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Space of distributions on a finite set is

P

(pl,...

,Pn) ER™

n
pe>0, ) pp=1
k=1
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Space of distributions on a finite set is

n
P = (pla"'vpn)eRn pk>07 Zpk'zl

k=1
D1 0 ... 0
0 P2 ... 0
Pn > (p1,---,0n) & :
0 0 Dn

aijlp] aiz2 ... Qin
a1 Q22 ... Qa2p

an1 AQQp2 ... Qpn
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Space of distributions on a finite set is

P, = (pl,...,pn)ER"
p1 0
0 p2
Pn > (p1,---,0n) PN :
0 0
a1l a12
a1 Q22
M, >D &
apl Aanp2

My,: Set of n x n self-adjoint, positive definit, trace 1

n
pe>0, ) pp=1
k=1

Gnn

matrices with real, complex or quaternionic entries.

(State space.)
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The Hilbert-Schmidt measure on M, is defined by the
Euclidean metric

d(Dl, Dg) = TI'(Dl — D2)2
We can consider M,, as a manifold with metric

gp(X,Y)=Te(XY) DeM, X,Y e TpM,

Induces the flat, Fuclidean geometry on the set of states.

The invariant volume measure is

p(D) =+/detgp =1 .

(Which is the most simple prior on M,,.)
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The Hilbert-Schmidt measure on M, is defined by the

On the volume

Euclidean metric of statistical
d(Dl, Dg) = TI'(Dl — D2)2 0 Attila Andai

We can consider M,, as a manifold with metric
e
gp(X,Y)=Tr(XY) DeM, X,YeTpM,. \Snt(éogtleggtogags

Induces the flat, Fuclidean geometry on the set of states.
The invariant volume measure is

p(D) — \/m =1 . Introduction

HS measure

(Which is the most simple prior on M,,.) The volume of Lemmas...
the state space is .. notations

An Example
VOlume — / 1 dD 5 The volume
Mn qFisher metrics
Qubit case
where :
Summary

dD =dai1daiz...dazpdass...dan-1,n -



This volume was computed by Zyczkowski and Sommers
(J. Phys. A 86, 10115-10130):
— using some integral formulas from random matrix theory

— and volume formulas for special flag manifolds.

They used the following decompostion of the measure:

orthogonal-

unitary- group)

dV:dIJ/( )\17"")\72 ) ><dVHaar(
——

Eigenvalues
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This volume was computed by Zyczkowski and Sommers
(J. Phys. A 86, 10115-10130):

— using some integral formulas from random matrix theory
— and volume formulas for special flag manifolds.

They used the following decompostion of the measure:

orthogonal-

unitary- group)

dV:dIJ/( )\17"")\72 ) ><dVHaar(
——

Eigenvalues

We compute the volume using different decomposition for
the measure:

— More simple calculations

— and the integral of determinant function is given too.
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A, =

Consider the simplex

n
(@1, xn) €10,1" | D ap =1
k=1
n
k
Ha:i dzy...dzn =
a=1
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Consider the simplex

Ay =< (x1,...,2,) €]0,1]" Zxkzl
k=1
/Hazf dxy...dzn =

— Substitute z, =1 — (1 + -+ + Tp_1)
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Consider the simplex

Ay =< (x1,...,2,) €]0,1]" Zxkzl
k=1
/fo dxy...dzn =

— Substitute z, =1 — (1 + -+ + Tp_1)
— using the beta integral

1
r 1Hyr 1
[ - o aa = Nt DO ED
(0]

Fla+b+2)
1—(z1++Tn—2) 1—(z1++an—3)
integrate: [ .. dzn-a, [ . dzn—a, ..

(=]
S
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On the volume

Consider the simplex of statistical
n manifolds
Ay =< (x1,...,2,) €]0,1]" E xp =1 Attila Andai
k=1
L MathematlcaA
H l‘k dxi dx, = in c%)?w*zgn%ora”
v TR gtatistics
— Substitute z, =1 — (1 + -+ + Tp—1) Introduction
— using the beta integral HS measure
1 Lemmas...
1 d I‘(a + 1)F(b + 1) ... notations
z(1— fL' T = An Example
I'a+b+2) S
0 The volume
qFisher metrics
1—(1’1+’~'+27n72) 1—(271++217n73) Qubit case

integrate: [ .. dzn-a, [ . dzn—a, ..

Summary

S

0
— collect the terms and simplify.



On the volume

Lemma: Consider the simplex of statistical
manifolds
Ap = (xla cee 7~Tn) S ]0, 1[” E zp = 1 » then Attila Andai
n Y
[t} ..y = TGO
98 L. .. = i CoNEapOray
11 " T(n(k+1)) statistics
Ap
Proof :
— Substitute z, =1 — (z1+ -+ + Zn_1) Introduction
— using the beta integral HS measure
Lemmas...
1 .
1 d I‘(a + 1)F(b+ 1) ... notations
(1 — fL' T = An Example
I'a+b+2) B
0 The volume
qFisher metrics
1—(1’1+’~'+27n72) 1—(271++217n73) Qubit case
integrate: [ .. dzn-a, [ . dzn—2, .. B

@

0
— collect the terms and simplify.



A simple consequence of the beta integral:

The surface F},,_1 of the unit sphere in an n dimensional
space:

N3

nm
r(2+1)

Assume that T' is an n X n, symmetric positive definite
matrix, p > 0 and x = (21, ...,2,). (The eigenvalues of T

Fn—1=

are (ii)i=1,..n-) Then we have
/(P — (z,Tz))* dz =
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A simple consequence of the beta integral:

The surface F},,_1 of the unit sphere in an n dimensional
space:

N3

nm
r(2+1)

Assume that T' is an n X n, symmetric positive definite
matrix, p > 0 and x = (21, ...,2,). (The eigenvalues of T

Fn—1=

are (ii)i=1,..n-) Then we have
ko, _ 1P
Jo-twTafaz= [ Fa-papy H—/
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A simple consequence of the beta integral:

On the volume
of statistical

1 :
1 manifolds
1T(b+ 1) (&=
Gab — /’,"a(l — 7"2)b d:L‘ — 5 a ( ?2) ) . Attila Andai
INCENEE )
0
The surface F},,_1 of the unit sphere in an n dimensional ‘;‘ftfgfgpi:’
in contemporar)
space: $tatistics
nmz
Fo1==—F——.
n
r(2+1)
Assume that T is an n X n, symmetric positive definite s
g . HS measure
matrix, p > 0 and x = (21, ...,2,). (The eigenvalues of T
Lemmas...
are (f;)i=1...n.) Then we have _
20000 .. notations
k iz p An Example
/(p — <£7 T&)) di - / (1 e ”‘I'H H ﬁ The volume
7<§,T§>20 S’n k=1 qFisher metrics
Qubit case
1
1 N pn Summary
=[F,_ 1" (1 —r*)%dr X 4/ —— =
" ( ) det T

0



A simple consequence of the beta integral:
1

T _1T(G+Dr(«F)
GQVb._O/T (1—r2)bdx—§ N CE ) .

The surface F,,_1 of the unit sphere in an n dimensional
space:

nm?
Foi1=/7—— -
r'(2+1)
Assume that T' is an n X n, symmetric positive definite
matrix, p > 0 and z = (z1,...,2,). (The eigenvalues of T

are (f4;)i=1,..n.) Then we have

noo1/2
/(p— (¢, Tx))" da = /Pk(l = llzl*)* az x ]| =7

—(2,Tz)>0 Sn S
pn pn/2+k

1
—[F n—1 1— 2\k —F G
O/’I’L lr ( r ) dr X detT n—1 n l,k\/m
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On the volume
of statistical
manifolds

Attila Andai
In the real case:

P(l{) + 1) pn/2+k Mathematlcal
_ T k _ .n/2 plorations
/ (e To) de =T 50 i ) e st

p—(z,Tz)>0

Introduction

If d is the dimension of the field (R: d=1,C: d =2, ...) Rep—

Lemmas...
dn/2F k; 1 d?’l/2+k ... notations
/(p — <£7 T£>)k dz = " d ( + ) X p d/2 An Example
I(%+k+1)  (detT)¥ A Brampie
_<£7T£>20 The volume
qFisher metrics

Qubit case

Summary



Some Notations:

Ay =

ail
aiy
ajs
aig

a12

a22
*

Qg3
E

Qo4

ai3
az3
ass

*

asy

ai4
Q24
a34
Q44
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Some Notations:

Ay =

ail
aiy
ajs
ajg

a12

a22
*

Qg3
*

Qo4

ai3
az3
ass

*

asy

a4
Q24
a34
Q44

On the volume
of statistical
manifolds

Attila Andai

Mathematical
explorations

in contemporary
§tatist: cs

Introduction
HS measure
Lemmas...

. notations
An Example
The volume
qFisher metrics
Qubit case

Summary



Some Notations:

Ay =

ail
aiy
ajs
aig

a12

a2
*

Qo3
E

Qo4

ai3
az3
ass

*

asy

a4
Q24
a34
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Some Notations:

ail

*

a

_ 12

Ay = .
ais

*
Q14

a12

a22
*

Qo3
E

Qo4

T, := det(A,) - (A,) 7"

ai3
a23
ass

*

asy

a4
Q24
a34
Q44

det 7T,
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Some NOtatIOIlS On the volume
of statistical
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a1l a12 a3 a4
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Attila Andai

a a Q Q
_ 12 22 23 24
A= ajz A3 G33  G34
13 23
a*, a¥, a%¥, a bt
14 2 34 . 1?\ contgrmo?a"y
§tatistics
- — Introducti
T, = det(dn) (An)™'  detTp = (detA)n™t o
HS measure
Lemmas...
.. notations
ail a14 An Example
e a{2 a22 a24 ' ’ The volume
A Tq.q = .
4 — £ B 2u | g LoD qFisher metrics
Q13 Qg3 Q33 A34
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Some NOtatiOIlS: On the volume
of statistical
manifolds
a1l a12 a3 a4
*

Attila Andai

Ay = Q19 G2 A23 0G24
* *
@13 Gz3 G33 A34
ajy Gy Az a Sloreticas
14 24 E 44 in COﬂtgﬂDOra"V
statistics
- — Introducti
Tn = det(An) : (An) ! detT;,, = (det An)n L n‘m Henen
HS measure
Lemmas...
.. notations
ail a14 An Example
CL){2 a22 a24 , The volume
A4 = 4 1y £2 qFisher metrics

ajs a33 as3  Gs4

* * * Qubit case
RO T T

Summary

Lemma: det Ay, = ann(det Ap—1) — (2,1, Tn—1Z,,_1)-
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Let us compute the integral of the v/det function on 4 x 4,

complex density matrices (My).

det A4 > 0,det A3 > 0
Ay e My <— det As > 0,det A; > 0
ajl +aze +ass +ag =1

a4y det Az — <§3,T3£3> >0

asz det Ay — (x9, Toxs) > 0
Ay e My <— ago det A — <11,T1£1> >0

a1 >0

a1l +age +asz +ag =1
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Assume that the diagonal elements and submatrix As are
fixed, then the condition for zj is:

aqq det Az — <§3,T3§3> >0.

V(A3) = / \/det Ay dzs

a44 det Az — <§3 ,T3§3) >0

= / (ass det Az — (23, Tazs))"/? dzg

aqq det Az— (gg ,T3§3) >0

ﬂ_dn/21-\(k + 1) pdn/2+k
X
D(®+k+1) (detT)d/?

/(p — (z,Tz))" dz =
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Assume that the diagonal elements and submatrix As are
fixed, then the condition for zj is:

aqq det Az — <§3,T3§3> >0.

V(A3) = / \/det Ay dzs

a44 det Az — <§3 ,T3§3) >0

= / (ass det Az — (23, Tazs))"/? dzg

aqq det Az— (gg ,T3§3) >0

ﬂ_dn/21-\(k + 1) pdn/2+k
X
D(®+k+1) (detT)d/?

/(p — (z,Tz))" dz =

873 772

V(4s) = To- il x (det Ag)3/?
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Assume that the diagonal elements and submatrix As are
fixed, then the condition for z, is:

azg det Ay — <£2,T2£2> >0.

873
V() = / 105 L/lz(det A3)3/2 dzy

a3z det Ag—(zq,Toz,)>0
871' a2

= 705 %44 / (ags det Ay — (x5, Tox,))¥? dz,

a3z det Ag— <§2 ,T2§2 > ]

7Tdn/21—‘(k + 1) pdn/2+k
X
D(%+k+1) (detT)d/2

Jo— @ ey az=

—(z,Tz)>0
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Assume that the diagonal elements and submatrix As are
fixed, then the condition for z, is:

azg det Ay — <£2,T2£2> >0.

105 44
aszs det A2—<§2,T2£2>>0
87T a2

= 705 %44 / (ags det Ay — (x5, Tox,))¥? dz,

aszs det Ag— <§2 7T2£2>>0

V(4s) = / i ay)’(det Ag)*/2 da

7Tdn/21'\(k + 1) pdn/2+k
X
D(%+k+1) (detT)d/2

Jo— @ ey az=

—(z,Tz)>0

83 472
V(As) = So-azy’ x 5aiy’ x (det A2)*
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Assume that the diagonal elements are fixed, then the
condition for z; is:

agary — (zy, Tizy) >0 .

32m° 7/2 5/2
V(Ap) = 3675(a33a44) (det A2)*'~ dz;

azea11—{(z;,T12,)>0

_ 3270 (a a )7/2 (a a1 — <x Tz >)5/2 dx
= 3675 33044 22011 L1, L1447 21
aggai1—(z;, Tz, )>0

6476

e 7/2
5E79E (a11a22a33044)

Va1, age, ass, ass) =
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Now we integrate with respect to the diagonal elements:

4
/ Hgg;.ﬂ dzi1...dTr44
i=1

v — 6476
25725

Ay
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Now we integrate with respect to the diagonal elements:

4
/ HCBZ/Q dl’ll coo
i=1

v — 6476

25725

/ Hmf dzy...dzp = —/———
i=1

V =

77084428861440
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Decomposition of the state space: 3 x 3 real case:
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Decomposition of the state space: 3 x 3 real case:
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Decomposition of the state space: 3 x 3 real case:

diagonal clements
125 a2
: 0.25
- ) |
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Decomposition of the state space: 3 x 3 real case:

diagonal clements

0.25 @12
.05
e 0.25
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Decomposition of the state space: 3 x 3 real case:
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diagonal !

Decomposition of the state space: 3 x 3 real case:

ements

0.25 0.05
: O a23
0.05 Ow 25
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Decomposition of the state space: 4 x 4 real case:
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Theorem: For every n € N the volume of the state space

M, is

,/Tdn(nfl)/4 n—1 id
V(M,) = r < + 1)
r <d@ + n> 11 2

(2

and the integral of the function det® with respect to the
normalized Hilbert—Schmidt measure is

T(Mﬂ%) LT (dS 4+ 1+ a)

det® =
M/n I (M +n + na) i=1 (dz_ )
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An operator monotone function f : RT™ — R with the
property f(z) = zf(z~!) generates a monotone (under
stochastic maps) Riemannian metric on M,, (D € M,,,
X , Y eTp Mn)

1 1 _
gg)(X,Y):Tr<X(RfL,Df(Ln7DRn71D) 20) 1(Y)>,

where L, p(X) = DX, R, p(X) = XD.

g'7) is considered as noncommutative Fisher information.
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An operator monotone function f : RT™ — R with the
property f(z) = zf(z~!) generates a monotone (under
stochastic maps) Riemannian metric on M,, (D € M,,,
X , Y eTp Mn)

(X, Y) = r(X(Ré,Df<Ln,DRn,b>R,%,D)‘%Y)) ,

where L, p(X) = DX, R, p(X) = XD.

g'7) is considered as noncommutative Fisher information.

The Jeffreys’ prior p) (D) ~ 1/det gg).

The volume of the state space with respect to these

metrics:
v = / p (D) dD =777
Mo,
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In the space of Qubits we use the Stokes parametrization:

D 1L/il+z y+iz
S 2\y+iz 1-=
M, can be identified with the unit ball in R? and R2.
The Riemannian metric ¢(f) in this coordinate system is

1
2X1 A2 (1) 0
1| o 0
95(@,9,2) = 5 e
1
0 WTE
ey
1
1 2X1 2 0
gf(:c,y)=§ 0 1
e
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The volume is an integral on the unit ball, which is in

spherical and polar coordinates

1
©)\ _ r?
v (M )‘“!W(u@f(};;) .
1
v (MP) =2 ! d
( 2) 7T0/ 1_T(1+r) f(i_jr:) r
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The volume is an integral on the unit ball, which is in On the volume
spherical and polar coordinates of statistical

manifolds

Attila Andai

1
2
r
V (Mgc)) — 471'/ ; dr,
2 -r ical
5 V1i=r*(1+r)f (ﬁ) ek
in contemporary
1 §tatistics
R r
Vv (Mg )) = 27?/ dr
— 1-r
0 1 T(l + T) f (1+T) Introduction
HS measure
In another form: Lemmas...
... notations
((C) f 1 — t 2 1 An Example
V(M) =2 dt .
1 + t ﬁf(t) 1e volume
0 qFisher metrics
1 Qubit case

L= 1
V M(R) = 2 / t. Summary
(M%) = Var SN NION
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Some operator monotone functions and the volumes:

z+1

(1-2B)%+/B—p?

C R
(@) : vi(MP): v (M)
L —'2_:[; 2 21w
2x
(0.¢} o
1 -1-5{
i 92 ~ 8.208
log x
N o0 47
(Vz +1)%/4 dr(m — 2) 47 (2 — V2)
(I1+z)logx
2(x — 1)? 4
—_— 2 ~ 11.51
(14 z)(log x)? ™ g
2Bet1-p)((1=Fw+8) | 2 1-21/B—F ? < o

Parameter: 3 € ]O, 3
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On the volume

R C of statistical
Lemma: V (Mg )) <V (Mg )) manifolds
PI‘OOf: Attila Andai

1
v (M) | [t V2
1+t V70 Vite © %"t?tf%’aé’lcs

1 1
B ey o
~ 1 + t \/Ef(t) t _'_ t2 Introduction
0 (0]

HS measure

—V(MO)x T v (MP) <Tv(MP) T
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Lemma: V (MSR)> <V (Mgc))

Proof:

1
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Lemma:
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Define:

Lemma: EI]R G V2 <V MSR)>
2 (i
s 16 (®)
- I(=Z2-7x)<
Sl =7 ( 3 77) <V <M2

— The volume is equiconvergent with the integrals Ig, Ic.
— If the volume is infinite then it is concentrated at the

boundary of the state space.
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Summary:

— The volume of the state space was computed.
— The volume of the space of qubits was studied.
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— The volume of the space of qubits was studied.
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— The volume of the space of qubits was studied.
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Summary:

— The volume of the state space was computed.
— The volume of the space of qubits was studied.

Some open questions:

— The volume of the state space with respect to these

metrics:
v = / p)(D)aD =777
Moy,

— The volume of separable states?

This work was supported by:
Japan Society for the Promotion of Science (JSPS)

Thank you for your attention!
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