems in fluid mechanics which are known to be turbulent, and many results were
born reflecting precisely what has been previously observed by the physics community
(such as in the case of the Kelvin-Helmholtz instability or the Muskat problem)
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Ideal MHD:

ideal magnetohydrodynamics equations = the incompressible Euler equations with
Lorentz force induced by a magnetic field + a Faraday-Maxwell induction equation
and Ohm’s law, to describe the evolution of the magnetic field

more precisely, the equations are

∂tu + div (u ⊗ u − B ⊗ B) +∇p = 0,

∂tB + div (B ⊗ u − u ⊗ B) = 0,

div u = div B = 0,

for either (x , t) ∈ R3 × (0,T ), or (x , t) ∈ T3 × (0,T ) with appropriate zero-mean
conditions for the fluid velocity u(x , t) ∈ R3 and the magnetic field B(x , t) ∈ R3;
the fluid pressure is given by p(x , t) ∈ R
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Ideal MHD:

the MHD system is used as a model for electrically conducting fluids, such as for
instance magnetic behaviour in plasmas and liquid metals

an interesting open problem is the modelling of MHD turbulence, appearing for
instance in fusion reactors or during solar eruptions
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Tartar framework of convex integration (general recipe):

one wants to solve some nonlinear PDE

one first develops some appropriate notion of subsolution (relaxation)

then using some topological methods based on the Baire category theorem, one
obtains a result of the type ”if there exists a subsolution, then there exist infinitely
many solutions near said subsolution”

it then remains to construct a subsolution, however this is usually considerably easier

what is this notion of subsolution? - intuitively it corresponds to taking weak limits
of weak solutions to the original PDE, and since weak limits do not commute with
nonlinearities, this leads to another equation

taking weak limits can be seen as the same as averaging the equation (Lax)
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Reformulation of the system

it is convenient to rewrite the equation using the Elsässer variables α := u + B,
β := u − B, such that

∂tα+ div (α⊗ β) +∇p = 0,

∂tβ + div (β ⊗ α) +∇p = 0,

div α = div β = 0.

one may rewrite the above as the linear system

∂tα+ div (M) = 0,

∂tβ + div (MT ) = 0,

div α = div β = 0,

(5)

together with the nonlinear constraint M = α⊗ β + pid
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since within the Tartar framework one is usually interested in generating infinitely
many weak solutions to the original equation, which one would like to be in the class
L∞, we introduce a bound

let z = (α, β,M) ∈ Z := R3 × R3 × R3×3, r > 0, s > 0, and define the set

Kr,s := {z ∈ Z : M = α⊗ β + pid, |α| = r , |β| = s, |p| ≤ rs} .

How to determine the relaxation/notion of subsolution?

idea from classic convex analysis exercise: if zk ∈ Kr,s a.e., zk ⇀ z , then z ∈ K co
r,s a.e.

intuitively, one reaches zk ∈ Kr,s from z ∈ K co
r,s by adding small perturbations which

behave like plane waves and oscillate in a fixed direction

József J. Kolumbán Estimating the convex relaxation of the ideal magnetohydrodynamics equations15 / 31



Origins of Convex Integration: the Nash embedding theorem(s)
Turbulence in fluid mechanics

Introduction to Magnetohydrodynamics
Convex integration in the Tartar framework for MHD

Lower bound on the hull
Upper bound on the hull

How to determine the relaxation/notion of subsolution?

to do so (and still be a solution of the linear system (1)), we consider the wave cone

Λ =

z̄ : ker


M̄ ᾱ

M̄T β̄

ᾱT 0
β̄T 0

 ̸= {0}

 .

Essentially, it has the property that for z̄ ∈ Λ there exists η ∈ R4 \ {0} such that
every z(x , t) = z̄h((x , t) · η), h ∈ C 1(R) is a solution of (1), i.e. Λ gives the set of
directions in which we can oscillate

one then may ask the subsolutions to be either in int(KΛ
r,s), or if Λ is large enough,

int(K co
r,s)

the main difficulty is calculating these sets explicitly!! such that one can then
construct a subsolution
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Given the hull, one can define a notion of subsolution as follows:

Definition

We say that z ∈ L∞ is a subsolution iff

it is a weak solution of the linear problem (1) on

D := Ω× (0,T ).

there exists some bounded set U ⊂ D (called the turbulent or mixing zone) such
that

z is continuous on U ,
z(x , t) ∈ int(KΛ

(r,s)
) in U ,

z(x , t) ∈ K(r,s) a.e. outside U .

József J. Kolumbán Estimating the convex relaxation of the ideal magnetohydrodynamics equations17 / 31



Origins of Convex Integration: the Nash embedding theorem(s)
Turbulence in fluid mechanics

Introduction to Magnetohydrodynamics
Convex integration in the Tartar framework for MHD

Lower bound on the hull
Upper bound on the hull

Then, similarly to recent papers by Faraco, Lindberg and Székelyhidi Jr. one can
estabilsh a convex integration result of the following type:

Theorem

If there exists a subsolution to the ideal MHD equations, then there exist infinitely many
weak solutions, which converge weakly to said subsolution.

Therefore

the selection happens on the level of mean flow (subsolutions), rather than solutions

the weak solutions obtained this way are turbulent inside of U , with possible sudden
erratic changes in velocity, pressure and magnetic field

although, as mentioned above, this problem has been studied recently by Faraco,
Lindberg and Székelyhidi Jr., they never calculated the complete hull, just a
sufficiently large part of it to make the above scheme work

Our goal is to improve on those computations and work towards obtaining the whole
explicit hull.
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Why should we care about knowing the hull explicitly?

knowing the explicit structure of the convex relaxation can lead to deep insight and
better modelling of turbulent instabilities (e.g. Kelvin-Helmholtz, Rayleigh-Taylor,
Muskat problem, etc.)

the most famous instability in the context of MHD is the Velikhov instability, which
appears during magnetohydrodynamical propulsion

MHD propulsion drive: ionizing the environment (water or air) around a vehicle, in
order to achieve movement
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turbulence forms in the electron gas of a bi-temperature non-equilibrium plasma (i.e:
when the electronic temperature exceeds the ionic one) subject to strong magnetic
fields, when the Joule effect locally transfers energy to the electronic gas and when
that energy can’t be dissipated by the collisional mechanism

the cancellation of the Velikhov instability is a major prerequisite to any further
development of MHD systems applicable to high altitude hypersonic aircraft
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MHD naval vessel: Yamato 1 (15 km/h max speed), recent research by DARPA to
improve this
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MHD flying saucers: ionize air molecules within the atmosphere, but what to do in
space?
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Lower bound on the hull

one approach to calculate the Λ-convex hull is via the so-called laminates method,
i.e. define recursively the sets

KΛ,0
r,s := Kr,s , KΛ,i+1

r,s :=
{
z ∈ Z : ∃z̄ ∈ Λ, t1 ≤ 0 ≤ t2 : z + t1,2z̄ ∈ KΛ,i

r,s

}
, i ≥ 0

the lamination convex hull is then defined as KΛ,lc
r,s := ∪i≥0K

Λ,i
r,s

if then one obtains after a finite number of steps a set KΛ,i
r,s that is Λ-convex, then

one has found the Λ-convex hull, since by definition one has KΛ,i
r,s ⊂ KΛ,lc

r,s ⊂ KΛ
r,s , for

all i ≥ 0
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Define M0 : Z → R3×3 and G : Z → [0,+∞) as

M0(z) = α⊗ β −M + pid, G(z) =
√

(r 2 − |α|2)(s2 − |β|2). (6)

We have the following lower bound on the hull due to laminates.

Proposition

Suppose that for z ∈ Z there hold |p| ≤ rs, |α| ≤ r , |β| ≤ s, and there exist ᾱ, β̄ ∈ R3

such that

M0(z) + ᾱ⊗ β̄ = 0, (7)

|ᾱ||β̄| ≤ G(z), (8)

(β · β̄)
√

r 2 − |α|2|ᾱ| = (α · ᾱ)
√

s2 − |β|2|β̄|, (9)

(α− β) · ᾱ× β̄ = 0. (10)

Then z ∈ KΛ,3
r,s .

Let us try to simplify these conditions, in particular the last one, which actually comes
from the fact that the electric field is perpendicular to the magnetic field.
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For a skew-symmetric matrix A ∈ R3×3, define f0(A) ∈ R3 as the unique vector such that
Aξ = ξ × f0(A), for all ξ ∈ R3. It has been shown by Faraco, Lindberg and Székelyhidi Jr
that the function f0(M −MT ) · (α− β) is Λ-affine and vanishes on Kr,s (as a relaxation
of Ohm’s law), as well as on Λ. Furthermore, the relative interior of KΛ,lc

r,s with respect to
the manifold M =

{
z ∈ Z : f0(M −MT ) · (α− β) = 0

}
is non-empty.

On one hand, if

A =

 0 a3 −a2
−a3 0 a1
a2 −a1 0

 ,

then one obtains f0(A) = (a1, a2, a3). On the other hand, using the Moore-Penrose
pseudoinverse A†, a vector ζ ∈ R3 is perpendicular to f0(A) if and only if

(id− A†A)ζ = 0.

Hence, the condition f0(M −MT ) · (α− β) = 0 can be written equivalently as

(∥M −MT∥2F id + 2(M −MT )2)(α− β) = 0,

where ∥ · ∥F denotes the Frobenius norm of a matrix.
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In fact, f0(M −MT ) corresponds to the (averaged) electric field in the system.
One can then easily get rid of the dependence on ᾱ, β̄ from the Proposition via the
following equivalent conditions.

Corollary

Suppose that for z ∈ Z there hold |p| ≤ rs, |α| ≤ r , |β| ≤ s, and

rank(M0(z)) = 1, ∥M0(z)∥n ≤ G(z), (11)

αTM0(z)β ≤ 0, (12)

|M0(z)β|
√

r 2 − |α|2 = |M0(z)
Tα|

√
s2 − |β|2, (13)

(α− β) · f0(M −MT ) = 0. (14)

Then z ∈ KΛ,3
r,s .

Here, ∥ · ∥n denotes the nuclear (or Ky Fan) norm of a matrix, i.e. the sum of its singular
values.
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Upper bound on the hull

a function f : Z → R is Λ-convex if t 7→ f (z + tz̄) is convex for any z ∈ Z , z̄ ∈ Λ

the Λ-convex hull of a compact set C ⊂ Z is then the set of points from Z which
can not be separated from C by a Λ-convex function

equivalently, the hull is the smallest Λ-convex set containing C , where similarly a set
is said to be Λ-convex if, for any two points z1, z2 in the set for which z1 − z2 ∈ Λ,
the segment [z1, z2] = {z ∈ Z : z = z1 + t(z2 − z1), t ∈ [0, 1]} is also contained in
the set
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recall

M0(z) = α⊗ β −M + pid, G(z) =
√

(r 2 − |α|2)(s2 − |β|2)

define the relatively open set

U = {z ∈ Z : |p| < rs, |α| < r , |β| < s,

f0(M −MT ) · (α− β) = 0, ∥M0(z)∥n < G(z)
}

We have the following upper bound on the Λ-convex hull:

Proposition

There holds KΛ
r,s ⊂ U.

Proof: convexity of the set {∥M0(z)∥n < G(z)}
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although the above proof can be adapted to use any Schatten norm instead of the
nuclear norm, our choice of U is, in a sense, optimal due to the monotonicity of the
Schatten norms, with the nuclear norm being the largest

furthermore, the nuclear norm plays a key role in the convex hull of rank-one
matrices, since during lamination, one is essentially moving along a rank-one
perturbation of M0(z), this further suggests that the natural choice is the nuclear
norm

it is important to note that even if one does not have the complete hull, having a
sharp upper bound is of interest, because by the previous arguments of convex
integration, all weak limits of weak solutions to the ideal MHD equations will satisfy
these upper bounds!
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Conclusion

the main difficulty in calculating higher order laminates in order to improve the lower
bound is that is that ᾱ, β̄ depend in a non-explicit (and possibly highly non-linear)
manner on z , thus making it hard to quantify the effect of perturbing z along a
Λ-segment can have on these vectors

difficulties in improving the upper bound: one can prove that a given set which is
compact and Λ-convex must be the hull by the means of a Krein-Milman type
argument, if one can show that all Λ-extremal points of the given set are in Kr,s

for our Ū this would reduce to showing that for any z ∈ ∂U \ Kr,s there exists z̄ ∈ Λ
such that z + tz̄ ∈ U for small values of t

however, in the case when M0(z) is rank-one and its nuclear norm is equal to G(z),
one seems to be unable to achieve such perturbations, unless z ∈ KΛ,1

r,s

we conjecture that some further Λ-convex inequality should be added to U in order
to reduce it appropriately such that the case z ̸∈ KΛ,1

r,s , ∥M0(z)∥n = G(z),
rank(M0(z)) = 1 can be excluded, which may be related to some appropriate
lamination of the condition (5)
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A better understanding of turbulence can lead to many new physical and technological
advances.

Thank you for your attention!
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