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Abstract

In a recent article, Rapaport showed that the there is no dimension drop for exponentially
separated analytic IFSs on the real line. We show that the set of such exponentially separated
IFSs in the space of analytic IFSs contains an open and dense set in the C? topology. Moreover,
we give a sufficient condition for the IFS to be exponentially separated which allows us to
construct explicit examples which are exponentially separated. The key technical tool is the
introduction of the dual IFS which we believe has significant interest in its own right. As an
application we also characterise when an analytic IFS can be conjugated to a self-similar IF'S.

1 Introduction and main results

The geometric properties of attractors of iterated function systems have been extensively studied
in recent decades. An iterated function system (IFS) @ is a finite collection of strictly contracting
self-maps (f;)icz on a complete separable metric space X. By a result of Hutchinson [19], there
exists a unique non-empty compact set A satisfying the invariance

A= fn). (1.1)
1€L
Similarly, one can consider measures invariant under this relation in the following sense. Given an
IFS and a non-degenerate probability vector p = (p;)iez, i.e. D ;czp;i = 1 and all p; > 0, there
exists a unique Borel probability measure jp supported on A such that

pp =Y pi-ppofi . (1.2)
1€L
The size of such sets and measures, as measured through dimension, is one of the main focus points
of fractal geometry. Answering questions in such generality is generally unfeasible and one often
restricts to the simpler setting of X = R? and where the f; are simpler mappings such as similarities,
affinities, or conformal maps.

Hutchinson [19] considered the Hausdorff dimension of the attractor of IFSs consisting of simi-
larities on RY under a separation condition, the open set condition (OSC), and provided a formula
for the dimension of the sets depending solely on the contraction ratios of the similarities. In par-
ticular, the OSC holds under the stronger assumption of the strong separation condition (SSC).
We say that the IFS ® = (f;);ecz satisfies the SSC if

filA) N fj(A) =@ whenever i # j.



Hutchinson also showed that this value provides an upper bound for the dimension regardless of the
overlaps of images of A under the f;. Bowen [10] and Ruelle [27] extended this result to attractors
of C'** conformal mappings, with the natural upper bound known as the conformality dimension.
Similar question can be asked for the measure, see Cawley and Mauldin [11], and Patschke [22], for
the self-similar and self-conformal setting.

The actual value of the Hausdorff dimension of the attractor may drop below this natural upper
bound. This occurs, for instance, when the maps have exact overlaps and it is an open problem
(the dimension drop conjecture) whether this is the only mechanism for a dimension drop to occur,
see Simon [31]. It was since verified that the conformality dimension coincides with the Hausdorff
dimension, at least typically, for several notions of typicality.

Simon, Solomyak, and Urbanski [29, 30] considered parametrised families of C'*® IFSs and
showed that under some technical assumptions (transversality condition) there is no dimension
drop for the set and measure for almost every parameter with respect to the Lebesgue measure.
Relying on transversality methods, Simon and Solomyak [32] showed that for self-similar sets the
set of exceptions where a dimension drop occurs is a meagre set in the Baire category sense.

Other approaches, involving different notions of dimension or separation conditions were also
considered, see Zerner [36]; Lau and Ngai [20]; Ngai and Wang [21]; Fraser, Henderson, Olson, and
Robinson [15]; and Angelevska, Kdenmaéki, and Troscheit [4]; and references therein.

A major breakthrough was made by Hochman [16] who showed that no dimension drop occurs
for self-similar sets and measures on the line under the assumption of the exponential separation
condition (ESC). The ESC is a condition that is satisfied under many natural assumptions and also
holds for many typical systems including those described above. For instance, it was shown in [16]
that if the parameters defining the self-similar IFS ® are algebraic and ® has no exact overlaps
then the ESC holds. The algebraic condition has since been relaxed in certain settings, see [14, 24,
25, 35]. Generalisations have also been made to higher dimensions by Hochman [17] and for special
non-linear maps, Mobius transformations, by Hochman and Solomyak [18].

Recently, Rapaport [23] extended the concept of the exponential separation condition to general
analytic self-conformal iterated function systems. Furthermore, under this condition, Rapaport
showed that the dimension of the set and the measure does not drop. For analytically parametrised
systems of analytic self-conformal IFSs, Rapaport verified that the ESC holds for almost every
choice of parameter in the sense of Hausdorff dimension. However, he could not provide any concrete
examples other than those already known.

The main purpose of this article is to provide verifiable sufficient conditions that guarantee
that the ESC holds. Further, we show that this property holds for an open and dense set of IFSs
with respect to the C? topology. We will also explore when analytic self-conformal IFS can be
conjugated to self-similar systems. The methods involve constructing a dual IFS, which we believe
is of independent interest.
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1.1 Notations and main results

For convenience we write I = [0,1]. Throughout, we fix ¢ > 0 and we define the class S¥([)
consisting of maps f : R — R with the following properties:

(A) f is complex analytic in the open € complex neighbourhood By of I,

(B) f(I) €I and f(B.) C B,
(C) 0 < |f'(z)] <1 for all x € B..

We write

da(f,9) = sup|f(x) — g(x)| +sup | f'(z) — ¢'(x)| + sup | f"(x) — ¢" (2)|
xel xel xel

for the C? metric and equip the space S¥(I) with the C? topology induced by ds. We note that this
space is Polish, i.e. a complete and separable space. We also consider the space Gy of cardinality
N IFSs ® = (i), of maps f; € S¥([0, 1]). With slight abuse of notation, let

A ((F, (9)%1) = max da (£ )

be the C? metric on the space of IFSs & . Note that we consider an IFS to be an ordered tuple of
maps, hence the single maximising index.

From the finite alphabet Z := {1,..., N} we construct infinite words i = (i1, i2,13,...) € ¥ =
7" and finite words i = (i1, ...,ix) € X = Z* of length k € N, where Xq = {@} is just the empty
word. The length of i € ¥ is |i| = k and for i € ¥ it is |i| = co. We denote the set of all finite
words by X, = UZOZO Y. Fori#j e XU, we write i A j to denote the longest k € Y, such that
k= (i1,...,9k|) = (J1,-- - Jjx|)- For any finite word (i1, ...,i,) € Xy, we write

Jiryosin = fir 020 fin,

where by convention fj = Id. The natural projection w: ¥ — R defined by

(i) = lim f;  4,.(0) (1.3)
n—oo
satisfies 7(X) = A, where A is the attractor satisfying the invariance in Eq. (1.1). Following Ra-
paport [23], we formally define the exponential separation condition for analytic self-conformal
IFSs.

Definition 1.1. We say that the IFS ® = (f;);cz satisfies the exponential separation condition
(ESC) if there exists ¢ > 0 such that for infinitely many n € N,

sup |fi(z) — fj(z)] = "

z€[0,1]

for all distinct i,j € X,. If the ESC does not hold, then we say that ® has super-exponential
condensation.

Definition 1.2. We say that the IF'S ® = (f;);cz satisfies the strong exponential separation condi-
tion (SESC) if there exists ¢ > 0 such that

sup |fi(x) — fi(z)] > "

z€(0,1]



for alli,j € ¥,, and n € N, where i # j. If the SESC does not hold, i.e. there exist a sequence (1,)n
and a subsequence ny € N and distinct words i,j € ¥, such that log(n,)/n — —oo and

sup |f1($) - f,](w” < Mng s
z€[0,1]

then we say that ® has weak super-exponential condensation

Definition 1.3. We say that the IFS ® = (f;);ez has exzact overlaps if there exist distinct i,j € X,
such that fi(z) = fj(z) for every x € A.

We remark that the separation conditions satisfy the implications

SSC = SESC = ESC = no exact overlaps.

The main objective of this article is to give generic and explicit conditions under which the
ESC holds for analytic IFSs. Roughly speaking, our first main result says that the property that
an analytic IF'S satisfies the SESC is a generic property in a topological sense.

Theorem 1.4. The set of IFSs {®: ® satisfies SESC} C Sy contains an open and dense subset
in the C? topology.

Our second main result provides a sufficient condition under which an analytic IFS satisfies
the SESC. We demonstrate in Section 1.2.2 that it can be used to construct completely explicit
examples of analytic IFSs that satisfy the SESC. In order to state the result, we introduce more
notation. Since we will often write finite words “backwards”, we adopt the convention that for
n#m €N,

oo (Grms Tt Ls -+« 5y in—1,0n), if m <mn;
(imuim—lw"uin-i-l)inv) 1fm>n7
where |i| > max{m, n}. This will most often be used in the form i = (i1, ...,4,) or il = (iy,...,i1).

Thus for compositions of maps fji = fi, o---o f;;. Sometimes either m or n is 0. In these cases, the
convention is that both i and i, are the empty word ). By default, if we simply write i € X, UY then
the subscripts are understood to be in increasing order starting from 1 until |i|. The concatenation
of two finite words is ij, while slightly abusing notation i°®® € ¥ is the infinite word obtained by
concatenating i € Y, infinitely many times. For any i € ¥ U X, we introduce the function

n—1

lil "
Hi(a) = Hya(e) = Y2 (o () f_ (a), (1.4)
n=1 "
where the order of the indices is important. At this point the motivation for Hj(z) may be unclear,
but will be made apparent in Section 2. We can now state our second main result.

Theorem 1.5. Let ® € Sy. If for all distinct 1,j € ¥ U 3, with |i| = |j| we have

sup |Hj(xz)— Hj(x)| > 0, (1.5)
z€[0,1]

then ® satisfies the SESC.



Apart from its practical use, Theorem 1.5 is also a crucial step in proving Theorem 1.4 and
shows that the C? topology is the natural choice for typicality. This is because Eq. (1.5) cannot
be satisfied for linear maps, having f/ = 0, and the C? is the finest topology for which we can
distinguish strictly conformal maps sufficiently, see also Section 1.2.3.

We shall see in Theorem 2.2 that Eq. (1.5) has an elegant interpretation as an analog of the
SSC on a larger space of IFSs which we further elaborate on in Section 2. Theorem 1.5 is proved
in Section 3, while the proof of Theorem 1.4 is postponed until Section 4.

1.2 Discussion

We give further context to our main results. We first discuss the dimension theoretic implications
of our main results and give explicit examples of IFSs that satisfy the SESC. We end the section
by discussing a link to conjugation with self-similar IFSs.

1.2.1 Dimension theoretic consequences

Given a non-degenerate probability vector p and a self-conformal IFS ® € Gy, we define the
entropy of p by

H(p):=—> pilogp;;
ieZ

the Lyapunov exponent associated to p and ® by

x=M¢m%=—§:m/bmﬁ@WMM@,

1€

where pp is the self-conformal measure defined in Eq. (1.2). For ¢t > 0, we define the pressure
function

fwz&wzg&b%z(m%mwmw

which is well defined by sub-additivity. It is convex, strictly decreasing and continuous, moreover,
there exists a unique real s(®) for which P(s(®)) = 0. Following [9, Chapter 14|, we call s(®) the
conformality dimension associated to .

For any self-conformal set and self-conformal measure supported on it, the bounds
dimpg A < min{l,s(®)} and dimpp, < min{l, H(p)/x} for every p, (1.6)
hold, regardless of possible overlaps between the pieces f;(A). Here, we denote by dimy the Hausdorff

dimension of a set and measure, see [13] for definitions and basic properties.

Rapaport’s main result of [23] can be stated in the following way.

Theorem 1.6 ([23]). Let ® € Sy be such that its attractor is not a singleton. If ® satisfies the
ESC, then there is equality in Eq. (1.6).

We note that the assumption that the attractor is not a singleton is equivalent to the existence
of f,g € ® with distinct fixed points. Combining our Theorem 1.4 with Theorem 1.6 immediately
gives the following corollary.



Corollary 1.7. The set {®: ® satisfies equality in Eq. (1.6)} C Sx contains an open and dense
subset in the C? topology.

This can be interpreted as follows; a typical analytic self-conformal IFS, in a strong topological
sense, has no dimension drop.

Another potential direction to consider is that of L? dimensions, a more fine-grained notion that
captures the measure’s regularity. Building on the methods of [16], Shmerkin [28] showed that a
natural analogue of Theorem 1.6 exists for the L9 dimension of self-similar measures. Our typicality
result does not extend to the LY dimension of self-conformal measures in general. Below, we give an
explicit example of an IFS that satisfies the SESC, but the natural measure exhibits a dimension
drop of the L? dimension for large q.

1.2.2 Concrete examples

Similar to the self-similar setting, it would be desirable to have conditions under which one could
determine whether a concrete IFS or a parametrised family of IF'Ss satisfies the (S)ESC or not also in
the analytic setting. Rapaport [23, Corollary 1.4], based on a result of Solomyak and Takahashi [34],
showed that under a mild non-degeneracy condition, given a one-parameter family of analytic IFSs,
the set of parameters for which the ESC fails has zero Hausdorff dimension. Concrete families of
IFSs can be constructed to which this result applies, however, it still does not explicitly say whether
an IFS is in the exceptional set of parameters or not. In the following, we give an easy to verify
sufficient condition and demonstrate on an explicit analytic IFS that it satisfies the SESC.

Given an IFS ® = (f;)iez € G let

Cmin := inf |fl(x)] and cpax = sup |fi(x)]. (1.7)
z€[0,1] x€[0,1]
1€ i€l

We note that by compactness arguments, 0 < ¢pin < Cmax < 1.

Proposition 1.8. Let ® = (fi)icz € ©n be an IFS. Suppose that there exists a > 0 such that for
each i # j € I there exists x; j € [0,1] with

flwig) i (@)

— > .
fl@ig)  filaag) |~
bet (@)
i X
b= |
€T

Then B> 0 and if o> 28 - cmax/(1 — cmax), we have sup,eo 1y [Hi(z) — Hj(x)| > 0 for all distinct
i,j € XU, with |i| = |j|. In particular, ® satisfies the SESC by Theorem 1.5.

Proof. First, let us show that for every i,j € X U X, with ¢; # j; we have for every non-degenerate
closed interval J C [0, 1]
sup |Hj(x) — Hj(z)| > 0. (1.8)
zeJ
Since 71 # j1, for the particular choice of x;, j,, we can bound

z/; (xil,jl) ]Hl (xi17j1) > y
|Hi(xi1,j1) - Hj(xilajl)’ > 1 (zi0) — (%1171 -2 Z sup |f,}kl(37)‘ © sup
i1 \1,71 g1 \Fi1,01 n—k+2 TE0,1] z€[0,1]

fin ()
fi, (@)




> a2 max 5

— Cmax

by our assumption. Hence, H; # Hj and using the analyticity of the maps (which will be verified
later in Lemma 2.4) Eq. (1.8) follows.

Now, let i,j € ZUX, be distinct words such that |i| = |j| and [iAj| = k. It follows from Eq. (1.4)
that

Hi(x) = Hy(x) = fy (2) - (Hy (fip (@) = Hya (f2 (2)))
k+1 +1
for every = € [0,1]. As a result,
Hi@) ~ Hi()| 2 chon - [Hys (g @)~ Hy (Fy ()],
Taking supremum over z € [0, 1] in both sides, the claim of the proposition follows by Eq. (1.8). O

We demonstrate Proposition 1.8 on an example. Consider the IFS & = (fi, fa, f3) with

T r  x? x x2 29
= fo(z) =<+ o5, and  f3(2):

hlz) =3 8 32 =16 "3 3

Cylinder sets certainly overlap heavily since fi and fo have common fixed point at = 0, while f3
has fixed point at = 1. Simple calculations show that c¢yax = 3/16, moreover,

sup fi (@) < sup max{ 1 1 } =1 and 110) 1 (0) > 1
zc01] | Fi(®) | 7 zejoa] 142’ 242 i#jez | fi(0)  fi(0)| ~ 2
ieT

Since 1/2 —2-1-3/13 > 0, it follows from Proposition 1.8 that & satisfies the SESC, and by
Corollary 1.7, we obtain dimg A = s(®), where s(®) is the conformality dimension of ®, and
dim pp = H(p)/x for every p, defined in the previous section.

Let us note that Solomyak [33] has already given an example of a non-linear conformal IFS of
linear fractional transformations with such a common fixed point structure. However, he studied
the dimension of the attractor via sufficiently large subsystems, and it was not verified that the
IFS itself satisfies the ESC.

We conclude this section by remarking that the L? dimension of the natural measure in the
example above drops for large ¢. In particular, one can show that the local dimension at 0 of
the natural measure is strictly smaller than the conformality dimension s(®). However, if the L4
dimension did not drop for every ¢ > 0 then by [28, Lemma 1.7] the local dimension at every point
would be at least s(®), which is a contradiction. We leave the details for the interested reader.

1.2.3 Conjugation to self-similar systems

As we remarked above, assumption (1.5) of Theorem 1.5 cannot be satisfied for linear systems since
Hi(x) =0 for all i € ¥ and = € I. Crucially, the functions H;j(z) have a stronger relation to the
linearity and linearisability of an analytic IF'S, although the definition may not at first glance reveal
this. The functions Hj can be used to determine whether an analytic IF'S can be transformed into a
self-similar one through a change of coordinates. The problem of being conjugated to a linear IFS
played a significant role in the study of Fourier decay of self-conformal measures, see [1, 7] and [3,
Corollary 1.2 part 3.].



Definition 1.9. We say that the IFS ® = (f;);ez € Gn is conjugated to another IFS W if there
exists an analytic, invertible g : [0, 1] — R such that ¥ = (go f; 0 g~ 1)se7.

In particular, ® is conjugated to a self-similar IF'S if there exist \; € (—1,1) \ {0}, ¢; € R with
t € Z such that
fil) = g7 (Ng() + 1))
for all j € 7.

Definition 1.10. We say that the IFS ® = (f;);cr € Sy is sub-conjugated to a self-similar IFS if
there exist distinct words i, j € X, of the same length such that (f;, f;) is conjugated to a self-similar
IFS.

Remark 1.11. Note that we assume the conjugating function g to be analytic in Definition 1.9.
One could impose the weaker condition that f € C"([0,1]) for all f € ® for some 2 < r < oo
instead. Under this assumption, the authors of [2] show the existence of a C"-smooth IFS which
is not C"-conjugate to self-similar even though f’ = ¢y on A and f” = 0 for every f € ®. This
behaviour is not possible in the analytic setting since the assumption that f”(xz) =0 on A together
with analyticity already forces f to be an affine function.

We give a characterisation of when an analytic IFS is (sub-)conjugated to a self-similar TFS
using the function Hj introduced in Eq. (1.4).

Theorem 1.12. Any ® € Gy is conjugated to another analytic IFS which has at least one similarity
map. Moreover, assuming that the attractor of ® is not a singleton then

(a) ® is conjugated to a self-similar IFS if and only if for every i, j € 3,
Hi(z) = Hj(x)
for all x € [0,1];

(b) ® is sub-conjugated to a self-similar IFS if and only if there exist distinct i,j € ¥, of the
same length such that
H(i)oo (.%) = H(J)oo(.%')

for all z € [0, 1].

Theorem 1.12 is proved in Section 5.

Let us return to the discussion of the dimension drop conjecture. Recall that the ESC implies
that the IFS has no exact overlaps. For some time it was an important open problem whether
there exists a self-similar IF'S which has no exact overlaps but has super exponential condensation.
Independently of each other, using different methods, Baker [5] and Barany—Ké&enméki [8] showed
that such examples do exist. The idea of Baker was further developed in [6] and [12]. It follows
from the work of Rapaport [24] that the examples in [5, 6, 12] further support the dimension
drop conjecture. It is natural to ask whether analytic IFSs exist which have super-exponential
condensation but no exact overlaps. We conjecture that this only occurs if the IFS is sub-conjugated
to a self-similar TF'S.

Conjecture 1.13. Any analytic IFS which has super-exponential condensation but no exact overlaps
must be sub-conjugated to a self-similar IFS.

We remark that any analytic IF'S with an exact overlap is sub-conjugated to a self-similar IFS,
see Theorem 2.3 and Section 5.



2 The key idea: the dual IFS induced by analytic functions

The central idea of our work is to construct a ‘dual’ IFS on the space of analytic functions, derived
from the mappings of the original IFS on [0, 1]. We believe this notion is of general interest in its
own right and a systematic study of it could assist in tackling other problems in the future as well.

2.1 Basic definitions and properties

Let C#([0, 1]) be the set of complex analytic maps f on Be such that f: I — R. We equip C¥([0, 1])
with the supremum norm || - ||o over B.. Given an analytic IFS ® = (f;)X, € &y, we ‘lift’ each
map f; to an operator F; : C¥([0,1]) — C¥([0, 1]) acting on the space of analytic functions by the
formula 1

1

E,(x). (2.1)

We call ®* := (F;)Y, the dual IFS of ®. The operator F; can be considered as a contractive
affinity map and ®* as self-affine IF'S on C¥ ([0, 1]). Indeed, Fj is a translation of the linear operator
h — fl(z) - h(fi(z)), and each F; is clearly a strict contraction in the supremum norm since
1Fig = Fillloo < || filloo - [lg = hlloc, where || f{]loc < 1 by our assumption (C).

(Fih)(x) = fi(x) - h(fi(x)) +

Our objective now is to establish some basic properties about the dual IFS. We first justify
calling ®* an IFS by showing that it has an attractor. We use the convention that if A C C#([0, 1]),
then

F,A={Fh: he A}.

Lemma 2.1. Let ®* be the dual IF'S of an analytic IFS ® € Sy . There exists a unique, non-empty,
compact set A* C C¥([0, 1]), which we call the attractor of ®*, that satisfies

A* = U F,A*.
i€l

Proof. For L > 0, we define
“(10,1]) = {g € 2([0,1]) : |g(x)| < L for every x € B},

and CZ([0, 1]) = U7, €21 ([0, 1]). It is well-known that the space of continuous and bounded maps
is complete with respect to the supremum distance. By applying Morera’s Theorem [26, Theorem
10.17], it follows that CgL([O, 1]) is a complete and separable metric space for every L > 1.

Since ||Fihlloo < |f7/fllloc + If!llcollh]loo, there exists L > 0 sufficiently large such that

| Fih|loo < L if ||h||oo < L. Hence, the claim of the lemma follows by [19]. O

Let us recall the strong separation condition (SSC) in the context of dual IFS ®*. The SSC
holds if F;A* N F;A* = @ for every i # j in Z, that is, there is no h € A* such that h € F;A* and
h € F;A*. Using the dual IF'S ®* and the attractor A* of the dual IF'S, Theorem 1.5 can be restated
in the following elegant form.

Theorem 2.2. An IFS ® € Gy satisfies the SESC' if its dual IFS ®* satisfies the SSC.

Theorem 1.12 also has an equivalent formalisation as follows:



Theorem 2.3. An IFS ® € Gy can be conjugated to a self-similar IFS if and only if the attractor
of its dual IFS ®* is a singleton.

Moreover, an IFS ® € Gy can be sub-conjugated to a self-similar IFS if and only if its dual
IFS ®* has an exact overlap.

We postpone the explicit proof of Theorem 2.2 until the end of Section 3 and Theorem 2.3 until
Section 5.

For i € ¥,, an induction argument readily gives that the composition Fih = Fj, o...0 Fimh is
equal to

il ‘
(Fih)(z) = fy (2) hlf @)+ fa (@) T (fir_ (@),
n=1

Observe that for every i € X, taking h equal to the constant 0 function gives (Fi0)(x) = H;(x),
which was introduced in Eq. (1.4). Moreover, for every i € ¥

Hi(z) = lim (Fiph)(x)

n—oo

in the uniform sense for every h € C¥(]0,1]). With this interpretation the function H;(z) is an
analog of the natural projection 7(i) from Eq. (1.3), and this motivates us to call Hj(z) the dual
natural projection. The following further justifies this nomenclature.

Lemma 2.4. For every i € X, we have H; € CX([0,1]). Moreover, the map i — H; is Holder
continuous, that is, there exists K > 0 such that for every distinct i,j € X,
|H; — Hjloo < MK

max

In particular, A* = {Hj(z) : i € ¥}.

Proof. From the properties in (A) to (C), it follows that the maps

1
fij{ > fia and fll
J
are analytic on By, for all i € 3, and j € Z. Hence, there exists C' > 0 such that

fi
Ij
forall j € 7 and z € B, Hjp converges uniformly to H; on B, and H; is analytic on Be by Morera’s

theorem [26, Theorem 10.17]. In particular, there exists K > 0 such that ||Hj||cc < K for every
i € ¥. Hence,

(2)

< Cand 0 < ¢pin < |fj'(z)| < Cax < 1

1Hs — Hjlloo < ciidl2K.
Using the Holder-continuity, { Hij(x) : i € ¥} is compact, invariant with respect to the dual IFS &*,

and by the uniqueness of the attractor, Lemma 2.1, the last assertion follows. O

We now define cylinder sets for the dual IFS. For two real numbers a, b, their convex hull is
the interval conv(a,b) = [min{a, b}, max{a,b}|. Slightly abusing notation, a constant & € R also
denotes the constant function on C¥([0,1]). A cylinder set on C¥([0,1]) is given by

(k,K):={geC([0,1]) : k < g(z) < K for every z € [0,1]}.

10



Fy(k, K) Fy(k, K)
Fi(k, K)
Fi(k, K)
0 1 ’ 0 1 ’

Figure 1: Illustration of disjoint cylinders on the left and ones which are not disjoint on the right.

Since each Fj is a contraction, there exists k¥ < K such that

k< Igéi%l{mgl[gg](Fik)(w),zgl[(i){ll](EK )(x)} and K > rglgzx{mgl[gg](ﬂk)(ﬂ:%mrg[gﬁ](FiK )(@)},

moreover, F;((k,K)) C (k, K) for every ¢ € Z. The image of any cylinder (k, K) under F; for any
i€ X, has width

max |f{(z)| - (K = k) < el (K = k),

z€[0,1]
where cpax is as in Eq. (1.7).

We say that two cylinder sets F(k, K) and Fj(k, K) are disjoint, which we denote by Fj(k, K)N
Fj(k,K) = @, if there exists « € [0,1] such that

conv((Fik:)(a:), (FIK)($)) N conv((ij)(x), (E]K)(ZC)) =0. (2.2)
If they are not disjoint, we write Fj(k, K) N Fj(k, K) # @. See Fig. 1 for an illustration.

Lemma 2.5. The following statements are equivalent:

(a) the dual IFS ®* satisfies the SSC;

(b) there exist k < K and n > 1 such that Fi(k,K) C (k,K) for every i € Z and for every
i,j € X, with i1 # j1 we have

(c) there exists 6 > 0 such that for alli,j € ¥ with iy # j1 we have sup,¢(o 1y [Hi(z) — Hj(z)| > §;

(d) there exists § > 0 such that for alli,j € ¥. with iy # j1 we have sup,cp 1 |Hi(w) — Hj(x)| > 0.

Proof. (b)=(a): Let k < K be such that F;(k,K) C (k,K), and so, A* C (k,K). Thus, the
implication is clear. For the other direction, (a)=(b), let us argue by contradiction. That is, for
every n > 1 there exist i, j € ¥, with i; # ji such that Fi(k, K)NFj(k, K) # @. By the compactness
of X3, there exist a subsequence ny and i,j € ¥ with i; # j; such that Firlze(k:, K)n Fjj;lz(k‘,K) + O

11



for every ¢ > 1. In particular, Eq. (2.2) implies that for every x € [0, 1] there exists y € R such that
Y€ conv((Fi;Lg k)(z), (Fl?;zK)(QS‘)) N conv((Fj;u: k)(z), (FJ;LgK)(:L‘)) Hence,

max

(Fyne K (2) — Fyo K (2)] < |Fyre K () — ] + |y — Fp K (2)] < 26 (K~ F).

Thus, H; = limy_,o Fi;b[K = limy . Fji;bgK = Hj uniformly, which contradicts to SSC.

The implications (a)<(c) and (a)<(d) follow by the compactness of A* Lemma 2.1 and the
Holder continuity of the dual natural projection Lemma 2.4. We leave the details for the reader. [

Lemma 2.6. Let ®* be the dual IFS of an analytic IFS ® € &y such that ®* satisfies the SSC.
Then there exists € > 0 such that for every ¥ € Sy with do(®, V) < &, the dual IFS U* of ¥
satisfies the SSC.

Proof. Let ® = (fi)i]il € 6. Let cpin and cpax as in Eq. (1.7) for ®. Moreover, let C' > 0 be such

that |/ (2)] < |% ()] < € ana [HOLEIE

continuity of the maps and its derivatives, one can choose € > 0 sufficiently small such that for
every U = (g;)¥, € Gy with da(®, V) <&,

< C for every i € Z and z € [0, 1]. By using the

!
Cmin < |gi(x)] < cmax  and  |gf (z)| < ‘(;—Z,(m) <C
for every i € 7 and z € [0, 1]. Moreover, for every x € [0, 1]
fi” gzl'/ Cmax + C

Observe that for every i € ¥, and z € [0, 1]

|fi(2) = gi(@)] < N1fiy oo - [fyn (@) = gy (@) + sup (i (y) — g0 (W)
2 2 y€[0,1]

Thus,

sup |[fi(z) — gi(x) dp(®, ). (2.4)

| <
xz€[0,1] 1 — emax

On the other hand, for every i € ¥, and z € [0, 1]
|fi(z) — gi(z)] < CmaX‘fiIIQi\<x) - 9;|21|(96')’ + Clrﬂgxl\ffl(fi\;\ () = g, (950 ()]

< ol £ (@) = g @) + elld (da(®@, %) + Oy (@) = gy ()]
2 2 2 2
-1 41

< Cmax!| i () = gl (@) + Ciplax T da(®, V).
1y 1 — Cmax
Thus, by induction
/ / li]—1 C +1
sup |fi(z) — 6i(@)] < cpiax 7 d2(P, ¥). (2.5)
z€(0,1] 1 — cmax

12



Combining Egs. (2.3) to (2.5), we get that for every i € ¥,

y g
/ L _ Ll
f1|1|—1($) Z/‘ ‘ (fl‘ | 1($)) 1|1\—1( ) g;l ‘ ( 1(1'))
/" g
<l o lij—1 [ 24 e _
<Clfy (@ —gp (@) +ane 7. (fir,_, (@) 7, (gllil(x))‘
<ol @-gy @I+di (Cln @-m @]+ L @)- %o @)
Yij-1 i1 max Vi1 i1 Il g i
< (C(C+ )+C N cmax—i-C') =1 a0, W),
1-— Cmax Cmin
In particular, there exists C’ > 0 depending on ® such that
|Hi(w) — Fi(2)] < C'da(@, D), (2.6)

where Hj denotes the dual projection of ®* and H; denotes the dual projection of U*,

Now, if the dual IFS ®* of ® = (f;), € & satisfies the SSC then by Lemma 2.5 there exists
6 > 0 such that sup,cpq) [Hi(z) — Hj(z)| > 0 for every i,j € ¥ with 41 # j1. Hence, by Eq. (2.6)
and Lemma 2.5, for every ¥ with do(®,¥) < 6/(3C") the dual ¥* satisfies the SSC. O

2.2 Further analysis of the dual natural projection H;

After establishing that Hj is analytic, we wish to obtain bounds on its derivatives. To simplify

notation we write f*) to refer to the k-th derivative of f. For any i € ¥,, using the chain rule we

get fi (z) = H‘ i S ( _,(z)). From here, a simple calculation yields that for every finite word
Il

i€ X, H; reduces to

Hi(z) = Him (x) = (2.7)

Another way of writing H; for i € Y U X, is
li|
Hi(x) =Y (i 0 fu_ ) (@), (2.8)

n=1

where ¢;, (v) == log|f] (z)|. Recall that the k-th derivative of the composition of two functions can
be calculated using Faa di Bruno’s formula:

(fog)®(@) =" fIM () [T ¢" (@), (2.9)
melly, Bem

where ITj is the set of all partitions of {1,...,k}, and B € 7 refers to the elements, or blocks, of
the partition 7. Finally, let gz : R¥ — R be a k-variable polynomial such that g;(y1) = y1 and the
next one is given by the formula

k
gk
gk+1(yk+lv e 7y1 Z 87 yka cee 7y1) “ Y1 +gk(yk’7 . '73/1) “Y1.
=1

In particular, g2(y2,y1) = y2 + 4%, 93(y3, ¥2,¥1) = y3 + 3y1y2 + 3 and so on. We are now ready to
give a formula for Hi(k), the kth derivatives of Hj.

13



Lemma 2.7. For any i € XU X, the k-th derivative of H; is given by

S ZW' D) @) T g (2 2)(1:),...,Hi?71(:c)).

m€llpyq n=1 Berm

Proof. We first show by induction that for any i € 3,

— g (B D (2),... Hi(x)). (2.10)

Indeed, for k = 2, Eq. (2.10) is the same as Eq. (2.7). Differentiating both sides of Eq. (2.10) we
get

(k+1) (k) 1"
fi|1i\ (z) B fillil (z) ' f-l (m k=2 g1

fill. (2) flll (z) i1 (z) — ayﬁ
i i £=0

We use the induction hypothesis Eq. (2.10) in the second term on the left hand side for k& and
Eq. (2.7) to see that

(HF? L Hi@)) - B (@),

Substituting this back, after rearranging the inductive step is proved for k + 1:

fi(fﬂ)(x) L k-2
W - gkfl(Hi( _2)(97)7 ooy Hi(z)) - Hi(z) + =0 Yy
[i] =

We can now derive the formula for H;

li]
A (@) 2 S (@1, 0 f )ED (@)

n=1
29 i T
=S el @) T A @

7r€Hk+1n 1 Ber "

lil
(2. 10) lis T -
Z Z¢(I ) 2)) - ( i/}l,l(x))l | H g\BI—l(Hi(Jf'l 2)(95),...,Hi71171(x)).
€l n= 1 Bem !

O

Lemma 2.8. For every integer k > 0 there exists Cy such that for all x € I and alli€ X UX,,

|H (2)] < Cy.
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Proof. We proceed by induction. Let

Dy = ®) ().
R @)

From Eq. (2.8) we see that |Hi(z)| < D1/(1 — ¢max) =: Co. Suppose that the statement is true for

k and define
Ey = sup  gk(Yks -+ Y1)
yj+1€[-C;,Cj]
0<j<k-1
By Lemma 2.7,

(2.11)

@) < > ZDIw\ ™ T] B = )0 DinUper Fipis

|7|
TFGHk+1 n=1 Ber €l 1- Cmax
and the statement follows.

Corollary 2.9. For all k > 1, for all x,y € I and for alli€ XU,
k k
8 (@) — B ()] < Cri -2~ yl,
where Cy, > 0 are as defined in Lemma 2.8.

We show the following useful Hélder type bound.

Lemma 2.10. For all integers k >0, x € I and i,j € ¥ U X, with [i A j| < min{[i|, [j|},

|HM (@) — HM (2)] < 20 - i)

1 max’

where the Cy, > 0 are as defined in Lemma 2.8.

Proof. Let m = |i A j|. Again, by Lemmas 2.7 and 2.8,

= Z o0 (fa (@) (f L g (5 @), e (2)

w€llp 1 n=m+1 Bem
o (=) -2)
g
Z Z b5, (fj}z_l(x)) Jn 1 H9|B| 1 (x),--.,Hj;z—l
€l n=m+1 Bew
00
n|m m
> > 2D [T Eim £26k-
w€llp 1 n=m+1 Bem
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3 Proof of the sufficient condition for SESC

We need one auxiliary lemma before we can proceed with the proof of Theorem 1.5.
Lemma 3.1. Let f and g be real analytic maps on J and let n > 0 with 2,/ < |J|. Denote
@ = max {sup (), supla ()]}
zeJ e

If supye |f(x) = g(x)| < n, then sup,e; |f'(z) — ¢'(2)] < (2+ Q)\/1.

Proof. Let x € J be arbitrary and take y € .J such that |z —y| = /7. By assumption max{|f(z) —
g(@)|,|f(y) — g(y)|} < n. Using the second order Taylor approximation

f"(&)
2

fy) = f@)+ f@)y—z) + (y— )

where &1 € (z,y), and similarly for g(y) around = we get

2

n>1fy)— 9w =|f(@)—g@) + (f(x) — g @)y —z)+ (f'(&) - g//(&))w

2
>‘f/( ) — / ol B 1 en " M
2 () = g(@) - ly — 2| = |f(2) = 9(2)| = (IF" (€] + |g"(&2)]) 5
Thus,
@)~ o) < TR = 04 Q)
as required. O

Proof of Theorem 1.5. We prove the theorem by contradiction. Recall Definition 1.2 and suppose
that ® has weak super-exponential condensation, i.e. there exists a sequence (7,), such that
log(ny,)/n — —oo and there exist a subsequence ny € N and i # j € ¥, such that

sup |fi(e) ~ )] < 1 (3.1)
xz€[0,1]

We need to show that there exist i* # j* € ¥ U X, with |i*| = |j*| for which Hj«(x) = Hj«(x) for all
x € [0, 1], thus contradicting our main assumption. For the remainder of the proof we work with the
sequence 7y, and i # j € ¥, provided by Eq. (3.1). Let m = m(ny) := max{k < ny : iy # ji} and
ume) = i"nf+1 € Yn,—m, then j = jTu(”f). Let us also denote i(™) := il €%, and jme) = it €3,
so (i) # (j™));. We first show that there exists a sequence N, With log(ny,)/ng — —oc such
that for every x € I,

| Hynp) (fytm) (%) = Hymp) (fymer (2))] < 0y, (3:2)
For any i € ¥, recall from Eq. (2.7) that
Hi(z) = - ivalently, Hy () = 92,
() 7 (@) or equivalently, Hy (z) @)

[l

Using (2.7), we get _
/@) = |Hyy () - f(a)| < Co- el
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by Lemma 2.8. Moreover,

(@) = |g2(Hly (2), Hy, (@) - fi(@)] < Bz il

by the definition of Ej in Eq. (2.11). Together with Lemma 3.1 these bounds imply that for the
particular choice of i, j in Eq. (3.1) we have

sup |fi(z) — fi(@)] < (2 + Cocl) /g

z€[0,1]
sup |fi'(x) = f{'(@)] < (2+ Eacin) V2 + Coclifax - my)
z€[0,1]
We deduce
f!/($) f:i”(x) |f'”(x)’ ! / 1 1! 1!
‘ — < : -ix—-x+7-ix—-x
fiw) ~ f@ | S g B B g 1R = 5w
S C (2+C cﬁfax) 777%2 &eax \% 2+COCIY’IL1Z3X 7771124 = 77;1[
Now observe that
_ (fip o fywn)"(@) _ oo (7)
5,00 = (o Fyma Vi)~ Jueo @) Hieo Yoo @) 5 7y,

hence, H%( x) — HJ}L[( x) = fl/lw)(x) (Hyng) (f yomo () — Hinp) (fy e (2))), so we can conclude

‘Hi}lz(fn)_Hj}w(x)l

[ Hinp) (fuero (@) = Hynp) (o (2)) | < Tow =S¢ Conins * Ty = Ty
e

Having established Eq. (3.2), there are two cases to consider: whether [u(™)| — oo or there
exists a constant C' > 0 and infinitely many ¢ such that [u(™)| < C. Let us first assume the
latter. Since [i(™)] 4 [u™)| = |j")| + |u")| = ny we conclude, by compactness, that there exists
a subsequence nj, such that i) i e %, j(”Z) — j* € ¥ and ul™) = u* € ¥, with i1 # I7.
It follows from Lemma 2.10 and Eq. (3.2) that Hj-(fu+(2)) = Hj+(fu+(2)) for all € I. Hence,
using the analyticity of H; from Lemma 2.4 we conclude that Hi«(x) = H;j-(z) for all € I which
contradicts the main assumption.

Now let us assume that |u(”’5)| — 00. Again by compactness, there exists u* € X as well as
i*,j* € ¥ U X, and a subsequence nj such that i) — i* and j") — j* with 1] # j7 as well as
fu(n;{)(x) — m(u*) for all x € [0, 1]. Note that both |i*| and |j*| might be finite or infinite, however,
li*| = |j*| by the construction. Combining Lemma 3.1 and Lemma 2.8 with Eq. (3.2), we deduce
that for all k there exists Cy > 0 such that for all £ > 1 we have

K . 1

1 2 2=
’Hl("e) funo (7)) — Hj(ﬁ)l)(fuw@)(iv))\ < Cy - T@F ()™ < Ch - ()
g

u

(3.3)
for all z € [0, 1] which still tends to 0 as £ — oo since 7, — 0 super-exponentially fast. Combin-

ing Corollary 2.9 and Lemma 2.10 with Eq. (3.3) we see that Hi(f) (m(u*)) = Hj(f) (m(u*)) for all .
Since Hj+ and Hj« are analytic by Lemma 2.4, we get Hi«(x) = Hj«(x) for all € [0, 1] which again
contradicts our main assumption, concluding the proof of Theorem 1.5. 0

Proof of Theorem 2.2. The proof follows by Lemma 2.5 and Theorem 1.5. O
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4 Existence of open and dense set of IFSs with SESC

4.1 Preliminaries

Fix an arbitrary n > 1. Let B,, == {(i,j) € ¥, x £, : i1 < j1}. We say that (i,j) € B, is bad if the
associated cylinders overlap,
Fl(k‘,K)ﬁF_‘](k,K)?é@, (41)

recall Eq. (2.2). For any i € ¥, and z € [0,1] define the orbit of i starting from z as the multiset
Ox(x) = (., fu (@), fy (@), iy ().

Lemma 4.1. If the IFS (f;)icz € ©n has no exact overlaps, then there exists a collection of points
{$i7j}(i7j)63n C [0,1] such that

(a) conv((Fik) (i), (FiK)(wig)) Nconv ((Fjk)(zij), (F3K) (i) = @ if (1,3) is not bad;
(b) all points in Oi(xi;) and also in Oj(xi;) are distinct, moreover, Oi(xij) N Oj(wi;) = {wij};

(c) (Oi(zi3) UOj(zij)) N (On(znk) U Ok (znx)) = @ for every (i,j) # (k,h) € B,.

Proof. We first establish an order on the elements of B,, by setting

i), 5(R) (k)

(l(k)a.](k)):(lg )a"'7 n ;]1 7"'a]n )7

where k = 1,...,#B,. The points are constructed inductively. If (i(l),j(l)) is not bad then by
definition there exists an Z;a) ja)) for which (a) holds. Since (a) is an open condition, there exists
an ;) o)) in the neighborhood of Lo )y for which (b) also holds. If this were not the case,
then there would be k, £ such that f(i<1))% (x) = f(i(1>)}€($) for infinitely many z, but then analyticity
implies that f(i(1>); (z) = faon (x) on [0,1], which contradicts the no exact overlaps assumption.
If (i, M) is bad, then choose T jo) to satisfy (b) (which is possible by a similar argument).
Thus we have constructed the first point T 50)- Condition (c) trivially holds with just the single
pair (i), j1).

We continue by induction. Assume that L) D)5 - - -5 TR §R)) have already been constructed
(for some k > 1) so that (a) to (c) all hold. The set Ufnzl @(x(im)’j(m))) is finite, where we use the

shorthand @(wu) = (Oj(zij) U Oj(wi5)). Then the set

U

n k
A= <(f(;<k+1>)%)1( U O(ﬂf(um,j(m)))) U (f(j<k+1>)%)71< O(x(i(m>,j<m)))>)
m=1

/=0 1

is also finite since all f; are strictly monotone (for ¢ = 0 it is defined to be identity map).

If (ih+1D j+1) is not bad, then using that Ay is finite and the continuity of the maps one
can choose Z (k1) jor+1)) € (0,1) \ Ay for which (a) holds. By continuity of the maps, there exists a
small neighbourhood of Z ;1) jkt1)) in (0,1) \ Ax where (a) still holds, and by the same argument
as before can be used to pick a x(;+1) jk+1)) from this small neighbourhood for which (a) to (c) all
hold. If (i*+1) j++1)) is bad, then analyticity and the no exact overlaps assumption imply again
the existence of zj+1) jr+1)) € (0,1) \ Ay that satisfies (b) which completes the induction. O
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Proposition 4.2. Let f € S¥([0,1]). There exists a constant C > 0 such that for any two finite
collections of points Y = {y1 < ... < yu} C 0,7 and Z = {z < ... < zo} C [0,1]9 with
YN Z =g we have the following: for every € > 0 and § > 0 there exists an analytic function
g € 8¥([0,1]) such that

(i) g(zi) = f(zi) for every z; € Z and g(y;) = f(y;) for every y; € Y, moreover,

sup |g(z) — f(z)] <&
z€[0,1]

(ii) §'(z;) = f'(zi) for every z; € Z and ¢'(y;) = f'(y;) for every y; € Y, moreover,

sup |g'(x) — f'(x)] <e;
z€[0,1]

(iii) 9" (z;) = f"(2;) for every z; € Z, however,

9"(wi) ")
g'wi) ()
nevertheless, sup,cioq) 9" (z) — f"(2)| < C- 0 +e.

>6  for every y; € Y,

We may assume that ) # &, otherwise there is nothing to prove. Our claim is that with

appropriate choices of a1,...,ay > 0 and 01 ...,n5 > 0 the analytic function
g(z) = f(z)- e@(ﬂ:)w(z)'f\(m)’ (4.2)
where
2 4 X eow)
o) = [[ @—v)% v@) = [](@—2)" and A@@) =) a;-e ™
yi€Y ZE€Z i=1

satisfies the conditions of Proposition 4.2. We will often use the following simple fact.

Lemma 4.3. Let us fix constants ¢,p,e > 0 and ¢ > —p/2. Then

a2 p 1
supc-o?-|z|P-eo <e  whenever 0 <o < (2e/p) %t - (e/c)ater2, (4.3)
zeR

Proof. Tt is easy to check that the global maximum of the function is at 22 = po /2. Substituting
back this value and using the upper bound on ¢ gives the claim. ]

Proof of Proposition 4.2. During the proof we suppress co from the norm || - ||s. The argument is
essentially a careful analysis of the function g defined in Eq. (4.2). Let us first observe that g is
complex analytic on B, and so, satisfies the assumption (A).

Let us now calculate the derivatives of g. Clearly,

g’:f’.e¢~w~A+f.e<ﬁ~wv4((p/.¢.A+@.¢/.A+¢.¢.A’),

where
M
Pa)=> 2@-v) ][] @-u)
i=1 y; €Y\ {v:}
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UOEDSECEEI | IR

M
Alr)=-2- Zaix _'yze i
i=1 i

Moreover,

g' = [P L 2f VA (G PA + o A+ o A') + FePPA (P YA + il A+ o AT
+ eV (YA + oY A+ oY AT + 20" A+ 200 A + 20y A'),

where
M M M
Pa)=2> [[ @@=y +4D> (@—w)d (@—w) [[ @—v)
i=1 y;€Y i=1 k=1 Y;EY
Yi£Yi ki Y E{Yioyn
Q Q Q
' (z) =12 Z(m — z)? H (x —2)* +16 Z(a: — z)? Z(az — z)? H (z — z))*,
i=1 ZjEZ =1 k:1 Z]'EZ
Zj#Zi k;éz zjé{zi’zk}
M
20x —y;)%2 1\ —te—w)
AH(JL‘) —9. Z ai( (CU 2yz) 7) ™
i=1 ,'71 7]1

By construction ¢(y;) = ¢'(y;) = 0 for every y; € Y and ¢(z;) = ¢'(z;) = ¢"(2;) = 0 for every
z; € Z, hence,
9(yi) = f(yi) and g'(y:) = f'(yi) for every y; € Y,

furthermore,
9(zi) = f(21), 9'(zi) = f'(zi) and ¢"(z) = f"(2) for every 2; € Z.
Since ¢ (y;) # 0, let us evaluate

9" (i) = " (i) + F ()" (i) (yi) A(yi)
—(y;—v;)?

M
= ") +2f ) [] wi—w)® T] wi—2)" (ai +y aj-e W )
yjey ZjEZ 7j=1
YiFYi J#1

Dividing both sides by f’'(y;) = ¢’(y;) and rearranging we get

> 2q; - |f(yz)’ H (yi_yj)2 H (yz‘_zj)425

for all y; € YV as required if we choose
51 F (s -1
i g PR e T 2') (4.4
vi y; €Y\ ys} Zj€2Z
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It remains to bound the norms ||g — f||, |l¢’ — f'|| and ||¢’ — f”||. Using that |z — z;| < 1, we
have the trivial bounds

[l <1, [0l <4Q and  [[¢"] < 16Q° +12Q.

Similarly, using that |z — y;| < 1, we also have

< min |z — y;|? "Il < 2M - min |z — y;
ol < min o~ wil?, ) < 20 min fe — i

and

M
I/l < 4022 mig o =l + |23 T (o -3
v i=1 y;€y
Y 7Y

Choose n; so small such that

. £ 2 e-e3/? ?
S mln{2e- <2M2(16Q2 4 12Q)ai> ) <8MQCLZ‘(3/2)3/2> }

2

Several norms can be handled simultaneously:

max{[|p All, "D All, ¢ All, v All, [l  All}

—(z—y;)?

M(16Q° + 12Q)a;lz —y;| -~ 7 <e

IN
i
[\

by Eq. (4.3) and (C1) (with the choice p = 1,¢q = 0 and ¢ = 2M (16Q? + 12Q)a;). Two more norms
can be handled together:

—(z—y;)?
Z/z‘ .e n; <e

max{ ||y A'l], [y A"} < ZSQG
i=1
by Eq. (4.3) and (C2) (with the choice p = 3,¢ = —1 and ¢ = 8Qa;). These bounds already imply
that [lg — f|| < (ef = 1)-[|f[| and [|g" = f'|| < (e* = 1) - | /()] + 3ee® - || f(2)]|. Also, by choosing the
values of 7); possibly smaller, one can ensure that g(B.) C B, and 0 < |¢/(z)| < 1 for every x € B,
hence, g satisfies (B) and (C), and in particular, g € S¥([0, 1]).

f

The remaining three norms, ||¢"Al, ||y A”|| and ||¢'¢p A’|| require additional care. The trivial
bounds can not be blindly used in some of the expressions when z is too close to one of the y;.
We demonstrate this on ||¢”1A|| and leave the other two to the reader since the arguments are
analogous.

Besides 7; < min{(C1), (C2)}, we need further restrictions on 7;. Assume that

. eV 2e 2 ge 1/3 1
n; < mln{ (4M3ai> D0 Pa, }, n,'" < 5 5 min {yz+1 Yi> Yi yz—l} (4.5)
———— ——
(C3) (C4)
and
M
~1/3

Z 2a; -l <e. (4.6)

i=1
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Clearly all these conditions can be simultaneously satisfied. Using the bound on ||¢”||,

M M _(x_yi)z
" () - p(x) - Az)| < ‘21/)(96)-/1(9:) O @—w)?| +4M2 > ailz —yil e
i=1 y; €y i=1
Y £Yi

The second term is < ¢ because we can apply Eq. (4.3) and (C3). The first term is a double sum
which we split into two parts

M 2 2 M
—(z—y;) —(z—yg)
2 (x) 'Zaie i H (x —yj) —l-ZZake Tk Z H (z —y;)?
i=1 Y; €Y = i=1 y;€y
YiF#Yi FE ity
=:I(z) <M (z—yp)?

We can apply Eq. (4.3) again to the second term and then (C4) to see that the second term is
bounded above by €. What remains is to bound I(x). This is where we distinguish whether z is

close to a y; or not. Recall, we assume Eq. (4.5). If x is not too close to any of the y; in the sense

1/3 1/3 )

that 2 € "M, (yi — ;"> yi +1;/°)C, then we use the trivial bounds

71/3 (4.6)
<22aZ i < e
1/3

So assume x € (y; —n;'", yi + ml/:%) for some y; € V. Since z is still far enough from the other y;,
we just use the same bound there:

(4.6)
I(z) < 2a;9(x) H (x —y;) +22a] ;' < e+ 2a;¢(x) H (x—yj)Q.
y; €V\{y:} #Z y; €V\{y:}

In the final term, we substitute the value of a; from Eq. (4.4) and w(:c) to get

I@)<ets | yl’ I1 :”_yJQH (e =z)"

Yj ey 2 eZ yi = )"
yﬂéyz
(4.5) 1/3 9 /3 4
Cets. yz'H( I [(E T =y
Y = yj 2 lyi — 2]
y]?’éyz

We may assume by choosing 7; even smaller if necessary that the product of the final two products
is at most say 2. Since we also assume that f([0,1]) C (0,1) and 0 < |f'(z)| < 1 for every z, we
have shown that I(z) < C -6 + ¢ for some constant C' > 0 depending only f. This completes the
bound for ||¢"PA||. O

4.2 Proof of Theorem 1.4

The main idea of the proof of Theorem 1.4 is to apply Proposition 4.2 to each map f; of the IFS
with appropriately chosen collections of points ); and Z; using Lemma 4.1 to get the maps (g;)iez.
We then lift the IFS (g;)icz as in Eq. (2.1) to obtain the dual IFS (G;);ez and show that this IFS
satisfies the SSC. Then Theorem 1.4 follows immediately from Theorem 2.2 and Lemma 2.6.
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Proof of Theorem 1.4. By Theorem 2.2, it is enough to show that {® € Sy : * satisfies the SSC}
is open and dense in Gy with respect to the metric dy. The set is open by Lemma 2.6 and so it is
enough to show that it is dense.

Let § > 0 and ® = (f;)iez € ©n be arbitrary but fixed. Choose n > 1 such that ¢, (K — k) <
d/3, where k < K is chosen such that Fj(k, K) C (k, K) for every ¢ € Z, where ®* = (F;);cz is the
dual IFS of ®. Recall that, B, = {(i,j) € ¥, x Xy, : i1 < j1}. Let {z3;: (i,j) € Bn} be points as
in Lemma 4.1.

Recall Oi(z) = {z, fi, (%), fizis (), ..., fiy... (¥)}. For every i € T, we define a partition of
Uajes. (Oi(z1j) U Oj(wiy)) consisting of two elements {);, Z;} as follows:

e zij €YV and x5 € Z;, if (i,j) € B, is bad and
(Fik)(zi;) € conv ((Fjk) (i), (FK)(215)) ;
o x5 € Z;, and x35 € Yy, if (i,j) € B, is bad and
(Fik) (i) ¢ conv ((Fjk) (i), (F5K)(215)) ;
e xij € 2 and 255 € 2, if (i,j) € By, is not bad;
e y€ 2 and y € Z;, for every y € U(i,j)eBn (Oi(xiyj) U O; (CL’IJ)) \ {3}
Recall that by Eq. (4.1) either
(Fik)(wig) € conv ((F3k)(wig), (F5K) (2i5))  or  (Fjk)(ziy) € conv ((Fik)(zij), (FiK)(2i5)) -

Hence, the sets ); and Z; are well defined. We are now ready to apply Proposition 4.2.

To each f; and Vi, Z; we obtain a map ¢g; € S¥([0,1]) which satisfies the properties listed
in Proposition 4.2 with the choice e = §, and let ¥ = (g¢;)icr € Sn. We construct the dual IFS
U* = (G;)ier of ¥ as in Eq. (2.1), i.e.

gi (x
gi(z)

~—

(Gih)(x) = gi(x) - h(gi(x)) +

By Proposition 4.2, if (i,j) € B, is not bad then z;; € Z;, and ;35 € Z;,. Hence,
(Gih)(zi5) = (Fih) (i) and (Gjh)(zi) = (Fjh)(zis) for every h € C2([0,1]),

and in particular, conv((Gik)(zij), (GiK)(wij)) N conv((Gjk)(zij), (GjK)(zij)) = @, or equiva-
lently, Gi(k, K) N G;(k, K) = @.

Let us now suppose that (i,j) € B, is bad. Without loss of generality, we may assume that
Tij € yil and Tij € Zjl' Then

(Eyh)(fir(i5)) = (Gyuh)(gir (215)) and (F3h)(2iy) = (Gjh)(xiy) for every h € C([0, 1)),

and so,

> 6 for every h € C/([0,1]). 4.7
) I - e

(Gih) (1) — (Fah) ()] = | 22 (zi) il(l"i,J:)
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Since conv ((Fjk)(zij), (F5K)(xi5)) = conv ((Gj )(a:lJ) (GjK)(xi;)) has length strictly less than
0/3, and (Fih)(xi3) € conv ((Fjk)(xi3), (F5K)(xi3)), Eq. (4.7) implies that

J)
dist ((Gik)(ziz)), conv ((Gj )(wm) (G3K)(x14))) > 20/3.
On the other hand, |(Gik)(zi;)) — (GiK)(zij))| < cpax (K — k) < /3, and so

dist ((GiK)(xi,j))7 conv ((G'k)(xi,j)v (GJK)(xl,J))) > 5/3
This clearly implies that Gj(k, K) N Gj(k, K) = @. Finally, Theorem 1.4 concludes by Lemma 2.5.

O
5 Conjugation to self-similar IFS
Let f € §¥(]0,1]) be arbitrary but fixed. Along the lines of Eq. (1.4), let us define the map
Aye) = 3 L@y (74 @) (51)

!
k=0 f
vyhere f°F denotes the self-composition of f k-times. Analogously to the proof of Lemma 2.4,
H e C2([0,1]).
Let us begin the proof of Theorem 1.12 with the following observation.

Lemma 5.1. Let f € SZ([0,1]). Then for every a,b € R there exists an invertible map g € CZ([0,1])
such that ¢"(x) = H¢(x)g'(z), g(p) = a and ¢'(p) = b, where p is the unique fized point of f in
[0,1] and ]flf is defined in Eq. (5.1).

Moreover, for every g: [0,1] — R such that ¢"(z) = Hy(x)g (z)
9(f (@) = f'(p)g(z) + g(p)(1 = f'(p))-

Proof. Using the analyticity of H, we get that the map g(z) = bf s HW g, 4 g s in c¥([0,1])
with g(p) = a and ¢'(p) = b.

Now, integrating H

‘Kﬁ@@:i@%@w%m}mwwo=m(ﬁf$$m)

k=0 k=0

Moreover, letting
X PORN
g(x) ::/ elv H@)dy g,
P

and using the previous equation, we get that

s — i @) —p

A ) (5:2)

is also analytic.

~ Using Eq. (5.2), it is easy to see that §(f(2)) = f'(p)g(x). Also, for any map g with ¢"(z) =
H¢(x)g'(z), we have g(x) = ¢'(p)g(z) + g(p) for every = € [0, 1]. Thus,

9(f(x)) = g'(p) - §(f(x)) + g(p) = '(p) - f'(P)d(x) + g(p) = f'(p) - 9(x) + g(p)(1 — f'(p)),
which had to be proven. O
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Proof of Theorem 1.12. Let ® = (fi)iex € Gn. The first assertion of Theorem 1.12 follows by
applying Lemma 5.1 for f; and considering the IFS (g o f; 0 g~ )ier.

The assertion (b) of Theorem 1.12 clearly follows by (a), so we finish the proof by showing (a).
Let @ = (f;)icz € ©n. First, suppose that H(z) = Hi(x) = ) for everyi j € X, where H;j is

Hj(x
the dual natural projection defined in Eq. (1.4). Then H(x) = H;~ = Hy, for every i € Z. Hence,
by Lemma 5.1 there exists g: [0,1] — R analytic such that ¢"(z) = ( )9 (x), and g(fi(z)) =

fl(pi)g(z) + g(pi)(1 — fl(pi)) for every i € Z, where f;(p;) = p;.

Finally, let us suppose that ® = (f;);ez € Sy is conjugated to a self-similar IF'S (z +— A\jx+t;)icr
by the invertible analytic map g: [0, 1] — R. Let p; be the fixed point of f; for every i € ¥,. Then,

g(fi(z)) = Mg(z) +ti and  g(pi) =

1—X
We have
g (fi(x)) - fi(x) = Xig'(z) and  |g'(p1)]].fi (p1) — Ail = 0.
Since |¢'(pi)| > 0 we must have f/(p;) = A;. Differentiating again we get
9" (fi(2)) - fi(2)* + ¢ (fi(2)) - f{'(x) = Nig”(x) for every @ € [0, 1]

and by Using Eq. (2.7), we have that

') ey @)

g [e)A-fp) 1= filp)

Now, let i,j € 3 be arbitrary but fixed, and let k, = i7j.. Then py, — w(i) as n — oo, where we
recall that 7: ¥ — R is the natural projection of ® defined in Eq. (1.3). Furthermore, by Lemma 2.4
and by fi (px,) — 0asn — oo

9" () _ My (e,
9(x,) 11— fkn (Pk,,)

— Hj(w(i)) as n — oo.

However, the left-hand side converges to ¢”(w(i))/¢' (7 (1)), and so, we get

for every i,j € ¥. In particular, Hj(n(i)) = Hx(n(i)) for every i,j,k € 3. Since the attractor of ®
is not a singleton (i.e. uncountable), the maps Hj are analytic, we have that Hj(x) = Hy(x) for all

j kel O
Proof of Theorem 2.3. The claim follows by Theorem 1.12 and Lemma 2.4. O
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