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The Two Dimensional Model Problem of Air Pollution

There has been growing interest of developing and using highly accurate numerical
schemes for solving partial differential equations, leading to renewed interest in
high-order compact difference schemes.

Compact schemes, proposed by Kreiss and Oliger use similar stencil, but requires a
scalar tridiagonal or pentadiagonal matrix inversion. In this paper we use another idea.
We employ high-order compact schemes, namely, we deal with the auxiliary relations
yielded from the original differential equations by its differentiation in order to
decrease the truncation error.

The simulation of various processes in chemistry, physics and engineering uses models
of systems of coupled parabolic problems. In this work we construct compact
high-order finite difference schemes for semilinear parabolic systems and propose fast
algorithms for solution of the nonlinear algebraic equations. Problems of air pollution
transport with coupling in the nonlinear reactions terms are of our main consideration,

namely,
0
Se — KOu b Vu = Ry, i, m), (o) €Qx(O.T]L (1)
u=0, (x,y,t)€dx(0,T], (2)
u=ug(x,y), (x,y) €Q, (3)

where u = (u1, up, ..., ur), uy = u(x,y,t), | =1,..., L are the concentrations of L
chemical species (pollutants) and K > 0 is the diffusion coefficient and Q € R? is a
bounded domain. The assumption regarding constant K := Kx = K is not a
restriction for developing our numerical approach. This just corresponds to the
physical model described in several papers.
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The main goal of the paper is the application and numerical illustration of
above-mentioned difference approximations to the following real-life parabolic
transport system. The advection part in (1) may be presented in the following form:

8U/ QU/

au —x) = 4
S lxe =) 5, @)
where x € (0,X), y €(0,Y), xe = X/2, yc = Y/2 and p = 27/ T. The nonlinear
chemical part of the model is:

b.Vu = p(y — ye)

Ri(ui,...,u10) = ksuz — (keus + kauy + kaug)ur,

Ro(ut,...,ui0) = (keus + kaur + kzug)ur — (ks + koug)ua,
Rs(u1, ..., t1o)

Ra(u1, ..., u10) 2kyuszug + k3ujug — koug,

Rs(u1, ..., t1p) kaus (5)
Re(ui,...,u10) = kounug,

R7(u1, ..., u10)
Rs(u1, ..., u1o)
Ro(u1, ..., u1o)
Rio(u1,...,u10) = krus — ksguo.

= —kiuzug,

2koug + k3uyug + kioug — kauiu,

4kyuzug — k3uyug,

kauyur + 2kguig — (kyius — kouz + kio)ug,
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This is a simplified chemical scheme, that will be used in most of the numerical experiments. It is rather simple (only 10 species are
involved in this scheme), but all types of chemical reactions that are difficult for the numerical methods (non-linear chemical reactions and
t hemical reactions) are repi d in it. Therefore numerical methods that perform well in the treatment of this scheme should be
expected to perform also well in the treatment of more complicated chemical schemes. Some of the coefficients belong to photochemical

reactions (the ones with term hv/), which means that these reactions depend on the light, more precisely on the position of the Sun

relative to the horizon: in kp, k5 and k7 the angle 6 denotes the solar zenith angle, which is the angle of the Sun measured from vertical.

Table: The chemical reactions of the model

1 | HC+ OH — 4RO, + 2ALD 6 NO + 03 — NOp + O,
2 | ALD + hv — 2HOp + CO 7 03 + hv — 0y + O(1D)
3 | RO + NO — NO, + ALD + HO, 8 O(1D) + Hy0 — 20H
4 | NO+HOy — NOy + OH 9 NO; + OH — HNO3
5 | NOy+hv — NO + O3 10 | CO+ OH — COy + HO,
Table: The chemical species in the model
uy up u3 ug us g u7 ug ug u10

NO | NO, | HC | ALD | 03 | HNO3 | HO, | RO, | OH | O('D)

Table: The rate coefficients of the chemical reactions

k1 6.0e 12 ke 1.6e — 14
ko 7.8e — 05. exp(—0.87/ cos 6) k7 1.6e — 04. exp(—1.9/ cos 6)
k3 | 8.0e —12 kg 2.3 — 10
kg 8.0e 12 ) 1.0e — 11
ke, 1.0e — 02. exp(—0.39/ cos 6) k10 2.9e — 13
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From both the practical and mathematical point of view, one is naturally interested in the
existence and qualitative of the solutions to the problem (1)-(5). The well-posedness of initial
boundary value problems for a system more general than (1) is obtained in [?]. Throughout of the
rest of the paper we assume existence and uniqueness of classical solution of problem (1)-(5)
which means a function that belongs to C([0, T] x Q)N C*((0, T); C()) N(C(0, T); C*(Q))
and satisfies the equations (1)-(3) pointwise. Moreover, at the finite difference approximations we
assume the existence of the fourth in time and the sixth in space derivatives.

Since we are interested in systems describing chemical concentrations, the nonnegativity of the
solutions has to be preserved. It is proved, that if:

1.
uo(x,y) > 0; (6)
2.

Ri(x,y,u), I =1,..,L (7)
is Lipshitz continuous with respect to the concentrations uy, u, . .., u, and it satisfies the
inequality

Ri(x,y,u) >0, (8)
whenever u; = 0, and
ueR ={u >0, k=1,.,L}, (9)
then
u>0 (10)

for all (x,y) € Qand t € [0, T].

It is easy to check that the chemical reactions Rj(u1, tp, ..., u0), I =1,...,10 given by (5)
satisfy the point 2. and the solution of problem (1)-(3) with (5) is nonnegative in time t > 0 if the
initial data

uo(x,y) > 0. (11)
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Central Difference Schemes and Richardson Extrapolation

In this section, for clarity exposition we describe the construction of the second order
CDS for the weakly coupled system of two equations

2 2,
O NG b)) e+ ) g = r(xituy), (122
82y
Z: e(x, y) F(x,y)((z—y2 + g(x,y)% + h(x,y)g—; =s(x,y,t,u,v), (12b)

defined on the cylindric domain Q7 = Q x (0, T], where Q C R2? is a bounded domain
with Lipshitz boundary. The nonlinear functions r and s are sufficiently smooth of
their arguments. The coefficients a(x,y), b(x,y), e(x,y) and f(x,y) are positive in
Q. We consider Dirichlet boundary conditions

u(x,y,t) = 3(x,y,t), v(x,y,t) = d(x,y,t), (x,y,t) €I x (0, T] (13)
and initial conditions
u(x,y,0) = B(x,y), v(x,y,0) =d(x,y), (x,y)€Q, (14)

where ¢, 5, + and zz are given and smooth data and compatibility of the boundary
and initial data is ensured.
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Let for simplicity the domain € being a rectangle Q = [0, X] x [0, Y]. We introduce
uniform meshes in the following way:

5h7X:{X,-:ihX, i=0,1,...,Mx, he=X/M} (15)
wh,y:{yj:jhjh j:0717"'7My7 h}/:Y/M,V} (16)

and then .
Qp = Whx X Wh,y, (17)
ﬁh = QpU0Qy, (18)

where Q, consists of all interior mesh points and 99, - of all boundary mesh points.
We will use the index pair (7,/) to represent the mesh point (x;, y;) and define

uij=u(x,yj, t), vij=v(xi,y,t), rij=r(x,y,tuijvij), ect.  (19)
For w = u, v we introduce the central difference operators

Oxwij = (Wiy1,j — wi-1,7)/(2hx), Swij = (wis — 2w + wi—1)/h3, (20)
Sywij = (Wiy1,j — wi—1,j)/(2hy), Sywij = (Wijp1 — 2w j + wij_1)/h}.
Application of the difference operators (20) to the system (12) for (i,)) € Q4 leads to
du. .
d‘t’/ — ajj8quij — bijSyuij + Cijoxuij + dijdyui; + xija = rij,  (21)
Vi 2vis — 020 + gideviy + higdyvig +Xige = Siys (22
dt & j0xvij — fijo,Vvij + & jOxVij + hijbyvij+ Xij2 = sij, (22)
where the truncation errors x; ;1 and x; 2 are
R LT ﬁZd u _ potu O(R* + K4
Xij,1 = 12 C8X3 aBXA ij + 12 ay3 y* iJ + ( <t }’)7 (23)
h2 3 4 h2 4
Xij2 = 1 (2g% B e%>u t o (2h67§ B fgyi),j O+ By).
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After dropping the truncation error terms the semi-discrete second-order central
difference approximation of (12) is obtained:

2 — h
dt — aij0Rul = bijoul + ¢ jbxul + di byl = ol o
) h (24)
dt e’ddxvlj ny(SyV/J +g116><V + h,J(SyV = Sp
where for (i, j) € Qp
h o~ b Ui v
uivf ~ U(Xi7)/j7 t)’ Vi,j ~ V(leij t)v (25)
h o~ h h h o~ h o h

rij = r(Xi i 6 U Vi), sij A s(xi, vy, by up, vil).- (26)

Now we introduce the matrix representation for the system (24). We order the mesh
points lexicographically from left to right in x direction and from the bottom to the
top in y direction. Excluding the boundary mesh points (i, ) € 9Qp, for
j=1,2,..., M, — 1 we define the following (Mx — 1) dimensional vectors:

Ujf’ = (”f,j:”g,jﬁ"v”;\]/lel,j> , th = (v{”j,vé”j,...,vk/lel’» , (27)
Ri(UF, V) = (Rujs Rajy s Ri—15) » Si(UP, V) = (Sujs S2.jseees S —1,7)28)
and then
h h h T h T
U= (Ul, ub, .., UMy_l) , V= (v1 VA v _1) , (29)
T T
R=(Ri,Re s Riy-1) S= (5152 Sm1) - (30)
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We then rewrite the system (24) as a system of ODEs in matrix (vector) form

d - _
LJUTPU = Rtd te(0T] (31)
%v+73v = S+®, te(0,T] (32)

with initial conditions U(0) and V/(0) obtained from ¢ and % for (i,j) € Qj after the
reordering. In (31) the matrix Pis (My — 1) x (My — 1) block-tridiagonal matrix
P= trldlag(Pk Kk—1, Pk 0 Pi k+1) and Py, | =k —1,k, k41 are tridiagonal matrices
for | = k and diagonal for I = k £ 1 of order (M — 1) X (Myx —1). Let for two natural
numbers m and M, m < M denote m: M = m, m+1,..., M and assume that py m-m
is a vector with entrances pi,m:m = (Pk,ms Pk,m+1, ---» Pk,m) - Then from (24) and
(20) the entrances of Py are

(—1,e) (0,e)

P = tridiag(pk,z,’wx_l,pkQMX,pkIMX_2) I=k+e, £=0,+1, (33)
where
(+1,00 _ iC(iJ) a(i,j)
P; j = L 5
2hy h2
d(i,j b(i,Jj
E(}»il) — + (Iz.l) _ (’;./)7 (34)
: 2h, 2
00 _  ali,)) b(i,J)
Pi = 2 2 +2 h)2, .

In fact, P is a matrix with global dimension (Myx — 1)(M, — 1) x (Mx — 1)(M, — 1).
Replacing a <+ e, b <> f, c <+ g and d <> h in a similar way we obtain the entrances
of the matrix P. The vectors ® and ® in (31)-(32) are associated with the boundary
functions and also depend on time t.
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For discretization in time the so called 0-weight method is used. Let
wr ={ty=n7, n=0,1,...,N, 7= T/N} be uniform mesh in time with time step 7. Then
the weight 0-discretization of (31), (32) may be written in the following way:,
Un+1 —yn
T
Vn+1 —_y"
T
where Z™% = 07" 4+ (1 —0)Z" for Z = U, V, R, S,é,& 7"~ Z(t,) and 0 < 6 < 1,
n=0,1,...N — 1. For @ = 1 one obtain the fully implicit finite difference scheme, for 6 =0 -
explicit and for @ = 1/2 - the Crank-Nicolson scheme. As we want to derive schemes of higher
order, in the numerical experiments we use mainly 6 = 1/2. The numerical solution from previous

time step t = t, is set as initial estimation for the following time step t = t,+1. Then for finding
the solution on t = t,;1 the iterative process with appropriate stopping criteria is used:

+ PUn,G _ Rn,B + 6"’6, te (0’ T), (35)

+PV = sm0 Lm0 te(0,T),

Lty K o
(W) A= =T(W™),

k+1 k B (36)
Wt A
B k
Here A is a vector of the increments and the Jacobian matrix T/ (W"™*!) for = 1/2 is
k 1 [5) 9R 9R
T/(Wn+1): or _ ?I+%P7%W %W (37)
19S 1 1p_ 198s ’
ow 290 P =35y )bl

where [ is the identity matrix and P, P - as defined by (33), (34). In the numerical experiments to
solve the first line in (36) which is a linear system of 2(M, — 1)(M, — 1) equations we use the so
called inexact Newton method, i.e. we solve this system approximately using the MatLab function
bicgstab(l) (biconjugate gradients stabilized (I) method) that gives better results for our examples
in sense of convergence of the inner iterations and the CPU time.
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Richardson extrapolation

Richardson extrapolation is a powerful computational tool which can successfully be used in the efforts to improve the accuracy of the of
the approximate solutions of the systems of partial differential equations (PDEs) obtained by finite difference methods.

Therefore, another way for obtaining the difference schemes of higher order is to use the Richardson extrapolation method. The main idea
[?] is to solve the difference scheme on two or more consecutive meshes and then to combine the obtained numerical solutions with
appropriate weights. Let us assume that hy = hy = h and for the numerical solution on the n-th time layer the following expression is

true:

=Ufj = u(Xis Yjs t") + G h7 + x(h, ), (Xi» ¥j» tn) € Qp 1 (38)

where function X (h, T) is a remainder term and Cj does not depend on hy, hy and 7. If we want to eliminate the term C; h” , we do
the following steps:
@ solve the difference scheme on two consecutive meshes: coarse one 2y . and fine one 2 /5 - and let the corresponding

. : T T .
numerical solutions be Uy and Uh/2’

@ find the weights 1 and -y, from the system

Mty = 1 (39)
2
nt-_~ = 0
20
@ obtain a new numerical solution on the coarse mesh
Uextr = Y1Uf + v2Uf, (xi»¥jtn) € Q (40)
extr = Y1Up Y2%h/2 i Yjstn h,T -
From (39) we have for the case of central Crank-Nicolson Scheme (o = 2) that the coefficients for the Richardson extrapolation are
y1=—1/3 = 4/3. (41)
In the case of CFDS and Richardson Extrapolation (o = 4) the corresponding weight coefficients are
v1 = —1/15  ~p = 16/15. (42)

If in (38) the more detailed analysis of the LTE is done, then the prolongation of the idea of space-time RE can be applied.
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We start with presenting CFDS on the 1D system of the following two equations:

du 8%u ou ov 8%y av
— —ax) 5 +bx)— =flx, t,u,v), — —cx) +d()— =glx, t,u,v) . (43)
ot ax2 x ot 9x2 ax
We introduce a standard mesh:
Q, ={x =i, i=0,1,...,M, h=1/M} (44)
and the difference operators
2 2
Sxei = (Pip1 = @i—1)/2h 8o = (Piy1 = 20; + 0j1)/h (45)
for some mesh function ¢;, i = 0,1, ..., M. Applying these operators to the elliptic part of the system one may obtain
2 Ouj
—a;0up + bidoxuj — ey ;= f(xj, t,uj,vj) — — (46a)
’ at
2 ovi
—ciOyvi + didxvi — e j =8, t, uj, vi) — e (46b)
t
where the truncation errors may be expressed in the following form:
h? %y oy ok n v ot oty @
eq ;= — |2b —a + O(h i = — |2d —c— + O(h"). 47
LT ax3 oxt /|, it ax3 oxt ),
Differentiating (43) twice with respect to x we obtain
aa3u,(,,_@) 8% _ db Bu _ QF
323 - dx 2 dx * Ox ax (48)
200 _ 5,05 _ (hdb _ d?a) 8%y | d%b Ou _ (b+2@> 3y _ 2%F .
axt ox3 dx T a2 ) 9x2 T 9x2 Ox dx/ ox3 ~ ox?
To increase the order of the error to O(h4) in (46a) we have used the fact that
il b83u 52a; — (6 b Sxbj)52
— —2%— | = - P — 3 i — bj) — 25xb; ; 49
o 5a), (62a; — 3(5xa; — by) — 26x67)52y; “9)

+ (5xbj —

5xci)dxuj — 62F; + 3iF; + O(h%),

where

= (b +20xa;)/a; i=1,...,M—1. (50)




Let

o = ((5)2(3,' — 5,-(6Xa,- — b,') - 25Xb,'), (51)
h2
a; = a; + —a, 52
a;j=a;+ ¢ (52)
~ [
a;= b; + E(éxb,‘ — a,-6,-b,-). (53)

Now, let us define the following difference operators:

~ ~ h? -
M= —&82+ a; 6, vh=1+ E(5§ —38¢), Ph=s6nIl, Of =6n%!. (54)
Let also

Py = tridiag(pj,i—1, pi,i, Pi,i+1), Q1 = tridiag(qi,i—1, 9i,i, qi,i+1) (55)

be three diagonal matrix corresponding to P, Q with elements

pii = 12a; + h?a, p; 11 = —6a; + &; — 0.5h%a, (56)

qii = 5h* qji+1 = 0.25h*(2 F &h). (57)
Finally, if U; ~ u(x;, t), then the semidiscretization of (46a) to order O(h*) is as
follows:

PhUi=Q"F i=1,...,M—1 and Uy = V(x0) Unm = V(xu). (58)

In a similar way we treat (46b). Analoguous to 3;, a;, &@;, @;, P1 and Q; we define ¢;,

Bi, ,E,-, [N?,-, P> and @y, replacing a +»> c and b +> d.
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Compact Difference Schemes - space discretization for 2

In this section, just for clarity we describe the construction of the CFDS for 2D for the system of
two equations (12a)-(12b).
In order to eliminate the terms of O(h? + hi) in (23) we differentiate the equation (12a) twice

with respect to x obtaining expressions for % o <-4, and twice with respect to y for %, 214 .
Let .
5,',j = (C,',j + 25)(8;,])/8,"]', b,',j = (d,'yj + 26yb,',j)/b,‘,j, (f,j) € Q. (59)
Let also
K 2
oy = a;,j—}—l—;(éa,j—a,j(éa,J—c,j)—25c,l>+—(6a,1—b,jéa,j>,(60)
m o, h§ .
Bij = bij+t5 (5xb/ g~ 3i,j0xbi ,J) + (5 bij — bij(8ybij — dij) — 25ydf,j) » (61)
B K h2 .
aij = Gt (5 — &i,j0x Cw) t1 (5 Cij = bi,j5yfi,j) ; (62)
5 Boa oo, :
Bij = dijt 5 (6xd - a,-,,-szd,-,,-) T (5ydi,j - bi,j5ydi,j) , (63)
and
h h? . 2 2 .
i = 15 i~ 15 (20xbij = &ijbig),  0ij= odij— 1—2(26ya,-,j — bijaij), (64)
K h2 2 h? ~
T = bty Saij, Fij= 1p (20xdij — &ijdij) + 1—;(2@:,-,] — bijcij).  (65)
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Define the following difference operators
— Bij02 + Gi jOx + Bi j8y — 71 ;0202 + 0,005 + 0; j628, + i 16x0,(66)

h
/i,j = —ajjé
hoo= 1+&(5275--5)+—y(5275--5) (67)
(N 12 9% i,jOx 12\% i.jOy )
Applying these operators to (12a) we have
1P = vl (rij = ueig) + O(h, + W22 + hY). (68)
For convenience, we introduce also the operators
P =6n2M, O, =6hv],. (69)
Let o = hy/h, be the ratio of the mesh sizes. Then
1 1 (1 ko)
5h
Pijuij = Z Z 1 ? Uitky ,jtky s (70)
ki=—1ky=—
1 1
(71)

(k1,k2)
Z q;.j Uitky jtko s

=h
Qi,j”hi = E :

where

High Accuracy Numerical Methods for in Air Pollution Modelling
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+1,-1 aij+o°bi; 2 . 1 .
l(,j b= ST 2 Lt (Ci,j — 0°(20xbi,j — & jbi;) F odjj + ;(25yar'-,j — bijai;j) ) hx
1 . 1 ~ 2
IFg o(26x — a,-,jd,-,j) + ;(26yc;,j - b,'ﬁjC,',j) h,
i bi 1 .
pﬁf“l’l) = % + - <C,',j - 0’2(25Xb,'7j - 5,‘ij,’7/‘) + O'd,'yj + 7(25}/3;71' - b,‘yjéi,'yj)) hy
> [ea

1 1 .
o <0(25x —&jdij)+ —(20ci — biJCu)) b2,
o

pY = otbiy—ba,E <35"J T2

1 o2 .
—cij+ 7(26)(1),‘7]' - a,-,jc,-,j)> hy (72)
1 2 ~ 1 2 e 2
—5 5Xa,-,j — a,-,j(éxa,-,j - C,',j) — 25XC,'J + ﬁ(éya,-,j — b,-,jéya,-,j) hx
PO = & —Both; (3051,/' - d,/ t 5 (25 aij— Bi,jar',i)) hy

1 . -
_5 (0'2(5)2(b,',j - a,-‘jéxb,-,j) + (Sf/bw' — 25yd,‘7j — b,-,j(éyb,-,j — d,'yj)) hi,
1 -
p;S,O) = 10(ai; + o’zbi,j) + (5)2(2,-’1- — &i,j(0xaij — cij) — 20«cij + 9(553;71' — b,'yj5ya,',j)) h
+ (02(5fbi,j = §j0xbij) + 8ybij — 26, — bij(6,bij — ,J))
and

J

1 bi ;
gFhE) =0, g0 = JeF 5 b2, q%F = 4(2; 7’% e, q%0 =anl.  (13)
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With these notations, after dropping the term O(h? + hihi + hﬁ) in (68) the semi-discrete compact
finite difference approximation of (12a) and (12b) and the left parts of (13), (14) are as follows:

Plyur; =9 (’fh,j - %”ih,j) oo e, te(0,T]
ul; = i, (i,j) € 8,  te(0,T], (74)
uf; = Pij, (i,J) € Qn, t=0.

Plivty =2l ( h - %Vih,j) ' (i,J) € s t€(0, 7],
V,,J- = ¢i,j7 (i,)) € 0, t € (0, T], (75)
th,j = ’Zi,jv (i,J) € S, t=0.

Now we introduce the matrix representation for the system (74), (75). We obtain the following
system of ordinary differential equations

_d — _ -
QEU" +PU" = QR+, te(o,T], (76)
=d = = =
Q ViRV = Q5+9 (77)

with initial conditions U"(0) and V"(0) obtaining from 1/_1 and 171 for (i,)) € Qp after the
reordering. In system (76), (77) the matrix P (similarly P)is (M, — 1) x (M, — 1)

block-tridiagonal matrix P = tndlag(Pk k—1» Pk k> Pk k+1) and Pk nl=k— 1 k,k + 1 are also
tridiagonal matrices of order (Myx — 1) x (My — 1). Then from (72) the entries of Py ;, Qx  are

Py = trldlag(pi lei)il, p,E 2,\)/,X,pk N MX—Z) I=k+e, e=0,%1. (78)
Qus = tridiag(qy onr) 10 a\ o deim_2) I=k+e e=0£1 (79)

with a remark that for € = £1 matrixes Qx,; are diagonal (instead tridiagonal) matrices, see (73).
The vectors ® and ® are associated with the boundary functions and’ also depend on time t.
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Time discretization

For discretization of the ODE system (76)-(79) in time the 0-weight method with
0 =1/2 is used in the numerical experiments. Then the Crank-Nicolson full
discretization of (76), (77) is as follows:

QU L Byne = QRMO4BM0, n=1,.,N—1,

=t yn = = (80)
QY——"+Pvm? = Qs 40"% n=1,. N-1

We apply the classical Newton method. The system (80) is rewritten in the form
T(W) =0, where W = [UT, VT]7 is a vector of length 2( My — 1)(M, — 1). Similarly

0
the numerical solution from previous time layer t = t, is set as initial estimation Wn+1
on the new time layer t = t,11. Then for finding the solution on t = t,1; it follows

k
the iterative process, analogous to (36). Now, A is a vector of the increments and the

k
Jacobian matrix T/(W"+1) for = 1/2 is

]l

1o+ QIr

N =

T/(M;nJrl) — os (81)

2]

NI o=

fa]ll

|
Nl= NI=
on Qi

Q?‘QJ

<™

A=
QN
_l’_

|

[NIE
falll

QJ‘QJ

<t
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Example 1 (Test problem with known analytical solution)

We consider two examples to illustrate the properties of the numerical schemes
derived. The first one is an artificial problem with analytical solution and the second
one is the two dimensional air-pollution model described in Section 2.
Here we consider a problem slightly different from the problem (1)-(5), namely, we
add the artificial source terms &, / =1, ...,10:

% — KAu+b;.Vu = Ri(x,y,u) + &(x,y,t), (x,y,t) € 2x(0,T]. (82)

The parameters are as follows: X = Y = 500km, T = 1440min, K = 1.8,

p=2m/(60T), by = (u(y — Y/2), u(x — X/2)).
We take as particular exact solution of (82) for / =1, ..., 10 the functions

u(x,y,t) = U= exp(—t/T)sin(%)sin(%), (,y,t) €Qx[0,T].  (83)

Then, the corresponding initial and boundary conditions are as follows:
ui(x,y,0) = U(x,y,0) = sin(rx/X)sin(ry/Y), (x,y) € Q=1[0,X]x[0,Y], (84)
u(x,y,t) = U(x,y,t) =0, (x,y) €09Q, te (0, T]. (85)
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Now, inserting (83) into (82), we calculate the residual functions &;:

&0y, t) = fin + fo I=1,..,10, (86)
where
fiin (71/T+(7T2/X2+7TZ/Y2)K (87)
+uly — Y/2)r /X cot(mx/X) + p(x — X/2)7 /Y cot(my/Y)) U (88)
and
fax = —ksU + (ke + ka + ks)U? fos = —koU?
foo = ksU — (ke + ka + ks — ko) U? fo7 = (—2ks — kio)U — (ks — kq) U?
fo3 = kiU? fog = (—4ki + k3)U?
foa = koU — (2ki + k3)U? foo = (—2ks + kio)U — (ka — ki + ko) U?
fos = (kr — ks)U + ks U? fo0 = (—kr + ks)U
The values of the coefficients k;, | = 1,...,10 are taken from Table 3. For the ™" substances with

errorp,; we denote the error (the difference between the exact and the numerical solution) in
maximum norm, obtained on the last time layer ty = T for the number of space subintervals
My =M, = M:

errory.; = max |ui(xi,yj, tn) — ul'(i, 4, N)||. (89)
iJEQ

The ratio between the errors obtained on two consecutive mesh refinements (usually doubling) is
denoted by ratio:

ratio = ratioy,;/am,1 =: €rrory,;/errorapm, . (90)
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In the Table the mesh refinement analysis using CDS and CFDS is presented. The results confirm
the theoretical rate of convergence, i.e. the ratio near four confirm the second order for the CDS
and near sixteen - the fourth order for the CFDS. Also, as the CFDS has an error O(h* + 7'2), to
observe the fourth order, when doubling the number of mesh points in space one must take
quadruple mesh points in time. The advantage of the CFDS is corroborated by presenting the
CPU time - there needs smaller time for the CFDS to obtain results with better accuracy in despite
of the using of more time layers.

Table: Comparison of the maximum absolute errors of the CDS and CFDS with
M, = M, for Example 1

CDS, O(h? + 72) CFDS, O(h* + 72)

My N errory ratio CPU My N errory ratio CPU
4 4 5.702 e-03 - 0.58 4 4 5.875 e-03 - 0.72
8 8 1.449 e-03 3.94 1.82 8 16 3.595 e-04 16.34 3.04
16 16 3.637 e-04 3.99 14.42 16 64 2.232 e-05 16.11 29.74
32 32 9.102 e-05 | 4.001 143.7 32 256 1.392 e-06 16.03 1076
64 64 2.276 e-05 4.00 3959 64 1024 | 8.698 e-08 16.003 60907
128 | 128 | 5.691 e-06 4.00 32709 128 | 4096 | 5.436 e-09 | 16.0001 | 720477
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In the Table the mesh refinement analysis using CDS and CFDS with Richardson extrapolation in
space (using corresponding weights from (41) and (42)) are presented. Again, to observe the
fourth and the sixth order of CDSRE and CFDSRE, doubling mesh points in space one must take
the number of time layers four and eight times more from the previous experiment. The results
confirm the expected rates of convergence for both numerical methods. The ratio near 64
corresponds with the sixth order of the CFDSRE. Comparing of the CPU time of Table 4 and
Table 5 shows a priority of using Richardson Extrapolation obtaining smaller errors for smaller
computational time, nevertheless that the Richardson Extrapolation needs to compute the
numerical solutions on two consecutive meshes. The advantage of CFDS with RE is also clearly
seen.

Table: Comparison of the errors in maximum norm for the numerical Example
1 for CDS and CFDS with Richardson extrapolation in space and My = M,

CDS with RE in space, O(h* 4 72) CFDS with RE in space, O(h® + 72)
M, N erry ratio CPU M, N erry ratio CPU
4 4 | 5.677 e-03 - 1.34 4 4 5.711 e-03 - 1.38

8 16 3.545 e-04 | 16.014 | 16.17 8 32 8.912 e-05 64.087 17.45
16 64 2.216 e-05 | 15.997 544 16 256 1.392 e-06 64.022 1497
32 256 | 1.385e-06 | 16.001 3055 32 2048 | 2.1757 e-08 | 63.989 | 23390
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In the Table the mesh refinement analyses using CDS and CFDS with Richardson extrapolation in
space and time are presented. Again, to observe the fourth and the sixth order of CDSRE and
CFDSRE, doubling mesh points in space one must take the number of time layers two and eight
times more from the previous experiment. This would cause to extremely growth of CPU time for
the case of CFDS and therefore we take here four times (instead eight times) smaller mesh
intervals in time. The results confirm the expected rates of convergence for both numerical
methods. Comparing of the CPU time of Tables shows a priority of using Richardson Extrapolation
both in space and time obtaining smaller errors for smaller computational time. The advantage of
CFDSRE is also clearly seen.

Table: Comparison of the errors in maximum norm for the numerical Example
1 for CDS and CFDS with Richardson extrapolation in space and time and
M, = M,

CDS with RE in space and time, O(h* + %) CFDS with RE in space and time O(h® + %)
M, N erry ratio CPU M, N erry ratio CPU
4 4 5.649 e-05 - 6.73 4 4 8.476 e-06 - 3.36
8 8 9.722 e-06 5.81 18.71 8 16 1.748 e-07 | 48.49 30.26
16 16 | 5.989 e-07 16.23 194.81 16 64 2.847 e-09 | 61.39 1276
32 32 3.715 e-08 16.12 4594 32 256 4.529 e-11 62.86 66991
64 64 | 2.171 e-09 16.03 37101 64 1024 | 7.086 e-13 | 63.91 790800
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Fig 16: Error in maximum norm for the Example 1: (a) CDS with mesh parameters My =
My = My =32, N = 256

Fig 16: Error in maximum norm for Example I: (a) CDS with RE in space and time My = M) = 16, N = 16; (b) CFDS with RE in
space and time My = M), =16, N = 64
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Numerical example - Example 2 (unknown exact solutio

In this case we consider more realistic variant of problem (1)-(5) with the following parameters of
the domain: the spatial domain is the square Q = [0, 500]2 with side length 500 km, the length of
the time interval [0, T] is 1440 min and the number of equations is L = 10. The initial conditions
on the time level t = 0 are the constant functions

uo(x, y) = (10°,10%,10%,5.10%,5.10%,10%, 102,102,103, 10~ ), (91)

measured in mol/km3 and the boundary conditions are chosen to be periodic: «y; has the form
~(t) = const(sin(t/C) + 2), (92)

where C = 4 is a constant and the constants const;, | = 1, ..., L are chosen in such a way that the
compatibility of the boundary and initial data is ensured. The diffusion coefficient is set to be
K = 1.8km*/min and the coefficient p is u = 27 /(60 * T).
In this example there is no analytical solution. One way of calculating the convergence rate is the
method of Runge on three nested meshes. Here we use another idea. As an "exact” solution we
take the solution, obtained with a "least” mesh size in space. In the following tables we denote

these solutions by bold font. Also in this case we present the relative error in maximum norm. We
control the rate of convergence denoted by order and evaluated by

order = logy(ratio) (93)
when doubling the number of mesh points and in other case

order = log(errory: /errory ,,)/Iog(M”/M/) (94)

where M’ and M’’ are two consecutive numbers of mesh points in space in the mesh refinement
analysis.
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In Table we present the results obtained by CDS with number of time steps N = 256 for the first
and fifth substances u; and us at the central node with coordinates

(xm/25 ymy2) = (X /2, Y /2) = (250, 250). The second order is confirmed. It is interesting to note
that neverthelees u; and us have different values, the relative errors are approximately the same for
the both pollutants. Similar results are presented in Table, but at the point

(x,y) = (X/6,Y/6) = (83.33,83.33). Again the second order of the CDS can be seen.

Table: The rate of convergence for the Example 2 for the CDS at the central
node (x,y) = (X/2, Y/2) with time steps N = 256 for the first and fifth
substances u; and us

| i [ .

M, | My | numerical value| rel. error |order|| M, | M, | numerical value| rel. error |order
8 | 8 | 1975.882481 |1.001 e-02| - 8 | 8 | 4523.292977 |[1.001 e-03| -

16 | 16 | 1991.143607 |2.366 e-03|2.08 || 16 | 16 | 4558.229378 |2.366 e-03| 2.08
24 | 24 | 1993.813011 |1.028 e-03|2.05|| 24 | 24 | 4564.340280 |1.028 e-03| 2.05
32 | 32| 1994.730617 |5.685 e-04|2.06 || 32 | 32 | 4566.440899 |5.684 e-04| 2.06
40 | 40 | 1995.152323 |3.572 e-04|2.08 || 40 | 40 | 4567.406285 |3.572 e-04|2.08
48 | 48 | 1995.380607 |2.428 e-04|2.11|| 48 | 48 | 4567.928881 |2.428 e-04| 2.11
56 | 56 | 1995.517989 |1.739 e-04|2.16 || 56 | 56 | 4568.243380 |1.740 e-04|2.16
64 | 64 | 1995.607048 |1.293 e-04|2.21 || 64 | 64 | 4568.447260 |1.293 e-04|2.21
192]192| 1995.865185 192/192| 4569.038195
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Table: The numerical values, the relative errors and the rate of convergence for
Example 2 by the CDS at the node (x,y) = (X/6, Y/6) with number of time
steps N = 256 for the first and fifth substances u; and us

U I Us

M, | My | numerical value| rel. error |order|| M, | M, | numerical value| rel. error |order
6 | 6 | 1068.473273 |4.271 e-02| - 6 | 6 | 2447.733406 |4.203 e-02| -

12 | 12 | 1110.557284 |5.007 e-03|3.09 || 12 | 12 | 2542.369591 |4.998 e-03| 3.07
24 | 24 | 1115.537216 |5.451 e-04|3.19|| 24 | 24 | 2553.746683 |5.450 e-04| 3.20
48 | 48 | 1116.056372 |7.994 e-05|2.76 || 48 | 48 | 2554.935074 |7.992 e-05| 2.77
96 | 96 | 1116.145593 |1.783 e-05|2.16 || 96 | 96 | 2555.139279 |1.782 e-05| 2.16

[192[102] 1116165401 [ - [ [l102[102] 2565.184810 [ - [ |
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With the same parameters the experiments are repeated using CFDS. The results are presented in
Tables. The fourth order in both cases (central node (x,y)=(X/2,Y/2) and node (x,y)=(X/6,Y/6)
) for the both substances u; and us is confirmed. Again at the central node the relative errors are
likely the same.

Table: The rate of convergence for Example 2 for the CFDS at the central
node (x,y) = (X/2, Y /2) with number of time steps N = 256 for the first and
fifth substances u; and us

| 7 [ D

M, | M, | numerical value| rel. error |order || M, | M, | numerical value| rel. error | order
8 | 8 | 2000.633296 |(2.273 e-03| - 8 | 8 | 4580.154033 (2.417 e-03| -

16 | 16 | 1996.195827 |1.495 e-04[3.988(| 16 | 16 | 4569.795122 |1.495 e-04|4.014
24 | 24 | 1995.956736 |2.972 e-05(3.984|| 24 | 24 | 4569.247779 |2.972 e-05|3.984
32| 32| 1995.916219 |9.419 e-06(3.994( 32 | 32 | 4569.155025 |[9.420 e-06|3.994
40 | 40 | 1995.905118 |3.858 e-06(4.000(( 40 | 40 | 4569.129612 |3.858 e-06|4.000
48 | 48 | 1995.901126 |1.858 e-06|4.008 || 48 | 48 | 4569.120473 |1.858 e-06|4.008
56 | 56 | 1995.899414 |9.997 e-07[4.019(| 56 | 56 | 4569.116553 |9.997 e-07|4.019
64 | 64 | 1995.898582 |5.831 e-07|4.037 || 64 | 64 | 4569.114649 |5.831 e-07|4.037
192(192| 1995.897418 192(192| 4569.112120
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Table: The rate of convergence of the CFDS for Example 2 at the node
(x,y) = (X/6, Y /6) with number of time steps N = 256 for the first and fifth
substances u; and us

| ul [ -

M, | M, | numerical value| rel. error |order|| M, | M, | numerical value| rel. error |order
6 | 6 | 1043.293291 (6.529 e-02| - 6 | 6 | 2257.948316 |1.163 e-01| -

12 | 12| 1118.080459 |1.710e-03|5.25 || 12 | 12 | 2550.112259 |1.991 e-03| 5.86
24 | 24 | 1116.078012 |8.411 e-05|4.34 || 24 | 24 | 2554.999291 |7.834 e-05| 4.66
48 | 48 | 1116.166054 |5.229 e-06|4.00 || 48 | 48 | 2555.186084 |5.236 e-06| 3.91
96 | 96 | 1116.171550 |3.054 e-07|4.09 || 96 | 96 | 2555.198680 |3.068 e-07| 4.09
192|192| 1116.171891 - 192|192| 2555.199463 -
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In Tables the results obtained by the CDSRE and CFDSRE in space are shown. The number of
time layers are N = 256 and the presented values are the numerical values at the last time layer
ty = T at the central node (x,y) = (X/2, Y/2). The results confirm the fourth order for the
CDSRE and the sixth order for CFDSRE.

Table: The rate of convergence for Example 2 for the CDS with RE in space at
the central node (x,y) = (X/2, Y/2) with time steps N = 256

Us I Us

M, | M, | numerical value| rel. error |order || M, | M, | numerical value| rel. error | order
8 | 8 | 1996.230649 |1.669 e-04| - 8 | 8 | 4569.874845 |1.669 e-04| -

16 | 16 | 1995.926287 |1.446 e-05[3.529| 16 | 16 | 4569.178073 |1.446 e-05|3.529
24 124 | 1995.903139 |2.862 e-06(3.995|| 24 | 24 | 4569.125081 |2.863 e-06|3.994
32132 | 1995.899192 |8.856 e-07|4.079|| 32| 32 | 4569.116047 |8.855 e-07|4.078
40| 40 | 1995.898128 |[3.524 e-07|4.129|| 40 | 40 | 4569.113611 |3.524 e-07[4.129
48 | 48 | 1995.897751 [1.632 e-07|4.225|| 48 | 48 | 4569.112746 |1.631 e-07|4.224
56 | 56 | 1995.897590 |8.268 e-08|4.409|| 56 | 56 | 4569.112378 |8.267 e-08|4.409
64| 64 | 1995.897512 |(4.386 e-08(4.748|| 64 | 64 | 4569.112201 |4.385 e-08|4.749
96 | 96 | 1995.897425 96 | 96 | 4569.112001
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Table: The rate of convergence for Example 2 for CFDS with RE in space for
the central node (x,y) = (X/2, Y/2) with time steps N = 256

Us I Us

M, | M, | numerical value| rel. error | rate || My | M, |numerical value| rel. error | rate
8 | 8 | 1995.899995 |1.299 e-06| - 8 | 8 | 4569.104528 |1.624 e-06| -

16 | 16 | 1995.897579 |8.779 e-08(3.887| 16 | 16 | 4569.112352 |8.767 e-08|4.212
24 | 24| 1995.897419 |7.582 e-09(6.040|| 24 | 24 | 4569.111986 |7.565 e-09|6.042
32| 32| 1995.897406 |1.300 e-09(6.077|| 32 | 32| 4569.111957 |1.311 e-096.092
40 | 40 | 1995.897404 |3.428 e-10|6.041|| 40 | 40 | 4569.111953 |3.380 e-10|6.075
48 | 48 | 1995.897404 |1.144 -10|6.018|| 48 | 48 | 4569.111952 |1.115 -10{6.080
56 | 56 | 1995.897404 |4.505 e-11|6.045|| 56 | 56 | 4569.111952 |(4.326 e-11|6.144
64 | 64 | 1995.897404 |1.968 e-11|6.204|| 64 | 64 | 4569.111952 |1.855 e-11|6.339

96 [ 96 | 1995.807404

| o6[96] 4569.111952 | | ]
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In Figure the log-log plot of the errors versus space mesh size for the
Example 2 is presented, obtained by: CDS - red line, — x —; CFDS -
magenta line, —M—; CDSRE - green line, —¢—; CFDSRE in space - blue
line, — ¢ —. The increasing of the slope of the lines corresponds with the
increasing of the rate of convergence. The lowest line confirms the
advantage of the CFDS in combination with Richardson extrapolation.
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Fig 17: The log-log plot of the errors versus space mesh size for the Example 2, obtained by: CDS - red line, — » —; CFDS - magenta
line, — M —; CDSRE - green line, — 4 —; CFDSRE in space - blue line, — o —.
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Fig 19: Numerical solution obtained with CDS for = 27/(60T) with
mesh parameteres M, = M, = 32, N = 256 for Example 2: (a) for uy;
(b) for us

Fig 19: Numerical solution obtained with CFDS for p = 27/(60T) with
mesh parameteres M, = M, = 32, N = 256 for Example 2: (a) for uy;
(b) for us
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Many others experiments have been done. It is interesting to see the behaviour of the
solutions if the coefficient 1 in the convection term is taken to be p = 27 /(X) as it is
in paper of Karatson and Kuric instead u = 27/(60 * T) as it is in the paper of
Georgiev and Zlatev. The increasing of the convective coefficients leads to significant
change of the numerical solution near the corners. It can be seen that the constant
initial values have been left relatively intact in the middle of the domain, but they
have been stretched near the boundary by the sinusoidal boundary conditions.

200 ,» 7000
6000 Y
5000

4000

numerical solution u
numerical solution u,

3000
a0

Fig 20: Numerical solution for Example 2, obtained with CFDS for p = 27/500 and
My = M, =32, N = 256: (a) for uy; (b) for us.
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In Table the average number of iterations for Example 1 at the outer (Newton) and at
the inner (bicgstabl) part of the inexact Newton method for CDS and CFDS are
presented. To go from the n-th time layer to the next n + 1-th time layer we need of
approximately three iterations at the outer (Newton) part for the both difference
schemes. At the inner (bicgstabl) part for the case of CDS we need of three iterations
and for the case of CFDS we observe the decreasing of the number of iterations from
3.40 to 2.05 when the numbers of the mesh points in space and time are increasing.

Table: The average number of iterations for Example 1 at the outer (Newton)
and inner (bicgstabl) parts of the inexact Newton method for CDS and CFDS

CDS CFDS
My M, N Newton bicgstabl My M, N Newton bicgstabl
8 8 3 2.67 8 8 16 3 3.40
16 16 | 16 3 2.67 16 16 64 2.98 2.57
32 32 | 32 3 2.67 32 32 256 2.96 2.15
64 64 | 64 2.95 3.31 64 64 | 1024 2.65 2.05
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Similar results are presented in Table 14 for Example 2 obtained with the number of
time steps N = 256. The number of the outer iterations is three for CDS and
decreases from 3.80 to 3.17 for CFDS. In the opposite the number of the inner
(bicgstabl) iterations increases for CDS from 1.75 to 6.54 and decreases from 4.70 to
2.50 for CFDS as a result of better local approximation.

Table: The number of average iterations for Example 2 on the outer (Newton)
and inner (bicgstabl) part of the inexact Newton method for CDS and CFDS
with the number of time steps N = 256

| cDs | CFDS |
My | My | Newton |bicgstabl || Mx | M, | Newton | bicgstabl
8|8 3 1.75 818 3.80 4.70
16 | 16 3 2.48 16|16 | 3.96 4.36
3232 3 3.86 32|32 3.32 3.67
64 | 64 3 6.54 64 | 64| 3.17 2.50
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In spite of all advantages of CFDS in sense of accuracy and CPU time, there is also
some disadvantages. The stencil of the CFDS is nine-point and the sign condition of
the discrete maximum principle is not fulfill. As a result the positivity of the numerical
solution is break for some values of the mesh parameters in space ant time. In Figure
the numerical solution for the pollutant NO, (uz) for Example 2 when p =27 /(T)
and My = M, =8, N = 256, obtained by (a) CDS and by (b) CFDS is presented.
The CDS preserves the positivity of the numerical solution, while the CFDS does not -
near the corners the numerical solution is negative and has no chemical sense. This
fact confirm, that the proposed methods needs of more careful analysis.

numerical solution u,

(a) (b)
: Numerical solution for NO; - up for y = 27 /(T) with mesh parameters
My = M, =8, N = 256 Example 2, obtained with: (a) CDS; (b) CFDS
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Atmosphere model based on Chapman'’s cycle

We concentrate on the system (1)-(3) for L = 3 with coefficients, reaction and source
terms that correspond to the atmosphere model based on Chapman’s cycle. While a
realistic atmospheric/air-pollution model main contain dozens of reacting species, our
simple model capture the basic features of the complete practical models and the
methods developed in the paper are already implemented to the model of the
equations solved in previous papers.

The components of the system are the oxide (NO), nitrogen dioxide (NO;) and ozone
(O03) denoted by uyq, u2, us respectively:

R,(u) = —r(u), | = 1,37 Rg(u) = r(u), r(u) = k1U1U3 — kZUQ, (95)

where ki, ko are the forward and backward reaction rates.
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Exact analytical sol. and Problem with Delta source term

. Here we consider a problem slightly different from the problem (1)-(3):

ou,
a—tl — KAu; +b,.Vu = Ri(x,y,u) + &(x,y, t),(x,y,t) € 2 x (0, T]. (96)
The functions &, | = 1,2, 3, and the initial and boundary conditions are chosen so that the exact
solution is
uj = exp(—t)sin(mx)sin(ry), 1=1,2, (x,y,t) € Qx]0,T], (97)
uz = 1+ exp(—t)sin(mx)sin(my), (x,y,t) € Q x [0, T]. (98)

The other parameters are as follows: Q = [0,1] x [0,1], T =1, b; = (0.1,0.1), for / =1, 2, 3,
Ki=1 Ky =Kz =5.

For the It substances with errory,; we denote the error (the difference between the exact and the
numerical solution) in maximum norm, obtained on the last time layer ty = T for the number of
space subintervals M, = M, = M:

error,i = max [|ui(xi, yj tn) — uf (i, j, N)]|. (99)
ijeQy

The ratio between the errors obtained on two consecutive mesh refinements (usually doubling) is
denoted by ratio:
ratio = ratioy,;jam, =: €rrory,;/erroram, . (100)

In this example we consider problem (96), where functions & now are point source terms of the
form

&0y, t) =fi()o(x =X,y —¥), 1=1,23. (101)
The parameters are as follows: Q = [0,1] x [0,1], T =1, b; = (=0.1,0), for I =1,2,3, K; =1,
Ko = K3 =5, ki = 1000, k» = 2000, (X1,¥y;) = (0.5,0.5), (X2,¥,) = (0.25,0.25),
(%3,73) = (0.75,0.75), fi(t) = 7, fo(t) = 11, (1) = 13.
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Table: Rel. error for the first species

cDs o(h? + 72) CDS RE O(h* + 72)
My My N erry ratio CPU My My N erry ratio CPU
8 8 8 1.025e-03 1.46 8 8 8 1.820e-06 3.08
16 16 16 2.567e-04 3.991 3.33 16 16 16 1.814e-07 10.03 20.70
32 32 32 6.421e-05 3.998 20.48 32 32 32 1.219e-08 14.88 477
64 64 64 1.605e-05 3.999 442 64 64 64 7.642e-10 15.95 9871

Table 45: Rel. error for the first species

CFDS O(h* + 72) CFDS RE O(h® + 72)
My | My N erry ratio [ M | M, N erry ratio cPU
8 8 8 5.223¢-06 1.34 8 8 8 2.512¢-00 295
16 16 32 | 320307 | 1586 | 1526 16 16 32 | 3945e11 | 6431 | 3827
32 32 | 128 | 2062e-08 | 15972 | 8a.87 32 32 | 128 | 6145¢13 | 64.19 373
64 | 64 | 512 | 128900 | 15001 | 6384 64 | 64 | 512 | 0508e-15 | 64.03 | 15510




@ Two different ways for derivation of high-order difference schemes for semilinear parabolic
systems of equations are analyzed.

@ First, using central difference approximation with Richardson extrapolation the fourth-order
method is obtained.

@ Second, starting from CDS and following the method of auxiliary relations yielded from the
original differential equations we constructed the fourth-order CFDS for semilinear parabolic
systems with variable coefficients.

@ Then, applying Richardson extrapolation to these CFDS we obtain the sixth-order
approximations of the differential problems.

@ The time-stepping is realized using 6-scheme, but in the numerical computations - by the
Crank-Nicolson/Newton algorithm.

@ The reported computational results demonstrate that the convergence rate of the CDS is
O(h? 4+ 72) and of the CFDS it is O(h* 4+ 72), but in combination with Richardson
extrapolation they are respectively O(h* + 72) and O(h® + 72).

@ Considering Tables we can conclude the following: first is that for achieving the same
accuracy, for example = e — 06 the CPU time of CDS is thirty times of the CPU time of
CFDS, i.e. CFDS-method is much more faster. Second, taking in Tables for reference
accuracy =~ e — 06 we conclude that CFDSRE are approximately two times faster than
CDSRE. Third, taking in Tables 4,5 for reference accuracy =~ e — 08 CFDSRE is 2.6 times
faster than CFDS.

@ Numerically it is confirmed the advantages of the CFDS over the CDS both in the accuracy
and CPU time. The skilfully application of Richardson extrapolation also plays important
role in obtaining good results in real time with a small number of grid nodes despite the
large intervals of the domain both in space and time in air pollution problems.

@ In the next study we will present a theoretical analysis of the present approximation. Also,
we will develop two-grid algorithms for solution of the corresponding nonlinear systems of
algebraic equation.
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