HAUSDORFF DIMENSION OF SELF-SIMILAR MEASURES AND SETS
WITH COMMON FIXED POINT STRUCTURE

BALAZS BARANY AND MANUJ VERMA

ABSTRACT. In this paper, we study the Hausdorff dimension of self-similar measures
and sets on the real line, where the generating iterated function system consists of maps
that share a common fixed point. In particular, we will show that out of a Hausdorff
co-dimension one exceptional set of natural parameters, such systems satisfy a weak expo-
nential separation. This significantly strengthens the previous result of Bardny and Szvak
[5]. As an application, we give the Hausdorff dimension of self-affine measures supported
on the generalised 4-corner set.

1. INTRODUCTION AND STATEMENTS

For N > 2, the system Z = {fl,fg, e ,fN} on R? is called an iterated function
system (IFS), if each f; is a contraction map on R? for i € {1,2,..., N}. Hutchinson [I5]
proved that there exists a unique non-empty compact set A C R? such that

A= s,

Let p = (p1,p2,---,pn) be a probability vector. Hutchinson [I5] also proved that there
exists a unique Borel probability measure p supported on A such that

u(B) = me(ffl(B))

for all Borel sets B C R%. The set A is called the attractor of IFS Z, and the measure p
is known as the stationary measure corresponding to IFS Z with the probability vector
p.
This paper focuses on the dimension theory of self-similar IFSs on the line. The IFS
7 is called a self-similar iterated function system on R if each f; : R — R is a
similarity map for ¢ € {1,2,..., N}, ie. fi(x) = iz + ¢; where 0 < |r;] < 1 and ¢; € R.
Then, the attractor A is called a self-similar set corresponding to the self-similar IF'S
. The stationary measure p is known as the self-similar measure corresponding to the
self-similar IF'S Z with probability vector p = (p1,p2,...,pn). For later purposes, let us
recall the definition of the Hausdorff dimension here.
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Let FF C R% We say that {U;}°, is a § cover of F if F C |J U; and 0 < |U;| < § for
i=1

each i, where |U;| denotes the diameter of the set U;. For each § > 0 and s > 0, we define

lim H5(F).

T 550+

H3(F) := inf { Z \Ui|® = {U;}32, is a d-cover of F} and H°(F)
i=1

We call H*(F) the s-dimensional Hausdorff measure of the set F. Using this, the
Hausdorff dimension of the set F' is defined by

dimy(F) = inf{s > 0: H*(F) = 0}.

For the basic properties, we refer the reader to Falconer’s book [10]. Another widely used
dimension concept is the box-counting (or Minkowski) dimension; however, Falconer [§]
showed that these dimensions coincide for self-similar sets, so we omit them.
For a Borel probability measure ; in R? the lower and upper local dimension of
the measure p at the point x € R? defined as
d,(z) = lim inf w, d,(z) = lim sup log p(B(w, 1))
r—0 log r r—0 log r
where B(z, 1) denotes the open ball of radius  with center x. If the limit exists at the point
x, then we call it the local dimension and denote it by d,,(z). We say that the measure p is
exact dimensional if there is a constant ¢ such that d,(x) = ¢ for p-almost every z € R%.
We will denote this value by dimpg(u). Feng and Hu [II] proved that every self-similar
measure p is exact dimensional. For further properties of the dimension of measures, see
Przytycki and Urbanski [20], Section 7.6].
Let us define the similarity dimension for the self-similar IFS Z to be the unique
number sy € R such that
N
> frile =1.
i=1

Furthermore, the quantities

N N
hp=—Y pilogp; and x(p)=—) piloglri|
i=1 i=1
are known respectively as the entropy and the Lyapunov exponent of the self-similar
measure p corresponding to the self-similar IFS Z with probability vector p. It is well
known that

h
dimg(A) <min{l,sq} and dimy(px) < min {1, (p)}
X\P
regardless of any further assumptions. However, equalities appear in the above expressions
under some suitable separation conditions. We say that the IFS Z satisfies the open set
condition (0SC), if there is a nonempty and bounded open set O C R? with f;(O) C O
and f;(O) N f;(0) =0 for every i # j € {1,2,...,N}.
Theorem 1.1 (Hutchinson [15], Cawley and Mauldin [7]). Let the self-similar IFS T on
R. If T satisfies the open set condition (OSC), then
h

b (1.1)

x(p)

where A is the self-similar attractor of the self-similar IFS T and p is the self-similar
measure corresponding to the self-similar IFS T with probability vector p.

dimg(A) =so and dimg(p) =
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Hochman [I3] introduced the Exponential Separation Condition for the self-similar IFSs,
which is a much weaker separation condition than the OSC. We say that the self-similar IF'S
7 on R satisfies the Exponential Separation Condition (ESC) if there exists a constant
n > 0 such that for infinitely many values of n € N for all 4y,...,4,,71,...,7n € {1,..., N}
with (i1,...,%,) # (j1,...,Jn) and vy, -+ -1, =15, - -7, we have

|fiy o -0 fi,(0) = fjy 000 f3,(0)] = 0™

In a proper sense, the exponential separation is a typical property for self-similar IFSs.
For example, suppose the contraction ratios and translations are analytic maps of some
one-dimensional parameter, and the system is not degenerate. In that case, ESC holds out
of a zero-dimensional set of exceptional parameters. In particular, for fixed contraction
ratios with max;,;{|r;| + |r;|} < 1, the dimension of translation vectors (¢;)Y, € R, for
which Z does not satisfy ESC, is at most N — 1, see [4, Corollary 6.8.12]] Hochman [I3]
proved the following groundbreaking result for the dimension theory of self-similar IFSs.

Theorem 1.2. [Hochman [13]] If the self-similar IFS T on R satisfies the ESC, then

dimpy(A) = min{l,ss} and dimg(p) = min {1, o } . (1.2)
x(p)

The ESC implies that the self-similar IFS Z has no exact overlap, i.e. there are no finite
sequences of symbols (i1,...,%,) # (j1,.-.,Jm) such that f;, o---o f; = fj,0---0 fj .
When exact overlaps occur, a better bound can be obtained by counting them. Lau and Ngai
[17] and Zerner [22] introduced the Weak Separation Condition (WSC), which allows exact
overlaps. Still, the not-exactly-overlapping maps must be relatively far apart, comparable to
the contraction ratios of the maps. This allows us to calculate the dimension of the attractor
as a limit of the similarity dimensions of higher iterates. In some special cases, when the
contraction ratios are reciprocals of integers, it is possible to calculate the dimension of the
corresponding self-similar measures, see Ruiz [21].

The situation becomes significantly more difficult if the overlapping structure of the self-
similar IFS Z is complicated, for instance, when some of the maps of the IFS share the
same fixed point. Let (t;)Y, € RN be a vector with pairwise different entries. For every
ie{l,...,N},let n; > 1 be an integer. For every j € {1,...,n;}, let \;; € (0,1). Consider
the following self-similar IF'S on the real line:

S ={fi;(@) =iz +t:(1 = M) h<isvi<i<n,: (1.3)
If n; > 2 for some 7, then the maps f; ; and f;  with j # j” share the same fixed point, which

. . log >\i,j
causes many exact overlaps, for example f; ;o f; » = f; y o f; ;. Furthermore, if oz, ¢Q

then the IFS S does satisfy the WSC, see Fraser [12], and if lfgg;‘_i’i = 2 € Q then it causes
]

further exact overlaps, since composing f; ; with itself p-times and composing f; ; with
itself g-times result the same map.

The dimension theory of such systems has been studied previously. Bérdny [1] and
with Szvék in [5] studied the Hausdorff dimension of the attractor of the special case
{112, A1 22, Ao 1z + 1}, They showed that if A;; + A2 < 1 then for Lebesgue almost every
A2 € (0,1 1) the dimension of the attractor is min{1, s}, where s is the unique root of
the equation

/\il + )‘i2 - /\i1)‘i2 + )‘3,1 =L

'We note that the assumption max;;{|r;| + |r;|} < 1 is missing incorrectly in the statement of [4
Corollary 6.8.12)
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Moreover, in [5], Barany and Szvék gave a formula for the dimension of self-similar mea-
sures corresponding to that IFS for Lebesgue almost every parameter under the technical
assumption that 0 < Aj1,A12, Aa1 < 1/9. Further generalisations can be found in [2] [3].
In this paper, we extend significantly the dimension result for such systems. For simplic-
ity, let us introduce the following notations: let L = Zfil n; be the number of maps in §,
let A = (\ij)1<i<ni<j<n; b€ the L-dimensional vector formed by the contraction ratios, and
let t = (t;)1<i<n be the vector formed by the fixed points. To emphasize the dependence on
the the parameters, we may write Sy ; for the system defined in , Ay, for the attractor
of Sy; and 43, for the self-similar measure corresponding to the IFS Sy; and probability
vector p. Our main result on the dimension of self-similar measures is the following:

Theorem 1.3. Let Sy, be a self-similar IFS as in (1.3)). There exists a set E C (0,1)F
with dimg(E) < L — 1 such that for every A € (0,1)L \ E there exists a set F C RY with
dimy (F) < N — 1 such that for every t € RN \ F the following holds: for every probability

Il it e

. - Zf\; 27;1 pijlog(pi;) + ¢(p)
) =minq 1, T — ,
— D izt 2yl Pijlog(Aij)

k—q

oo k k ny ny + 1
e S ) R G
Jj=1 J=1
j#m
This result significantly strengthens the previous result of Bardany and Szvék [5, The-
orem 1.2]. Although the expression ®(p) is tedious, it has a simple heuristic. It mea-
sures the proportion of the symbol that appears first in the first block, which is formed
by the maps sharing the same fixed point. Namely, suppose Xi, Xs,... are indepen-
dent and identically distributed random variables such that P(X, = (i,5)) = p;; for all
ie{l,...,N}and j € {1,2,...,n;}. Let k;; == min{r > 1: X, ¢ {(i,1),...,(4,n:)}},
andlet Y, :=#{1 <r <k;;—1: X, =(i,j)} forall j € {1,2,...,n;}. Then, the quantity
®(p) can be written in the form

ow-s(ie(i2))

Next, we state a similar result for the dimension of the attractor of Sy ;.

Theorem 1.4. Let Sy, be a self-similar IFS as in (1.3). There exists a set E C (0,1)"
with dimy (E) < L — 1 such that for every A € (0,1)% \ E there exists a set F C RN with
dimpy(F) < N — 1 such that for everyt € RN \ F,

dimpy(Ay,) = min{l, so},
where Ay, 1s the attractor of Sy, and sy is the unique solution of the equation
N n;
S IIo- o =Nt (15)
i=1 j=1

This significantly strengthens the previous results in [1, 2, 3], 5].



2. APPLICATIONS AND DISCUSSION

2.1. Typical self-similar systems. Before we prove our main result, Theorem [I.3] we
show some applications of it. First, we show that the assumption max;.;{|r;| + |r;|} <1
in [4, Corollary 6.8.12] can be strengthened.

Theorem 2.1. Let T = {f;(z) = riz + ¢;}Y, be a self-similar IFS. Then there exists a set
E C (0,1)Y with dimy(E) < N — 1 such that for every (r;))Y, € (0,1)N \ E there exists a
set F C RY with dimy(F) < N —1 such that for every (¢;)X., € RV \F the following holds:
for every self-similar measure p corresponding to the self-similar IFS T and the probability

vector p = (pi)iL,

dimy (1) = min {1’ — SN pilog(p;) }

- vazl pilog(r;)
Proof. Since n; = 1 for every i = 1,..., N, it is easy to see that the expression ®(p) in
Theorem [I.3] equals 0. Thus, the claim follows. O

2.2. Estimating the ®(p). Now, we will establish a bound for ®(p), which might help
estimate from below the Hausdorff dimension of self-similar measures with common fixed
point structure.

Proposition 2.2. Let p = (p;j)1<i<n.1<j<n; be a probability vector and let ®(p) be defined
as in ((1.4). Then

SED 5 W (PED 9 9

=1 m=1 'L;éljl

Proof. Let us recall the representation of ®(p) from Section[l} Suppose X1, X», ... are inde-
pendent and identically distributed (i.i.d.) random variables such that P(X, = (4, 7)) = pi;
foralli € {1,...,N}andj € {1,2,...,n;}. Let k; ; ;= min{r > 1: X, ¢ {(i,1),...,(i,n:)}},
andletY; ; :=#{1 <r <k;;—1:X,=(i,j)} forall j € {1,2,...,n;}. Then, the quantity
®(p) can be written in the following form

o) =21 (5727)) = 2 B e (s (22 - )

=1 m=1

where
Yim
]E(log (k:l,ml’— 1) ’Xl = (l,m)>
k—q
o) k ]{Z ny ng + 1
_ q
(e s | (130 (55)
k=0 ¢=0 Jj=1 j=1
Jj#Em
Clearly,

}/lm klm_]-
El 1 : X, = =E( —1 d X, =
(1 (23 = ) = o (5 o = )

‘Xl = (l,m)),
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where we used Jensen’s inequality. Then
k—q
oo k ny n
kim—1 k k+1
B(Mp =) =3 (ot | o | (- )
j=1 j=1

Xr
j#m

k—q

ook E+1 ny 1
S5 (5] (5
j=1 j=1

JFm

JFm

B <1 e ) ) 1 ( PRREUE Gt jm PLj )
— ) im \1 — 23”:1 Dij 1- Z?l:l,j;ém Pi,j

Thus, from the above, we have

N n;
Yim :
E<log (kz,m - 1) ‘Xl N (l’m))) > log (pl’m " Zzpm)

i#l =1
i=1

This implies that

ny

N n;
o (mn+ 3D 0 ).
1

Al j=1

O(p) =)

This completes the proof. O

m=

2.3. Generalised 4-corner set. Using Theorem [1.3] we can also calculate the Hausdorff
dimension of self-affine measures supported on the generalised 4-corner set. Let

Fl (l’, y) = (71,1*%7 )‘1,13/)7 Fg(l’, y) = (’71,2-%7 >\2,1y + (1 — )\271)),
Fy(z,y) = (rear + (1 —2,1), Ai2y), Fulz,y) = (200 + (1 — 122), Aopy + (1 — A22))
(2.1)
be a self-affine IFS on R? such that
0< ’y’i:ju)‘i,j for ¢ = 1727j = 1727
Vgt 721 <L Y+ <1 A+ A <1 Ao+ A <1 (2.2)

min{y12 + Y21, A2+ A1} <1 and min{y, 1 + 722, A1+ Aop} < 1.

The conditions in (2.2) guarantee that the IFS {Fy, Fy, F3, Fy} satisfies the rectangular
open set condition. In particular, F;((0,1)?) C (0,1)? and F;((0,1)%) N F;((0,1)*) = @
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for every i # j € {1,2,3,4}. We call the attractor C' = Ule F,(C) of {F,...,F,} the
generalized 4-corner set. In [3], the first author studied the box-counting dimension of the
4-corner set for Lebesgue typical parameters. Now, we determine the Hausdorff dimension
of self-affine measures supported on C for typical parameters in a certain sense, and the
Hausdorff dimension of the generalised 4-corner set in a region of parameters.

Let p = (p1,-..,ps) be a probability vector, and let

Xz(P) = —p1log i1 — p2logyi2 — p3log e, — palog o,

Xy(P) = —p1log Ai1 — palog Aoy — pslog A2 — palog Mg
Theorem 2.3. Let {F\, Fy, Fs, Fy} be a self-affine IFS as in . There exist sets E;, E, C
(0, 1)* with dimy(E,), dimy(E,) < 3 such that for every (%])22 21] L € (0,1)*\ E, and

(Nij)7 21J L € (0,1)*\ E, with [2.2)) the following holds: for every self-affine measure p
corresponding to the IFS {Fy, F5, F3, Fy} and the probability vector p = (p1, p2, P3,P4)

(hp + ®,(p) o ®,(p) i
) Xy(p) ny<p> > Xz(P) 2 hp + ®.(P)
1+’”‘p+@)@ if xy(P), hp + ©.(p) > Xa(p),
dimp (1) =4, +<I>Xélpl)) ®,(p)
ORI if Xz(P) > Xy(P) = hp + ©y(P),
1 h;—g;)(p) i X(P), B + @,() = X, ().
where
< k q+1 k—q q+1 k q q+1
=> > (q) pa+pa) (17057 + ol )10g(k+1)
X q+1 —q q+1 k q +1
+§q:20(>p1+p2 < + Dy )10g(k’+1)
and

ZOZ( ) P2+ pa) ( s il ") log(Z—H)

ook
qg+1
33 (4 ) (5177

k=0 q=0
Proof. This is a direct consequence of Theorem and Feng and Hu’s theorem [I1], The-
orem 2.11]. O

Example 2.4. Theorem allows us to calculate the Hausdorff dimension of the gener-
alised 4-corner set for Lebesgue typical points on a certain region of parameters. Let us
further suppose that

A <711, A22 <2, A2 <1 and Ao < . (2.3)

This implies that x,(p) < x,(p) for any probability vector p. Consider the probability
vector

_ s—1 _ s—1 . s—1 o s—1
P11 = ’71,1)\1,1 y P2 = ’Y1,2>\271 y P3 = ’72,1)\172 and py = 72,2)\2,2 )



F2 )\21
V12
A2 2 F4
Y22
A1 F1
Y21
Y1,1 /\1,2| F3|

FIGURE 1. The first level cylinders (left) and the attractor (right) of the
generalised 4-corner set in Example

where s is the unique solution of the equation Z?Zl %,i)\f;l + %’3_,;)\3:11’1. = 1. It is well
known that dimy C' < s, see for example Falconer and Miao [9]. Thus, it is enough to show

that the corresponding self-affine measure p has Hausdorff dimension s = 1+ hp=Xa(P) gy

xy (P
that, it is enough to verify that hp, + ®,(p) > x.(p) by Theorem . Lemma implies
that this holds if

. 1—maAsy! o 1— A
M og(—=57) 4 M2y log(——=5——)
)‘1,1 )\2,1
s— 1— '72,2)‘#1 o 1- ’Y2,1)\571
+ ’72,1)\1,21 10%(—2’2) + ’72,2/\2,21 log(—m) >0. (24)

AL A5
One can check numerically that a small neighborhood of the parameters ;1 = 22 = 0.8,
Y2 = Y21 = 0.1, A1 = Ao = 045 and Aoy = A2 = 0.09 satisfy all three assump-
tions (2.2)), (2.3) and (2.4]). For a visual representation of the generalised 4-corner set, see
Figure [I]

2.4. Outline of the argument: Here, we provide an outline of the arguments of our
main results, Theorem and Theorem [I.4] The self-similar IFS Sy, we consider has
many exact overlaps at each level because many maps share the same fixed point. This
implies our IFS does not satisfy the exponential separation condition. Thus, we cannot
apply Theorem by Hochman [13] directly. However, the weaker version, the weak ex-
ponential separation condition (see Definition allows exact overlaps, and by a direct
consequence of Hochman’s seminal work [13], Breuillard and Varji [6] determined the
Hausdorff dimension of the self-similar measures in terms of random walk entropy under
the WESC. However, they provided the proof only for the case of homogeneous similarity
ratios. In the next section (Section , following the arguments of Breuillard and Varju
[6], we provide a proof for Hausdorff dimension of the general self-similar measure under
the WESC (see Theorem . This result is one of the main ingredients for proving our
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main result Theorem [I.3] In the section [4] we define a stronger version of WESC, namely
the exponential separation condition for common fixed point systems (ESC for CFS, see
Definition , which is compatible with our self-similar IFS Sy ;. In that section, we prove
the self-similar IFS S, , satisfies ESC for CFS for typical parameters. One key fact is that
ESC for CFS provides a complete description of the exactly overlapping cylinders in the
symbolic space. This is a significant advantage for computing the random walk entropy,
which is otherwise a highly challenging task. In the section [5, we compute the value of the
random walk entropy for the self-similar IFS Sy ; under ESC for CFS. Now, by combining
the results of Section [4] and [5] we get Theorem In Section [6] we prove another of our
main theorems, Theorem [I.4] To prove that, we define the associated graph-directed self-
similar IF'S corresponding to our IFS Sy ;. We show that if IFS S, ; satisfies ESC for CFS,
then the associated graph-directed self-similar IFS satisfies the graph-directed version of
the ESC. We also prove that, under the ESC, the Hausdorff dimension of the attractor
of the associated graph-directed self-similar IFS is determined by the unique exponent for
which the spectral radius of the corresponding connection matrix is equal to 1. This result
provides the required lower bound for Theorem [1.4] which coincides with the general upper
bound.

3. PRELIMINARIES

Before we turn to the proof of our main results, we need to introduce some notations
and make some preliminary statements.

3.1. Symbolic space. Let ¥ := {1,2,..., N} be the set of all infinite sequences with
symbols from {1,2,...,N}. The set 3 is the symbolic space corresponding to the IFS
Z=Afr,---,fn}. Let i = iyiy--- € X. We define i, = t14y...1y for all m € N. We
denote the set of all finite sequences of length n with symbols from {1,2,..., N} by X,,.
Set ¥* := J;~, 3,,. The notation [i| denotes the length of the finite sequence i € X*. For a
symbol ¢ € {1,..., N} and a finite word i € ¥*, let #;i be the number of the appearances
of the symbol 7 in the word i.

Ifi= ZIZQZn e X andj :jljg € Z*UE, then let i*j 22122271]1]2 be the
concatenation of i and j. The symbolic space ¥ equipped with metric p is a compact metric
space, where the metric p is defined as follows

p(i,j) =27

for i,j € X, where i A j denotes the initial largest common segment of i and j. For i =
Nig...1, € X5 let fi=fi,ofi,o---0of;, and ry =ry7;,...7;,. The mapping I : ¥ — A,
defined by

II(i) = lim f;, 0 f;0---0 f;,(0) = lim f; (0),
n—00 n—oo 1™
is called the natural projection corresponding to the IFS Z. For i = i1iy...17, € X*, set

(i) == fi, o fiy 0+ 0 fi,(0).

3.2. Random walk entropy. In this section, we provide a more detailed description of
the method by Hochman [13].

Definition 3.1. Let (X, B,v) be a probability space and £ = {C4,Cy, ..., C,,} be a mea-
surable partition, i.e. U ,C; = X, C; € Band C;NC; = 0 for all i # j € {1,2,...,m}.
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Then, the Shannon entropy H of the measure v with respect to the partition ¢ is defined

as follows

H(v,&) ==Y v(C;)log(v(Cy)).

i=1
The self-similar IFS Z with the probability vector p is known as a probabilistic self-
similar IFS. We denote the probabilistic self-similar IFS by (Z, p).

Definition 3.2. The random walk entropy of the self-similar measure ;1 corresponding
to the probabilistic self-similar IFS (Z, p) is defined as

where H,, is the Shannon entropy of the measure ) .y, pidy, which is as follows

Hn:—Zpilog(ij).

iexX, JjeX,
fi=f;

The random walk entropy provides a more sophisticated upper bound on the dimension
of the self-similar measures if exact overlaps occur. In particular, for every self-similar
measure j corresponding to the probabilistic self-similar IFS (Z, p),

hrw (1) }7

x(p)

dimpy(p) < min {1,

see [4, Theorem 3.2.7].
We now consider some of the following notation from Hochman’s work [13]. For n € N,
D,, denote the partition of R into intervals of length 27", i.e.

kok+1
D, =1 |—, keZb.
{E RS

The notation H(v,D,) denotes the Shannon entropy of the probability measure v on R
with respect to the partition D,,. For m < n, H(v, D,,|D,,) denotes the conditional entropy
and is defined as H(v, D, |D,,) := H(v,D,,) — H(v, D,,).

The probability measure 7™ on R x R is defined by

7 = pid(0)m)s

ieln

where 0, denotes the Dirac measure on the point x. We denote f?n =D, X F is a partition
on R x R, where F is the partition of R into points.

Theorem 3.3. [13] Let uu be the self-similar measure, and the probability measure 7™ be
defined as above. If dimg(p) < 1, then

R S .
lim —H (7™, Dy|Dp) =0 V ¢>1,

n—oo N
where n' = [nlog(1)| and r = [T, .

Definition 3.4. We say that IFS 7 satisfies the weak exponential separation condition
(WESC), if there exists a sequence {ny} and 3 b > 1 such that ny — oo and V i,j € %,,,
we have the following:

either r; # r;
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orry =715 & fi(0) = £;(0) <= fi=f
or r; =r; & |fi(0) — £;(0)] > 27D,
The following result is a direct consequence of Theorem [3.3] although it was not stated
explicitly in Hochman’s seminal paper [13]. It was observed by Breuillard and Varju [0],

and they provided a proof for the case of homogeneous contraction ratios. We provide here
the proof on the general case for completeness following Breuillard and Varju [6].

Theorem 3.5. Let i be a self-similar measure corresponding to the probabilistic self-similar

IFS (Z,p). If IFS T satisfy WESC, then

dimy (p) = min {1, hiv(vrfgl ) }

where hrw (1) is the random walk entropy for the self-similar measure p.

Proof. Since dimpy(p) < %p()“), we may assume that dimgy(u) < 1. By Theorem , we
have )
lim —H (@™, Dyy|Dp) =0 ¥V ¢ > 1,

n—oo N,
where 0/ = |nlog(%)] and r = [, ¥ Similarly to Hochman [I3], since p is exact
dimensional, we get that
1 .
. ~(n) Y
nh_)rgo ﬁH(V , D) = dimpy (p).
Thus, for proving our result, it remains only to show that

1 ~ h
lim —H (7™, D) > rw (1)
n—oo N/ X(p)
for some ¢ > 1. Now, we will prove the equality (3.1). Let ¢ = b from Definition |3.4, For

each a € R, we have

k k+1 k' k+1
([ 5) < 19) - E i )

JEX,
ry=a

(3.1)

Thus, the Shannon entropy of the probability measure ™) on R x R with respect to the
partition Dbn/ is

H(5™) Dy ) = Z Z (n)(Lbn 124;1) {a})log(p(nk)([?ln H;Ll) {a}>)

ac€R I€Z

ri=—a

[+1 I 1+1
- Z Z( ZPJ f3(0 |:2bn” 2_: ))10g< Z pJ(SfJ(O [2bn’7 22?1%))

a€R IEZ ™ j€Xn, JEZn,,

ri=a =& rj= =&

5

Since the IFS 7 satisfies the WESC, we have

H("™) Dy ) == > < > pj) 1og( > pj)

a€R  NjET,, JESn,
dn=a fi=f fi=f

=S nes( Xn)
iel™k jeznk

fi=f;



12
This implies that

1 .
lim — H (5", Dy, ) > “E
k—o00 nk

which completes the proof. ([l

4. EXPONENTIAL SEPARATION CONDITION FOR COMMON FIXED POINT SYSTEM

First, we provide a brief explanation and outline of this section. Here, our aim is to show
that the self-similar IFS S, ; satisfies a particular version of WESC for typical parameters,
namely, the Exponential Separation Condition for the Common Fixed Point System (ESC
for CFS), which we introduce in subsection Our strategy is to first establish it for
two-fixed-point systems and then extend it to general fixed-point systems. In the first
subsection , we provide two lemmas for general self-similar IFS F on R. The IFS
F comprises two classes of mappings, those whose fixed point is 0 and those whose fixed
points are nonzero. A crucial property is that the images of the maps with nonzero fixed
points remain bounded away from 0. The first block of an infinite sequence i is the longest
initial segment of i for which the maps corresponding to all symbols in the segment have
the same fixed point. The first lemma, Lemma proves that the projection of any pair
of the infinite sequences i and j are exponentially separated if the first blocks are pairwise
disjoint, all the maps in the first blocks having same fixed point 0 and the similarity ratios
corresponding to the first blocks are not close enough. Furthermore, if the similarity ratios
corresponding to the first blocks are sufficiently close and the lengths of the first blocks
are sufficiently large, then Lemma [4.2] shows that the first-order transversality condition
holds.

In the subsection[4.2] we introduce the block structure for self-similar IF'S with a common
fixed point structure, and introduce the Exponential Separation Condition for the Common
Fixed Point System (ESC for CFS). In the subsection [4.3] we consider a self-similar IFS
J (see having only two fixed points 0 and 1. We define a set B, consisting of all pairs
of infinite sequences from the symbolic space whose first blocks are disjoint (see )
Furthermore, we partition the set B into two disjoint subsets: B; , consisting of pairs
whose first blocks have different fixed points, and B, , consisting of pairs whose first blocks
have the same fixed point (see (4.8))). Furthermore, we partition the set B into two disjoint
subsets: Bs , consisting of pairs whose first blocks have small length, and By , consisting
of pairs whose first blocks have large length (see (4.9))). Since IFS 7 is a special form of
F defined in the subsection and the sets A; and A, provide a disjoint partition of the
set By. Thus, by applying Lemma [£.1] and Lemma [£.2] we conclude that for every pair
in By, either the projections are exponentially separated or the first-order transversality
condition holds (see Lemma. The Bs is a compact subset of ¥ x 3, and for any pair in
B3 the projection is non-degenerate. Thus, by applying the idea of Hochman [14], we show
that the higher-order transversality condition holds for the set B3 (see Lemma . We
apply a similar idea to the set B,. By using these transversality conditions, we show that
IFS J satisfies ESC for CFS outside of a Hausdorff co-dimension one exceptional set of
natural parameters (see Proposition . In the subsection , we will prove our aim for
a general fixed point system by using results on two fixed point systems. The key idea is
that, upon differentiating the general IF'S S, ; with respect to the fixed point ¢;, we obtain
a self-similar IFS &;, which have only two fixed points 0 and 1. The natural projection
corresponding to the IFS Sy, and the natural projection corresponding to the IFS §; are
well-connected by a formula (see . Finally, by combining this formula with the result
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for the two-fixed-point system, we obtain the desired conclusion for the general case (see
Proposition [4.11)).

4.1. Technical lemmas. We begin by discussing some general results for later purposes,
which will be particularly useful in describing the dimension theory of self-similar IFS with
a common fixed-point structure.

Let us consider a self-similar [F'S F on R,

F = {filz) = Mz} U{fi(x) = Aw + e} 12, 10 (4.1)

where My > M; > 2. Suppose that there exist €, A > 0 such that
(].) YRS [6,1—6] Vie {1,27...,M1} and |)‘z| S [671—6] Vie {M1+1,M1+27...,M2},
(2) fil0,A] C e, A]Vie {M +1,...,M}.
Let ¥ = {1,..., M5} be the symbolic space and let II be the natural projection corre-
sponding to the IFS F. Throughout the section, we assume that A > € > 0 are arbitrary
but fixed.

For an i € ¥, we define the “first block” bt of i as follows: if i; > M; + 1 then bl = ;.
Otherwise, let [bi] := min{k > 1: iy > M; + 1} — 1, and if [b}| = oo then let b} = i,
otherwise let bi := i|‘bi1|.

We say that for i,j € X, the first blocks are disjoint if the sets formed by the symbols
in the first blocks bi and b’l are disjoint. We denote it by bl N b’l = (). In other words,
min{#;bl, #;60} = 0 for every 1 <i < M,.

In the next two lemmas, we will follow and modify techniques of Kamalutdinov and
Tetenov [16].

We define a set as follows

Alz{(i,j)ezxzz1§z’1,j1gM1&bllmb11:@&i (i,%)&bi#i,b‘l#j}.
)\bjl 2A7 €

Lemma 4.1. Let F be the self-similar IFS of the form (4.1)) with natural projection 1. Let
A >e>0. Then for every A = (\)M2 satisfying W) -@) and for every pair (i,j) € A,

(i) — TI(j)| > emaxtibilin,

Ai
Proof. Without loss of generality, we assume that Aﬁ >

n

similarly. Since bl # 1,50 # j and f;[0, A] C [, A] Vi e {M;+1,..., M}, we have
I1(i) € fi3 ([e, A]) and 11(j) € £ ([e, A]).

%, the other case can be proven

Thus, we get
I1(6) — 1) = Az — Ay
for some z,y € [¢, A]. This implies that
Ay A

H(i)—H(j)Z)\biE—)\biA:)\bie<1— 1 )ZE)\bi > Sl
1 1 1 )\bile 2 1

0
Let Ny = [%] + 1. We define a set as follows

- . . A 24 . .
AQZ{(iaj)EZXZ:lSilajlng&bllmb]lzw&)\—blé(i,—)&bi%i,b’l%j
b’i1 €
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& max {max{#kbil,#kbil}} > Ng}

1<k<M;

Lemma 4.2. Let F be the self-similar IFS of the form (4.1) with natural projection I1. Let
A > e > 0. Then there exists a constant C > 0 such that for every A = ()\i)i]‘fl satisfying

([ -@) and for every (i,j) € A
‘8(H(i) - H(J'))’ S Crmaxlbi |1}
O, - ’
where k is such that max{#b!, #kb’l} > Ny.
Proof. Let (i,j) € Aj. For simplicity, let my, = #b% and ny, = #kbil for k € {1,2,..., My},

Without loss of generality, we assume that m, > N, for some r € {1,2...,M;}. By
definition, n, = 0. Let X/ € [¢, 1 — €] be such that A, < A/ and

€ < ()\;)mr Hz 1, i#r )\;nl %

247 MG T e
Let 6 = Al — A\, > 0. Then, by using the mean value theorem, we have
N O i S [0 e 1
mpA T < N 5 <m,(\) :

Now, we define another self-similar IF'S

= {F\{fi(z) = ha}} U{f(z) = Nz}
The IFS F' is just obtained from the IFS F by replacing the map f,. by f/. Let II' be

the natural projection corresponding to the IFS F’. Thus, by the displacement lemma by
Kamalutdinov and Tetenov [16, Theorem 17], we have

ITI(i) — II'(i)| < g Vo iel. (4.2)
For the given pair (i,j) € ¥ x 3, we have
II(i) = fi" o---0 ElMl(fz(H(i))), () = fi* oo fyn " (f11()))
U0 1 0-ove 5 o 0 o 5 o0 0 V)

H’(J) 1"10 -0 fu, (f5 (H'(J)))
for some i,] € {M; +1,..., M} and i, j € Y. Now, we will estimate the expression
(T1(3) — TI(§)) — (IT'(3) — IT(j))]. We have

— (I
|(TT(3) — T1(§)) — (II(3) — IT'())|
)+

= 1) — T (3) + T1(G) - T1()|
> | oo fir (£ - o F o fim o fi oo iR (F(V(R))
~ [IT(j) ~ TG

z]f{'“ o St (AT ) = i 00 [ 0 1m0 I o0 fip (V)|

co fun (F(IA)) = fi™ oo fn ™ (1))

- \H’(J) — 1(j)|
= Ll - LQ - Lg.
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To estimate the above expression, we need to individually estimate the values of Ly, Lo,
and L3. Thus, we have

- ‘ffnl “o fun (V@) = fi™ oo fi o fImm o fl oo S (FIT(1)))

= | A= e T | s ))‘ > m,\ 15H/\m1 NO&A,JI.
i=1
i
On the other hand
L, = 2o fan t(f(TI(0)) — 2o (ST (D))
< A |I(E) - ()] < gAbg,

where we used (4.2]). Moreover,

= [IG) = TG) = " oo fun (FIG)) = fi" o -+~ o fun (SI()))]

2 ) h )
= A IGITIG) = TG < Ay (1 =€),

where we used the estimate (4.2)) again. Thus, we get

Noe 1 €0 [ Nye 1
Ly—Ly> Api 0 > —— A
! 2_(1—6 e) ¢ _2A(1—€ 6) il

Thus, by using the above estimates, we get
3 3 .
Noe? — (1 —€)(2A +¢) A6 >0 Noe? — (1 —¢€)(2A +¢) L
2A(1 —e)e 2A(1 — e)e

Choosing C' = N(’Es;f(ll(:)e(iA%), and since Ny = f()£—2A+€)1 + 1, we have C' > 0. This

Ll—LQ—L3Z(

implies that |
(IG) ~ 11)) — (I1G) — 1G] = s,
This also implies that

‘3(H(i) - H@)‘ S Celtll > Cemax( LB

This completes the proof. 0

4.2. Block structure. Now, we give a more detailed description of the coding of IFS &
with common fixed point structure defined in ([1.3)). Let us recall here the definition. Let
N > 2 be an integer, and for every 1 < ¢ < N, let n; > 1 be an integer. Let

where \;; € (0,1) and ¢; € R. Without loss of generality, we assume that 0 < t; < t5 <

- <ty

Let I = {(i,j) : 1 <i < N, 1< j<mn} andlet ¥ = IY be the symbolic space
corresponding to IFS S. Denote ¥, the set n-length finite sequences formed by the symbols
of I, and let ¥* = (J) ) X,.. Denote the length of i € ¥* by |i|. We will use the convention
that |i] = oo for i € ¥. Denote o: ¥ — 3 the usual left-shift operator. We extend o to X*
by (i1, ... in) = (igy ..., in).

For each i € ¥ U ¥*, we define the following unique block representation: For i =
((i1,71), (i2, J2), ... ), let |bi] ;= max{k > 1:4; =i, for all 1 < ¢ < k}. If |bi| = |i| then let
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bi =i, otherwise let bl := ihbi - Then we define by induction. Suppose that bi,... bl are
1
defined and finite. Then let

’b:"b-i-l‘ — Imax {k 2 1 . 7’-|bi1|+---+|bin‘+1 = Z"bi1|+---+|b21|+f for all 1 S £ S k} .

If b, ] = ‘U‘bilH"'Hbil'i then let b, := o+ +0hli and so, i = bl ... Db, . Otherwise,

let bf_; := (a'bil|+"'+|”i"‘i)|‘bi - Let B! denote the number of block in i. For i € X, the maps
n+1

in each block b; correspond to the same fixed points. The maps having the same fixed

point are commutative. We write ty; for the common fixed point of the maps in the block

I, which is also the fixed point of the map fb}. Thus, any i € ¥ can be written uniquely as

countably (but possibly finitely) many finite sequences:
i= (i, 1) (v ) Ggns i) - CGigens Jim) Gt Jimega) - - (4.4)

[\ V \\ J
-~

i

bl

~~
i
b2

Note that the maps corresponding to the symbols from the same block share the same
fixed point.

Let ITT : ¥ — [t1,ty] be the natural projection corresponding to the IFS S. Simple
algebraic manipulations show that for every i € ¥ with B! = oo

TI) =ty + D Ay - g (b, — )
=1

where )\b§ represent the similarity ratio of the map corresponding to the [*" block in the
infinite sequence i. For a finite i € ¥*, we will write II(i) = fi(0) with a slight abuse
of notation. Observe that II is an analytic map of A = (X;;)u er and a linear map of
t = ;) for every i € £ U *. In particular, I is analytic over A € (=14 ¢, 1 — ¢)X&1 i,
which fact will be used for later purposes.

For a finite word i € X*, let #; ;i denote the number of symbols (¢, j) appearing in i.
For i,j € ¥ U X*, we say that i,j have the same block structure if B = BJ and for every
L <1< Bty =t and #;b) = 4, b for every (i,7) € I. Note that if i,j € ¥* have the
same block structure then f; = f;.

Now, we define a special form of the WESC adapted to common fixed-point systems.

Definition 4.3. We say that IFS S satisfies the Exponential Separation Condition
for the Common Fixed Point System (ESC for CFS), if there exist N € N and b > 1
such that for every n > N and every i,j € X, with A\; = A;, we have the following:

either i, j have the same block structure or [II(i) — I1(j)| > 27" (4.5)

Let us note that one can relax the definition of the exponential separation for common
fixed point systems (ESC for CFS) through a subsequence of natural numbers n for which
holds. However, it would require a slight change in the proofs and the definition of
the exceptional sets.

One can see that ESC for CFS for the IFS S implies that IF'S S satisfies the WESC (see
Definition . ESC for CFS provides a complete description of the overlapping cylinders
via symbolic space, see Section [5

We say that the finite words i,j € X* are disjoint if min{#; ;i, #;,j} = 0 for every
(i,7) € I. We will denote this with a slight abuse of notation by jNi = 0.
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4.3. Two-fixed point system. Next, we discuss the ESC for CFS in the case of the two
fixed-point systems. We consider the following iterated function system, having only two
fixed points

J ={fri(z) = Mz}l U{foi(x) = Ao + (1 — Agi) H2. (4.6)

Clearly, the IFS J is a special case of the family of IFSs defined in (4.3)), where ¢; = 0 and
to = 1. Let X be the symbolic space corresponding to the IFS 7 with symbols I = {(4,7) :

ie{l,2},5e{l,...,n;}}.

Denote L = ny + ng, and A\ = ()\”)(”)EI € (0,1)L the vector of contraction ratios.
Observe that for every e > 0 such that € < min(; jye; min{\; ;,1 —X;;} then Ly C [0,1 — ¢
and Ry C [e, 1], where Ly := 2, f1,([0,1]) and Ry := U;2, f2.:([0, 1]).

Let II be the natural projection corresponding to the IFS J. For i,j € 3, we define

Aij(A) = (i) = T1(j).

Let us define the following set of pairs:
B:z{(i,j)EEXZ:biﬂb{z@&bi%i&b{#J‘}. (4.7)
We divide the set B further:
B = {(i,j) €B:ty %tbjl} and By := B\ B, = {(i,j) € Bty :tb{}. (4.8)
Now, set Ny := [u—i#} + 1, and divide By further:

B, = {(i,j) €By: max {max {#kbﬁ,#kb{}} < NO} and By = B, \ Bs. (4.9)
Observe that Bs is a compact subset of > x X..

Lemma 4.4. Let € > 0 be arbitrary. Then there exists a constant C' > 0 such that for
every A € [e,1 — €]* and for every (i,j) € B,
Ai' iy
max < [A;(A)], b@) > O 3max{bilinl}
’ Ok

where k is such that max{#bi, #.0} > Ny.

Proof. Let (i,j) € By. Without loss of generality, we may assume that ty = tb] = 0.
The case ty = th = 1 can be handled similarly by considering the conJugated IFS with
conjugation map x — 1 — .

First, suppose that Ai ¢ (37 —). Then, by Lemma , we get the
1 €
Ag5(A)] > SmaxtbilinD,

A 2
Now, we assume that /\l € (g, —). Then by Lemma , we get that
W €

‘aﬁm (A)‘ > Cemax LA

O\,

for some uniform constant C > 0. O
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Lemma 4.5. Let € > 0 be arbitrary. Then there ezist p > 0 and C > 0 such that for
every (1,j) € Bs and for all A € [e,1 — €|*, there exists (m; ;)i er € N¥ such that m =
Z(i,j)e] mi; < p and

> (.

(A)

‘Hz])el Z]

We use the idea of Hochman [I4, Proposition 6.24] to prove this lemma.

Proof. Let (i,j) € Bs. Without loss of generality, we may assume that ty = tb, = 0.
The case t; = tb] = 1 can be handled similarly by considering the conJugated IFS with
conjugation map xr — 1 — .

First, we show that A;;()A) # 0 over A € [¢,1 — €]”. We have

Aj(A) = (i) - TI()

=D DTN A A = Y (DT A
=1 =1
R D GV PP NP W N C b WP WP W)
=2 =2
Since bl N = ), we get
IMIA H (o )1 oMI((— DN Ay - Agt)
i,j
[ jyer 0% 1>‘w (i.4)€l 1=2 [T jyer 0% i

il (=D N A - AbJ)
=2 H(z] el OF b 1>‘U

TP ,
This implies that 0 laailjbﬁA (0) = [T )er(#:,01)! Since the function Aj;(A) is ana-
(i,j)EI

lytic on (=1 + 5,1 — §)%, Wehave ij(A) Z0over A € [e,1 — €]
Let’s continue the proof using an argument by contradiction. Assume that V n > 1,
I\, €le,1—¢€]L and 3 (i*,j") € Bs such that

8mAin7jn 1 L.
H i N (An) < E v (mi7j)(i7j)€[ € N* with m = E m; S n.
(4,9)el 2,J (i,5)el

Due to the compactness of Bs, there exists a subsequence {n;};>1, Ay € [¢,1 — ¢]* and
(i,j) € B; such that

lim A, =g, lim (i",5") = (i,J).
—00

An
l—00 !

This also implies that
0" A o amAlJ

[T jyer 0™ A H(z])el ' Aij
for every (m; ;)@ yer € N¥. Thus,
oA

H(i,j)e[ 8mi’j)‘i,j

Since Aj;(A) is analytic function, we have A;;(A) = 0, which is a contradiction. O

uniformly on [e, 1 — ¢]*

(M) =0V (mij)ejer € N°
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Lemma 4.6. Let € > 0 be arbitrary. Then there ezist p > 0 and C > 0 such that for
every (1,j) € By and for all A € [e,1 — €|*, there exists (m; ;)i er € N¥ such that m =
Z(i,j)e] mi; < p and

> C.

(A)

‘ H (% ])GI Ai J
Proof. Actually, we claim that the statement of the lemma holds for the greater set B, =
(i,j) € ¥ x X tyi + tbjl , and clearly, B; C B;. Observe that the set B; is a compact

subset of ¥ x X, and so, the proof can be similarly completed to the proof of Lemma [4.5]
We leave the details for the reader. O

Forn > 1, let
Bw:{@Deaxzm@mﬂzw&@#i&ﬂ#§,
and divide it further into B, BY, B§”) and B{" as in (£.8) and by
Bl ={(i,j) € B : (i(1,1)--- ,j(1,1) ) € By},

-NnNny U {Aeel—e] |A<>|<;n} (4.10)

H>1 N>1n>N (i,j)eB™)

Proposition 4.7. Let E. C [, 1—¢]* be the set defined as above. Then, dimy(FE,) < L—1.

Define

Proof. By combining Lemma and [14, Lemma 6.26], then for every (i,j) € Bfl”) with
n > 1 the set

ij 1
B8 ={rela1-d: 1Ay <

can be covered by C'(Ce® H™)L~1-many balls of radius H "C~1te™3" for e ® < H, where
C’ > 0 an universal constant.
By [14, Proposition 6.28], Lemma and Lemma [4.6] we get that for every (i,j) €

B iy BS"), the set E(H) can be covered by C'H™L=1/2"_many balls of radius C~1H /%",
for sufficiently large H. Choose H so large that, H"C~te 3" < C~YH"/?" for every n € N.

Let
= U U {ackr-as1a5mi< 4}

N>1n>N (i,j)eB(™

Thus, we have for every N >1

Hé 1H- N/zp( Z LQRO, 063an) (H—nc—le—?m) + LQ"C/Hn(L—l)/Qp (Cf—lH—n/Zl’)
nZN
— C’/CL—l—s Z <L2(€3H)L_1_s)n + C«/Cv—s Z <L2HL72%;5>”

n>N n>N
which is finite if s > max{lm(}_g[fg) +L-1 % + L —1}. This implies that dimpy (E ) <

max{ 102gl(}g1£s) 211;;(1%L} + L — 1. Since E, C ﬂHZl Ec i, we have dimyg B, < L — 1. This

completes the proof. O
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We define a set as follows:

G. = [OJ D U Aefel—€": A=)\}and G = DGl/n' (4.11)

n=1m=1 (i,j)€Sn X Em n=1
inj=0

Lemma 4.8. Let ¢ > 0 be arbitrary and let G, be as above. Then dimy G, < L — 1.
Moreover, for every A € [e,1 —€|*\ G, and (i,]) € ¥* x X*,

either #; ;1) = #.,(G) V (,7) € I or A\j # A;.
Proof. Tt is clear that for every n,m € Nand i€ X,,j € ¥, with inj = 0, the set {)\ €
le,1—¢€]” : \j = A} forms a smooth (L —1)-dimensional manifold, and so, dimy G. < L—1.

On the other hand, for every (i,j) € X* x X* there are finite words h,i,j’ € ¥* such
that

#igh = min{#; ji, #i 53}, #ii = i — #ihand #i55 = #4055 — #i 5k,
moreover, \; = ApAy, Aj = ApAy. Clearly, i’ Nj = 0 and Ay — \j = An (Av — Ay) # 0 by
A€ e, 1 —ef\ G O

Proposition 4.9. There exists a set E C (0,1)" such that dimg E < L — 1 and the IFS
J defined satisfies ESC for CFS for every parameters A € (0,1)" \ E.

Proof. We define the set E = G U |J;"; E1/,, where Ejj, is defined in and G is
defined in (4.11)). By Proposition and Lemma [4.§8| dimy E < L —1. Now, we show that
the IFS J satisfies ESC for CFS for every parameter A € (0,1)1\ E.

Let € > 0 and )\ € [¢, 1 —¢]"\ E be arbitrary but fixed. Let i,j € 3, be such that \; = ),
but i and j have different block structure. Since i and j have different block structure, there
exists h,i’,j’ € ¥* such that

fi=foofu, fi=foofy and b Nl = 0.
Thus, Ay = Ay.

If b =i and ¥ = j, then Ay # Ay by A ¢ G, which is a contradiction. If b = i’
and bjll # j', then there exists i € {1,2} such that #,;j’ > 1 > 0 = #,,i’ for some
j€{l,...,n;}, and hence, again A\y # Ay by A ¢ G, which is again a contradiction.

Hence, bi' # i’ and bjll #j. Since A ¢ E., there exists b > 1 independent of n € N and
i,j € X, such that

[Ap g (A)] > 2711 > 270,
Hence,
A (A)] = AnlAy g (A)] > €27,
which had to be proven. —

4.4. General fixed point system. Now, let us turn our attention to the IFS
SA,t = {fw(l’) = )\i,jx + tl(l — )\m') 11 E {1, - ,N}, JE {1, e ,TLZ}}

defined in (4.3)), and denote its natural projection by II, as usual. For every i € {1,..., N},
let us define the IFS

Si={hgr+ Q=) gz ke {1 NI\ {i} g e {1, i},
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and let II; be the natural projection for the IFS &;. Then clearly,

I(i) = Z t:11,(3). (4.12)

Let us introduce the following vector:
f1() = ()., Ty (3)).

Then by writing ¢ = (t1,...,ty), we get II(i) = (¢, TI(i)), where (-,-) denotes the usual
scalar product on RY and let || - || be the usual Euclidean distance. Recall the notation
L= n.

By Proposition for every i = 1,..., N there exists a set E; C (0,1)% such that
dimyg E; < L — 1 such that the IFS §; satisfies ESC for CFS for all parameters A\ €
(0,1)L'\ E;. We define a set by

N

E=JE. (4.13)

i=1
Clearly, dimy (E) < L—1. Let X, be the set of all finite sequences of length n with symbols
from the set I.

Lemma 4.10. Let A € (0,1)1'\ E. Then there exists b > 0 such that for every n € N and
every i,j € X,, with \; = Aj, we have

either i and j have the same block structure with respect to S or |[TI(i) — TI(j)|| > 27"

Proof. Since A € (0,1)1'\ E, for every i € {1,..., N} there exists b; = b;(\) > 0 such that
for every i and j with A\; = A; but with different block structure with respect to S;, we have
ITL;(i) — IL;(§)| > 27%" by Proposition 1.9} Let b := max{by,...,bx}.

Let i,j € X, be such that \; = A; and i and j does not have the same block structure with
respect to S. Let [ > 1 be the smallest [ such that the blocks b} and b} differ significantly.
That is,

Let 2 be such that ty = 1. Then i,j € ¥, have different block structure with respect to
the IFS S;, and so, ||TI(i) — II(j)|| > [TL3G) — IL; ()| > 27" O

Proposition 4.11. Let E C (0,1)" as in (#.13)). Then for every A € (0,1)X\ E there exists
F C R" such that dimg F < N —1 and the IFS S satisfies ESC for CFS for all parameters
t e RV\F.

Proof. Let i,j € %, be such that i and j have different block structure. By Lemma [4.10]
for every A € (0,1)F \ E there exists b € N (independent of the choice of i,j) such that

ITI(i) — II(j)|| > 27" For simplicity, let
A, ={(,j) € ¥, x ¥, : i and i have not same block structure and \; = \;}.

Fort € RN and (i,j) € A, let 6(t,1, j) be the angle between the vectors ¢ and II(i)—II(j).
The exceptional set for the fixed-point parameters is F = (J)~_, U3—; N7r—os Fmar,m, where

F.un={1U U {;; 1/m < ||t|]| < M & |cos(A(t, 1,§))| < mH"an}.

N=1n=N (j)€An



22

Clearly, for every t € R¥\F there exist H, N € N such that for every n > N and (i,j) € A,
TG — TIG)| = 1 IFIG) — TIG) | cos(B(t, 1, 3))] > [[FIG) — TG |72 > H™
which implies the claim. To finish the proof, we need to verify the dimension estimate.
For every (i,j) € Ay, theset t:1/m < ||t|| < M & |cos(0(t,1,j))| < mH‘”2b”} can be

covered by C(H™27%" /m)N~1many balls of radius MmH "2 where C' > 0 is a universal
constant independent of n,m, M € N, and (i,j) € A,. Thus, we have for every N > 1

MmH~—

B s B £ 3 CL 2 oy (Mt o2

n=N

=) " (L(H2H)N ) < o0
n=N
provided L2(H27°)N=1=% < 1 where C” = CM*m* N*1. This implies that dimg F,,, pr.5 <
2leL__ | N — 1. Hence, we have dimy Niy—ot Fmarg < N — 1, and so, dimg F <

log H—blog 2
N —1. [

Let us note that one could modify the definition of the exceptional set F slightly and
show with some modification of the argument of Proposition that holds through
a subsequence of integers n € N, and the dimension estimate remains valid by replacing
the Hausdorff dimension with the packing dimension, following the lines of the proof of
Hochman [T4].

5. CALCULATION OF hgy FOR GENERAL CF'S
Recall the self-similar IFS
SA& = {fi,j = )\i,jx + tz(l — )\i,j) . (Z,j) - ]} (51)

with a common fixed point structure. The next theorem will provide the formula for the
Hausdorft dimension of self-similar measures corresponding to the IFS S, ; by calculating
the random walk entropy.

Theorem 5.1. Let Sy; be a self-similar IFS defined in (5.1). Suppose that Sy, satisfies
the ESC for CFS. Let p = (pij)jer be a probability vector, and let pu be a self-similar
measure corresponding to the probabilistic self-similar IFS (Sxt,p). Then,

hrw(p) = — Z pijlog(pi ;)

(i,9)el
k—1
+ Z Di,j ZZ (l)pi,j Zpi,m (1 — Zpi,m) log (k——i-l) . (5.2)
(ij)el k=1 1=0 m=1 m=1

m#j

Proof. Let us first recall that
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For every n € N and i,j € £, if \; # A; then f; # f; clearly, and if A\; = A; then by ESC
for CFS either i and j have the block structure, and in particular, f; = fj or fi(0) # f;(0).
Let

C(i) = {j € ¥y : i and j have the same block structure}.

—Zpilog( ZPJ)-

iex, jec()

It is enough to prove that the sequence H,,; — H, converges to the right-hand side of
(5.2)). Indeed, if lim,, oo (Hyi1 — Hy) = h then for each € > 0 there exists a Ny € N such
that h —e < H,y1 — H, < h+ € for all n > Ny. Thus, for all k£ € N we have

k
Hyyix — Hy, = Z(HN(H-I? — Hnyip-1) < k(h + €), and similarly
p=1

HN0+k — HNo > k(h — 6).

Thus, by squeeze theorem, we have

Then

. Hpnyt
—e< ok
h—e¢ khm 2 A

Since € > 0 was arbitrary, we get that h = hgy (1) and the claim of the theorem follows.
Now, we will prove that the sequence H, ., — H, converges. First, let us observe the
following simple fact: for every i € ¥*

B!
P; = Di YR
Z T H H(i,j)el(#i,jbk)!

jec(i)

= hrw(p) < h+e

Hence, for every (7,j) € I

Yyecpn Py )T i =1

= |bi| + 1
Z,]EC(l) bj Dij #z,]bll 1

Hyp —Hy=— > pilog( 3 pj) + Zpdog( > pj)

if |00 = 1+ b,

i€, 11 jec) ies, jecq)
D jec by
=Y S mmlog ()
ieX, (i,5)el jec( )p

by (5:3)

bi+1
_ Z Z pi,ipilog pij — Z Z pijpilog (pi’j%>

(i,5)el i€Xy (3,9)€l ieX,
‘b(l])1| 1 ‘b(l])l| ‘bl‘+1
|bi] + 1
= - E Dij logpz 2 § § DijPi log i
(3,5)€l (i,9)el i€eX, ’
|b(l J)l‘ |b'|+l

= - Z nglogpzj

(4,9)el
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k—1

k - I+1

m#j

[y

hE

n—

+ Z Dij

(4,9)el

e
Il

11

i
=)

n—l
n

ny , “ [+1
+ Z Dij (l>pi,j sz’,m log (n+ 1) :
(3,9)el =0 m=1

m#j

For the sequence

n—I

. n - [+1
an(%]) = <l)pi,3 sz,m lOg <n—H) )
0 m=1

1=
m#j

3

one can easily see that

0> an(i,j) > —log(n+1) <Z p,-7m) .

Thus, a,(i,j) — 0 as n — oo, moreover, the series >~ |a,(i, )| is convergent. Hence,

lim H,,y — H, = — Z pijlogpi;

n—oo
(i.5)€l

(i,9)el k=1 1=0 m=1 m=1
m#j
which had to be shown. OJ
Proof of Theorem[1.3 The claim follows by combining Theorem Proposition and
Theorem B.11 O

6. HAUSDORFF DIMENSION OF THE ATTRACTOR CORRESPONDING TO GENERAL CFS

In this section, we will prove Theorem [1.4] which is our other main result. First, let us
consider the following technical lemma:

Lemma 6.1. Let x1,...,x, € R and let A be an n X n matriz such that
A, {1 =g
x; —1 otherwise.
Then
det(A) = (n — 1)(—=1)"** H xp+ (=1)" HZL‘g.
k=1 (=1
i+k

Proof. Let us argue by induction for n. For n = 2,

—1 i) —1 2
det — (—1) = (22 = V(@1 — 1) = @1 + @2 — 2122,
ry — 1 —1
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hence, the claim holds. Now, suppose that the claim holds for n. Then, by a simple row
manipulation

—1 @ 0 e 0
—1 ZEQ—l In+1—1
. 1'1—1 -1 l'g—l l’n+1—1
z — 1 - :
det = det
: ) Tp+t1 — 1
Tpt1 — 1
rn—1 - x,—1 -1
xrp—1 - Ty — 1 —1
by the inductive assumption
n+1 n+1 n+1
=z | (n= (=" []ae+ D) []
k=2 k=2 (=2
£k
r1—1 x3—1 Tpy1 — 1
O 1 -1
— zodet
Tpt1 — 1
rn—1 - xz,—1 —1
and again by a simple row manipulation
n+1 n+1 n+1
=~y | (=)D [T+ (-1 Y] e
k=2 k=2 (=2
£k
£L‘1—1 ZL‘3—1 [En+1—1
—XI3 0 0
— 2o det
0
0 0 —Tn+1
n+1 n+1 n+1 n+1
=z [ (n=1)(=D)"" [Tan+ (0" D [Jae | —22(=0)" @1 — ) ][] 2
k=2 k=2 (=2 k=3
£k
n+1 n+1 n+1 n+1
_ n(—l)"+2 H Tp + (_1)n+1 Z H T+ (_1)n+1 H 0,
k=1 k=2 (=1 =2
£k
which completes the proof. 0

Let Sy be the self-similar IFS with common fixed point structure defined in (|L.3))
SA,E == {fz’](.??) == Ai,jx +tz(1 - )\i,j) 1 S 1 S N & 1 Sj S nz}
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We assume that Sy, satisfies the ESC for CFS. For every ¢ = 1,..., N and every n € N,
let

T = {(i1) - (i) 1 1S 1 < oo < < i}
and let V, = UN,U"_, T™. Clearly, i = bi for every i € V,. Let us define a directed
graph G, = (V,,, &,) with vertices V,, and edges

E, = {l—>J Tt #tj}

The graph G, is strongly connected, that is, there exists a path (of length at most two)
from i to j for any i,j € V,. Furthermore, for N > 3 the graph G, is aperiodic.

For every n € N, we define a graph-directed self-similar IFS S,, = {f; : (i = j) € £,}. By
Mauldin and Williams [I8, Theorem 1.1], for every i € V, there exists a unique non-empty
compact set A} such that

A= f4).
Ji i=jeén
Clearly, A, := Ujey, Al C A for every n € N, where A is the attractor of S.

We say that the graph-directed self-similar IF'S §,, satisfies the exponential separation
condition for graph directed system (ESC for GDS) if there exists b > 0 such that
for every m € N and every two different paths iy - -+ — i, and j; — -+ = jn
of length m in G, with A,.;, = A and same initial vertices i; = j;, we have

|fi2~--im(0) - fJ2Jm(O)| > 2-bm,

Lemma 6.2. Let A ¢ G = |U,—, G1/n, where Gy, is defined in (4.11)). If the IFS Sy,
satisfies the ESC for CFES, then the graph-directed self-similar IFS S,, satisfies the ESC' for
GDS.

2-+m

Proof. Let iy — -+ — i, and j; — --- — j,, be different allowed paths with i; = j;
and Aig.i,, = Ajgejon- OINCE Njyody, = Ajgerjpn, We have #; 59 -+ -1y, = #5452 -+ jm for every
(1,7) € I, and in particular, |ig - - - i,,| = [j2 - - - jm|- Furthermore, since the paths are different
figim Z fioj and the IFS & satisfies the ESC for CFS

| fioeinn (0) = figrnjyn (0)] > 2702 iml > p=brm,
which had to be proven. O

We remark that Prokaj and Simon [19, Corollary 7.2] have already studied the dimension
of the attractor of graph-directed IFSs under a stronger version of ESC, namely, when the
IFS formed by the union of all the maps in the graph-directed system satisfies the ESC.
However, the common fixed point structure of the original IFS from which our graph-
directed system was deduced stands in the way of this condition. So, we cannot apply their
result directly.

Now, let us define the following matrix with elements indexed by V,,:

(By(LS))i,j = OS %f b=t
)\j if ti 7& tj.
()

Since G, is strongly connected, we get that By~ is an irreducible matrix with non-negative

entries. Moreover, the matrix BY is primitive for each n € N.

Lemma 6.3. Let A ¢ G = |J,—, G1/n, where Gy, is defined in (4.11)). If the IFS Sy,
satisfies the ESC for CFS, then for each n € N,

dimg A, = min{1, s, },
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where s, is the unique solution of the equation p(BT(f”)) = 1, where p(B) denotes the spectral
radius of the matriz B.

Proof. Tt is well known that dimy A,, < min{l, s, }. Next, we will show the lower bound.
For each i € V,, and m € N, we define a set a follows

The set C{" is the collection of all m length paths that start and end at the vertex i. Now,
we define a self-similar [F'S F)" as follows

Flr={fi,ofi,o--rofi, ,ofiti—ip— - =i —iecC"}.
Let A" be the attractor of the IFS F,*. Clearly, A" C A, for each m € N. By Lemma [6.2]
it is clear that the IFS F" satisfies ESC. Then by Theorem [1.2]
dimg(A”) = min{1, s™},
where s is the similarity dimension of the self-similar IF'S F)". Note that the sequence

{s™}o°_, is uniformly bounded above by the similarity dimension of the IFS S, ;. For a fixed

m € N, the sequence {s*™}2° | is monotonically increasing sequence. Let limy,_, o, 5™ = s*™.

Hence,
min{1, s*"} < dimpy A, for each m € N. (6.1)
The following key fact is due to the Perron-Frobenius theorem,

lim ((B)ip)™ = p(BY).

n Jii
m—00 )

Jim, ( > Af) B, (6.2)

JeFy

i (3 47) = ¥ a7 <1

JeFMm JeFMm
By (6.2), there exists an N € N such that

1/km

PR —p(B¥"™| <¢e forall k> N.

jef#er

This implies that

For each fixed M € N,

This implies that p(BT(LS*m)) < 1+ e. Since € is arbitrary, we have p(B,(LS*m)) < 1. It is well
known that s +— p(B,(f)) is a decreasing function of s. Thus, we get s, < s*. By (6.1]), we

get

min{1, s,} <min{l, s} < dimgy A,.
0
By Lemmal6.3and A,, C A, we have
min{1, lim s,} < dimy A. (6.3)
n—oo

Note that s,, is monotone increasing and bounded by the similarity dimension of S, so the

limit lim,,_, . S, exists.

Lemma 6.4. Let sg be the unique solution of the equation (1.5). Then lim s, = sq.
n—oo
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Proof. Let us define the following N x N matrix C as follows:

(CNiw = Zjeufnleém) S RE L
| 0 if i =k

n

First, we show that p(Bff)) p(C’ ) By Perron—Frobemus theorem, there exists v =

(v1,...,vy)T with strictly positive entries such that iy = p(C’( ))v Now, we define the
vector w = (wj)iey, as follows: w; = v; if t; = t;. Then for every i € V,, with ¢; = ¢;

N

Z Ajwj = Z Z Aok = p(C N, = p(CO )

ji iojesn 2;1 jeun_ 7

Again applying Perron- Frobemus Theorem, we get that p(BS) = p(C{). Thus, p(CS™) =

1, and in particular, det(C’,(l

al(s) := Z A+ 1forie{1,2,...,N},

. (m)
Jeugleim

—1Id) = 0, where Id denotes the identity matrix. By denoting

we get by Lemma

0= [det(CP™ —1d)| = (N — 1) [ ] aly(sn) = D [ [ an(s0).

i=1 k=1

It is easy to see that for every s € (0,00), lim, o0 al(s) = [[7,(1 — Aj;)~", and by
continuity, so satisfies the equation

N n; N N ny
SCE 10V UESTIRES o) 10 (ESTIRS
=1 j=1 k=1 g;}g Jj=1
and so
N ng
0=n-1)-> JTa-x)
k=1 j=1
which had to be proven. 0
To finish the proof, we show that sy is an upper bound. Let T =U, T(" and for
s >0 let
Ok = {2 o N =TG- X)) =1 itk

0 ifi =k.
Since C’,(LS) — (Jéf;) as n — 00, the quantity sq is the unique solution of the equation
p(CSEy = 1.
Lemma 6.5. Let S be the self-similar IFS defined in (1.3]). Then for every A = (/\”)f\!l“]:l
and t = (t;)N,

dimy A < min{1, so},
where A is the attractor of S.
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Proof. First, observe that the set I' = TI({i € ¥ : B! < oo}) is countable, and so, it is
enough to cover the set A\T'. Without loss of generality, we may assume that ¢; < --- < ty.
Observe that for every n € N, the set A\ I' can be covered by

{fil...in([tl,tN]) iy € 7}(;0) and iy # igyq forevery k=1,...,n — 1} ,

with diameters at most A |tn — t1]. Now, let s > sy be arbitrary, and so p(Céf))) < 1.
Denote |[|.|[; the 1-norm for N x N matrices, and let £ > 1 be such that H(C’&S)))’”H <
1
41\
(M) for every m > £. Hence,
Ml (MDD S ) 2. 2 MMy -l
8] yeeesln 7..‘,]\f i (OO) i (00)
ik?ﬁilkﬂ fofgclzl,...,];z—l 1613, n€Ti,
cy+1\"
< Iy it — i < (AL i -

for every n > ¢. Hence, H*(A\ ') = 0 for s > sy, which implies the claim. O

Proof of Theorem[I.4} The claim follows by combining (6.3)), Lemma [6.4] and Lemma [6.5]
O
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