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@ Motivation

@ AN-stability for a general one-step method

@ Runge—Kutta (RK) methods

@ AN-stability for a RK method - non-confluent case
@ Richardson extrapolation (RE)

@ Combining RK methods with RE and the question of
confluence

@ A necessary condition for AN-stability in the general case
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Motivation

Motivation

Cauchy problem of an ODE:

{y’(t) = f(t,y(t), t>0 )
y(0) = y

Q: What numerical method to choose?
@ convergent
@ accurate / efficient

@ satisfies certain qualitative properties
@ non-negativity preservation
@ monotonicity preservation
o stability on a fixed mesh (absolute stability)
Minimum requirement: these are to be satisfied on the simplest
scalar test problem possessing the given property
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Motivation

Stability on a fixed mesh

@ Stiff ODE’s have a rapidly decreasing bounded solution.
@ Relevant test problem (Dahlquist, 1963):

{ y'() = (), (A\eC), t>0 @)
y(0) = ¥

Exact solution: y(t) = yoexp(At).

It is bounded on [0, c0) < Re\ < 0.

Expectation: the numerical solution is also bounded, desirably for
any time step = > 0.

Q: What is the condition for this?
A: It is well known for one-step methods!
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Motivation
cont'd

Consider the explicit Euler (EE) method

Y1 = Yn + 7(tn, ¥n)
Apply it to (2):
Y41 = Yn+7AYn = (1 + TA)yn < afunction of 7\ multiplied byyp,
General one-step method:
Yn+1 = R(2)yn 3)
where z .= 7).

R(z): stability function of the method
Examples:

1) Explicit Euler (EE) method:
REE(Z) =1+z
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Motivation
contd

2) Implicit Euler (IE) method:

Yo+t = Yn + 7f(ths1, Yntt),
which for (2) yields

1

1
Y1 = Yn +TAYnp1 = Ynp1 = m}’n = Ri(z) = —

3) Trapezoidal rule:

f(tn, + f(theq,
Yot = Yo+ 7 (tn, Yn) 2(n+1 Yni1)

2+ 2
RTP(Z): 2 _ >
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Motivation
cont'd

Clearly, the numerical solution of (2) is bounded for a given = when for
Z=T\
|R(z)] <1

Definition 1

Theset S:={z e C:|R(z)| < 1} is called stability region of the
method.

It is desirable that S contains the entire left half plane.

Definition 2
The numerical method is called A-stable if S > C—.
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Motivation

Stability regions: EE vs IE
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Stability region of the trapezoidal rule

mi(z)

Re(z)
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Contractivity

Consider again (2). The exact solution has further properties!
@ Itis mon. decreasingin | - |, i.e., contractive:

ly(t+7)| <|y(t)] Vt>0and >0 (4)
if Rex < 0.
@ Expectation from the numerical method:
Yni1l < ¥al, n=0,1,..., Y7 >0
if Rex < 0. (For systems: |-| < | - ||)

@ For a one-step method this holds iff the method is A-stable.
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Motivation
More general problems

Q:What happens when an A-stable method is applied to more general
problems?

Example:

y'(t) = (100cost — 100)y(t), t > 0 5
{ y(0) =1 (5)

Exact solution: y(t) = esn(100)-100t,

1
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Motivation
contd

Let us choose the Runge—Kutta (RK) method with Butcher tableau:

1/411/8 1/8
3/4 | 3/8 3/8
/2 172

Stability function: R(z) = 2 — A-stable!
Stability region (the same as for the TP method):

-3 -2 -1 0 1 2 3
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Numerical solution in | - | for 7 = 10:

100 200 300 400 500 600
t

= A-stability does not always generate a qualitatively adequate
solution
= need for a more general test equation
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AN-stability

@ Introduced by Burrage and Butcher (1979)
@ Test problem:

{ y'(t) = Mt)y(t), t>0 6)
y(0) =yo
t th+7
[ ()at [ A(t)dt
Exact solution: y(t) = yo - €° = y(th+7)=y(t)-en
@ For the contractivity of the exact solution Vi, > 0 and = > 0 the

inequality

‘ef,fj” A(t)dt! <1.

is required, meaning that the time-stepping operator in absolute
value is at most one. Clearly, the latter holds for any t, and 7 if
and only if ReA(t) < 0 forall t > 0.
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AN-stability
contd

Denote by K}, the time-stepping function of a one-step method as
applied to (6), i.e.,
Yn+1 - Kn}’na n:071a"'

Definition 3

A one-step numerical method is called AN-stable when |K,,| < 1 holds
foralln e N and 7 > 0 whenever ReA(t) <0 forall t > 0.

Remark: AN-stability obviously implies A-stability since for A\(f) = A
constant K, is independent of n, and we have K, = R(z), n € N.
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AN-stability
contd

Example: Implicit Euler (IE) method (yVp. 1 = ¥n + 7A(th1)Ynet):

1

=0,1,... Kn=—"—"——
Ymn 9 U9 7:> n 1_7')\(tn+1)

Gk oY)

Therefore,

= /(1 = TReA(ths1))2 + (TImA(th1))?
which clearly holds for any = > 0 if ReA(t) < 0 (t > 0)
= the IE method is AN-stable.

The IE method is an implicit RK method.
Q: When will a general RK method be AN-stable?
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AN-stability of Runge—Kutta methods
Runge—Kutta methods

The general s-stage RK method for the ODE y/(t) = f(¢, y(t)):

S
Yn+1:}’n+7'zbiki»n:0717--- (7)
=1
where
S
Ki=f(th+cmynt+7y_ ajk), i=1,2,...,s. (8)
j=1
Butcher tableau:
c| A
b

with A € RS*® b, ¢ € R® prepared from the coefficients under (7)—(8).

Non-confluent RK method: i # j = ¢; # ¢;. Otherwise: confluent.
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AN-stability of Runge—Kutta methods

Graphic illustration of the RK4 method

Y1
Yothks

Yot i) -

Yo+3ki:
Yo

to tc;+l} fl >
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AN-stability of Runge—Kutta methods
A-stability of a RK method

@ Explicit Runge—Kutta (ERK) method: all elements of Ain and
above the diagonal are zero. Otherwise: implicit RK (IRK).

@ The stability function of a RK method is
R(z) =1+ zb" (I - zA) 'e. (9)

withe=(1,1,...,1)T € RS<.

@ Although R(z) is known, the condition of |R(z)| < 1 is usually
difficult to check!

@ (9) is a polynomial for ERK methods = ERK methods are never
A-stable = they cannot be AN-stable, either.
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AN-stability of Runge—Kutta methods

AN-stability of a RK method (Burrage—Butcher, 1979)
Apply a RK method to the ODE y/(t) = A(t)y(t):

ki = Mth + ¢i7) - yn+rZa,,

Denote k := (kq, ko, . .., Ks),
Dy := diag[t A(th + 17), TA(fh + Co7), ..., TA(th + Cs7)] € RS,
Then, if det(/ — ADp) # 0, we have
Yast = Yn+ b k = (1 + b Da(l - ADn)*1 €)¥n

= Ky =14 b"Dy(I - AD,)~"
Denote
K(D):=1+b'D(I— AD) e
where D is an s-by-s complex diagonal matrix with arbitrary diagonal
elements.
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AN-stability of Runge—Kutta methods

Proposition 3.1

A Runge—Kutta method is AN-stable if and only if |[K(D)| < 1 for all
diagonal matrices D = diag[dy, db, . . ., ds| for which
Re(d)) <0,i=1,2,...,s and d; = d; when c¢; = ¢; (confluency).

Q: What is the condition of AN-stability?
Another stability concept: Let
B := diag[by, b, . . ., bg] (10)

and
M:=BA+A"B—b-b". (11)

Definition 4

An RK method is said to be algebraically stable when B and M are
positive semi-definite matrices.

Q: Is there any relationship?
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AN-stability of Runge—Kutta methods

Relationships between the different stability notions

Theorem 5 (Burrage & Butcher, 1979)
For any RK method, algebraic stability implies AN-stability.

So, for any RK:

\ Algebraic stability = AN-stability = A-stability

Theorem 6 (Burrage & Butcher, 1979)

For any non-confluent RK method, algebraic stability is equivalent to
AN-stability.

So, for non-confluent RK:
| Algebraic stability < AN-stability = A-stability |

Q: What about the AN-stability of a confluent RK method if it is not

algebraically stable?
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AN-stability of Runge—Kutta methods
Example

Consider the method from page 12. We saw that it is A-stable. It is
also non-confluent. Apply the previous theorem!
| -1/8 0
M=% e
Here my1 < 0 = the method is not algebraically stable = not
AN-stable.
The behaviour of |Kj,| on the interval [0, 600]:

0 100 200 300 400 500 600
t
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RK methods and Richardson Extrapolation

Richardson Extrapolation

@ Richardson Extrapolation (RE) is a powerful tool to increase the
accuracy of numerical methods for ODE'’s.

@ It takes a linear combination of numerical solutions obtained by
using different time step sizes: if z(t,) is obtained by 7 and w(t,)
by 7/2, then

yRE(t,,) - 2pW(2tg)__1Z(tn) (1 2)

@ The absolute stability properties of several underlying RK methods
when combined with RE have been studied by Zlatev et al.

@ Q: Can we get an AN-stable method by combining some RK
method with RE?
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RK methods and Richardson Extrapolation
IE method with RE

We saw that the IE method is AN-stable. But is it AN-stable when
combined with RE?

The IE + RE method is A-stable (Zlatev et al, 2017).
The Butcher tableau of the IE + RE method is

1212 0 0
1112 12 0
110 0 1

1T

= It is not algebraically stable due to b; = —1, but it is confluent as
c> = ¢3 = 1, so Theorem 6 cannot be used.
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RK methods and Richardson Extrapolation
H
cont'd

Therefore, we calculated |K(D)| for a diagonal matrix D for which
o = d32

)| = ’ 2 1
(1—di/2)(1 - 0dx/2) 14
It is easy to check that for d; = —0.8iand db = i

|K (diag[dy, db, db]

|K (diag[dy, 0o, Oo]) =~ 1.2184 > 1
= the |IE + RE method is hot AN-stable.
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RK methods and Richardson Extrapolation
Numerical experiment

Test problem:

y'(t) = icos(2rt)y(t), t >0 (13)
y(0) =1
Exact solution: N 1
y(t) = €/="®™z t > 0. (14)

It is bounded / contractive on [0, c0), since |y(t)| =1 Vvt > 0.
Numerical solution in | - | (with 7 = 0.1) by the IE + RE method:

—IE+RE
—Exact solution

1.025

102

1.015

=10

1.005

1k

0.995
0 2 4 6 8 10 12 14 16 18 20
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Investigating the AN-stability of RK + RE

Q: Is there an RK method s.t. RK + RE is AN-stable?
For an RK method with Butcher tableau

cl| A
b

RK + RE is also a RK method, with Butcher tableau

¢ 4 0 0
S(e+c)| Leb” 4 0
c 0 0 A

| (532)bT  (Tf2)bT  —pbT

where p =1/(2P —1).
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RK methods and Richardson Extrapolation

cont’d

Since for a consistent RK method >°7_, b; = 1, therefore 3b; > 0
= since p > 0, —pb” must have a negative element. method is never

algebraically stable. =

A non-confluent RK + RE method is never AN-stable. \

— We should investigate the conditions of AN-stability for confluent
RK methods.
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AN-stability for general RK methods
Algebraic stability in the confluent case

B&B: Algebraic stability is sufficient for AN-stability in the general case.
Q: But is it necessary also in the confluent case?

A: No: here is the Butcher tableau of a confluent method (Burrage &
Butcher, 1979), which is AN-stable, but not algebraically stable if u > 0
u#7+4V3(v=1/8—-+3/6).

_ 3

2% i (%_%)(1—@ ( 12?’)(14'“)

b 0 3-(5-%)0-u 3-(3-8)0+y

J+% |5 +% V§; @;UU) v— 5;\@;(1+u)
] z z

Remark Here M is not positive semi-definite, but B is (< b has only
non-negative elements). It is still a question whether the latter
condition is necessary in general.
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AN-stability for general RK methods

Studying the necessary condition related to b

@ Hint: In the non-confluent case B&B, 1979 showed that if b; < 0

forany index j € {1,2,..., s}, then choosing the diagonal matrix D
with diagonal elements as

—t ifi=]j,
di ::{ 0 ifi;éj'
we get K(D) > 1 for t > 0 small enough.

@ If the method is confluent, b; < 0 and ¢; # ¢; for i # j, then the
above proof is still applicable, so if a certain ¢; appears only once,
then the corresponding b; must be non-negative.

@ However, if b; < 0, and for some ¢, we have ¢, = ¢;, then the

proof is not applicable, since then dik = dj should hold for matrix
D.
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AN-stability for general RK methods

@ Aim: To study the necessity of a non-negative vector b in the
confluent case.

@ Instead of formulating a theorem referring to the confluent case,
we will generalize the proposition to an arbitrary RK method,
involving also the confluent case.

@ Given any s-stage RK method, partition the set of indices
S={1,2,...,s} into disjoint sets: define on S? the relation

IRj < ¢ci=¢j

Clearly, R is an equivalence relation on S.
Equivalence classes: S, S,,...,Sq (Q < s).
(In the non-confluent case: s classes with one index in each.)
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AN-stability for general RK methods

A necessary condition of AN-stability for a general

Runge—Kutta method

Proposition 5.1

If a Runge—Kutta method is AN-stable, then

> b>0, g=12,...,Q (15)
JESq

Proof: Let S, be any of the above equivalence classes belonging to

the given method, and assume that ;.. b; < 0. Consider the s by s
diagonal matrix D for which

g —t €Sy,
=0 ifj¢ S,

For AN-stability K(D) = 1 + b" D(/ — AD)~"e must not exceed 1 in
absolute value.
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AN-stability for general RK methods
Proof contd

It is known that for any matrix P €R5*S such that p(P) < 1 we have

(I-P)"=> P (Neumann series) (16)
k=0

Let P = AD with the above matrix D. Denote by []; the j-th column of a

matrix. Then Al f .
) —tlA]) ifje Sq,
[AD); = { 0  ifj¢Ss (7)

where 0g denotes the s-dimensional zero vector.

Suppose that t > 0 is small enough for ||AD|| < 1. Then, since the
spectral radius cannot exceed any norm of a square matrix, it is also
less than 1, and so (16) is valid with P = AD:
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AN-stability for general RK methods
Proof contd

(I- AD)™" = i(AD)k =/+AD+C, (18)
k=0
where o
C=> (AD) (19)
k=2

Since, in view of (17), AD = O(t), (i.e., each entry is of O(t)), therefore
C = O(t?). Hence, (I — AD)~'e = (1 + AD)e + O(t?). Moreover,

1 - thGSq a1j
1—t> aoj
(I+ AD)e = e
1 - tZ/ESq asj
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AN-stability for general RK methods
Proof contd

For the elements of the row vector b’ D we have

. [ —tb ifje S,
(b D)f_{o ifj ¢ Sg.

therefore

KD)=1-t> b(1-t> ap)+0(P)=1-1t> b+ 0(t).

JE€Sq J/'€Sq JESq

Clearly, since }_;.s bj <0, for some t > 0 we have K(D) > 1, which
contradicts AN-stability.
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Application to some IRK methods with RE

We examined the necessary condition according to Proposition 5.1 for

some well-known IRK methods with s = 1 or 2 when combined with
RE. An example:

Radau IA, s = 1 method (p = 1).

0|1
1

For the combination of this method with RE

0 ~
c= |41 1|,b"T=[11-1]
0

Here &, is distinct, and the corresponding b, > 0. Moreover,
&1 =0, by +b3=1-1=02>0,
so the necessary condition for AN-stability holds.
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AN-stability for general RK methods

Summary of our analysis including seven base

methods

Base Method (BM) Order | Does BM+RE meet the cond.?
1. Implicit midpoint 2 No
2. f—method 1or2 | Yes
3. Radau IA, s =1 1 Yes
4. Radau llA, s =1 (IE) 1 No
5. Radau |IA, s =2 3 No
6. Radau llIA, s =2 3 No
7. Gauss—Legendre, s =2 4 No

Table: Some Runge—Kutta base methods, their orders (without RE) and our
conclusions about the necessary condition according to Proposition 5.1.
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AN-stability for general RK methods

Numerical experiments |.

Method 1 and Method 3

1.000035 1.025

1.00003 ——Imp midpoint + RE
——Exact solution 102t |——RadaulA (s = 1) + RE
—Exact solution

1.000025

1.00002
= =
1.000015

1.00001

1.000005

1 1
0 5 10 15 20 0 2 4 6 8 10 12 14 16 18 20

t t

Figure: Numerical solution of (13) in absolute value obtained by the Implicit
midpoint method (Method 1) and RadaulA, s = 1 (Method 3), combined with
RE, with time-step 7 = 0.1.

= Method 3 is not AN-stable, either!
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AN-stability for general RK methods

Numerical experiments II.

Method 2 (¢ = 0.5)

1.00014

——Theta = 0.5 method + RE
—Exact solution

1.00012

1.0001

1.00008
=

1.00006

1.00004

1.00002

1

0 5 10 15 20
t

Figure: Numerical solution of (13) in absolute value obtained by the § = 0.5
method, combined with RE, with time-step = = 0.1.

= By 0§ = 0.5 (as well as some other values of #) we do not get an
AN stable scheme W|th RE It is still an open question whether there
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AN-stability for general RK methods
Conclusion

@ AN-stability is stronger than A-stability for bounded/contractive
solutions.

@ Algebraic stability is necessary and sufficient for AN-stability in
non-confluent RK methods.

@ Confluent RK methods may arise when combining RK with
Richardson extrapolation (RE), causing negative weights and lack
of algebraic stability.

@ The IE method is AN-stable, but its combination with RE is not
AN-stable.

@ We derived a necessary condition on weights b for AN-stability,
less strict in the confluent case.

@ It remains open if any RK method combined with RE can be
AN-stable.
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AN-stability for general RK methods

Thank you for your attention!
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