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Abstract. In this paper, we study the Hausdorff dimension of self-similar measures
and sets on the real line, where the generating iterated function system consists of maps
that share a common fixed point. In particular, we will show that out of a Hausdorff
co-dimension one exceptional set of natural parameters, such systems satisfy a weak expo-
nential separation. This significantly strengthens the previous result of Bárány and Szvák
[5]. As an application, we give the Hausdorff dimension of self-affine measures supported
on the generalised 4-corner set.

1. Introduction and Statements

For N ≥ 2, the system I =
{
f1, f2, . . . , fN

}
on Rd is called an iterated function

system (IFS), if each fi is a contraction map on Rd for i ∈ {1, 2, . . . , N}. Hutchinson [15]
proved that there exists a unique non-empty compact set A ⊂ Rd such that

A =
N⋃
i=1

fi(A).

Let p = (p1, p2, . . . , pN) be a probability vector. Hutchinson [15] also proved that there
exists a unique Borel probability measure µ supported on A such that

µ(B) =
N∑
i=1

piµ(f
−1
i (B))

for all Borel sets B ⊂ Rd. The set A is called the attractor of IFS I, and the measure µ
is known as the stationary measure corresponding to IFS I with the probability vector
p.

This paper focuses on the dimension theory of self-similar IFSs on the line. The IFS
I is called a self-similar iterated function system on R if each fi : R → R is a
similarity map for i ∈ {1, 2, . . . , N}, i.e. fi(x) = rix + ci where 0 < |ri| < 1 and ci ∈ R.
Then, the attractor A is called a self-similar set corresponding to the self-similar IFS
I. The stationary measure µ is known as the self-similar measure corresponding to the
self-similar IFS I with probability vector p = (p1, p2, . . . , pN). For later purposes, let us
recall the definition of the Hausdorff dimension here.
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Let F ⊆ Rd. We say that {Ui}∞i=1 is a δ cover of F if F ⊂
∞⋃
i=1

Ui and 0 < |Ui| ≤ δ for

each i, where |Ui| denotes the diameter of the set Ui. For each δ > 0 and s ≥ 0, we define

Hs
δ(F ) := inf

{ ∞∑
i=1

|Ui|s : {Ui}∞i=1 is a δ-cover of F
}
and Hs(F ) := lim

δ→0+
Hs

δ(F ).

We call Hs(F ) the s-dimensional Hausdorff measure of the set F . Using this, the
Hausdorff dimension of the set F is defined by

dimH(F ) = inf{s ≥ 0 : Hs(F ) = 0}.
For the basic properties, we refer the reader to Falconer’s book [10]. Another widely used
dimension concept is the box-counting (or Minkowski) dimension; however, Falconer [8]
showed that these dimensions coincide for self-similar sets, so we omit them.

For a Borel probability measure µ in Rd, the lower and upper local dimension of
the measure µ at the point x ∈ Rd defined as

dµ(x) = lim inf
r→0

log µ(B(x, r))

log r
, dµ(x) = lim sup

r→0

log µ(B(x, r))

log r
,

where B(x, r) denotes the open ball of radius r with center x. If the limit exists at the point
x, then we call it the local dimension and denote it by dµ(x). We say that the measure µ is
exact dimensional if there is a constant c such that dµ(x) = c for µ-almost every x ∈ Rd.
We will denote this value by dimH(µ). Feng and Hu [11] proved that every self-similar
measure µ is exact dimensional. For further properties of the dimension of measures, see
Przytycki and Urbański [20, Section 7.6].

Let us define the similarity dimension for the self-similar IFS I to be the unique
number s0 ∈ R such that

N∑
i=1

|ri|s0 = 1.

Furthermore, the quantities

hp = −
N∑
i=1

pi log pi and χ(p) = −
N∑
i=1

pi log |ri|

are known respectively as the entropy and the Lyapunov exponent of the self-similar
measure µ corresponding to the self-similar IFS I with probability vector p. It is well
known that

dimH(A) ≤ min{1, s0} and dimH(µ) ≤ min

{
1,

hp

χ(p)

}
regardless of any further assumptions. However, equalities appear in the above expressions
under some suitable separation conditions. We say that the IFS I satisfies the open set

condition (OSC), if there is a nonempty and bounded open set O ⊂ Rd with fi(O) ⊂ O
and fi(O) ∩ fj(O) = ∅ for every i ̸= j ∈ {1, 2, . . . , N}.
Theorem 1.1 (Hutchinson [15], Cawley and Mauldin [7]). Let the self-similar IFS I on
R. If I satisfies the open set condition (OSC), then

dimH(A) = s0 and dimH(µ) =
hp

χ(p)
, (1.1)

where A is the self-similar attractor of the self-similar IFS I and µ is the self-similar
measure corresponding to the self-similar IFS I with probability vector p.
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Hochman [13] introduced the Exponential Separation Condition for the self-similar IFSs,
which is a much weaker separation condition than the OSC. We say that the self-similar IFS
I on R satisfies the Exponential Separation Condition (ESC) if there exists a constant
η > 0 such that for infinitely many values of n ∈ N for all i1, . . . , in, j1, . . . , jn ∈ {1, . . . , N}
with (i1, . . . , in) ̸= (j1, . . . , jn) and ri1 · · · rin = rj1 · · · rjn , we have

|fi1 ◦ · · · ◦ fin(0)− fj1 ◦ · · · ◦ fjn(0)| ≥ ηn.

In a proper sense, the exponential separation is a typical property for self-similar IFSs.
For example, suppose the contraction ratios and translations are analytic maps of some
one-dimensional parameter, and the system is not degenerate. In that case, ESC holds out
of a zero-dimensional set of exceptional parameters. In particular, for fixed contraction
ratios with maxi ̸=j{|ri| + |rj|} < 1, the dimension of translation vectors (ci)

N
i=1 ∈ RN , for

which I does not satisfy ESC, is at most N − 1, see [4, Corollary 6.8.12]1. Hochman [13]
proved the following groundbreaking result for the dimension theory of self-similar IFSs.

Theorem 1.2. [Hochman [13]] If the self-similar IFS I on R satisfies the ESC, then

dimH(A) = min{1, s0} and dimH(µ) = min

{
1,

hp

χ(p)

}
. (1.2)

The ESC implies that the self-similar IFS I has no exact overlap, i.e. there are no finite
sequences of symbols (i1, . . . , in) ̸= (j1, . . . , jm) such that fi1 ◦ · · · ◦ fin ≡ fj1 ◦ · · · ◦ fjm .
When exact overlaps occur, a better bound can be obtained by counting them. Lau and Ngai
[17] and Zerner [22] introduced the Weak Separation Condition (WSC), which allows exact
overlaps. Still, the not-exactly-overlapping maps must be relatively far apart, comparable to
the contraction ratios of the maps. This allows us to calculate the dimension of the attractor
as a limit of the similarity dimensions of higher iterates. In some special cases, when the
contraction ratios are reciprocals of integers, it is possible to calculate the dimension of the
corresponding self-similar measures, see Ruiz [21].

The situation becomes significantly more difficult if the overlapping structure of the self-
similar IFS I is complicated, for instance, when some of the maps of the IFS share the
same fixed point. Let (ti)

N
i=1 ∈ RN be a vector with pairwise different entries. For every

i ∈ {1, . . . , N}, let ni ≥ 1 be an integer. For every j ∈ {1, . . . , ni}, let λi,j ∈ (0, 1). Consider
the following self-similar IFS on the real line:

S = {fi,j(x) = λi,jx+ ti(1− λi,j)}1≤i≤N,1≤j≤ni
. (1.3)

If ni ≥ 2 for some i, then the maps fi,j and fi,j′ with j ̸= j′ share the same fixed point, which

causes many exact overlaps, for example fi,j ◦ fi,j′ ≡ fi,j′ ◦ fi,j. Furthermore, if
log λi,j

log λi,j′
/∈ Q

then the IFS S does satisfy the WSC, see Fraser [12], and if
log λi,j

log λi,j′
= p

q
∈ Q then it causes

further exact overlaps, since composing fi,j′ with itself p-times and composing fi,j with
itself q-times result the same map.

The dimension theory of such systems has been studied previously. Bárány [1] and
with Szvák in [5] studied the Hausdorff dimension of the attractor of the special case
{λ1,1x, λ1,2x, λ2,1x+1}. They showed that if λ1,1+λ2,1 < 1 then for Lebesgue almost every
λ1,2 ∈ (0, λ1,1) the dimension of the attractor is min{1, s}, where s is the unique root of
the equation

λs
1,1 + λs

1,2 − λs
1,1λ

s
1,2 + λs

2,1 = 1.

1We note that the assumption maxi ̸=j{|ri| + |rj |} < 1 is missing incorrectly in the statement of [4,
Corollary 6.8.12]
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Moreover, in [5], Bárány and Szvák gave a formula for the dimension of self-similar mea-
sures corresponding to that IFS for Lebesgue almost every parameter under the technical
assumption that 0 < λ1,1, λ1,2, λ2,1 < 1/9. Further generalisations can be found in [2, 3].
In this paper, we extend significantly the dimension result for such systems. For simplic-

ity, let us introduce the following notations: let L =
∑N

i=1 ni be the number of maps in S,
let λ = (λi,j)1≤i≤N,1≤j≤ni

be the L-dimensional vector formed by the contraction ratios, and
let t = (ti)1≤i≤N be the vector formed by the fixed points. To emphasize the dependence on
the the parameters, we may write Sλ,t for the system defined in (1.3), Aλ,t for the attractor
of Sλ,t and µp

λ,t for the self-similar measure corresponding to the IFS Sλ,t and probability
vector p. Our main result on the dimension of self-similar measures is the following:

Theorem 1.3. Let Sλ,t be a self-similar IFS as in (1.3). There exists a set E ⊂ (0, 1)L

with dimH(E) ≤ L − 1 such that for every λ ∈ (0, 1)L \ E there exists a set F ⊂ RN with
dimH(F) ≤ N − 1 such that for every t ∈ RN \ F the following holds: for every probability
vector p = (pi,j)1≤i≤N,1≤j≤ni

dimH(µ
p
λ,t) = min

{
1,

−
∑N

i=1

∑ni

j=1 pi,j log(pi,j) + Φ(p)

−
∑N

i=1

∑ni

j=1 pi,j log(λi,j)

}
,

where

Φ(p) =
N∑
l=1

nl∑
m=1

∞∑
k=0

k∑
q=0

(
k

q

)
(pl,m)

q+1

 nl∑
j=1
j ̸=m

pl,j


k−q (

1−
nl∑
j=1

pl,j

)
log

(
q + 1

k + 1

)
. (1.4)

This result significantly strengthens the previous result of Bárány and Szvák [5, The-
orem 1.2]. Although the expression Φ(p) is tedious, it has a simple heuristic. It mea-
sures the proportion of the symbol that appears first in the first block, which is formed
by the maps sharing the same fixed point. Namely, suppose X1, X2, . . . are indepen-
dent and identically distributed random variables such that P(Xr = (i, j)) = pi,j for all
i ∈ {1, . . . , N} and j ∈ {1, 2, . . . , ni}. Let ki,j := min{r ≥ 1 : Xr /∈ {(i, 1), . . . , (i, ni)}},
and let Yi,j := #{1 ≤ r ≤ ki,j−1 : Xr = (i, j)} for all j ∈ {1, 2, . . . , ni}. Then, the quantity
Φ(p) can be written in the form

Φ(p) = E
(
log

(
YX1

kX1 − 1

))
.

Next, we state a similar result for the dimension of the attractor of Sλ,t.

Theorem 1.4. Let Sλ,t be a self-similar IFS as in (1.3). There exists a set E ⊂ (0, 1)L

with dimH(E) ≤ L − 1 such that for every λ ∈ (0, 1)L \ E there exists a set F ⊂ RN with
dimH(F) ≤ N − 1 such that for every t ∈ RN \ F,

dimH(Aλ,t) = min{1, s0},

where Aλ,t is the attractor of Sλ,t and s0 is the unique solution of the equation

N∑
i=1

ni∏
j=1

(1− (λi,j)
s0) = N − 1. (1.5)

This significantly strengthens the previous results in [1, 2, 3, 5].
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2. Applications and discussion

2.1. Typical self-similar systems. Before we prove our main result, Theorem 1.3, we
show some applications of it. First, we show that the assumption maxi ̸=j{|ri| + |rj|} < 1
in [4, Corollary 6.8.12] can be strengthened.

Theorem 2.1. Let I = {fi(x) = rix+ ci}Ni=1 be a self-similar IFS. Then there exists a set
E ⊂ (0, 1)N with dimH(E) ≤ N − 1 such that for every (ri)

N
i=1 ∈ (0, 1)N \ E there exists a

set F ⊂ RN with dimH(F) ≤ N−1 such that for every (ci)
N
i=1 ∈ RN \F the following holds:

for every self-similar measure µ corresponding to the self-similar IFS I and the probability
vector p = (pi)

N
i=1

dimH(µ) = min

{
1,

−
∑N

i=1 pi log(pi)

−
∑N

i=1 pi log(ri)

}
.

Proof. Since ni = 1 for every i = 1, . . . , N , it is easy to see that the expression Φ(p) in
Theorem 1.3 equals 0. Thus, the claim follows. □

2.2. Estimating the Φ(p). Now, we will establish a bound for Φ(p), which might help
estimate from below the Hausdorff dimension of self-similar measures with common fixed
point structure.

Proposition 2.2. Let p = (pi,j)1≤i≤N,1≤j≤ni
be a probability vector and let Φ(p) be defined

as in (1.4). Then

Φ(p) ≥
N∑
l=1

nl∑
m=1

pl,m log

(
pl,m +

N∑
i ̸=l
i=1

ni∑
j=1

pi,j

)
.

Proof. Let us recall the representation of Φ(p) from Section 1. SupposeX1, X2, . . . are inde-
pendent and identically distributed (i.i.d.) random variables such that P(Xr = (i, j)) = pi,j
for all i ∈ {1, . . . , N} and j ∈ {1, 2, . . . , ni}. Let ki,j := min{r ≥ 1 : Xr /∈ {(i, 1), . . . , (i, ni)}},
and let Yi,j := #{1 ≤ r ≤ ki,j−1 : Xr = (i, j)} for all j ∈ {1, 2, . . . , ni}. Then, the quantity
Φ(p) can be written in the following form

Φ(p) = E
(
log

(
YX1

kX1 − 1

))
=

N∑
l=1

nl∑
m=1

pl,mE
(
log

(
Yl,m

kl,m − 1

)∣∣∣∣X1 = (l,m)

)
,

where

E
(
log

(
Yl,m

kl,m − 1

)∣∣∣∣X1 = (l,m)

)

=
∞∑
k=0

k∑
q=0

(
k

q

)
pql,m

 nl∑
j=1
j ̸=m

pl,j


k−q (

1−
nl∑
j=1

pl,j

)
log

(
q + 1

k + 1

)
.

Clearly,

E
(
log

(
Yl,m

kl,m − 1

)∣∣∣∣X1 = (l,m)

)
= E

(
− log

(
kl,m − 1

Yl,m

)∣∣∣∣X1 = (l,m)

)
≥ − logE

(
kl,m − 1

Yl,m

∣∣∣∣X1 = (l,m)

)
,
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where we used Jensen’s inequality. Then

E
(
kl,m − 1

YXr

|X1 = (l,m)

)
=

∞∑
k=0

k∑
q=0

(
k

q

)
pql,m

 nl∑
j=1
j ̸=m

pl,j


k−q (

1−
nl∑
j=1

pl,j

)
k + 1

q + 1

=
∞∑
k=0

k∑
q=0

(
k + 1

q + 1

)
pql,m

 nl∑
j=1
j ̸=m

pl,j


k−q (

1−
nl∑
j=1

pl,j

)

=
∞∑
k=1

(
1−

nl∑
j=1

pl,j

)
1

pl,m

( nl∑
j=1

plj

)k

−
( nl∑

j=1
j ̸=m

plj

)k


=

(
1−

nl∑
j=1

plj

)
1

pl,m

( ∑nl

j=1 pl,j

1−
∑nl

j=1 pl,j
−

∑nl

j=1,j ̸=m pl,j

1−
∑nl

j=1,j ̸=m pl,j

)

=

1−
nl∑
j=1
j ̸=m

pl,j


−1

=

pl,m +
N∑
i ̸=l
i=1

ni∑
j=1

pi,j


−1

Thus, from the above, we have

E
(
log

(
Yl,m

kl,m − 1

)∣∣∣∣X1 = (l,m))

)
≥ log

(
pl,m +

N∑
i ̸=l
i=1

ni∑
j=1

pi,j

)
.

This implies that

Φ(p) ≥
N∑
l=1

nl∑
m=1

pl,m log

(
pl,m +

N∑
i ̸=l
i=1

ni∑
j=1

pi,j

)
.

This completes the proof. □

2.3. Generalised 4-corner set. Using Theorem 1.3, we can also calculate the Hausdorff
dimension of self-affine measures supported on the generalised 4-corner set. Let

F1(x, y) = (γ1,1x, λ1,1y), F2(x, y) = (γ1,2x, λ2,1y + (1− λ2,1)),

F3(x, y) = (γ2,1x+ (1− γ2,1), λ1,2y), F4(x, y) = (γ2,2x+ (1− γ2,2), λ2,2y + (1− λ2,2))

(2.1)
be a self-affine IFS on R2 such that

0 < γi,j, λi,j for i = 1, 2, j = 1, 2,

γ1,1 + γ2,1 ≤ 1, γ1,2 + γ2,2 ≤ 1, λ1,1 + λ2,1 ≤ 1, λ1,2 + λ2,2 ≤ 1,

min{γ1,2 + γ2,1, λ1,2 + λ2,1} ≤ 1 and min{γ1,1 + γ2,2, λ1,1 + λ2,2} ≤ 1.

 (2.2)

The conditions in (2.2) guarantee that the IFS {F1, F2, F3, F4} satisfies the rectangular
open set condition. In particular, Fi((0, 1)

2) ⊂ (0, 1)2 and Fi((0, 1)
2) ∩ Fj((0, 1)

2) = ∅
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for every i ̸= j ∈ {1, 2, 3, 4}. We call the attractor C =
⋃4

i=1 Fi(C) of {F1, . . . , F4} the
generalized 4-corner set. In [3], the first author studied the box-counting dimension of the
4-corner set for Lebesgue typical parameters. Now, we determine the Hausdorff dimension
of self-affine measures supported on C for typical parameters in a certain sense, and the
Hausdorff dimension of the generalised 4-corner set in a region of parameters.

Let p = (p1, . . . , p4) be a probability vector, and let

χx(p) = −p1 log γ1,1 − p2 log γ1,2 − p3 log γ2,1 − p4 log γ2,2,

χy(p) = −p1 log λ1,1 − p2 log λ2,1 − p3 log λ1,2 − p4 log λ2,2.

Theorem 2.3. Let {F1, F2, F3, F4} be a self-affine IFS as in (2.1). There exist sets Ex,Ey ⊂
(0, 1)4 with dimH(Ex), dimH(Ey) ≤ 3 such that for every (γi,j)

2,2
i=1,j=1 ∈ (0, 1)4 \ Ex and

(λi,j)
2,2
i=1,j=1 ∈ (0, 1)4 \ Ey with (2.2) the following holds: for every self-affine measure µ

corresponding to the IFS {F1, F2, F3, F4} and the probability vector p = (p1, p2, p3, p4)

dimH(µ) =



hp + Φx(p)

χx(p)
− Φx(p)

χy(p)
if χy(p) ≥ χx(p) ≥ hp + Φx(p)

1 +
hp − χx(p)

χy(p)
if χy(p), hp + Φx(p) ≥ χx(p),

hp + Φy(p)

χy(p)
− Φy(p)

χx(p)
if χx(p) ≥ χy(p) ≥ hp + Φy(p),

1 +
hp − χy(p)

χx(p)
if χx(p), hp + Φy(p) ≥ χy(p),

where

Φx(p) =
∞∑
k=0

k∑
q=0

(
k

q

)
(p3 + p4)

(
pq+1
1 pk−q

2 + pq+1
2 pk−q

1

)
log(

q + 1

k + 1
)

+
∞∑
k=0

k∑
q=0

(
k

q

)
(p1 + p2)

(
pq+1
3 pk−q

4 + pq+1
4 pk−q

3

)
log(

q + 1

k + 1
),

and

Φy(p) =
∞∑
k=0

k∑
q=0

(
k

q

)
(p2 + p4)

(
pq+1
1 pk−q

3 + pq+1
3 pk−q

1

)
log(

q + 1

k + 1
)

+
∞∑
k=0

k∑
q=0

(
k

q

)
(p1 + p3)

(
pq+1
2 pk−q

4 + pq+1
4 pk−q

2

)
log(

q + 1

k + 1
).

Proof. This is a direct consequence of Theorem 1.3 and Feng and Hu’s theorem [11, The-
orem 2.11]. □

Example 2.4. Theorem 2.3 allows us to calculate the Hausdorff dimension of the gener-
alised 4-corner set for Lebesgue typical points on a certain region of parameters. Let us
further suppose that

λ1,1 ≤ γ1,1, λ2,2 ≤ γ2,2, λ1,2 ≤ γ2,1 and λ2,1 ≤ γ1,2. (2.3)

This implies that χx(p) ≤ χy(p) for any probability vector p. Consider the probability
vector

p1 = γ1,1λ
s−1
1,1 , p2 = γ1,2λ

s−1
2,1 , p3 = γ2,1λ

s−1
1,2 and p4 = γ2,2λ

s−1
2,2 ,
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Figure 1. The first level cylinders (left) and the attractor (right) of the
generalised 4-corner set in Example 2.4.

where s is the unique solution of the equation
∑2

i=1 γi,iλ
s−1
i,i + γi,3−iλ

s−1
3−i,i = 1. It is well

known that dimH C ≤ s, see for example Falconer and Miao [9]. Thus, it is enough to show

that the corresponding self-affine measure µ has Hausdorff dimension s = 1+ hp−χx(p)

χy(p)
. For

that, it is enough to verify that hp + Φx(p) ≥ χx(p) by Theorem 2.3. Lemma 2.2 implies
that this holds if

γ1,1λ
s−1
1,1 log(

1− γ1,2λ
s−1
2,1

λs−1
1,1

) + γ1,2λ
s−1
2,1 log(

1− γ1,1λ
s−1
1,1

λs−1
2,1

)

+ γ2,1λ
s−1
1,2 log(

1− γ2,2λ
s−1
2,2

λs−1
1,2

) + γ2,2λ
s−1
2,2 log(

1− γ2,1λ
s−1
1,2

λs−1
2,2

) > 0. (2.4)

One can check numerically that a small neighborhood of the parameters γ1,1 = γ2,2 = 0.8,
γ1,2 = γ2,1 = 0.1, λ1,1 = λ2,2 = 0.45 and λ2,1 = λ1,2 = 0.09 satisfy all three assump-
tions (2.2), (2.3) and (2.4). For a visual representation of the generalised 4-corner set, see
Figure 1.

2.4. Outline of the argument: Here, we provide an outline of the arguments of our
main results, Theorem 1.3 and Theorem 1.4. The self-similar IFS Sλ,t we consider has
many exact overlaps at each level because many maps share the same fixed point. This
implies our IFS does not satisfy the exponential separation condition. Thus, we cannot
apply Theorem 1.2 by Hochman [13] directly. However, the weaker version, the weak ex-
ponential separation condition (see Definition 3.4) allows exact overlaps, and by a direct
consequence of Hochman’s seminal work [13], Breuillard and Varjú [6] determined the
Hausdorff dimension of the self-similar measures in terms of random walk entropy under
the WESC. However, they provided the proof only for the case of homogeneous similarity
ratios. In the next section (Section 3), following the arguments of Breuillard and Varjú
[6], we provide a proof for Hausdorff dimension of the general self-similar measure under
the WESC (see Theorem 3.5). This result is one of the main ingredients for proving our
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main result Theorem 1.3. In the section 4, we define a stronger version of WESC, namely
the exponential separation condition for common fixed point systems (ESC for CFS, see
Definition 4.3), which is compatible with our self-similar IFS Sλ,t. In that section, we prove
the self-similar IFS Sλ,t satisfies ESC for CFS for typical parameters. One key fact is that
ESC for CFS provides a complete description of the exactly overlapping cylinders in the
symbolic space. This is a significant advantage for computing the random walk entropy,
which is otherwise a highly challenging task. In the section 5, we compute the value of the
random walk entropy for the self-similar IFS Sλ,t under ESC for CFS. Now, by combining
the results of Section 4 and 5, we get Theorem 1.3. In Section 6, we prove another of our
main theorems, Theorem 1.4. To prove that, we define the associated graph-directed self-
similar IFS corresponding to our IFS Sλ,t. We show that if IFS Sλ,t satisfies ESC for CFS,
then the associated graph-directed self-similar IFS satisfies the graph-directed version of
the ESC. We also prove that, under the ESC, the Hausdorff dimension of the attractor
of the associated graph-directed self-similar IFS is determined by the unique exponent for
which the spectral radius of the corresponding connection matrix is equal to 1. This result
provides the required lower bound for Theorem 1.4, which coincides with the general upper
bound.

3. Preliminaries

Before we turn to the proof of our main results, we need to introduce some notations
and make some preliminary statements.

3.1. Symbolic space. Let Σ := {1, 2, . . . , N}N be the set of all infinite sequences with
symbols from {1, 2, . . . , N}. The set Σ is the symbolic space corresponding to the IFS
I = {f1, . . . , fN}. Let i = i1i2 · · · ∈ Σ. We define i|m := i1i2 . . . im for all m ∈ N. We
denote the set of all finite sequences of length n with symbols from {1, 2, . . . , N} by Σn.
Set Σ∗ :=

⋃∞
n=1Σn. The notation |i| denotes the length of the finite sequence i ∈ Σ∗. For a

symbol i ∈ {1, . . . , N} and a finite word i ∈ Σ∗, let #ii be the number of the appearances
of the symbol i in the word i.

If i = i1i2 . . . in ∈ Σ∗ and j = j1j2 · · · ∈ Σ∗ ∪ Σ, then let i ∗ j = i1i2 . . . inj1j2 . . . be the
concatenation of i and j. The symbolic space Σ equipped with metric ρ is a compact metric
space, where the metric ρ is defined as follows

ρ(i, j) = 2−|i∧j|

for i, j ∈ Σ, where i ∧ j denotes the initial largest common segment of i and j. For i =
i1i2 . . . in ∈ Σ∗, let fi = fi1 ◦ fi2 ◦ · · · ◦ fin and ri = ri1ri2 . . . rin . The mapping Π : Σ → A,
defined by

Π(i) = lim
n→∞

fi1 ◦ fi2 ◦ · · · ◦ fin(0) = lim
n→∞

fi|n (0),

is called the natural projection corresponding to the IFS I. For i = i1i2 . . . in ∈ Σ∗, set
Π(i) := fi1 ◦ fi2 ◦ · · · ◦ fin(0).

3.2. Random walk entropy. In this section, we provide a more detailed description of
the method by Hochman [13].

Definition 3.1. Let (X,B, ν) be a probability space and ξ = {C1, C2, . . . , Cm} be a mea-
surable partition, i.e. ∪m

i=1Ci = X, Ci ∈ B and Ci ∩ Cj = ∅ for all i ̸= j ∈ {1, 2, . . . ,m}.
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Then, the Shannon entropy H of the measure ν with respect to the partition ξ is defined
as follows

H(ν, ξ) = −
m∑
i=1

ν(Ci) log(ν(Ci)).

The self-similar IFS I with the probability vector p is known as a probabilistic self-
similar IFS. We denote the probabilistic self-similar IFS by (I,p).

Definition 3.2. The random walk entropy of the self-similar measure µ corresponding
to the probabilistic self-similar IFS (I,p) is defined as

hRW (µ) := lim
n→∞

Hn

n
,

where Hn is the Shannon entropy of the measure
∑

i∈Σn
piδfi , which is as follows

Hn = −
∑
i∈Σn

pi log

(∑
j∈Σn
fi≡fj

pj

)
.

The random walk entropy provides a more sophisticated upper bound on the dimension
of the self-similar measures if exact overlaps occur. In particular, for every self-similar
measure µ corresponding to the probabilistic self-similar IFS (I,p),

dimH(µ) ≤ min

{
1,

hRW (µ)

χ(p)

}
,

see [4, Theorem 3.2.7].
We now consider some of the following notation from Hochman’s work [13]. For n ∈ N,

Dn denote the partition of R into intervals of length 2−n, i.e.

Dn =

{[
k

2n
,
k + 1

2n

)
: k ∈ Z

}
.

The notation H(ν,Dn) denotes the Shannon entropy of the probability measure ν on R
with respect to the partition Dn. For m < n, H(ν,Dn|Dm) denotes the conditional entropy
and is defined as H(ν,Dn|Dm) := H(ν,Dn)−H(ν,Dm).
The probability measure ν̃(n) on R× R is defined by

ν̃(n) =
∑
i∈In

piδ(fi(0),ri),

where δx denotes the Dirac measure on the point x. We denote D̃n = Dn×F is a partition
on R× R, where F is the partition of R into points.

Theorem 3.3. [13] Let µ be the self-similar measure, and the probability measure ν̃(n) be
defined as above. If dimH(µ) < 1, then

lim
n→∞

1

n′H(ν̃(n), D̃qn′ |D̃n′) = 0 ∀ q > 1,

where n′ = ⌊n log(1
r
)⌋ and r =

∏N
i=1 ri

pi .

Definition 3.4. We say that IFS I satisfies the weak exponential separation condition

(WESC), if there exists a sequence {nk} and ∃ b > 1 such that nk → ∞ and ∀ i, j ∈ Σnk
,

we have the following:
either ri ̸= rj
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or ri = rj & fi(0) = fj(0) ⇐⇒ fi ≡ fj

or ri = rj & |fi(0)− fj(0)| > 2−n′
kb.

The following result is a direct consequence of Theorem 3.3, although it was not stated
explicitly in Hochman’s seminal paper [13]. It was observed by Breuillard and Varjú [6],
and they provided a proof for the case of homogeneous contraction ratios. We provide here
the proof on the general case for completeness following Breuillard and Varjú [6].

Theorem 3.5. Let µ be a self-similar measure corresponding to the probabilistic self-similar
IFS (I,p). If IFS I satisfy WESC, then

dimH(µ) = min

{
1,

hRW (µ)

χ(p)

}
,

where hRW (µ) is the random walk entropy for the self-similar measure µ.

Proof. Since dimH(µ) ≤ hRW (µ)
χ(p)

, we may assume that dimH(µ) < 1. By Theorem 3.3, we

have

lim
n→∞

1

n′H(ν̃(n), D̃qn′ |D̃n′) = 0 ∀ q > 1,

where n′ = ⌊n log(1
r
)⌋ and r =

∏N
i=1 ri

pi . Similarly to Hochman [13], since µ is exact
dimensional, we get that

lim
n→∞

1

n′H(ν̃(n), D̃n′) = dimH(µ).

Thus, for proving our result, it remains only to show that

lim
n→∞

1

n′H(ν̃(n), D̃qn′) ≥ hRW (µ)

χ(p)
(3.1)

for some q > 1. Now, we will prove the equality (3.1). Let q = b from Definition 3.4. For
each a ∈ R, we have

ν̃(n)

([
k

2bn′ ,
k + 1

2bn′

)
× {a}

)
=
∑
j∈Σn
rj=a

pjδfj(0)

[
k

2bn′ ,
k + 1

2bn′

)
.

Thus, the Shannon entropy of the probability measure ν̃(nk) on R× R with respect to the
partition D̃bn′

k
is

H(ν̃(nk), D̃bn′
k
) = −

∑
a∈R

∃ ri=a

∑
l∈Z

ν̃(nk)

([
l

2bn
′
k

,
l + 1

2bn
′
k

)
× {a}

)
log

(
ν̃(nk)

([
l

2bn
′
k

,
l + 1

2bn
′
k

)
× {a}

))

= −
∑
a∈R

∃ ri=a

∑
l∈Z

( ∑
j∈Σnk
rj=a

pjδfj(0)

[
l

2bn
′
k

,
l + 1

2bn
′
k

))
log

( ∑
j∈Σnk
rj=a

pjδfj(0)

[
l

2bn
′
k

,
l + 1

2bn
′
k

))
.

Since the IFS I satisfies the WESC, we have

H(ν̃(nk), D̃bn′
k
) = −

∑
a∈R

∃ ri=a

( ∑
j∈Σnk
fi≡fj

pj

)
log

( ∑
j∈Σnk
fi≡fj

pj

)

= −
∑
i∈Ink

pi log

( ∑
j∈Σnk
fi≡fj

pj

)
.
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This implies that

lim
k→∞

1

n′
k

H(ν̃(nk), D̃bn′
k
) ≥ hRW (µ)

χ(p)
,

which completes the proof. □

4. Exponential separation condition for common fixed point system

First, we provide a brief explanation and outline of this section. Here, our aim is to show
that the self-similar IFS Sλ,t satisfies a particular version of WESC for typical parameters,
namely, the Exponential Separation Condition for the Common Fixed Point System (ESC
for CFS), which we introduce in subsection 4.2. Our strategy is to first establish it for
two-fixed-point systems and then extend it to general fixed-point systems. In the first
subsection 4.1, we provide two lemmas for general self-similar IFS F (4.1) on R. The IFS
F comprises two classes of mappings, those whose fixed point is 0 and those whose fixed
points are nonzero. A crucial property is that the images of the maps with nonzero fixed
points remain bounded away from 0. The first block of an infinite sequence i is the longest
initial segment of i for which the maps corresponding to all symbols in the segment have
the same fixed point. The first lemma, Lemma 4.1, proves that the projection of any pair
of the infinite sequences i and j are exponentially separated if the first blocks are pairwise
disjoint, all the maps in the first blocks having same fixed point 0 and the similarity ratios
corresponding to the first blocks are not close enough. Furthermore, if the similarity ratios
corresponding to the first blocks are sufficiently close and the lengths of the first blocks
are sufficiently large, then Lemma 4.2 shows that the first-order transversality condition
holds.

In the subsection 4.2, we introduce the block structure for self-similar IFS with a common
fixed point structure, and introduce the Exponential Separation Condition for the Common
Fixed Point System (ESC for CFS). In the subsection 4.3, we consider a self-similar IFS
J (see 4.6) having only two fixed points 0 and 1. We define a set B, consisting of all pairs
of infinite sequences from the symbolic space whose first blocks are disjoint (see (4.7)).
Furthermore, we partition the set B into two disjoint subsets: B1 , consisting of pairs
whose first blocks have different fixed points, and B2 , consisting of pairs whose first blocks
have the same fixed point (see (4.8)). Furthermore, we partition the set B2 into two disjoint
subsets: B3 , consisting of pairs whose first blocks have small length, and B4 , consisting
of pairs whose first blocks have large length (see (4.9)). Since IFS J is a special form of
F defined in the subsection 4.1 and the sets Ã1 and Ã2 provide a disjoint partition of the
set B4. Thus, by applying Lemma 4.1 and Lemma 4.2, we conclude that for every pair
in B4, either the projections are exponentially separated or the first-order transversality
condition holds (see Lemma 4.4). The B3 is a compact subset of Σ×Σ, and for any pair in
B3 the projection is non-degenerate. Thus, by applying the idea of Hochman [14], we show
that the higher-order transversality condition holds for the set B3 (see Lemma 4.5). We
apply a similar idea to the set B2. By using these transversality conditions, we show that
IFS J satisfies ESC for CFS outside of a Hausdorff co-dimension one exceptional set of
natural parameters (see Proposition 4.11). In the subsection 4.4, we will prove our aim for
a general fixed point system by using results on two fixed point systems. The key idea is
that, upon differentiating the general IFS Sλ,t with respect to the fixed point ti, we obtain
a self-similar IFS Si, which have only two fixed points 0 and 1. The natural projection
corresponding to the IFS Sλ,t and the natural projection corresponding to the IFS Si are
well-connected by a formula (see 4.12). Finally, by combining this formula with the result
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for the two-fixed-point system, we obtain the desired conclusion for the general case (see
Proposition 4.11).

4.1. Technical lemmas. We begin by discussing some general results for later purposes,
which will be particularly useful in describing the dimension theory of self-similar IFS with
a common fixed-point structure.

Let us consider a self-similar IFS F on R,
F := {fi(x) = λix}M1

i=1 ∪ {fi(x) = λix+ ci}M2
i=M1+1, (4.1)

where M2 > M1 ≥ 2. Suppose that there exist ϵ, A > 0 such that

(1) λi ∈ [ϵ, 1−ϵ] ∀ i ∈ {1, 2, . . . ,M1} and |λi| ∈ [ϵ, 1−ϵ] ∀ i ∈ {M1+1,M1+2, . . . ,M2},
(2) fi[0, A] ⊆ [ϵ, A] ∀ i ∈ {M1 + 1, . . . ,M2}.

Let Σ = {1, . . . ,M2}N be the symbolic space and let Π be the natural projection corre-
sponding to the IFS F . Throughout the section, we assume that A > ϵ > 0 are arbitrary
but fixed.

For an i ∈ Σ, we define the “first block” bi1 of i as follows: if i1 ≥ M1 + 1 then bi1 = i1.
Otherwise, let |bi1| := min{k ≥ 1 : ik ≥ M1 + 1} − 1, and if |bi1| = ∞ then let bi1 = i,
otherwise let bi1 := i||bi1|

.

We say that for i, j ∈ Σ, the first blocks are disjoint if the sets formed by the symbols
in the first blocks bi1 and bj1 are disjoint. We denote it by bi1 ∩ bj1 = ∅. In other words,

min{#ib
i
1,#ib

j
1} = 0 for every 1 ≤ i ≤ M2.

In the next two lemmas, we will follow and modify techniques of Kamalutdinov and
Tetenov [16].

We define a set as follows

Ã1 =

{
(i, j) ∈ Σ×Σ : 1 ≤ i1, j1 ≤ M1 & bi1∩ bj1 = ∅ &

λbi1

λbj1

/∈
(

ϵ

2A
,
2A

ϵ

)
& bi1 ̸= i, bj1 ̸= j

}
.

Lemma 4.1. Let F be the self-similar IFS of the form (4.1) with natural projection Π. Let
A > ϵ > 0. Then for every λ = (λi)

M2
i=1 satisfying (1)–(2) and for every pair (i, j) ∈ Ã1,

|Π(i)− Π(j)| ≥ ϵ3max{|bi1|,|b
j
1|}.

Proof. Without loss of generality, we assume that
λ
bi1

λ
b
j
1

≥ 2A
ϵ
, the other case can be proven

similarly. Since bi1 ̸= i, bj1 ̸= j and fi[0, A] ⊆ [ϵ, A] ∀ i ∈ {M1 + 1, . . . ,M2}, we have

Π(i) ∈ fbi1([ϵ, A]) and Π(j) ∈ fbj1
([ϵ, A]).

Thus, we get

Π(i)− Π(j) = λbi1
x− λbj1

y

for some x, y ∈ [ϵ, A]. This implies that

Π(i)− Π(j) ≥ λbi1
ϵ− λbj1

A = λbi1
ϵ

(
1−

λbj1
A

λbi1
ϵ

)
≥ ϵ

2
λbi1

≥ ϵ3|b
i
1|.

□

Let N0 = ⌈ (1−ϵ)(2A+ϵ)
ϵ3

⌉+ 1. We define a set as follows

Ã2 =

{
(i, j) ∈ Σ× Σ : 1 ≤ i1, j1 ≤ M1 & bi1 ∩ bj1 = ∅ &

λbi1

λbj1

∈
(

ϵ

2A
,
2A

ϵ

)
& bi1 ̸= i, bj1 ̸= j
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& max
1≤k≤M1

{
max{#kb

i
1,#kb

j
1}
}

> N0

}
Lemma 4.2. Let F be the self-similar IFS of the form (4.1) with natural projection Π. Let
A > ϵ > 0. Then there exists a constant C > 0 such that for every λ = (λi)

M2
i=1 satisfying

(1)–(2) and for every (i, j) ∈ Ã2∣∣∣∣∂(Π(i)− Π(j))

∂λk

∣∣∣∣ ≥ Cϵmax{|bi1|,|b
j
1|},

where k is such that max{#kb
i
1,#kb

j
1} > N0.

Proof. Let (i, j) ∈ Ã2. For simplicity, let mk = #kb
i
1 and nk = #kb

j
1 for k ∈ {1, 2, . . . ,M1}.

Without loss of generality, we assume that mr > N0 for some r ∈ {1, 2 . . . ,M1}. By
definition, nr = 0. Let λ′

r ∈ [ϵ, 1− ϵ] be such that λr < λ′
r and

ϵ

2A
≤

(λ′
r)

mr
∏M1

i=1, i̸=r λ
mi
i∏M1

i=1 λ
ni
i

≤ 2A

ϵ
.

Let δ = λ′
r − λr > 0. Then, by using the mean value theorem, we have

mrλ
mr−1
r ≤ (λ′

r)
mr − λmr

r

λ′
r − λr

=
|(λ′

r)
mr − λmr

r |
δ

≤ mr(λ
′
r)

mr−1.

Now, we define another self-similar IFS

F ′ = {F \ {fr(x) = λrx}} ∪ {f ′
r(x) = λ′

rx}.
The IFS F ′ is just obtained from the IFS F by replacing the map fr by f ′

r. Let Π′ be
the natural projection corresponding to the IFS F ′. Thus, by the displacement lemma by
Kamalutdinov and Tetenov [16, Theorem 17], we have

|Π(i)− Π′(i)| ≤ δ

ϵ
∀ i ∈ Σ. (4.2)

For the given pair (i, j) ∈ Σ× Σ, we have

Π(i) = fm1
1 ◦ · · · ◦ fmM1

M1
(fĩ(Π(̂i))), Π(j) = fn1

1 ◦ · · · ◦ fnM1
M1

(fj̃(Π(̂j)))

Π′(i) = fm1
1 ◦ · · · ◦ fmr−1

r−1 ◦ f ′mr
r ◦ fmr+1

r+1 ◦ · · · ◦ fmM1
M1

(fĩ(Π
′(̂i))),

Π′(j) = fn1
1 ◦ · · · ◦ fnl

M1
(fj̃(Π

′(̂j))),

for some ĩ, j̃ ∈ {M1 + 1, . . . ,M2} and î, ĵ ∈ Σ. Now, we will estimate the expression
|(Π(i)− Π(j))− (Π′(i)− Π′(j))|. We have

|(Π(i)− Π(j))− (Π′(i)− Π′(j))|
= |Π(i)− Π′(i) + Π′(j)− Π(j)|

≥
∣∣∣fm1

1 ◦ · · · ◦ fmM1
M1

(fĩ(Π(̂i)))− fm1
1 ◦ · · · ◦ fmr−1

r−1 ◦ f ′mr
r ◦ fmr+1

r+1 ◦ · · · ◦ fmM1
M1

(fĩ(Π
′(̂i)))

∣∣∣
− |Π′(j)− Π(j)|

≥
∣∣∣fm1

1 ◦ · · · ◦ fmM1
M1

(fĩ(Π
′(̂i)))− fm1

1 ◦ · · · ◦ fmr−1

r−1 ◦ f ′mr
r ◦ fmr+1

r+1 ◦ · · · ◦ fmM1
M1

(fĩ(Π
′(̂i)))

∣∣∣
−
∣∣∣fm1

1 ◦ · · · ◦ fmM1
M1

(fĩ(Π(̂i)))− fm1
1 ◦ · · · ◦ fmM1

M1
(fĩ(Π

′(̂i)))
∣∣∣

− |Π′(j)− Π(j)|
=: L1 − L2 − L3.
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To estimate the above expression, we need to individually estimate the values of L1, L2,
and L3. Thus, we have

L1 =
∣∣∣fm1

1 ◦ · · · ◦ fmM1
M1

(fĩ(Π
′(̂i)))− fm1

1 ◦ · · · ◦ fmr−1

r−1 ◦ f ′mr
r ◦ fmr+1

r+1 ◦ · · · ◦ fmM1
M1

(fĩ(Π
′(̂i)))

∣∣∣
=
∣∣λ′

r
mr − λmr

r

∣∣ M1∏
i=1
i ̸=r

λmi
i

∣∣∣fĩ(Π′(̂i))
∣∣∣ ≥ mrλ

−1
r δ

M1∏
i=1

λmi
i ϵ ≥ N0δϵ

1− ϵ
λbi1

.

On the other hand,

L2 =
∣∣∣fm1

1 ◦ · · · ◦ fmM1
M1

(fĩ(Π(̂i)))− fm1
1 ◦ · · · ◦ fmM1

M1
(fĩ(Π

′(̂i)))
∣∣∣

≤ λbi1
|Π(̂i)− Π′(̂i)| ≤ δ

ϵ
λbi1

,

where we used (4.2). Moreover,

L3 = |Π′(j)− Π(j)| = |fn1
1 ◦ · · · ◦ fnM1

M1
(fj̃(Π(̂j)))− fn1

1 ◦ · · · ◦ fnM1
M1

(fj̃(Π
′(̂j)))|

= λbj1
|λj̃||Π(̂j)− Π′(̂j)| ≤ λbj1

(1− ϵ)
δ

ϵ
,

where we used the estimate (4.2) again. Thus, we get

L1 − L2 ≥
(

N0ϵ

1− ϵ
− 1

ϵ

)
λbi1

δ ≥ ϵδ

2A

(
N0ϵ

1− ϵ
− 1

ϵ

)
λbj1

.

Thus, by using the above estimates, we get

L1 − L2 − L3 ≥
(
N0ϵ

3 − (1− ϵ)(2A+ ϵ)

2A(1− ϵ)ϵ

)
λbj1

δ ≥ δ

(
N0ϵ

3 − (1− ϵ)(2A+ ϵ)

2A(1− ϵ)ϵ

)
ϵ|b

j
1|.

Choosing C = N0ϵ3−(1−ϵ)(2A+ϵ)
2A(1−ϵ)ϵ

, and since N0 = ⌈ (1−ϵ)(2A+ϵ)
ϵ3

⌉ + 1, we have C > 0. This

implies that

|(Π(i)− Π(j))− (Π′(i)− Π′(j))| ≥ Cϵ|b
j
1|δ.

This also implies that ∣∣∣∣∂(Π(i)− Π(j))

∂λr

∣∣∣∣ ≥ Cϵ|b
j
1| ≥ Cϵmax{|bi1|,|b

j
1|}.

This completes the proof. □

4.2. Block structure. Now, we give a more detailed description of the coding of IFS S
with common fixed point structure defined in (1.3). Let us recall here the definition. Let
N ≥ 2 be an integer, and for every 1 ≤ i ≤ N , let ni ≥ 1 be an integer. Let

S = {fi,j = λi,jx+ ti(1− λi,j) : 1 ≤ i ≤ N & 1 ≤ j ≤ ni}, (4.3)

where λi,j ∈ (0, 1) and ti ∈ R. Without loss of generality, we assume that 0 < t1 < t2 <
· · · < tN .

Let I = {(i, j) : 1 ≤ i ≤ N, 1 ≤ j ≤ ni} and let Σ = IN be the symbolic space
corresponding to IFS S. Denote Σn the set n-length finite sequences formed by the symbols
of I, and let Σ∗ =

⋃∞
n=0 Σn. Denote the length of i ∈ Σ∗ by |i|. We will use the convention

that |i| = ∞ for i ∈ Σ. Denote σ : Σ → Σ the usual left-shift operator. We extend σ to Σ∗

by σ(i1, . . . , in) = (i2, . . . , in).
For each i ∈ Σ ∪ Σ∗, we define the following unique block representation: For i =

((i1, j1), (i2, j2), . . . ), let |bi1| := max{k ≥ 1 : i1 = iℓ for all 1 ≤ ℓ ≤ k}. If |bi1| = |i| then let
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bi1 := i, otherwise let bi1 := i||bi1|
. Then we define by induction. Suppose that bi1, . . . , b

i
n are

defined and finite. Then let

|bin+1| := max
{
k ≥ 1 : i|bi1|+···+|bin|+1 = i|bi1|+···+|bin|+ℓ for all 1 ≤ ℓ ≤ k

}
.

If |bin+1| =
∣∣∣σ|bi1|+···+|bin|i

∣∣∣ then let bin+1 := σ|bi1|+···+|bin|i, and so, i = bi1 . . . b
i
nb

i
n+1. Otherwise,

let bin+1 := (σ|bi1|+···+|bin|i)||bin+1|
. Let Bi denote the number of block in i. For i ∈ Σ, the maps

in each block bil correspond to the same fixed points. The maps having the same fixed
point are commutative. We write tbil for the common fixed point of the maps in the block

bil, which is also the fixed point of the map fbil . Thus, any i ∈ Σ can be written uniquely as

countably (but possibly finitely) many finite sequences:

i = (i1, j1) . . . (i1, jl)︸ ︷︷ ︸
bi1

(il+1, jl+1) . . . (il+1, jm)︸ ︷︷ ︸
bi2

(im+1, jm+1) . . . . (4.4)

Note that the maps corresponding to the symbols from the same block share the same
fixed point.

Let Π : Σ → [t1, tN ] be the natural projection corresponding to the IFS S. Simple
algebraic manipulations show that for every i ∈ Σ with Bi = ∞

Π(i) = tbi1 +
∞∑
l=1

λbi1
λbi2

. . . λbil

(
tbil+1

− tbil

)
,

where λbil
represent the similarity ratio of the map corresponding to the lth block in the

infinite sequence i. For a finite i ∈ Σ∗, we will write Π(i) = fi(0) with a slight abuse
of notation. Observe that Π is an analytic map of λ = (λi,j)(i,j)∈I and a linear map of

t = (ti)
N
i=1 for every i ∈ Σ ∪ Σ∗. In particular, Π is analytic over λ ∈ (−1 + ϵ, 1− ϵ)

∑N
i=1 ni ,

which fact will be used for later purposes.
For a finite word i ∈ Σ∗, let #i,ji denote the number of symbols (i, j) appearing in i.

For i, j ∈ Σ ∪ Σ∗, we say that i, j have the same block structure if Bi = Bj and for every
1 ≤ l ≤ Bi, tbil = tbjl

and #i,jb
i
l = #i,jb

j
l for every (i, j) ∈ I. Note that if i, j ∈ Σ∗ have the

same block structure then fi ≡ fj.
Now, we define a special form of the WESC adapted to common fixed-point systems.

Definition 4.3. We say that IFS S satisfies the Exponential Separation Condition

for the Common Fixed Point System (ESC for CFS), if there exist N ∈ N and b > 1
such that for every n ≥ N and every i, j ∈ Σn with λi = λj, we have the following:

either i, j have the same block structure or |Π(i)− Π(j)| > 2−bn. (4.5)

Let us note that one can relax the definition of the exponential separation for common
fixed point systems (ESC for CFS) through a subsequence of natural numbers n for which
(4.5) holds. However, it would require a slight change in the proofs and the definition of
the exceptional sets.

One can see that ESC for CFS for the IFS S implies that IFS S satisfies the WESC (see
Definition 3.4). ESC for CFS provides a complete description of the overlapping cylinders
via symbolic space, see Section 5.

We say that the finite words i, j ∈ Σ∗ are disjoint if min{#i,ji,#i,jj} = 0 for every
(i, j) ∈ I. We will denote this with a slight abuse of notation by j ∩ i = ∅.
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4.3. Two-fixed point system. Next, we discuss the ESC for CFS in the case of the two
fixed-point systems. We consider the following iterated function system, having only two
fixed points

J = {f1,i(x) = λ1,ix}n1
i=1 ∪ {f2,i(x) = λ2,ix+ (1− λ2,i)}n2

i=1. (4.6)

Clearly, the IFS J is a special case of the family of IFSs defined in (4.3), where t1 = 0 and
t2 = 1. Let Σ be the symbolic space corresponding to the IFS J with symbols I = {(i, j) :
i ∈ {1, 2}, j ∈ {1, . . . , ni}}.
Denote L = n1 + n2, and λ = (λi,j)(i,j)∈I ∈ (0, 1)L the vector of contraction ratios.

Observe that for every ϵ > 0 such that ϵ ≤ min(i,j)∈I min{λi,j, 1−λi,j} then LJ ⊆ [0, 1− ϵ]
and RJ ⊆ [ϵ, 1], where LJ :=

⋃n1

i=1 f1,i([0, 1]) and RJ :=
⋃n2

i=1 f2,i([0, 1]).
Let Π be the natural projection corresponding to the IFS J . For i, j ∈ Σ, we define

∆i,j(λ) = Π(i)− Π(j).

Let us define the following set of pairs:

B :=

{
(i, j) ∈ Σ× Σ : bi1 ∩ bj1 = ∅ & bi1 ̸= i & bj1 ̸= j

}
. (4.7)

We divide the set B further:

B1 :=

{
(i, j) ∈ B : tbi1 ̸= tbj1

}
and B2 := B \ B1 =

{
(i, j) ∈ B : tbi1 = tbj1

}
. (4.8)

Now, set Ñ0 := ⌈ (1−ϵ)(2+ϵ)
ϵ3

⌉+ 1, and divide B2 further:

B3 =

{
(i, j) ∈ B2 : max

k∈I

{
max

{
#kb

i
1,#kb

j
1

}}
≤ Ñ0

}
and B4 = B2 \ B3. (4.9)

Observe that B3 is a compact subset of Σ× Σ.

Lemma 4.4. Let ϵ > 0 be arbitrary. Then there exists a constant C > 0 such that for
every λ ∈ [ϵ, 1− ϵ]L and for every (i, j) ∈ B4

max

{
|∆i,j(λ)|,

∣∣∣∣∂∆i,j

∂λk

(λ)

∣∣∣∣} ≥ Cϵ3max{|bi1|,|b
j
1|},

where k is such that max{#kb
i
1,#kb

j
1} > Ñ0.

Proof. Let (i, j) ∈ B4. Without loss of generality, we may assume that tbi1 = tbj1
= 0.

The case tbi1 = tbj1
= 1 can be handled similarly by considering the conjugated IFS with

conjugation map x 7→ 1− x.

First, suppose that
λ
bi1

λ
b
j
1

/∈
(
ϵ

2
,
2

ϵ

)
. Then, by Lemma 4.1, we get the

|∆i,j(λ)| ≥ ϵ3max{|bi1|,|b
j
1|}.

Now, we assume that
λ
bi1

λ
b
j
1

∈
(
ϵ

2
,
2

ϵ

)
. Then by Lemma 4.2, we get that∣∣∣∣∂∆i,j

∂λk

(λ)

∣∣∣∣ ≥ Cϵmax{|bi1|,|b
j
1|}

for some uniform constant C > 0. □
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Lemma 4.5. Let ϵ > 0 be arbitrary. Then there exist p ≥ 0 and C̃ > 0 such that for
every (i, j) ∈ B3 and for all λ ∈ [ϵ, 1 − ϵ]L, there exists (mi,j)(i,j)∈I ∈ NL such that m =∑

(i,j)∈I mi,j ≤ p and ∣∣∣∣∣ ∂m∆i,j∏
(i,j)∈I ∂

mi,jλi,j

(λ)

∣∣∣∣∣ > C̃.

We use the idea of Hochman [14, Proposition 6.24] to prove this lemma.

Proof. Let (i, j) ∈ B3. Without loss of generality, we may assume that tbi1 = tbj1
= 0.

The case tbi1 = tbj1
= 1 can be handled similarly by considering the conjugated IFS with

conjugation map x 7→ 1− x.
First, we show that ∆i,j(λ) ̸≡ 0 over λ ∈ [ϵ, 1− ϵ]L. We have

∆i,j(λ) = Π(i)− Π(j)

=
∞∑
l=1

(−1)l+1λbi1
λbi2

. . . λbil
−

∞∑
l=1

(−1)l+1λbj1
λbj2

. . . λbjl

= λbi1
− λbj1

+
∞∑
l=2

(−1)l+1λbi1
λbi2

. . . λbil
−

∞∑
l=2

(−1)l+1λbj1
λbj2

. . . λbjl
.

Since bi1 ∩ bj1 = ∅, we get

∂|bi1|∆i,j∏
(i,j)∈I ∂

#i,jbi1λi,j

(λ) =
∏

(i,j)∈I

(#i,jb
i
1)! +

∑
l=2

∂|bi1|((−1)l+1λbi1
λbi2

. . . λbil
)∏

(i,j)∈I ∂
#i,jbi1λi,j

−
∑
l=2

∂|bi1|((−1)l+1λbi1
λbj2

. . . λbjl
)∏

(i,j)∈I ∂
#i,jbi1λi,j

.

This implies that
∂|bi1|∆i,j∏

(i,j)∈I ∂
#i,jb

i
1λi,j

(0) =
∏

(i,j)∈I(#i,jb
i
1)!. Since the function ∆i,j(λ) is ana-

lytic on (−1 + ϵ
2
, 1− ϵ

2
)L, we have ∆i,j(λ) ̸≡ 0 over λ ∈ [ϵ, 1− ϵ]L.

Let’s continue the proof using an argument by contradiction. Assume that ∀ n ≥ 1,
∃ λn ∈ [ϵ, 1− ϵ]L and ∃ (in, jn) ∈ B3 such that∣∣∣∣ ∂m∆in,jn∏

(i,j)∈I ∂
mi,jλi,j

(λn)

∣∣∣∣ < 1

n
∀ (mi,j)(i,j)∈I ∈ NL with m =

∑
(i,j)∈I

mi,j ≤ n.

Due to the compactness of B3, there exists a subsequence {nl}l≥1, λ0 ∈ [ϵ, 1 − ϵ]L and
(i, j) ∈ B3 such that

lim
l→∞

λnl
= λ0, lim

l→∞
(inl , jnl) = (i, j).

This also implies that

∂m∆inl ,jnl∏
(i,j)∈I ∂

mi,jλi,j

→ ∂m∆i,j∏
(i,j)∈I ∂

mi,jλi,j

uniformly on [ϵ, 1− ϵ]L

for every (mi,j)(i,j)∈I ∈ NL. Thus,

∂m∆i,j∏
(i,j)∈I ∂

mi,jλi,j

(λ0) = 0 ∀ (mi,j)(i,j)∈I ∈ NL

Since ∆i,j(λ) is analytic function, we have ∆i,j(λ) ≡ 0, which is a contradiction. □
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Lemma 4.6. Let ϵ > 0 be arbitrary. Then there exist p ≥ 0 and C̃ > 0 such that for
every (i, j) ∈ B1 and for all λ ∈ [ϵ, 1 − ϵ]L, there exists (mi,j)(i,j)∈I ∈ NL such that m =∑

(i,j)∈I mi,j ≤ p and ∣∣∣∣∣ ∂m∆i,j∏
(i,j)∈I ∂

mi,jλi,j

(λ)

∣∣∣∣∣ > C̃.

Proof. Actually, we claim that the statement of the lemma holds for the greater set B1 ={
(i, j) ∈ Σ × Σ : tbi1 ̸= tbj1

}
, and clearly, B1 ⊆ B1. Observe that the set B1 is a compact

subset of Σ× Σ, and so, the proof can be similarly completed to the proof of Lemma 4.5.
We leave the details for the reader. □

For n ≥ 1, let

B(n) =
{
(i, j) ∈ Σn × Σn : bi1 ∩ bj1 = ∅ & bi1 ̸= i & bj1 ̸= j

}
,

and divide it further into B(n)
1 ,B(n)

2 ,B(n)
3 and B(n)

4 as in (4.8) and (4.9) by

B(n)
k = {(i, j) ∈ B(n) : (i(1, 1) · · · , j(1, 1) · · · ) ∈ Bk}.

Define

Eϵ =
⋂
H≥1

⋂
Ñ≥1

⋃
n≥Ñ

⋃
(i,j)∈B(n)

{
λ ∈ [ϵ, 1− ϵ]L : |∆i,j(λ)| <

1

Hn

}
. (4.10)

Proposition 4.7. Let Eϵ ⊂ [ϵ, 1−ϵ]L be the set defined as above. Then, dimH(Eϵ) ≤ L−1.

Proof. By combining Lemma 4.4 and [14, Lemma 6.26], then for every (i, j) ∈ B(n)
4 with

n ≥ 1 the set

E
(i,j)
ϵ,H =

{
λ ∈ [ϵ, 1− ϵ]L : |∆i,j(λ)| <

1

Hn

}
can be covered by C ′(Cϵ3nHn)L−1-many balls of radius H−nC−1ϵ−3n for ϵ−3 < H, where
C ′ > 0 an universal constant.

By [14, Proposition 6.28], Lemma 4.5 and Lemma 4.6, we get that for every (i, j) ∈
B(n)
1 ∪ B(n)

3 , the set E
(i,j)
ϵ,H can be covered by C ′Hn(L−1)/2p-many balls of radius C̃−1H−n/2p ,

for sufficiently largeH. ChooseH so large that,H−nC−1ϵ−3n < C̃−1H−n/2p for every n ∈ N.
Let

Eϵ,H =
⋂
Ñ≥1

⋃
n≥Ñ

⋃
(i,j)∈B(n)

{
λ ∈ [ϵ, 1− ϵ]L : |∆i,j(λ)| <

1

Hn

}
.

Thus, we have for every Ñ ≥ 1

Hs
C̃−1H−Ñ/2p (Eϵ,H) ≤

∑
n≥Ñ

L2nC ′(Cϵ3nHn)L−1

(
H−nC−1ϵ−3n

)s

+ L2nC ′Hn(L−1)/2p
(
C̃−1H−n/2p

)s

= C ′CL−1−s
∑
n≥Ñ

(
L2(ϵ3H)L−1−s

)n
+ C ′C̃−s

∑
n≥Ñ

(
L2H

L−1−s
2p

)n
,

which is finite if s > max{ 2 logL
log(Hϵ3)

+L−1, 2
p+1 logL
log(H)

+L−1}. This implies that dimH(Eϵ,H) ≤
max{ 2 logL

log(Hϵ3)
, 2

p+1 logL
log(H)

} + L − 1. Since Eϵ ⊆
⋂

H≥1Eϵ,H , we have dimH Eϵ ≤ L − 1. This

completes the proof. □
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We define a set as follows:

Gϵ =
∞⋃
n=1

∞⋃
m=1

⋃
(i,j)∈Σn×Σm

i∩j=∅

{λ ∈ [ϵ, 1− ϵ]L : λi = λj} and G =
∞⋃
n=1

G1/n. (4.11)

Lemma 4.8. Let ε > 0 be arbitrary and let Gϵ be as above. Then dimH Gϵ ≤ L − 1.
Moreover, for every λ ∈ [ϵ, 1− ϵ]L \Gϵ and (i, j) ∈ Σ∗ × Σ∗,

either #i,j(i) = #i,j(j) ∀ (i, j) ∈ I or λi ̸= λj.

Proof. It is clear that for every n,m ∈ N and i ∈ Σn, j ∈ Σm with i ∩ j = ∅, the set {λ ∈
[ϵ, 1−ϵ]L : λi = λj} forms a smooth (L−1)-dimensional manifold, and so, dimH Gϵ ≤ L−1.

On the other hand, for every (i, j) ∈ Σ∗ × Σ∗ there are finite words h, i′, j′ ∈ Σ∗ such
that

#i,jh = min{#i,ji,#i,jj}, #i,ji
′ = #i,ji−#i,jh and #i,jj

′ = #i,jj−#i,jh,

moreover, λi = λhλi′ , λj = λhλj′ . Clearly, i
′ ∩ j′ = ∅ and λi − λj = λh (λi′ − λj′) ̸= 0 by

λ ∈ [ϵ, 1− ϵ]L \Gϵ. □

Proposition 4.9. There exists a set E ⊂ (0, 1)L such that dimH E ≤ L − 1 and the IFS
J defined satisfies ESC for CFS for every parameters λ ∈ (0, 1)L \ E.

Proof. We define the set E = G ∪
⋃∞

n=1E1/n, where E1/n is defined in (4.10) and G is
defined in (4.11). By Proposition 4.7 and Lemma 4.8, dimH E ≤ L− 1. Now, we show that
the IFS J satisfies ESC for CFS for every parameter λ ∈ (0, 1)L \ E.
Let ϵ > 0 and λ ∈ [ϵ, 1− ϵ]L \E be arbitrary but fixed. Let i, j ∈ Σn be such that λi = λj,

but i and j have different block structure. Since i and j have different block structure, there
exists h, i′, j′ ∈ Σ∗ such that

fi ≡ fh ◦ fi′ , fj ≡ fh ◦ fj′ and bi
′

1 ∩ bj
′

1 = ∅.

Thus, λi′ = λj′ .

If bi
′
1 = i′ and bj

′

1 = j′, then λi′ ̸= λj′ by λ /∈ G, which is a contradiction. If bi
′
1 = i′

and bj
′

1 ̸= j′, then there exists i ∈ {1, 2} such that #i,jj
′ ≥ 1 > 0 = #i,ji

′ for some
j ∈ {1, . . . , ni}, and hence, again λi′ ̸= λj′ by λ /∈ G, which is again a contradiction.

Hence, bi
′
1 ̸= i′ and bj

′

1 ̸= j′. Since λ /∈ Eϵ, there exists b > 1 independent of n ∈ N and
i, j ∈ Σn such that

|∆i′,j′(λ)| > 2−b|i′| ≥ 2−bn.

Hence,

|∆i,j(λ)| = λh|∆i′,j′(λ)| > ϵn2−bn,

which had to be proven. □

4.4. General fixed point system. Now, let us turn our attention to the IFS

Sλ,t = {fi,j(x) = λi,jx+ ti(1− λi,j) : i ∈ {1, . . . , N}, j ∈ {1, . . . , ni}}

defined in (4.3), and denote its natural projection by Π, as usual. For every i ∈ {1, . . . , N},
let us define the IFS

Si = {λi,jx+ (1− λi,j)}ni
j=1

⋃
{λk,jx : k ∈ {1, . . . , N} \ {i}, j ∈ {1, . . . , nk}},
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and let Πi be the natural projection for the IFS Si. Then clearly,

Π(i) =
N∑
i=1

tiΠi(i). (4.12)

Let us introduce the following vector:

Π̂(i) = (Π1(i), . . . ,ΠN(i)).

Then by writing t = (t1, . . . , tN), we get Π(i) = ⟨t, Π̂(i)⟩, where ⟨·, ·⟩ denotes the usual
scalar product on RN and let ∥ · ∥ be the usual Euclidean distance. Recall the notation

L =
∑N

i=1 ni.
By Proposition 4.9, for every i = 1, . . . , N there exists a set Ei ⊂ (0, 1)L such that

dimH Ei ≤ L − 1 such that the IFS Si satisfies ESC for CFS for all parameters λ ∈
(0, 1)L \ Ei. We define a set by

E =
N⋃
i=1

Ei. (4.13)

Clearly, dimH(E) ≤ L−1. Let Σn be the set of all finite sequences of length n with symbols
from the set I.

Lemma 4.10. Let λ ∈ (0, 1)L \ E. Then there exists b > 0 such that for every n ∈ N and
every i, j ∈ Σn with λi = λj, we have

either i and j have the same block structure with respect to S or ∥Π̂(i)− Π̂(j)∥ > 2−bn.

Proof. Since λ ∈ (0, 1)L \ E, for every i ∈ {1, . . . , N} there exists bi = bi(λ) > 0 such that
for every i and j with λi = λj but with different block structure with respect to Si, we have
|Πi(i)− Πi(j)| > 2−bin by Proposition 4.9. Let b := max{b1, . . . , bN}.
Let i, j ∈ Σn be such that λi = λj and i and j does not have the same block structure with

respect to S. Let l ≥ 1 be the smallest l such that the blocks bil and bjl differ significantly.
That is,

l = min{k ≥ 1 : ∃(i, j) ∈ I s. t. #i,jb
i
k ̸= #i,jb

j
k}.

Let i be such that tbil = ti. Then i, j ∈ Σn have different block structure with respect to

the IFS Si, and so, ∥Π̂(i)− Π̂(j)∥ ≥ |Πi(i)− Πi(j)| > 2−bn. □

Proposition 4.11. Let E ⊂ (0, 1)L as in (4.13). Then for every λ ∈ (0, 1)L \E there exists
F ⊂ RN such that dimH F ≤ N −1 and the IFS S satisfies ESC for CFS for all parameters
t ∈ RN \ F.

Proof. Let i, j ∈ Σn be such that i and j have different block structure. By Lemma 4.10,
for every λ ∈ (0, 1)L \ E there exists b ∈ N (independent of the choice of i, j) such that

∥Π̂(i)− Π̂(j)∥ ≥ 2−bn. For simplicity, let

An = {(i, j) ∈ Σn × Σn : i and i have not same block structure and λi = λj}.

For t ∈ RN and (i, j) ∈ An, let θ(t, i, j) be the angle between the vectors t and Π̂(i)−Π̂(j).
The exceptional set for the fixed-point parameters is F =

⋃∞
m=1

⋃∞
M=1

⋂∞
H=2b Fm,M,H , where

Fm,M,H =
∞⋂

Ñ=1

∞⋃
n=Ñ

⋃
(i,j)∈An

{
t : 1/m ≤ ∥t∥ ≤ M & | cos(θ(t, i, j))| ≤ mH−n2bn

}
.
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Clearly, for every t ∈ RN \F there exist H, Ñ ∈ N such that for every n ≥ Ñ and (i, j) ∈ An

|Π(i)− Π(j)| = ∥t∥∥Π̂(i)− Π̂(j)∥| cos(θ(t, i, j))| > ∥Π̂(i)− Π̂(j)∥H−n2bn > H−n,

which implies the claim. To finish the proof, we need to verify the dimension estimate.

For every (i, j) ∈ An, the set

{
t : 1/m ≤ ∥t∥ ≤ M & | cos(θ(t, i, j))| ≤ mH−n2bn

}
can be

covered by C(Hn2−bn/m)N−1-many balls of radius MmH−n2bn, where C > 0 is a universal
constant independent of n,m,M ∈ N, and (i, j) ∈ An. Thus, we have for every Ñ ≥ 1

Hs
MmH−Ñ2−Ñ (Fm,M,H) ≤

∞∑
n=Ñ

CL2n(Hn2−bn/m)N−1

(
MmH−n2bn

)s

=
∞∑

n=Ñ

C ′′ (L2(H2−b)(N−1−s)
)n

< ∞

provided L2(H2−b)N−1−s < 1, where C ′′ = CM sms−N+1. This implies that dimH Fm,M,H ≤
2 logL

logH−b log 2
+ N − 1. Hence, we have dimH

⋂∞
H=2b Fm,M,H ≤ N − 1, and so, dimH F ≤

N − 1. □

Let us note that one could modify the definition of the exceptional set F slightly and
show with some modification of the argument of Proposition 4.11 that (4.5) holds through
a subsequence of integers n ∈ N, and the dimension estimate remains valid by replacing
the Hausdorff dimension with the packing dimension, following the lines of the proof of
Hochman [14].

5. Calculation of hRW for general CFS

Recall the self-similar IFS

Sλ,t = {fi,j = λi,jx+ ti(1− λi,j) : (i, j) ∈ I} (5.1)

with a common fixed point structure. The next theorem will provide the formula for the
Hausdorff dimension of self-similar measures corresponding to the IFS Sλ,t by calculating
the random walk entropy.

Theorem 5.1. Let Sλ,t be a self-similar IFS defined in (5.1). Suppose that Sλ,t satisfies
the ESC for CFS. Let p = (pi,j)(i,j)∈I be a probability vector, and let µ be a self-similar
measure corresponding to the probabilistic self-similar IFS (Sλ,t,p). Then,

hRW (µ) = −
∑

(i,j)∈I

pi,j log(pi,j)

+
∑

(i,j)∈I

pi,j

∞∑
k=1

k∑
l=0

(
k

l

)
pli,j

 ni∑
m=1
m ̸=j

pi,m


k−l(

1−
ni∑

m=1

pi,m

)
log

(
l + 1

k + 1

)
. (5.2)

Proof. Let us first recall that

Hn = −
∑
i∈Σn

pi log

(∑
j∈Σn
fi≡fj

pj

)
and hRW (µ) = lim

n→∞

Hn

n
.
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For every n ∈ N and i, j ∈ Σn, if λi ̸= λj then fi ̸≡ fj clearly, and if λi = λj then by ESC
for CFS either i and j have the block structure, and in particular, fi ≡ fj or fi(0) ̸= fj(0).
Let

C(i) = {j ∈ Σ|i| : i and j have the same block structure}.
Then

Hn = −
∑
i∈Σn

pi log

( ∑
j∈C(i)

pj

)
.

It is enough to prove that the sequence Hn+1 −Hn converges to the right-hand side of
(5.2). Indeed, if limn→∞(Hn+1 −Hn) = h then for each ϵ > 0 there exists a N0 ∈ N such
that h− ϵ < Hn+1 −Hn < h+ ϵ for all n > N0. Thus, for all k ∈ N we have

HN0+k −HN0 =
k∑

p=1

(HN0+p −HN0+p−1) < k(h+ ϵ), and similarly

HN0+k −HN0 > k(h− ϵ).

Thus, by squeeze theorem, we have

h− ϵ ≤ lim
k→∞

HN0+k

k +N0

= hRW (µ) ≤ h+ ϵ.

Since ϵ > 0 was arbitrary, we get that h = hRW (µ) and the claim of the theorem follows.
Now, we will prove that the sequence Hn+1 − Hn converges. First, let us observe the

following simple fact: for every i ∈ Σ∗

∑
j∈C(i)

pj = pi

Bi∏
k=1

|bik|!∏
(i,j)∈I(#i,jbik)!

.

Hence, for every (i, j) ∈ I∑
j′∈C((i,j)i) pj′∑

j∈C(i) pj
=


pi,j if |b(i,j)i1 | = 1,

pi,j
|bi1|+ 1

#i,jbi1 + 1
if |b(i,j)i1 | = 1 + |bi1|.

(5.3)

Hn+1 −Hn = −
∑

i∈Σn+1

pi log

( ∑
j∈C(i)

pj

)
+
∑
i∈Σn

pi log

( ∑
j∈C(i)

pj

)

= −
∑
i∈Σn

∑
(i,j)∈I

pi,jpi log

(∑
j′∈C((i,j)i) pj′∑

j∈C(i) pj

)
by (5.3)

= −
∑

(i,j)∈I

∑
i∈Σn

|b(i,j)i1 |=1

pi,jpi log pi,j −
∑

(i,j)∈I

∑
i∈Σn

|b(i,j)i1 |=|bi1|+1

pi,jpi log

(
pi,j

|bi1|+ 1

#i,jbi1 + 1

)

= −
∑

(i,j)∈I

pi,j log pi,j −
∑

(i,j)∈I

∑
i∈Σn

|b(i,j)i1 |=|bi1|+1

pi,jpi log

(
|bi1|+ 1

#i,jbi1 + 1

)

= −
∑

(i,j)∈I

pi,j log pi,j
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+
∑

(i,j)∈I

pi,j

n−1∑
k=1

k∑
l=0

(
k

l

)
pli,j

 ni∑
n=1
m̸=j

pi,m


k−l(

1−
ni∑

m=1

pi,m

)
log

(
l + 1

k + 1

)

+
∑

(i,j)∈I

pi,j

n∑
l=0

(
n

l

)
pli,j

 ni∑
m=1
m̸=j

pi,m


n−l

log

(
l + 1

n+ 1

)
.

For the sequence

an(i, j) :=
n∑

l=0

(
n

l

)
pli,j

 ni∑
m=1
m ̸=j

pi,m


n−l

log

(
l + 1

n+ 1

)
,

one can easily see that

0 ≥ an(i, j) ≥ − log(n+ 1)

(
ni∑

m=1

pi,m

)n

.

Thus, an(i, j) → 0 as n → ∞, moreover, the series
∑∞

n=1 |an(i, j)| is convergent. Hence,

lim
n→∞

Hn+1 −Hn =−
∑

(i,j)∈I

pi,j log pi,j

+
∑

(i,j)∈I

pi,j

∞∑
k=1

k∑
l=0

(
k

l

)
pli,j

 ni∑
m=1
m ̸=j

pi,m


k−l(

1−
ni∑

m=1

pi,m

)
log

(
l + 1

k + 1

)
,

which had to be shown. □

Proof of Theorem 1.3. The claim follows by combining Theorem 3.5, Proposition 4.11 and
Theorem 5.1. □

6. Hausdorff dimension of the attractor corresponding to general CFS

In this section, we will prove Theorem 1.4, which is our other main result. First, let us
consider the following technical lemma:

Lemma 6.1. Let x1, . . . , xn ∈ R and let A be an n× n matrix such that

Ai,j =

{
−1 if i = j,

xj − 1 otherwise.

Then

det(A) = (n− 1)(−1)n+1

n∏
k=1

xk + (−1)n
n∑

k=1

n∏
ℓ=1
ℓ̸=k

xℓ.

Proof. Let us argue by induction for n. For n = 2,

det

 −1 x2 − 1

x1 − 1 −1

 = (−1)2 − (x2 − 1)(x1 − 1) = x1 + x2 − x1x2,
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hence, the claim holds. Now, suppose that the claim holds for n. Then, by a simple row
manipulation

det


−1 x2 − 1 · · · xn+1 − 1

x1 − 1
. . .

...
...

. . . xn+1 − 1

x1 − 1 · · · xn − 1 −1

 = det



−x1 x2 0 · · · 0

x1 − 1 −1 x3 − 1 · · · xn+1 − 1

. . .
...

...
. . . xn+1 − 1

x1 − 1 · · · xn − 1 −1


by the inductive assumption

= −x1

(n− 1)(−1)n+1

n+1∏
k=2

xk + (−1)n
n+1∑
k=2

n+1∏
ℓ=2
ℓ̸=k

xℓ



− x2 det


x1 − 1 x3 − 1 · · · xn+1 − 1

x1 − 1 −1
...

...
. . . . . . xn+1 − 1

x1 − 1 · · · xn − 1 −1


and again by a simple row manipulation

= −x1

(n− 1)(−1)n+1

n+1∏
k=2

xk + (−1)n
n+1∑
k=2

n+1∏
ℓ=2
ℓ ̸=k

xℓ



− x2 det


x1 − 1 x3 − 1 · · · xn+1 − 1

0 −x3 0 0
...

. . . . . . 0

0 · · · 0 −xn+1


= −x1

(n− 1)(−1)n+1

n+1∏
k=2

xk + (−1)n
n+1∑
k=2

n+1∏
ℓ=2
ℓ ̸=k

xℓ

− x2(−1)n−1(x1 − 1)
n+1∏
k=3

xk

= n(−1)n+2

n+1∏
k=1

xk + (−1)n+1

n+1∑
k=2

n+1∏
ℓ=1
ℓ ̸=k

xℓ + (−1)n+1

n+1∏
ℓ=2

xℓ,

which completes the proof. □

Let Sλ,t be the self-similar IFS with common fixed point structure defined in (1.3)

Sλ,t = {fi,j(x) = λi,jx+ ti(1− λi,j) : 1 ≤ i ≤ N & 1 ≤ j ≤ ni}.
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We assume that Sλ,t satisfies the ESC for CFS. For every i = 1, . . . , N and every n ∈ N,
let

T
(n)
i := {(i, j1) · · · (i, jn) : 1 ≤ j1 ≤ · · · ≤ jn ≤ ni}.

and let Vn =
⋃N

i=1

⋃n
m=1 T

(m)
i . Clearly, i = bi1 for every i ∈ Vn. Let us define a directed

graph Gn = (Vn, En) with vertices Vn and edges

En = {i → j : ti ̸= tj}.
The graph Gn is strongly connected, that is, there exists a path (of length at most two)
from i to j for any i, j ∈ Vn. Furthermore, for N ≥ 3 the graph Gn is aperiodic.
For every n ∈ N, we define a graph-directed self-similar IFS Sn = {fj : (i → j) ∈ En}. By

Mauldin and Williams [18, Theorem 1.1], for every i ∈ Vn there exists a unique non-empty
compact set Ai

n such that

Ai
n =

⋃
j: i→j∈En

fj(A
j
n).

Clearly, An :=
⋃

i∈Vn
Ai

n ⊆ A for every n ∈ N, where A is the attractor of S.
We say that the graph-directed self-similar IFS Sn satisfies the exponential separation

condition for graph directed system (ESC for GDS) if there exists b > 0 such that
for every m ∈ N and every two different paths i1 → · · · → im and j1 → · · · → jm
of length m in Gn with λi2···im = λj2···jm and same initial vertices i1 = j1, we have
|fi2···im(0)− fj2···jm(0)| ≥ 2−bm.

Lemma 6.2. Let λ /∈ G =
⋃∞

n=1G1/n, where G1/n is defined in (4.11). If the IFS Sλ,t

satisfies the ESC for CFS, then the graph-directed self-similar IFS Sn satisfies the ESC for
GDS.

Proof. Let i1 → · · · → im and j1 → · · · → jm be different allowed paths with i1 = j1
and λi2···im = λj2···jm . Since λi2···im = λj2···jm , we have #i,ji2 · · · im = #i,jj2 · · · jm for every
(i, j) ∈ I, and in particular, |i2 · · · im| = |j2 · · · jm|. Furthermore, since the paths are different
fi2···im ̸≡ fj2···jm and the IFS S satisfies the ESC for CFS

|fi2···im(0)− fj2···jm(0)| > 2−b|i2···im| ≥ 2−bnm,

which had to be proven. □

We remark that Prokaj and Simon [19, Corollary 7.2] have already studied the dimension
of the attractor of graph-directed IFSs under a stronger version of ESC, namely, when the
IFS formed by the union of all the maps in the graph-directed system satisfies the ESC.
However, the common fixed point structure of the original IFS from which our graph-
directed system was deduced stands in the way of this condition. So, we cannot apply their
result directly.

Now, let us define the following matrix with elements indexed by Vn:

(B(s)
n )i,j :=

{
0 if ti = tj,

λs
j if ti ̸= tj.

Since Gn is strongly connected, we get that B
(s)
n is an irreducible matrix with non-negative

entries. Moreover, the matrix B
(s)
n is primitive for each n ∈ N.

Lemma 6.3. Let λ /∈ G =
⋃∞

n=1G1/n, where G1/n is defined in (4.11). If the IFS Sλ,t

satisfies the ESC for CFS, then for each n ∈ N,
dimH An = min{1, sn},
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where sn is the unique solution of the equation ρ(B
(sn)
n ) = 1, where ρ(B) denotes the spectral

radius of the matrix B.

Proof. It is well known that dimH An ≤ min{1, sn}. Next, we will show the lower bound.
For each i ∈ Vn and m ∈ N, we define a set a follows

Cm
i := {i1 → i2 → · · · → im : i1 = im = i}.

The set Cm
i is the collection of all m length paths that start and end at the vertex i. Now,

we define a self-similar IFS Fm
n as follows

Fm
n := {fi2 ◦ fi3 ◦ · · · ◦ fim−1 ◦ fi : i → i2 → · · · → im−1 → i ∈ Cm

i }.
Let Am

n be the attractor of the IFS Fm
n . Clearly, Am

n ⊆ An for each m ∈ N. By Lemma 6.2,
it is clear that the IFS Fm

n satisfies ESC. Then by Theorem 1.2,

dimH(A
m
n ) = min{1, sm},

where sm is the similarity dimension of the self-similar IFS Fm
n . Note that the sequence

{sm}∞m=1 is uniformly bounded above by the similarity dimension of the IFS Sλ,t. For a fixed
m ∈ N, the sequence {skm}∞k=1 is monotonically increasing sequence. Let limk→∞ skm = s∗m.
Hence,

min{1, s∗m} ≤ dimH An for each m ∈ N. (6.1)

The following key fact is due to the Perron-Frobenius theorem,

lim
m→∞

((B(s)
n )mi,i)

1/m = ρ(B(s)
n ).

This implies that

lim
m→∞

( ∑
j∈Fm

n

λs
j

)1/m

= ρ(B(s)
n ). (6.2)

For each fixed M ∈ N,

lim
k→∞

( ∑
j∈FMm

n

λskm

j

)
=
∑

j∈FMm
n

λs∗m

j ≤ 1.

By (6.2), there exists an N ∈ N such that∣∣∣∣∣∣∣
 ∑

j∈Fkm
n

λs∗m

j

1/km

− ρ(B(s∗m)
n )

∣∣∣∣∣∣∣ ≤ ϵ for all k ≥ N.

This implies that ρ(B
(s∗m)
n ) ≤ 1 + ϵ. Since ϵ is arbitrary, we have ρ(B

(s∗m)
n ) ≤ 1. It is well

known that s 7→ ρ(B
(s)
n ) is a decreasing function of s. Thus, we get sn ≤ s∗m. By (6.1), we

get
min{1, sn} ≤ min{1, s∗m} ≤ dimH An.

□

By Lemma 6.3 and An ⊆ A, we have

min{1, lim
n→∞

sn} ≤ dimH A. (6.3)

Note that sn is monotone increasing and bounded by the similarity dimension of S, so the
limit limn→∞ sn exists.

Lemma 6.4. Let s0 be the unique solution of the equation (1.5). Then lim
n→∞

sn = s0.
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Proof. Let us define the following N ×N matrix C
(s)
n as follows:

(C(s)
n )i,k =

{∑
j∈∪n

m=1T
(m)
k

λs
j if i ̸= k,

0 if i = k.

First, we show that ρ(B
(s)
n ) = ρ(C

(s)
n ). By Perron-Frobenius theorem, there exists v =

(v1, . . . , vN)
T with strictly positive entries such that C

(s)
n v = ρ(C

(s)
n )v. Now, we define the

vector w = (wi)i∈Vn as follows: wi = vi if ti = ti. Then for every i ∈ Vn with ti = ti

(B(s)
n w)i =

∑
j: i→j∈En

λs
jwj =

N∑
k=1
k ̸=i

 ∑
j∈∪n

m=1T
(m)
k

λs
j

 vk = ρ(C(s)
n )vi = ρ(C(s)

n )wi.

Again applying Perron-Frobenius Theorem, we get that ρ(B
(s)
n ) = ρ(C

(s)
n ). Thus, ρ(C

(sn)
n ) =

1, and in particular, det(C
(sn)
n − Id) = 0, where Id denotes the identity matrix. By denoting

ain(s) :=
∑

j∈∪n
m=1T

(m)
i

λs
j + 1 for i ∈ {1, 2, . . . , N},

we get by Lemma 6.1

0 = | det(C(sn)
n − Id)| = (N − 1)

N∏
i=1

ain(sn)−
N∑
k=1

N∏
ℓ=1
ℓ̸=k

aℓn(sn).

It is easy to see that for every s ∈ (0,∞), limn→∞ ain(s) =
∏ni

j=1(1 − λs
i,j)

−1, and by
continuity, s0 satisfies the equation

0 = (N − 1)
N∏
i=1

ni∏
j=1

(1− λs0
i,j)

−1 −
N∑
k=1

N∏
ℓ=1
ℓ ̸=k

nℓ∏
j=1

(1− λs0
ℓ,j)

−1,

and so

0 = (N − 1)−
N∑
k=1

nk∏
j=1

(1− λs0
k,j),

which had to be proven. □

To finish the proof, we show that s0 is an upper bound. Let T
(∞)
i =

⋃∞
n=1 T

(n)
i , and for

s > 0 let

(C(s)
∞ )i,k =

{∑
j∈T (∞)

k
λs
j =

∏nk

j=1(1− λs
k,j)

−1 − 1 if i ̸= k,

0 if i = k.

Since C
(s)
n → C

(s)
∞ as n → ∞, the quantity s0 is the unique solution of the equation

ρ(C
(s0)
∞ ) = 1.

Lemma 6.5. Let S be the self-similar IFS defined in (1.3). Then for every λ = (λi,j)
N,ni

i=1,j=1

and t = (ti)
N
i=1

dimH Λ ≤ min{1, s0},
where Λ is the attractor of S.



29

Proof. First, observe that the set Γ = Π({i ∈ Σ : Bi < ∞}) is countable, and so, it is
enough to cover the set Λ\Γ. Without loss of generality, we may assume that t1 < · · · < tN .
Observe that for every n ∈ N, the set Λ \ Γ can be covered by{

fi1···in([t1, tN ]) : ik ∈ T
(∞)
ik

and ik ̸= ik+1 for every k = 1, . . . , n− 1
}
,

with diameters at most λn
max|tN − t1|. Now, let s > s0 be arbitrary, and so ρ(C

(s)
∞ ) < 1.

Denote ∥.∥1 the 1-norm for N × N matrices, and let ℓ ≥ 1 be such that
∥∥∥(C(s)

∞ )m
∥∥∥
1
≤(

ρ(C
(s)
∞ )+1
2

)m
for every m ≥ ℓ. Hence,

Hs
λn
max|tN−t1|(Λ \ Γ) ≤

∑
i1,...,in∈{1,...,N}

ik ̸=ik+1 for k=1,...,n−1

∑
i1∈T (∞)

i1

· · ·
∑

in∈T (∞)
in

λs
i1
· · ·λs

in|tN − t1|s

≤ ∥(C(s)
∞ )n∥1|tN − t1|s ≤

(
ρ(C

(s)
∞ ) + 1

2

)n

|tN − t1|s

for every n ≥ ℓ. Hence, Hs(Λ \ Γ) = 0 for s > s0, which implies the claim. □

Proof of Theorem 1.4. The claim follows by combining (6.3), Lemma 6.4 and Lemma 6.5.
□
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