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Abstract

In [4] M. Satyanarayana raised the following two problems:
1. Find necessary and sufficient conditions when a right complete
code L over an alphabet A satisfies one of the conditions A*L C LA*,
ATL C LA™,
2. Prove or disprove that if L is a code over A satisfying the condition
ATL C LA™ then L is a full uniform code over A.
In this paper we solve these two problems by proving the following
more general results. A code L # () over A is a semaphore prefix
[suffix] code over A if and only if A*L C LA* [LA* C A*L]. A code
L # 0 over A is a full uniform code over A if and only if ATL C LA™
[LAT C ATL).

Let A* and A be the free monoid and the free semigroup over the alpha-
bet A, respectively. In this paper, we assume that a language L is always a
language over A and ) C L C A™.

If LN LAY = ( [LNATL = (] then the language L is a prefix [suffiz]
code. L is a biprefir code when L is both a prefix and a suffix code. A
code [prefix, suffix, biprefix code] L is a mazimal [maximal prefiz, maximal
suffiz, mazimal biprefix code if for each code [prefix code, suffix cod , biprefix
code] L', L C L' implies L = L'. For a language L C AT, the language
A*L — A*LAY [LA* — ATLA*| is a maximal prefix [suffix] code named a
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semaphore prefic [suffiz] code. For every positive integer n, A" is the (n-
length) full uniform code. Clearly, every full uniform code is a semaphore
prefix [suffix| code.

The language L is complete [right complete, left complete] if, for all p € A*,
L* N A*pA* £ 0 [L* N pA* # 0, L* N A*p # 0]. Every right [left] complete
language is complete. The language L is thin if there exists p € A" such
that L N A*pA* = 0.

For a language L, denote L and L the set of proper prefixes and proper
suffixes of L, respectively.

For notation and notions not defined here, we refer to [1] and [4]. The
following four lemmas will be used in our examination:

Lemma 1 (Proposition 3.2 of [3]) For every prefiz [suffix] code L, the fol-
lowing conditions are equivalent:

(i) L is a mazimal prefix [suffiz] code.

(ii) A* = LU LA* [A*=LUA*L].

(i1i) L is a right [left] complete code.

(iv) A* = L*L [A* = LL*].

Lemma 2 (Theorem 15.7 of [1]) A thin code is a maximal code if and only
if it is a complete code.

Lemma 3 (Theorem 115.2 of [1]) A prefix [suffix] code L is a semaphore
code if and only if A*L C LA* [LA* C A*L].

Lemma 4 (Proposition I15.6 of [1]) A semaphore code is a thin code.

Lemma 5 A language L satisfies the condition A*L C LA* [LA* C A*L] if
and only if L — LA™ [L. — ATL] is a semaphore prefix [suffix] code.

Proof. Let L be a language satisfying condition A*L C LA*. If X =
L — LA" then
A X CA'LCLA* = XA™

By Lemma 3, X is a semaphore prefix code.

Conversely, assume that X = L — LA™ is a semaphore prefix code. Then,
by Lemma 3, A*X C XA* 1If p € A*L then there are u € A*, ¢ € X =
L — LAT and v € A* such that p = ugqv. Thus

pE A XA C XAA* = XA,

But XA* = LA*, and so A*L C LA*. For semaphore suffix codes, the proof
is similar. W



Theorem 1 A code L is a semaphore prefix [suffix] code if and only if A*L C
LA* [LA* C A*L].

Proof. Let L be a code satisfying condition A*L C LA*. By Lemma 5,
X = L— LA™ is a semaphore prefix code, and so it is a maximal prefix code.
From Lemma 1 it follows that X is right complete and so a complete code.
By Lemma 4, X is a thin code and so, by Lemma 2, it is a maximal code.
But X C L, therefore L = X.

Conversely, if L is a semaphore prefix code then, by Lemma 3, A*L C
LA*. For semaphore suffix codes, the proof is similar. H

The following corollary gives an answer for the first problem of M. Satya-
narayana.

Corollary 1 For a right [left] complete code L, the following conditions are
equivalent:

(i) A*L C LA* [LA* C A*L]J.

(i1) L is semaphore prefix [suffiz] code.

(i) LL C LL. [LL C LLJ.

Proof. By Theorem 1, (i) and (ii) are equivalent.

If the right complete code L is a semaphore prefix code then, by Theorem
1, A*L C LA*. Let u € L and p € L. There exist ¢ € L and v € A* such
that up = qv. Since L is a prefix code, then v € L. Thus LL C LL. So (ii)
implies (iii).

Conversely, assume that LL C LL is satisfied for a right complete code
L. If p € A*L then there are u € A* and ¢ € L such that p = ug. Since L
is right complete then pA* N L* # (). Thus u € LA* or u € L. If u € LA*
then p € LA*L C LA*. If u € L then p € LL C LL C LA*. From these it
follows that A*L C LA*, that is, (iii) implies (i). The proof is similarly for
suffix codes. B

Lemma 6 For a language L, let n be the minimal length of words in L.
Then ATL C LAT [ATL C LA™/ if and only if A™ C L.

Proof. In the first part of the proof, we use the idea of the proof of
Proposition 4.9 in [2]. Assume that the language L satisfies the condition
AYL C LA". Consider a word p € L of minimal length. Assume that
lpl = nin L. If p = ajay...a, then, for every a € A, we have ap = qa,,
where ¢ € L. As n < |q|, we get |¢| = n and so ¢ = aajay...a,_1. Then
Aajas...a,—1 C L. If p € Aajasy...a,_1 then, for every a € A, we have
ap = qa,_1 (q € L). Thus A%ajay...a, » C L. Continuing this procedure,
we get (in step n) that A" C L.



Conversely, if A™ C L then
ATL=uy, AF = A"AT = LAT

The proof is similar if L satisfies the condition LA™ C ATL. R

The following theorem gives a positive answer for the second problem of
M. Satyanarayana. This is a generalization of Proposition 4.9 in [2] from
prefix [suffix] codes to arbitrary codes.

Theorem 2 A code L is a full uniform code if and only if AYL C LA*
[LAT C ATL].

Proof. It is evident that a full uniform codes L = A™ satisfies the
condition ATL C LAT. Let L be a code with the condition ATL C LAT.
By Lemma 6, if n is the minimal length of words in L then A™ C L. But the
full uniform code A™ is a maximal code. Therefore, L = A™. The proof is
similar in that case when L satisfies the condition LAT C ATL. R

Corollary 2 For a code L, the following conditions are equivalent:
(i) L is a semaphore biprefiz code.

(ii)) AYL = LA*.

(1i) L is a full uniform code.

Proof. Assume that L is a semaphore biprefix code. By Theorem 1,
A*L = LA*. Since L is a prefix and suffix code, we have L N LAT = () and
LNATL = (. These mean that ATL = LA™, that is, (i) implies (ii). (ii)
implies (iii) by Theorem 2. It is evident that (iii) implies (i). B
Corollary 3 A prefix [suffix] code L is a full uniform code if and only if
LA* C A*L [A*L C LA*/. &
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