
Matematika 1 Vegyész- és környezetmérnököknek Gyakorlat

6. feladatsor – Megoldás

1. Határozzuk meg az alábbi határértékeket!

a) lim
x→−∞

(x3 − 2x+ 3),

b) lim
x→+∞

−x4 − 2x2

3x3 + 1
,

c) lim
x→−∞

2x5 − 3x2 + 1

x7 + 4x3 + 5
,

d) lim
x→+∞

3x3 − 3

5x− 4x3 + 1
,

e) lim
x→+∞

x7 − 5x4 − x2

10x− 3x5 + 11x2
,

f) lim
x→−∞

x
(√

x2 + 1−
√
x2 − 3

)
.

Megoldás:

a)

lim
x→−∞

(x3 − 2x+ 3) = lim
x→−∞

x3
(
1− 2

x2
+

3

x3

)
= −∞.

b)

lim
x→+∞

−x4 − 2x2

3x3 + 1
= lim

x→+∞

x4
(
−1− 2

x2

)
x3

(
3 + 1

x3

) = lim
x→+∞

x
−1− 2

x2

3 + 1
x3

= −∞.

c)

lim
x→−∞

2x5 − 3x2 + 1

x7 + 4x3 + 5
= lim

x→−∞

x5
(
2− 3

x3 + 1
x5

)
x7

(
1 + 4

x4 + 5
x7

) = lim
x→−∞

1

x2
2− 3

x3 + 1
x5

1 + 4
x4 + 5

x7

= 0.

d)

lim
x→+∞

3x3 − 3

5x− 4x3 + 1
= lim

x→+∞

x3
(
3− 3

x3

)
x3

(
5
x2 − 4 + 1

x3

) = lim
x→+∞

3− 3
x3

5
x2 − 4 + 1

x3

= −3

4
.

e)

lim
x→+∞

x7 − 5x4 − x2

10x− 3x5 + 11x2
= lim

x→+∞

x7
(
1− 5

x3 − 1
x5

)
x5

(
10
x4 − 3 + 11

x3

) = lim
x→+∞

x2
1− 5

x3 − 1
x5

10
x4 − 3 + 11

x3

= −∞.

f)

lim
x→−∞

x
(√

x2 + 1−
√
x2 − 3

)
= lim

x→−∞
x
(
√
x2 + 1−

√
x2 − 3)(

√
x2 + 1 +

√
x2 − 3)√

x2 + 1 +
√
x2 − 3

=

= lim
x→−∞

4x√
x2 + 1 +

√
x2 − 3

= lim
x→−∞

4x√
x2

(
1 + 1

x2

)
+
√

x2
(
1− 3

x2

) =

= lim
x→−∞

4x

|x|
(√

1 + 1
x2 +

√
1− 3

x2

) = lim
x→−∞

−4√
1 + 1

x2 +
√

1− 3
x2

= −2.

2. Határozzuk meg az alábbi határértékeket!

a) lim
x→2

−x4 − 2x2

2x3 + 2
,

b) lim
x→π

(sinx+ tan(2x)),

c) lim
x→1

x2 − 3x+ 2

x− 1
,

d) lim
x→0

x2 + 5x

2x− x2
,

e) lim
x→1

x2 − 3x+ 2

2x− 2x2
,

f) lim
x→−3

x2 + 6x+ 9

x2 − 9
.

Megoldás:



a)

lim
x→2

−x4 − 2x2

2x3 + 2
=

−24 − 2 · 22

2 · 23 + 2
=

−16− 8

16 + 2
= −4

3
.

b)
lim
x→π

(sinx+ tan(2x)) = lim
x→π

(sinπ + tan(2π)) = 0 + 0 = 0.

c)

lim
x→1

x2 − 3x+ 2

x− 1
= lim

x→1

(x− 1)(x− 2)

x− 1
= lim

x→1
x− 2 = 1− 2 = −1.

d)

lim
x→0

x2 + 5x

2x− x2
= lim

x→0

x(x+ 5)

x(2− x)
= lim

x→0

x+ 5

2− x
=

0 + 5

2− 0
=

5

2
.

e)

lim
x→1

x2 − 3x+ 2

2x− 2x2
= lim

x→1

(x− 1)(x− 2)

−2x(x− 1)
= lim

x→1

x− 2

−2x
=

1− 2

−2 · 1
=

1

2
.

f)

lim
x→−3

x2 + 6x+ 9

x2 − 9
= lim

x→−3

(x+ 3)2

(x+ 3)(x− 3)
= lim

x→−3

x+ 3

x− 3
=

−3 + 3

−3− 3
= 0.

3. Határozzuk meg az alábbi határértékeket, amennyiben léteznek!

a) lim
x→5

70

2x− 10
,

b) lim
x→5

1

(2x− 10)2
,

c) lim
x→1

x2 − 6

x2 − 3x+ 2
,

d) lim
x→−2

x2 + 3x− 10

(x2 − 4)2
.

Megoldás: A jobb- és bal oldali határértékek egyezését vizsgáljuk.

a)

lim
x→5−

70

2x− 10
=

70

2 · 5− − 10
=

70

0−
= −∞, lim

x→5+

70

2x− 10
=

70

2 · 5+ − 10
=

70

0+
= +∞.

A határérték nem létezik.

b)

lim
x→5−

1

(2x− 10)2
=

1

(2 · 5− − 10)2
=

1

(0−)2
= +∞,

lim
x→5+

1

(2x− 10)2
=

1

(2 · 5+ − 10)2
=

1

(0+)2
= +∞.

lim
x→5

1

(2x− 10)2
= +∞.

c)
x2 − 3x+ 2 = (x− 1)(x− 2).

lim
x→1−

x2 − 6

(x− 1)(x− 2)
=

−5

0− · (−1)
= −∞, lim

x→1+

x2 − 6

(x− 1)(x− 2)
=

−5

0+ · (−1)
= +∞.

A határérték nem létezik.



d)
x2 + 3x− 10 = (x+ 5)(x− 2), (x2 − 4)2 = (x− 2)2(x+ 2)2.

x2 + 3x− 10

(x2 − 4)2
=

(x+ 5)(x− 2)

(x− 2)2(x+ 2)2
=

x+ 5

(x− 2)(x+ 2)2
.

lim
x→−2−

x+ 5

(x− 2)(x+ 2)2
=

3

(−4) · 0+
= −∞, lim

x→−2+

x+ 5

(x− 2)(x+ 2)2
=

3

(−4) · 0+
= −∞.

lim
x→−2

x2 + 3x− 10

(x2 − 4)2
= −∞.

4. Határozzuk meg a következő határértékeket! (Kónya 3.16 3.17 3.18) emlékeztessétek őket a h́ıres
sinx
x határértékre!

a) lim
x→0

2x

sin(x)
,

b) lim
x→0

sin(5x)

sin(x)
,

c) lim
x→0

sin(3x)

sin(6x)
,

d) lim
x→0

sin(5x2)

tan(3x2)
,

e) lim
x→0

1− cos(x)

x2
,

f) lim
x→0

1− cos(9x2)

x2
.

Megoldás:

a)

lim
x→0

2x

sinx
= lim

x→0

2
sinx
x

=
2

1
= 2.

b)

lim
x→0

sin(5x)

sinx
= lim

x→0

sin(5x)
5x
sinx
x

· 5 =
1

1
· 5 = 5.

c)

lim
x→0

sin(3x)

sin(6x)
= lim

x→0

sin(3x)
3x

sin(6x)
6x

· 3
6
=

1

1
· 3
6
=

1

2
.

d)

lim
x→0

sin(5x2)

tan(3x2)
= lim

x→0

sin(5x2)
sin(3x2)
cos(3x2)

= lim
x→0

sin(5x2) cos(3x2)

sin(3x2)

= lim
x→0

sin(5x2)
5x2

sin(3x2)
3x2

· 5
3
cos(3x2) =

1

1
· 5
3
· 1 =

5

3
.

e)

lim
x→0

1− cosx

x2
= lim

x→0

2 sin2(x/2)

x2
=

1

2
lim
x→0

(
sin(x/2)

x/2

)2

=
1

2
.

f)

lim
x→0

1− cos(9x2)

x2
= lim

x→0

2 sin2(9x2/2)

x2
=

81

2
lim
x→0

(
sin(9x2/2)

9x2/2

)2

x2 = 0.

5.* Számı́tsuk ki a következő határértékeket!

a)

lim
x→2

sin(x2 − 4)

x2 − 3x+ 2
= 4,

b)

lim
x→0

tan2(3x)− sin2(3x)

x3 sin(2x)
=

81

2
.


