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Abstract

We study the size of dynamical covering sets on a self-similar set. Dynamical cover-
ing sets are limsup sets generated by placing shrinking target sets around points along
an orbit in a dynamical system. In the case when the target sets are balls with sizes
depending on the centre, we determine the size of the dynamical covering set as a func-
tion of the shrinking rate. In particular, we find sharp conditions guaranteeing when
full Dvoretzky-type covering, and full measure occur. We also compute the Hausdorft
dimension in the remaining cases. The proofs apply in the cases of targets centred at
typical points of the self-similar set, with respect to any Bernoulli measure on it. Un-
like in existing work on dynamical coverings, and despite the dimension value featuring
phase transitions, we demonstrate that the behaviour can be characterised by a single
pressure function over the full range of parameters. The techniques are a combination
of classical dimension theoretical estimates and intricate martingale arguments.

1 Introduction

An iterated function system (IFS) is a collection of contractive maps {fi,..., fx}, and is
associated with a unique, non-empty, compact attractor, or invariant set A = U, f;(A). Tter-
ated function systems are one of the main methods for generating sets with fractal features.
The invariance of the set A under the iterated function system implies an amount of scale-
invariance that guarantees fine structure on all levels of magnification. The modern theory
of iterated function systems began with Hutchinson [Hut81], who computed the Hausdorff
dimension of A in the case of similarity maps {f1,..., fx}, satisfying a separation condition.
In this case, the set A is said to be self-similar.
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There is a natural expanding dynamical system T : A — A given locally by the inverses of
fi- More precisely, for any point x € f;(A), one can define T'(z) by f;*(z) for an appropriate
choice of 7. Such ¢ must exist, but is not necessarily unique. Under sufficient separation
conditions, the choice of f; is always unique and the dynamical system is topologically
conjugate to the left shift map on N symbols, via a coding map of points of A.

In the context of dynamical systems, a classical question is that of recurrence. A particular
example is the shrinking target problem: How large is the set of points that hit a sequence
of targets A; infinitely many times? That is, how large is the set

Ry ={z € X :T"(z) € A, for infinitely many n € N}.

The term shrinking target was introduced by Hill and Velani, see [HV95, HV99]. Questions
on such shrinking targets for iterated function systems have received an increasing amount
of interest over the past decade, see [ABB25, AB21, Bak23, Bak24, BK24, BR18, BT22,
Dav2h, KKP23, KR18, Seul8| and the references therein. A particular feature of such sets
is that they can be interpreted as lim sup sets, since

Ry =limsupT "(A4,) = m U T (A).

neN neN k>n

Instead of a sequence of targets, one can consider the orbit of a (typical) point zg € X
under the dynamics T : X — X and study the set of points that lie in 7" (xq) + A,, infinitely
often, where A,, is a sequence of nested sets. For example, when A,, = B(0,r,) is a sequence
of balls, we set

R(zg, A,) = limsup T"(zo) + A, = limsup B(T" (zg), 1) = ﬂ U B(T*(z0), 1)

neN neN neN k>n

The question on whether R(zg, A,,) = X is known as the dynamical covering problem and is
the dynamical analogue of the classical Dvoretzky covering problem from probability theory
(see e.g. [Dvo56] and, more recently, [JIMS25, JMS25]). When R(xg, A,)) € X one can ask
the finer question of the size of R(x¢, A,) in terms of measure or dimension. This problem has
been studied in some restricted set-ups for interval maps, see [FST13, LS13] and also [PR17].
(In these works, the dynamical covering problem is referred to as dynamical Diophantine
approximation, or shrinking targets problem). In all of these works it is observed that the
size of the dynamical covering goes through distinct regimes with several phase transitions.
Namely, when 7, ~ n~Y* and « is small, the dimension is linear in «, but the system goes
through a phase transition when « equals the entropy of the measure, after which it follows
a multifractal spectrum. One of the key techniques in these works is the mass transference
principle, that gives a straightforward method to lower dimension bound estimates.

In the present article, we study the dynamical covering set in the context of self-similar
sets satisfying the open set condition. For definitions see Section 1.1. For a typical centre (with
respect to a Bernoulli measure on A), and for target sizes given by symbolic balls shrinking at
a rate associated with the centre point, we find sharp conditions under which the dynamical
covering set is all of A. This is the analogue of the Dvoretzky covering problem in the study



of random covering sets. Furthermore, we find sharp conditions under which the dynamical
covering set is of full measure with respect to the Hausdorff measure on A (the Hausdorff
measure H4MA is positive and finite due to the open set condition, see Hutchinson [Hut81]).
The bulk of the work in this article, however, is to compute the Hausdorff dimension of the
dynamical covering set in all the remaining cases. We also compute the dimension of the
complement of the dynamical covering set, for those parameter values when the dynamical
covering set is of full measure.

To complement the past results on the topic, we present a single pressure formula govern-
ing the dimension value across the full range of shrinking rates. The phase transitions show
as alternative forms to this pressure formula, see Proposition 2.2. This article is the first to
study self-similar sets with inhomogeneous contraction rates, which reveals novel phenom-
ena: We observe that for small values of «, the dimension value is no longer linear in «, but
strictly concave. Furthermore, the dimension behaviour for larger values of « is not given
by the multifractal spectrum of the associated measure, but through a different variational
principle that we investigate. Further, in case of symbolic balls, the inhomogeneity of the
contraction ratios makes it impossible to use the method of mass transference principle that
underlays all previous results. Our set-up necessitates the use of intricate martingale meth-
ods to determine the dimension. The situation is analogous to a result from the shrinking
target context [AB21], which also highlight that the mass transference principle is ineffectual
when the contractions are inhomogeneous and the balls are symbolic.

1.1 Main result

Let us present more precise definitions before giving the full statements of the main theorems.
Let ® = {fi,..., fy} be an iterated function system of similarities on R?, with contraction
ratios A\; € (0,1). Denote by A the corresponding self-similar set, satisfying A = Ufil fi(A).
We assume throughout that the iterated function system satisfies the Open Set Condition
(OSQ), that is, there exists an open and bounded set U C R? such that f;(U) C U for every
i=1,...,Nand f;(U)N f;(U) = 0 for every i # j. We assume without loss of generality
that ANU # 0, see Bandt and Graf [BG92] and Schief [Sch94]. Denote by so the Hausdorff
dimension of A, which is the unique solution of

N
DA =1,
=1

see Hutchinson [Hut81]. For simplicity, let Apax = max{\; : ¢ € {1,...,N}} < 1 and
Amin = min{X\; : i € {1,...,N}} > 0.

Denote the symbolic space by ¥ = {1,..., N}, with the left shift map o. We write %,
for the collection of words of length n, and X, = U2 3,. For 7 = (i,...,i,) € X,, let
fi=fiyo---ofi and A\ = A\, -+ \;,,. Let 7|, denote the first n digits of a word 7 € ¥ U X,
and [7| the length of a finite word. Denote by 7 < 7 when a finite word 7 appears as the initial
segment of a finite or infinite 7. Define cylinders for any 7 € ¥, by [i] = {7 € ¥ | 7 < J}. The
symbolic space gives a coding of points of A via the map 7 : 3 — A,

w(®) = lim fy,(0).

3



Note that the map w: ¥ — A is “almost” one-to-one, namely, the points with multiple
preimages in X are negligible in some proper sense.

Definition 1.1. Let 5 € X and let {: N — N be any increasing function diverging to oo.
The dynamical covering set R(0,() C A is

R(@©,0) =7 ({1€X|1€ [(6"0)|¢n)] infinitely often}) == (ﬂ U [(0"5)|4(n)]> :

k=1n=k

We can also consider the map 7: A — A that takes any € f;(A) to f; !(x) € A. This is
an expanding map on the points of unique coding, which conjugates to o by mroo =T o .
At points with multiple codings, a choice of the map f; ' has to be made. Notice that the
set R(o,/) is analogous to the dynamical covering set on A following the orbit of the point
7(0) under 7', namely, to the set

~

R(0,0) = {;1: ceAN|zeB (T”(W(B)), )\(anam(n)) infinitely often} :

However, in what follows, we will focus our analysis on the projected symbolic dynamical
covering set R(o, /).

Let p = (p1,...,pn) be a probability vector, and P, the corresponding Bernoulli measure
on Y. Without loss of generality, we may assume that p; > 0 for every ¢ = 1,..., N. For
simplicity, we denote the push-forward measure 7P, on A also by P,. Let us denote the
largest and the smallest probabilities by pmax = max{p; : i € {1,...,N}} and ppy, =
min{p; : i € {1,..., N}}. Our main theorem on the dynamical covering set states

Theorem 1.2. Let {fi,..., fx} be an IFS of similarities satisfying the open set condition,
and with contraction ratios Ai,...,A\y. Let a > 0 and assume that ¢ : N — N is monotone
increasing and it satisfies

l
liming 27— 1 (1)
n—oo logn a
Let P, be a Bernoulli measure corresponding to a probability vector p = (p1,...,pn). Then,

for P,-almost every o € X, the Hausdorff dimension of R(0,() is given by the solution
s = s(a) to

q€[0,1]

s(a) = inf {Pa(q) : ZAf’dq)(piea)q = 1} . (2)

Furthermore, we have for P,-almost every o that if —logpmin > a > —Zij\il A log p;
then H*(R(0,0)) = H*™(A) but R(0,() # A, and if & > —log pyin then R(0,¢) = A.

We remark that the statement of Theorem 1.2 remains valid for the set §(5, ?). Indeed,
we may assume without loss of generality that the diameter diam(A) = 1, and so, R(9,¢) C
fi(ﬁ, 0) for every o € X, which gives the lower bound. On the other hand, a similar argument
to the one in Section 3 with only minor modification gives the upper bound. We leave the

proof to the interested reader.

Our second main result is on the size of the complement of the dynamical covering set:
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Theorem 1.3. Let {f1,..., fx} be an IFS of similarities satisfying the open set condition,
and with contraction ratios Ai,...,A\y. Let a > 0 and assume that ¢ : N — N is monotone
increasing and it satisfies

l
lim inf (n) =1,
n—oo logn «
Let P, be a Bernoulli measure corresponding to a probability vector p = (p1,...,pn). Then,

for P,-almost every o € 3, the Hausdorff dimension of R(0,£)° is given by the solution
t=t(a) to

N
3 . Pa(q) PR
t(o) = inf {Pa(q) : Z; A (pie®) 1} : (3)
Furthermore, if & < — S 1 X% log p; then H*(R(3,£)°) = H®(A) and if @ > —10g prin then
R(0,0)¢ =0 for P,-almost every o.

The proofs fall into, broadly, two separate categories. For large «, as described in Sec-
tions 3 and 4, we rely on covering arguments and the Borel-Cantelli lemma, as well as the
description of the multifractal spectrum, provided to us by a probabilistic pressure formula
(see Eq. (12) underneath). For small «, in Section 5, the proof techniques are much more
involved, and require sophisticated arguments involving martingale and large deviation esti-
mates.

1.2 Discussion for different values of o

We now discuss the results of Theorem 1.2 and Theorem 1.3 in more detail. In particular,
the purpose of this section is to make sense of the dimension formula and present the phase
transitions that the size of the dynamical covering set goes through as « varies. We identify
the four distinct regions of « for the different sizes of R(0, ¢), and the corresponding behaviour
of R(0,0)°. Furthermore, at the end of this subsection we present figures showing examples
of the possible behaviours of R(5, /) as a function of a.

Let P,(q) be the unique solution of

N

YN eyt = 1.

=1

We refer to Section 2 for a proof of the existence of P,(q). We will show that as « increases,
the behaviour of the sizes of the sets R(0,¢) and R(0, ()¢ goes through phase transition at
the values

N
Qo = — Z /\fao(l)pieao logp;, a1 =— Z A% logp;, and as = —10g Pmin.
i=1 i

The first region corresponds to “small” values of « € (0, o] and corresponds to the “pressure

part”. Namely, there is a unique value ag € (0, 00) such that oy = — ZZ]\LI )\fao(l)pieao log p;



and s(a) = P,(1) holds for every a € (0, ap]. In particular, if

N
a < — Z)\fa(l)piea logp; then s(a) = P,(1).

i=1

In the special case when A\; = A, we have that oy = — >, p;logp; and s(a) = e for
a € (0, ap).

The second region corresponds to the “spectral behaviour part”. More precisely, for every
a € [ap, aq], there exists a unique g = g(«) € [0, 1] such that almost surely,

. — . - iQi lo qi
dimy R(0,/4) = P,(q(a)) = élelug P,(q) = sup {—Z:Eq—log/\ D= Zqi logp; < 04} :

This optimisation resembles the multifractal spectrum, and it indeed coincides with the
Legendre transform of the L?-dimension of P, if \; = A, which is the special dynamical case
considered by Liao and Seuret [LS13]. For a € (0, ], the dimension satisfies dimy R(o, () <
sp. We note here that for all values o < a1, the complementary set R(0, /)¢ has full H?®-
measure in A.

The next two regions are the “large” « cases when typical orbits cover H*°-almost every
point in A. However, in the region a € (ay, ), almost surely the whole set A is not covered,
whereas if a > ay then every point in A is covered P,-almost surely infinitely often. This
solves the analogue of Dvoretzky’s covering problem in the self-similar setting. In the region
ay > a > aq, the Hausdorff measure of the complementary set R(o, ()¢ is zero and, in partic-
ular, its Hausdorff dimension is given by the “decreasing” part of the spectrum corresponding
to negative ¢ values

. e . _ —> i qilogq;
dimg R(0, ()¢ = (1zr<1£ P,(q) = ;relug P,(q) = sup {m D — Z gilogp; > «
almost surely. It is strictly smaller than sy, see Sections 3.2 and 4.2. Once ay < «, the set
R(o,0)° is clearly empty.

Surprisingly, the s(«) defined in Eq. (2) has an equivalent characterisation as the unique
root of

lim sup < log Z A (1—-(1 —p;)*") =0, (4)

n—o0 —
[71=n

see Section 2. This alternative form of s(a) plays an important role in the proof of Theo-
rem 1.2: It is more geometric in nature and gives a natural description of coverings by taking
into account the multiplicity of the visits of cylinders by typical P,-orbits.

In the figures underneath we depict the possible behaviours of the sizes of R(o,/) and
R(5,0)¢ as « varies, for different types of iterated function systems. In the first figure, Fig. 1,
we present a generic image describing the size of the dynamical covering set R(o,¢). The
dimension value passes from convex (green) to concave (yellow) at «p, eventually ending in
a plateau (red) at the dimension of the whole self-similar set A after ;. The figures also
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show the final phase transition where R(0,¢) becomes all of A at as (dotted to solid line).
The dimension value of its complement R(o,¢)¢ is shown in black and behaves dually to the
dimension of R(9,¢), being maximal until oy after which it follows the concave region.

In Fig. 2, we present the Hausdorff dimensions of R(9,¢) and R(9,¢)° in the case when
the distribution of o follows the dimension maximising measure. Note that the second phase
transition a4 is the smallest by using the dimension maximising measure. In other words, it
is the case where the dynamical covering set covers the full Hausdorff measure set with the
fastest speed.

In the example presented in Fig. 3, unlike in the other examples depicted, the shape of
the dimension spectrum is the same as in the work of [LS13]. This is due to the fact that
in this example, the IFS is homogeneous, which implies that the radii of the balls in the
dynamical covering do not depend on the orbit @. In particular, the dimension of R(g, /) is
linear in « for a < ay.

Finally, Fig. 4 shows that it is possible for the three critical values of a to coincide, i.e.
ap = a1 = ag. In this example, the dimension value is given by P, (1) and furthermore, as
soon as dimy R(0,/) is equal to the dimension of A, also R(0,f) = A. This is due to the
fact that the Bernoulli measure has equal probabilities. Clearly, the phase transition as is
the smallest for the uniform distribution, i.e. the dynamical covering set covers the whole
set with the fastest speed. Conversely, the dimension of R(9,¢)¢ is maximal until the phase
transition after which R(5, /()¢ = &.

1.3 Phase transitions

We briefly comment on the nature of the phase transitions oy and «;. Since the functions
g1 a— Py(1) and go : a — inf e P,(q) are real analytic functions which are convex and
concave, respectively, we have gi(«) > go(a) whenever defined, and the phase transition
occurs at g, when both functions coincide, we must necessarily have that their derivatives
agree at ag. Again by convexity and concavity, the second derivatives are strictly positive
and negative, respectively, and the phase transition is of second order. The only exception is
when the Legendre transform is trivial and a singleton (and oy = oy = ). In this case the
derivative of the first function is strictly positive, whereas the second region is of derivative
zero. Here we obtain a first order phase transition.

1.4 Structure of the paper

In Section 2 we prove that the dimension formula for R(o,/¢) can be computed from the
probabilistic pressure Eq. (12), for all values of . This probabilistic pressure is more closely
related to the geometry of the set R(o, ¢) than the function P,(q) and as such, is an important
tool for obtaining the upper bound results in Section 3. They are also key to the lower bound
arguments in the low a regime, a < «. In Section 3, we compute the dimension upper bounds
for the dynamical covering set and its complement, proving the upper bounds in Theorems 1.2
and 1.3. These are probabilistic covering arguments relying on the Borel-Cantelli lemma.
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Figure 1: Example with IFS consisting of two maps, f1 : x — 0.8z and fy : z — 0.1z 4+ 0.9. The
probabilities are p; = 0.2 and py = 0.8.
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p1 = 0.8% =~ 0.838 and py = 0.1° = 0.162, where s = dimyg A (the dimension maximising measure).
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Figure 3: Example with IFS f; : x — 0.4x and fy : x — 0.4x + 0.6. The probabilities are p; = 0.2

and ps = 0.8. The case coincides with the result of Liao and Seuret [LS13].
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Figure 4: Example with IFS f; : x — 0.8z and f> : x — 0.1z + 0.9. The probabilities are equal
p1=0.5=pa.

In Section 4, we prove that R(0,¢) = A for almost all @ when o > as, see Theorem 4.1,
that H*°(R(0,¢)) = H*(A) for almost all © when oy < o < ap, and that H*°(R(o,()¢) =
H*(A) for almost all 6 when «; > «. This section also contains the proofs of the lower
bounds to dimy R(9, ¢) for large o > o and for dimy R(9, ¢)° for v > «v1. The arguments in
Section 4 are similar to each other and to those in Section 3, with the additional analysis of
certain Bernoulli measures on R(0, /) and its complement.

The remainder of the paper is dedicated to the intricate proof of the lower bound to
dimpg R(0,¢) in the case of small o < ap. This proof is contained in Section 5. This section
begins with a construction of a Cantor set that is utilised for the lower bound proof, see
Section 5.1. On this Cantor set, we construct a random measure, using martingale methods,
see Section 5.2. We go on to prove that the random measure has some nice distribution
properties, see Section 5.3. Finally, in Section 5.4 we complete the lower bound proof through
an energy estimate. The final short section Section 6 proves the main theorems by combining
the results from the previous sections.

Acknowledgements: The authors would like to thank Amlan Banaji and Alex Rutar for
discussions on the phase transitions of the pressures.

2 Preliminaries and the study of the probabilistic pres-
sure

This section focusses on analysis of the dimension value in Theorems 1.2 and 1.3. In partic-
ular, we show in Lemma 2.3 that the number P,(q) satisfies a variational principle, and in
Lemma 2.4 that it connects to the probabilistic pressure Eq. (12) defined underneath. These
connections are crucial in the dimension estimates of the later sections.

We will repeatedly make use of the following well-known approximations throughout the



whole paper. For every xt € R and n € N
(I1—2z)">1—-nz and (1—2z)"<e ™ (5)

Further, from a second order Taylor approximation, for every x > 0 and n € N, we also

always have
2.2

2

=1 —na(l— "—;). (6)

(1—x)"§1—nx+n

First we prove the following proposition, which describes the regions discussed in Sec-
tion 1.2. Let p = (p1,...,pn) be a probability vector such that p; > 0 foralli =1,... N.

Lemma 2.1. Let P,(q) be the unique solution of S, P“(q)(piea)q = 1. Then the map
q — P,(q) is continuous and convex.

Moreover, if p; # p; for some i # j then the map

qeR

is also continuous, concave and its unique mazimum is at & = — Y _._; A\;° log p;.

Proof. 1t is easy to see that the solution P,(q) is indeed unique since the map

N
x> Z AL (pie®)?
i=1

is strictly monotone decreasing, continuous, goes to 0 as x — oo and goes to oo as r — —o0.

It is clear from the definition that ¢ — P, (g) is continuous, so, we show that the map
q — P,(q) is convex (but not necessarily strictly convex) on R. Simple algebraic calculations
show that for every ¢ € R

N
0= A (pie) (logpi + a + Fi(q) log A) (7)
i=1

and

N
0= Z AT D ()7 (log p; + o + P(q) log A\i)* + P (q) Z AP ()0 Tog A,

i=1

thus,

SN AP D (629 (log p;s + a + PL(q) log As)?

Po/z,(Q) = > 0,
= A (pre)rlog A
hence, the convexity follows. Clearly, P! (q) = 0 for some ¢ € R if and only if P! (q) = %

for every i and every ¢ € R. In particular, P/ = 0 and loglf éi) = 10g1§ . v for every i # j.
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Now, let us study the continuity of a — inf,cg Po(q). It is easy to see that if ppne® > 1
then

SN D (e Tog(pie”) o _log(pmine®)

Pl (q) = > : >0 for every ¢ € R,

(q) _ ZZJ\L1 )\Zléa(q) (pie®)7log \; — log min;{ \; }

and so inf,eg P,(q) = lim,,_« Pa(q) = —oo. Similarly, if ppace® < 1 then P.(q) < 0 for
every ¢ € R, and hence, infeg Pa(¢) = limy oo Pa(q¢) = —o0. Hence, a — inf cr Pa(q)

defined only on [—10g Pmax, — 10g Prin)-

Let Zonax = {0 @ pi = Pmax} and L = {4 : pi = pmin}- Since « is an element in
[_ 10gpmax> - logpmin]a for q 2 0 we get

N
1= Z)\fa(@(piea>q > Z /\fa(fI)_
=1

’ieImax

Similarly, 1 > ZieImin )\fa(q) for ¢ < 0. Thus, P,(¢q) > 0 for every g € R. Let Syin and Spax

be the unique solutions of 1 =), T Aminand 1= )", ez A", respectively.
Under the assumption that p; # p; for some ¢ # j, a simple algebraic manipulation shows

that if \; = \; for every ¢ # j then there is no « such that P = 0. Moreover, if \; # \; for
some 7 # j then the only possible value of « for which P/ =0 is

logp;  logp;
~ —log A\; —log \;
a = 1 — 1 .
—log \; —log \;

However, & ¢ [—10g Pmax, — 10g pmin)- Indeed, if & € [—10g Pmax, — 10g Pmin] then Pi = ¢
for some ¢ € R. If P. = ¢ # 0, then Px(q) = so — cq but then inf g Ps(q) = —oo, which
contradicts to P;(q) > 0 for every ¢, and if ¢ = 0 then p;e® = 1 for every i but this contradicts
to the assumption p; # p; for some ¢ # j. This implies that

Py(g) >0

for every av € [— 108 Pmax; — 108 Prmin]-

Simple algebraic manipulation shows that

. )\‘.Smax lo iea ) - )\?min 10 iea
hrn Polé(q) — Z’LeImax 1 _ g<p ) Z O and hm Polé(q) — ZZEImm _ g(p ) <
q— 00 - Ziel'max >\imax ].Og )\Z q——00 - Ziefmix] )\’L i log )\’L

Hence, if p; # p; for some ¢ # j then for every a € (—10g Pimax, — 10g Pmin) there exists
a continuous function a — ¢(a) such that P.(¢(«)) = 0, and infeg P.(q) = Pa(q(@)).
Moreover, the map o — P,(q(«)) is strictly concave, limg,—,_ 1o prax Pa(q(@)) = Smax and
Mg log pyin Lo (q(¥)) = Smin, which completes the proof. O

Lemma 2.1 shows that inf, P, (¢) has similar properties to the standard Legendre trans-
form of convex functions.
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Proposition 2.2. Let P,(q) be the unique solution of 3 | AFa (@ (pie*)? = 1. Then

)

P.(1), if o < =300 A Opie logpy
o {Pa(@)} = { infoen{Pa(@)}, if =S5, NP logpi > a > =38 A Wpielogp;
7 P,(0) = s, otherwise.

(8)

Moreover, the map o — infyeo1) Palq) is also continuous, and strictly smaller than sy =
dimy A whenever — 32N A% log p; > .

Proof. Let us first prove Eq. (8). Suppose that P’ = 0, and so there exists ¢ € R such that
% = ¢ for every i. In particular, P,(q) = cq + so. Then oo < — vazl )\fa(l)piea log p; =
— 3N A logp; holds if and only if ¢ < 0 and so inf,ep) Pa(q) = Pa(1), which proves the

claim in this case.

We may suppose now that P”(q) > 0 for all ¢ € R. Hence, there exists at most one
¢ € R such that P/(¢') = 0. Thus, if @ < — 3N, )xf"(l)pieo‘ log p; then P! (1) <0 by Eq. (7),
and by convexity 1 < ¢/, and so, P/(q) < 0 for every ¢ € [0, 1], which clearly implies that
infgeio1) {Palq)} = Pa(1). The case o > — SV /\fa(o) log p; is similar, and the remaining
case follows by the uniqueness of the infimal point of convex functions. O

Note that if p; = 1/N for every i, then the middle region in Eq. (8) is empty. Now, we
show the following variational principle result:

Lemma 2.3. For every a > 0,

SN ailoga <
- i=1 41 7 .
sup : E g;logp; + a >0 =inf P,(q),
{ - Zf\il di log Ai i=1 >0 ( )

and the supremum is attained for the probability vector g}, = )\fa(q*)(piea)q*, where q* s
where the infimum of inf,~¢ P.(q) is attained.

Moreover, for every a > 0,

SN gloga
sup { —&zi=11t i ilogp; +a <03 = inf P,(q), 9
p{_zf‘vlqibg% ;q s inf Pa(9) (9)

and the supremum is attained for the probability vector g}, = )\fa(q*)(piea)Q*, where q* s
where the infimum of inf,.o P.(q) is attained.

Proof. First, let us observe that by the concavity of the logarithm for every ¢ > 0 and for
every probability vector {g;}, such that Zfil gilogp; + a > 0 we get

N N
0=log > A (pie)” = " gi (1og ((pie™) A" ~ log a:)
=1 i=1

12



N N N
=q (Z gilogp; + 04) + Pa(q) Z%‘ log A — Z%‘ log ¢;
=1 =1

i=1

N N
P Q) Z(]i log \; — Z%’ log ¢,
i=1 i=1

and so,
-3, giloggi
Pulq) > = : (10)
- Zi:l qi log \;
Now, suppose that P”(q) = 0 for every ¢ € R, and in particular, P’ (q) = % = ¢ for

every ¢ and ¢. Then ¢ > 0 if and only if &« > — >~ A\7° log p; and in this case

N
—_i—19i10g g
inf Po(q) = Pa(0) = sp = sup Zﬁﬂ<%q.
0 — > im1 Gilog Ai

If ¢ < 0 then inf,~¢ Pa(gq) = —o0, and vazl gilogp, + a = —c¢ Zf\il gilog \; < 0, thus, the
claim of the lemma is trivial.

If P”(q) > 0 for every ¢ € R then by Proposition 2.2, there exists a unique ¢* € R such
that inf,ecg Pa(q) = Pa(¢*). If ¢* < 0theninf - P,(q) = P.(0), and ZN )\P“(O) logp;+a >0

N\ Pa0) ), \Pal®)
by Proposition 2.2 and —2u=tti"_lsh® = P,(0) = sp. If ¢* > 0 then P/(¢*) = 0 and by

— 3N A O ega;
Eq. (7)

0= A e e
and then by Eq. (10)

— SN AT (i) log A (pre)”
— N A (pea)a log

The proof of the second claim is similar and left for the reader. O

P.(q") >

= P.(¢") = ¢"PL(q") = Pulq")-

The three cases in Proposition 2.2 naturally define measures on . Namely, in the first
case let us denote by ©@; the Bernoulli measure on ¥ associated to the probability vector
{)xp"(l)pZ N |, let us denote by Qg the Bernoulli measure on X associated to the probability
vector {\°}L,, and let Qg be associated to {g;, = /\fa (a))(pze YT @IN where ¢*(a) is
the unique solution for P,(¢*(«)) = inf, P,(q).

We will turn now to study the relation of Eq. (4) and P,(q). Let £: N — N be a monotone
increasing function as in Theorem 1.2. Let us write

iy - |#E0) an

log m(n)
n

Note that limsup,,_, = a.

13



For any s > 0, we define the probabilistic pressure as

L: s+ limsup = log Z A(1-(1- py)™ ™). (12)

n—oo —
[7l=n

It is clear that the map above is continuous and strictly monotone decreasing. Moreover, it
tends to —oo as s — oo and at s = 0 it is non-negative. Indeed,

Z (1 - (1= Z p;=1
[7l=n. [7l=n

Hence, there is a unique solution of L(s) = 0, which we denote by s(«) with a slight abuse
of notation.

Next, we show that the two formulas of the dimension of the random covering set are
equivalent. Before doing so, we define two sets, which play an important role in this argument
and further in the paper. Let ¢ > 0 and

={JeX. [1-(1L-p)"" <(1—¢'}and V; ={7€ S, [ 1= (1 —py)"" > (1 - )"},

(13)
By the approximations Eq. (5) we immediately obtain
- n € - 1
(7€ Zalpymn) =1 -€)"} € G, C {7 |pym(n) < —(1—¢)"}, (14)
and so,
- 1 n € - n
{7€ %, |pm(n) > E(l —e)"tc V., c{je X, | pm(n) > (1—¢€"} (15)

Lemma 2.4. Let s(a) be the unique solution of L(s(a)) = 0. Then infyco1) Palq) = s(a).

Pa(l)

Proof. Let us first suppose that 0 < a < — El LA pie® log p;. By Eq. (5), for every s > 0

L(s) = limsup % log Z AXl-01- pj)m(”)) < limsup < log Z Asm(n)p;

n—oo — n—oo —
[7l=n [7l=n
N
= log Z Aip; + limsup * log m(n)

- n—00
=1

N
= lOg Z )\fpl + a,
i=1
where in the last equality we have used the monotonicity of £ and Eq. (1). Thus, in particular,

L(P.(1)) <0.
Choose € > 0 such that o+ Z Fall )pze log p; < 2log(1—¢) < 0. For sufficiently large

zlz

n>1,m(n) <e*(1—¢€)~". Then by Eq. (6) and the definition of G¢.

L(P,(1)) > hm 15up Llog Y AW (1= (1 — py)m™)

7€G5

14



< s e 3 o (1 222

n—oo —
7€055

1 _ n
> limsup + log Z /\j“(l)m(n)pj (1 _ (=9 )

n—00 jeGe

> limsup | +log Z)\j“(l)ea”pj + Llog(m(n)/e™")

n—oo —
J€G5,

1
> limsup <%log 0y ({i € %logmn + %M) <log(1 — e)})

n—o0

+ %log(m(n)/em)>

> limsup (Llog @; ({7 € X : 2logpy, + a < 2log(l — €)}) + Llog(m(n)/e™™))

n—oo
= 0,
where the last equality follows by the fact that the expected value of logp; w.r.t. Q; is
Zﬁil )\fa(l)pieo‘ log p; and the choice of e.
Now suppose that —vazl )\f)&(l)piea logp; < a < —vazl )\f“(o) logp;. Let ¢ > 0 be
arbitrary. Then m(n) < e (1 — €)™ for every sufficiently large n > 1 and by Lemma 2.3
and Eq. (15)

L(Pa(q" ()

< lim Supilog Z /\ga(q*(a))m(n)pj_i_ Z )\ja(q*(a))

nreo 3€G¢ FEVE

< limsup Llog | Y AL (1 (n)p))a@(1 — )n-a'(@) 4 N7 \Feld(@)

n—o0 jeg; jGVfL
< limsup £ log ((1 — )" 27, ({1: 1], € G5 })
n—oo

Po(q*(a))
+ Z (kl’.‘n"kN) ()\1161)\?\71\1) q

no+37,; ki log p;>n2log(1—e)
= limsup 2 log (e”™ (1 — €)"" Q- ({7: 7] € G5})

n—o0
N (n +N-1 en(h@q*(a—2log(l—g))+PD¢(q*(O‘))Zi 0 o 2ton(10) log)\i>
N

< max {(1 — ¢"(a))log(1 —¢), (Pa(q*(oz)) — P 210501 (¢" (@ — 21og(1 — e)))) log /\min} )

and since € > 0 was arbitrary, we get that L(P,(¢"(«))) < 0.

15



For the other inequality, observe that for every € > 0 there exists a subsequence n; such
that

a6k AN,k

(1 B E)nk —Qang
—— < Dmin€ m(nk) < P Dy m(nk>7 (16)

and so, every finite word 7 with [2| = n and #;7 = ¢} ,n). belongs to V5, . Hence,

L(Pa(q*(a))) > limsup Llog [ Y MA@ — g

n—oQ

JEVS
x p x g\ Palq™ (@)
> lim sup - log ( . " . ) ()\(111** b )\;}\’fv’“ k) (1—¢)
k—oo F A0k - -5 AN ok
> IOg(l - 6)7

and since € > 0 was arbitrary L(P,(q¢*(«))) > 0.

Finally, suppose that o > — 3% | )\f"*(o) log p;. Since L(s) < log S~ | A¢, we can further
conclude that L(P,(0)) < 0. On the other hand, similarly to Eq. (16) one can show that

A0n A0n ..
(1—e)"™ /e < pi* ™ - pit "“m(ng) over a subsequence ny, and so, similar argument leads

us to the inequality L(P,(0)) > 0. O

Finally, let us note that a simple corollary of Lemma 2.4 is that the probabilistic pressures
defined in Eq. (4) and Eq. (12) have the same root.

3 Upper bounds

This section is devoted to proving the almost sure upper bounds in the main theorems.

3.1 Upper bound for the dynamical covering set

First, we will prove the upper bound to the Hausdorff dimension in Theorem 1.2. Notice that
the value s(«) given as the root of the probabilistic pressure from Eq. (12), by Lemma 2.4
is equal to the dimension value inf,cp 1) Pa(q) from Theorem Theorem 1.2.

Proposition 3.1. Let {fi(z) = \O;+t;}Y., be an IFS of similarities. Let o > 0 and assume
that £ : N — N is monotone increasing and it satisfies

Let P, be a Bernoulli measure corresponding to a probability vector p = (p1,...,pn). Then,

for Pp-almost every o € X
dimg R(0,/) < s(a),

where s(«) is the unique root of the probabilistic pressure defined in Eq. (12).

16



Proof. Notice that, for all m € N

R(0,¢) = limsup 7[c"(0)],,] C U U 77,

oo n>m [t1j=n

Uk(5)|gk =7 for some k

and (up to an absolute constant) diam(n[7]) = A;. Hence, the Hausdorff dimension of R(9,¢)
is bounded from above by all those ¢ for which

Z Z A - 1{7 = ¢%(3)|, for some k for which n = £(k)} < oc.

n=1 |E|:n

It is difficult to bound this series for a fixed 0, but as we are only looking for bounds that
hold for P,-almost every o0, we aim to prove, instead, that

Z Z M 1{7 = %(0)|,, for some k for which n = ¢(k)}
n=1 fi/=n

(17)
- Z > " AP, (2 = 0*(5)],, for some k for which n = £(k)) < co.

n=1 [i=n

Here the expectation is with respect to the Bernoulli measure P,. For any fixed n there are
#071(n) values of k for which n = (k). Among these options, there are

) ) {0

such that correspond to disjoint stretches of 0. This is due to the fact that, denoting by
min /~!(n) =: M for any fixed n, there are approximately m(n) elements p in the collection

Pn)={M +k,M+k+n,....M+k+qn|q€Nmaximal s.t. M +k +qn € £~ (n)},

where k € {0,...,n — 1}. These correspond to disjoint stretches (). Hence we have, for
any fixed n, 7

P(z = ¢?(0)|, for some p for which n = ¢(p 0)|, for some p € Py(n))

MH

IN

SR (19)

Hence, when ¢t > s(a), as L is strictly decreasing,

lim sup < log Z A1-( —py)"™™) <0,
then

ZZ)\tl—l—)()) o0,

n=1

and in particular (17) and hence the upper bound to the Hausdorff dimension of R(o, ()
holds. O

17



3.2 Upper bound for the complement

Now, we verify the upper bound of Theorem 1.3.

Proposition 3.2. Let {f;(z) = \O;+1;}X, be an IFS of similarities. Let o > 0 and assume
that ¢ : N — N is monotone increasing and it satisfies

l
lim inf (n) =1
n—oo logn ¢
Let P, be a Bernoulli measure corresponding to a probability vector p = (p1,...,pn). Then,

for Py-almost every o € X
dimy R(0,0)° < t(a),

where t(a) is defined in Eq. (3).

Proof. Notice that,

R0 =J U [,

m n>m m:n
ok(5)|gk #7 for every k

Let € > 0 be arbitrary but fixed. Let (n,) be the subsequence for which
m(np)e™™ > (1 4¢)7",

where m(n) is as in Eq. (18). So, for every m > 1

e}

R0 c | U 7[i).

o] =np
O’k(5)|gk #17 for every k

So, similarly to the previous case, the Hausdorff dimension of R(o, )¢ is bounded from above
by t if

o

Z Z AL+ 1{7 # 0" (0)|,, for every k for which n, = ((k)} < co.

p=1 [2|=nyp

To show that dimy R(0, /)¢ < t for P,-almost every o, it is enough to show that
E Z Z AL+ 1{7 # 0%(0)|,, for every k for which n, = ((k)}

p=1 [2|=n,
< Z Z A (1 = pp)m) < 0.

p=1 2|=n,
For € > 0, let us now define

G ={7€X,:pm(n)>1+e"} and V' ={j€X,:pm(n) < (1+¢€)"}. (20)
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Then by choosing ¢ = (1 + €) Pai210g(1+¢) (¢" () +2log(1 +€)) = (1 + €) infjc0 Pat210g(1+¢) ()
and Eq. (5)

SN (L)) < ST M) S\

[7]=np ieg’;p ieV’;p

(16" ATy n COEV A%
s N 2 (klkN) (A ¥%)

k1,....kn=>0
ki+-+kn=np
npa+y_, kilogp;<2np log(1+e€)

n - h . g* .
< e+ N (np +N 1) enp< g (at2log(1+6) T 20 4 0 4 210g(14¢) 10%’\1)
- n
P
< e-(l—{-e)np an + (np + N - 1) )\nPEPa+2 10g(1+e)(q*(a+2 IOg(1+E))
— max .
n
P

The right-hand side forms a convergent series, and since € > 0 was arbitrary and the map
a — inf, P,(q) is continuous, the upper bound follows. ]

4 Lower bounds for “large” a

4.1 The region a > as

We begin this section with a proof that for high «, the dynamical covering set turns out
to be the entire attractor A. This is captured by the following theorem. Recall the notation

Qo = — 1ngmin-

Theorem 4.1. Let {f;(z) = NO; + t;}, be an IFS of similarities with attractor A and let

P, be a Bernoulli measure corresponding to a probability vector p = (p1,...,pn). Let o >0
be such that o > as and assume that ¢ : N — N is monotone increasing and it satisfies
{(n
lim inf (n) =1
n—oo logn ¢

Then, for P,-almost all o € X,
R(o0,0) = A.

Proof. Let € > 0 be such that ppine®(1 —€) > 1. Let m(n) be as in Eq. (11), and let {n,} be

m(n) m(np)
Tp

the subsequence such that limsup,, . = lim,, o = . Without loss of generality

we may assume that m(n,) > e (1 — ).

We use a Borel-Cantelli argument to show that for typical o, for sufficiently large p and
for every cylinder [7], where j € X, , there exists a k such that ¢(k) = n, and o*(0)|ix) = 7.
In particular, we show that the set

U U {@: (0), #7 for every q € N with £(q) = n,,}

k=1p=k JESn,
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has zero P measure. This then shows that R(o,() = A.

First write M, for the least integer and M for the last integer such that £(M,) = ((M}) =
n,. We want to estimate the probability of the event that there exists at least one cylinder
J € %, that does not appear in o between M, and M,. Denote this probability by P,.
Clearly, it is bounded by

P, < Y P{oeX:(0%)],, #7. M, <k < M}

7€,
M — M.

— . _Mpy+npk—= - p P
g; IE"{OEZ.U P ”0|np7£],0§k<n—p}
j np

(M~ Mp) /rip—1

=> | I (-p{ees:omie, =3}

7€ETn, k=0
= > (L=p(
jGan

< N™ (1 _ pipmyn(np)/np = N™ explog (1 _ pgpin)m(”p)/np

and since log(1l —z) < —x for all x < 1,

np anp (1 — )y
S N exp (_m(np>pm1n) S N™ exp (_ e ( 6) pmln) .
np np

By assumption, e*pmin(1 —€) > 0, and so, this bound decreases super-exponentially and
>, P» < 0o. By the Borel-Cantelli lemmas we see that for almost every 0 there exists a level
K5 such that for every cylinder [j] where j € ¥, , p > K5 there exists a k such that (k) = n,,
and 0" (0)|,x) = 7. It follows that R(o,¢) = A, as required. O

4.2 The region a; < a < as

In this region, we will study the Hausdorff dimension of R(o,¢)¢ via the Bernoulli measures
of the set R(o, () with respect to measures for which ), ¢;log p; + o < 0. Recall that

N
o = — Z ;" log pi,

i=1
where sg = dimg A. Also recall ay = — log puin-
Theorem 4.2. Let oy < « and further assume that €(n) satisfies

lim inf t) = l
n—oo logn  «

Let v be a Bernoulli measure with probability vector ¢ = (qu, . ..,qn) such that ), g;log p; +
a < 0. Then, v(R(0,¢)) =0 for P-almost every o.
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First, we prove the corollary of this result.

Corollary 4.3. Let oy < a < an, and assume that £(n) satisfies liminf, . ¢(n)/logn =
1/a. Then, dimy(R(0,0)¢) = inf,co P.(q) < so and H*°(R(0,()) = H*(A), where sy =

dimyg A for P-almost every o.

Proof. For « in this range, by Lemma 2.3 and Proposition 3.2,

dimy (R(0,£)°) < inf P,(q) < so

q<0

and so, the claim for the Hausdorff measure of R(0, () follows.

Let ¢ = (q1, - - ., qn) be the probability vector, where the supremum in Eq. (9) is attained.
Then by Lemma 2.3, ). ¢;logp; + o < 0, and so, by Theorem 4.2,

N
. _ —E:]-\il%‘log% .
dimgy(R(0,0)¢) > su L : logp; +a >0 =inf P,(q).
1(R(0,0)°) p{—valqilogAi ;Zlq gp inf Po(q)

]

Proof of Theorem 4.2. The proof is similar to Section 3. That is, by Borel-Cantelli’s lemma,
it is enough to show that for P-almost every o

Z Z ¢ - 1{1 = " (9)|,, for some k for which n = ¢(k)} < co.
n=1 |7|=n
Similarly to Eq. (17) and Eq. (19), it is enough to show that

Z Z ¢-n(l—(1 —Z%))m(n) < 0.

n=1 |E|:n

Let € > 0 be such that sz\il gilogp; + a < 2log(1 — €) < 0. Recalling the definition of G
and V¢ from Eq. (13) together with Eq. (14) and Eq. (15), we get for sufficiently large n that

Z ¢-n(l—(1- Pi))m(n) < Z gm(n)p; + Z o
fi=n

€6, VR
<1 - +v({7:pnmn) > (1—e"})

by m(n) < (1 —€)~™e*" for n sufficiently large

(1—e)"+v({7:p.e™>(1—e})
(1—e)"+em,

IAINA
A= o=

where the last inequality follows by the large deviation principle for some 6 = 6(q, €). Then
Dt Dfpen @ (L — (1= p))™" < 0o clearly follows. O
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4.3 The region oy < a <

Similarly to Section 4.2, we will study the Hausdorff dimension of R(o,¢) via the Bernoulli
measures of the set R(0, /)¢ with respect to measures for which ), ¢;logp; + a > 0.

Theorem 4.4. Let o« > 0 be such that a < «; and further assume that {(n) satisfies
liminf, , ¢(n)/logn = 1/a. Let v be a Bernoulli measure with probability vector q =
(q1,--.,qn) such that >, q;logp; + a > 0. Then, v(R(0,0)°) =0 for P-almost every o.

This result has the immediate corollary

Corollary 4.5. Let oy < av < oy and assume that £(n) satisfies liminf, . ¢(n)/logn = 1/a.
Then, dimg(R(0,€)) = infgeo1) Pal(q) and also H*(R(0,£)°) = H*(A), where sy = dimyg A

for P-almost every o.
Proof. By Section 3 and Lemma 2.4, dimy(R(0,¢)) < infcp1] Pa(q) < So and so, the claim
for the Hausdorff measure of R(o, ¢)¢ follows.

Let ¢ = (qi, - - -, qn) be the probability vector, where the supremum in Eq. (9) is attained.
Then by Lemma 2.3, > . ¢;log p; + a > 0. Thus, by Theorem 4.4,

. _ —Z]»\il q; log q; al )
dimg(R(0,£)) > sup = : g;logp; + a > 0 p = inf P,(q),
u(R(0,0)) {—vazl 208 A, ;1 g inf Pa(q)

where in the last equality, we have used again Lemma 2.3. 0

Proof of Theorem 4.4. The proof will be similar to Section 3.2. Let € > 0 and let (n,) be the
subsequence for which
m(ny)e " > (1+¢€)7".

By Borel-Cantelli’s lemma, it is enough to show that for P-almost every o

Z Z ¢ - 1{7 # " (0)|,, for every k for which n, = ¢(k)} < oco.

=1 [i=n,

To show this for P,-almost every o, it is enough to show that

E Z Z g - 1{71 # " ()|, for every k for which n, = £(k)}

p=1 [i|]=n,p

oo

<Y (-p)"™ < oo (21)

p=1 [i|=ny

Choose € > 0 such that ). ¢;logp; +a > 2log(1+¢€) > 0, and by recall the definition of G”;,
and V", from Eq. (20), we get

> g (L—p)mt) < Y germim) 4 N g

—|__. = 7€ = 3
[z]=np 1€G np vy,

< e ("™ 4y ({Z eX:a+ %p log pr < 2log(1 + 6)}>
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where the last inequality follows by the large deviation principle. Then Eq. (21) clearly
follows. u

5 Lower bound for o < a

At its heart, the strategy of proof of the lower bound from Theorem 1.2 in this case is
standard: We construct a Cantor subset to R(9, ¢) in Section 5.1, and then a measure on this
Cantor set in Section 5.2. We prove well-distribution properties of the measure in Section 5.3,
and show that dimy R(0,¢) > s(a) via an energy estimate in Section 5.4. By far the most
difficult and technical part of this proof is the definition of the measure and handling its
intricacies in order to compute its energy.

Let ap > a > 0 and ¢: N — N be an increasing function such that

In this section, our standing assumption is that o < — Zfil )\fa(l)pieo‘ logp;. Let v < a be
arbitrary. Then v < — Zfil AP

i )pieV log p; holds.
For short, we use the notation s(y) = P,(1) (recall Proposition 2.2 and Lemma 2.4).
So, let us fix v € R such that v < — N, )\f(V)piew log p;. Then there exists €, > 0 such

that v + Zf\il )\f(w)pie'y logp; < log(1l — €,) holds. Then by Cramér’s bound, there exists
B = B, > 0 such that for every n € N

0, ({j ey, :pje'm > (1— ev)m}) < e (22)

s5(7)

where we recall that @; is the Bernoulli measure induced by the probabilities (A]""p;e?)Y ;.

5.1 Cantor subset for the lower bound

Denote, for each n € N, M,, :== min £~ (n). Let ¢ be the maximal integer such that ¢ < 2¢7"/n
and M, + qn € {7(n). Let

P(n) ={M,,M,, +n,...,M,+ (¢ —1)n}.
Let {n,} be a sequence such that limsup,,_,. W = lim, o0 % = a > 7. Without
loss of generality, we may assume that

ey 2e7mr

< #P(n,) <

p Tp

for every p € N. (23)

Let us now define a class of functions n : ¥, — N, which plays a central role in our
construction.
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Definition 5.1. We call a function n : ¥, — N a constructor function if it satisfies the
following properties: For every 7,7 € 3,

Q
[\
~— —~— ~— ~—

=Y
|
N
Sl
-+
=
€]

=

S

=
Y
S

—~
)

It is easy to construct constructor functions. Arrange the elements of >, such that
their length are increasing and the same length words are in alphabetic order. Let this
be (0,1,...,m,11,...) = (%,7,...) Fix 2 < n(0) € {n,} being arbitrary and then define
n(z,) by induction such that let n(z,) € {n,} N (n(7,-1),00) be the smallest element such
that Item 4 and Item 5 are satisfied.

Denote, for 7 € X,
m(z) .= #P(n(2)).
Set inductively, for 7 € ¥,,n € N,

E={1} and = ={7eX,|n(@)=]j| and j|p) =7 for some 7 € = _,},

the set of children of 7 at the nth construction level. Observe that [7] = (J{[J] : 7 € Z} for
every n > 0, hence {Z! },,cn form a very sparse subtree of X, which still covers the whole set
>.. Now, we will choose the random subset which are actually visited by the random cover
process.

Let C; be the collection of finite words, which have been visited by the “children of the
empty set”. That is,
C1 = {(0"0) ) : p € P(n(0))} C =}
Now, let us define the nth generation by induction, namely,

Co:=|J {(6")]n : p € P(n(2)) & 7 < 0”0} C =],

EECnfl

Observe that
{(6%0)|n@) : p € P(n(7)) & 7 < oP0} C Zi.

Then the random Cantor subset C' of R(0,¢) we consider is defined as intersection of the
nested sequence of compact sets C,, C X, where

C,=|JI and C_(ojcn.

2€Cn

Let us observe that the random Cantor subset C' depends on the constructor function defined
in Definition 5.1. Clearly, C' = () with positive probability. In particular, we will construct
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a random measure j = pp for P-almost every o such that 0 < p(C') < oo with positive
probability. Our goal is to show that for every e > 0 there is a properly chosen constructor
function such that the (s(y) — €)-energy of p is finite for every ¢ > 0 almost surely. In the
remaining part of the section, we suppress the notation ug, but the reader shall keep in mind
that the measure actually depends on o.

5.2 Construction of a random measure on the Cantor set

For every 7 € ¥, we will define an L?-martingale that will be used to determine the measure
of [7]. First we will need some notation. Let s; be such that

> Mg (=p)m?) =1
[71=n(@), <7

Then recall the definition of P(n) from Section 5.1 and let 1! denote the characteristic
function of the set

{oe X |3pe P(n()s.t. (6¥0)|¢ =7 and 7 < 7}.
Note that since p € P(n(7)), {(p) = n(7).

We set XT(O) =1 for every 7 € X,. Then, for n € N, we define Xi(nﬂ) inductively for every
7€ X, by
(n+1) _ sz 7 (n)
XM=y N X
71=n(z)

1 _ ST 7
X= 0 N

71=n()

Note that by choice of s;, we obtain ]E(Xi(l)) =1

In particular,

Let us now set up a filtration of sigma-algebras. Let
al, = max{max (' (n(7)) +n(3) | 7€ = _,}, witha)=0.
Then let F! be the sigma-algebra generated by the cylinders of length at most @, on X, with
F¢ the trivial sigma-algebra.
Proposition 5.2. For each € X, the collection (F}) is a filtration, i.e. F, D F.._,. Further,
= U 7.
[71=n()2<3

7

Proof. The first claim follows immediately from a?, > a’,_;.

For the second claim, we prove by induction that

T =7
n - —n—1-

[71=n(2),1<7

[1]
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The case n = 1 is immediate from definitions. Assume the claim holds up to n. Then

1

n+1:{J||J|—n()Z < 7 for some 7 EH}

= U {7 I n(@) =17],7 <7 for some 7 € =/,
[7l=n(2),2<7

- U =

l7l=n(2),i<3
by the induction hypothesis and the definition of Z7. Hence,
a, = max{a;_, | [j| = n(7),7 <7},
which proves the claim. O

Proposition 5.3. For every ¢y > 0 there exists a K > 1 such that for every constructor
function with n(0) > K
0<s(y)—s;<e forallieX,.

Moreover, there exists a K > 1 such that for every constructor function with n(0) > K we

get that for all7 € X,
1
n(7) TRl . n(7)\ "o
(pev |> = Z)\ pie’ < <pevl ) ' (24)

Proof. Let 1 € ¥,. By the definition of s; and using the approximations (23) and (5), we

obtain o
2]}67'5' m n(l)_hl
1= Az (1= (1 = pipg)™) < = Apie? :

>, M- (-ppe?) < T <§31p6>

[al=n(2)—| i=1

which rearranges to

n(z CoRi o
(Qpevl ) = ZA e

1
7) O\ "1
n(@)i o1
2p2~€7|1|
so that s(y) > s

Let €, be as in Eq. (22). Then denote

By Item 4,

= {7 € Dupp ‘Z}ev\ﬂ <(1—¢)" (?)*lﬂ}_

We estimate,

1= D0 A=)

[71=n(@)— 2|
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> A=) sr=s() Z );(7)(1 — (1= ppy)™®) (25)

7667

> )\(n 7)—7])(s7—s(7)) )\ (’Y 1 — m(i)pfpj
; (@)pep; —
€Y7

by Eq. (6), and

e Oy
> AQO-es) § ye € e (1 _ T)j)
7€6.7

by the definition of G=". So,

)\( —)(si—5(7)) Z e'Ynz " (1 B 67‘”]}@(1 _(_E)’Y)H(Z)h)
VAN

7667

and by Item 4,
> Nn@=)(s=s(y )Z S('y »
7€6;7

vl
e’
> APO-f)(s—s0y > l* Z ~lihp (26)

The sum in Eq. (26) is the @; measure of G.”. Then by Cramér’s theorem Eq. (22)

Z )\ (1) g(n(@)— \I —Bn@—Pl)
JE(G )

Now, taking logarithms in Eq. (26) and dividing by (n(2) — [7]) log Amax, We obtain

/2| + log p; — log 4n(2) + log(1 — e~An®=)

S (1) — [1) 108 Ame

> 0.

The second term is bounded above by

v7| + log p; — log 4n(7) + log(1 — e~ A =I) < 7| 10g prmin — log An(7) + log(1 — e~#n(™/2)
(n(2) — [7]) log Amax = 1003 08 o
< 5. 108 Pmin — log4n(D) + log(1 — e~ ")/2)
N n(0) 10g Amax !

where we have used Item 3, Item 5 and the monotonicity of the above maps. Hence, we may
set K large enough such that s; — s(vy) < €y holds for our chosen ¢.
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We finish the proof by showing the upper bound in Eq. (24). Choose ¢y > 0 such that
A% < 1, where 3 is the exponent from Eq. (22). Then choose K > 1 corresponding to
€0 > 0. A computation similar to that from Eq. (25) to Eq. (26) gives

evlilpf ST n(z)—|z
1> 3 A=y,

iy
) 7€6;”
e'ﬂﬂp . o
— 7 87 n(7)—|z|) .
~ n(y) > ety N N @y,
7ED, @)1zl je(g;'y)c
My, N n(®)-il
= o) (Z A?evpj) — Y a0y,
J=1 je(g;’v)c

] n(®)- i
llp; [ (<= yor — (1) (n (@)~ () _v(n(3)—Iz
= (S ey, G OEE § 3o (@)
= () ( A i _ e g
7€(9;)e

=1

, (@)—|
e lilp; Y (s1=s(7) - 1-f
. . st=s(1)(n(@)=[21) _—B(n(s)— )
2 An(7) (Z Ae’p; ~ Amin €

j=1
by Cramér’s theorem Eq. (22), as above. Now, rearranging gives

n(3) - 1/ (n(a)~ )
Z X, < ( N Agizn—sw>>(n<z>—|z|>G—W(z)_h))

e’Y| |]y

=\ 1/ (n@)—7])
< 5nf(z) | 0
- e’YMpE

Proposition 5.4. For all 7 € X, the sequence of random variables (Xi(n)) is a martingale
with respect to the sequence of sigma-algebras F..

Proof. We will argue by induction. Let n = 1 and 7 € X,. Then, since [7| < min/~*(n(7)),

EX" | F) =E(XY) =1=x".

1

Assume, inductively, that for all 7 € 3, and for n the claim holds, that is,

EX™ | Fi_)=x"7Y,

Since aj = max(~'(n(7)) < aj,, the random variable 1 is measurable with respect to the
sigma-algebra F!, and hence

EXCY I F) = Y N BT [ F)

[71=n(2)2<3

_ Sz 'L (’I’L) T

= D AL eBEGY . (27)
[71=n()7<3
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Notice now that the random variable X; () is independent of digits of o beyond index a’_,.
Hence conditioning on F? is equivalent to conditioning on F_;, and

n 7 n T n—1
EX | Fo) =B | F_y) = XY,

where we have made use of the induction hypothesis. Continuing with this from (27),

st 1'F (n) A S5 (n=1) _ y(n)
Z )\UH(] (X7 |‘F;L)_ Z )\GH(JILX =X

[71=n(2) 2<7 [71=n(2),2<7
This proves the martingale property. [

Proposition 5.5. There exists a K > 1 such that for every constructor function with
n(0) > K there is ¢ > 0 such that for all n € N,7 € ¥, we have

Proof. We will find A < 1 such that for all n € N,

max]E((XZ( )) ) <1 —|—max]E((X( 71))2))\,

1€ TED K

from which it follows by induction that for all n € N,

max E((X™)?) < ——.

€N 1 - 5\
Fix 7 € ¥, and n € N. Then

E(X)2) = >0 N Eai(x)?)

[71=n(@),2<7

ST ST 7 17 (n) 3 (n)
+ y Ay Moo, E (15, 15, X5 X50)(28)
T1772,|7k1=n(2) 1<Ty,

=. Sl + SQ.

Note that since n(z) # n(7), 12 is independent of Xj(n). Hence, S in the sum above is equal
to
Si= D0 Nig( = (1= )" DE(CGY) < AGRT max E((G7)?),
[71=n(2),1<7
where we have used the definition of s;. Let us choose €y > 0 such that s(y) — ¢y > 0. By
Proposition 5.3, there exists a K > 1 such that for every constructor function with n(()) > K,

O < \6o)—e) _

sz > s(7y) — € for every 7 € 3. Thus, A : X < 1, where we have used

the fact that n(z7) — [z > in(7) > n(@) > 1.

For the second term in the sum (28) we note first of all that since n(z) # n(J,), 13,1, is
independent of Xj(:). Since, furthermore, ]E(Xj(:)) = 1 by definition, we obtain for Ss

S AN B 1 XX )

T1772:|76 =0 (2) 7<Ty,

29



- > Ao Mgy (L= (1= 23,)™® = (1= p3, )™ + (1 = pg, — p3,)" ).
71772, |7k [=n(0) 2<Ty

Here, from the elementary computation

1 — P — Py <1 — P Py +p711}J2 =
(1=p5, —p3,)"" < (1= ;)" O (1 = pp,)"" &

L= (1=p3)"™ = (L= p3,)" @ + (L =5, = p3,)"? < (1= (1 = p;)")(1 - (1 —pb)mz”))
29

we can deduce that

S<| D Nhgp-0-p"") |
[7l=n(2),2<7
which equals 1 by definition of s;. Thus, S + S < 1+ max ]E((Xj("))2)5\, as in the claim. [
The upshot of the content of this section is the following: For each 7 € 3, there is a

limiting value X7, which we will be able to use for the definition of the mass distribution on
the Cantor subset of R(o, /) from Section 5.1.

Proposition 5.6. For all v € X, there is X; such that Xi(n) — X7 as n — oo almost surely
and in L?. Furthermore, there exists a C > 0 such that E(X?) < C, E(X;) =1 and

X, = Z A 12X;

[71=n(2),1<7

for allw € 3,.

Proof. This is immediate from Propositions 5.4 and 5.5 and Doob’s L?-martingale conver-
gence theorem [Do090, Theorem VII.4.1]. O

We will define a random measure p = ji; on X using the weights X5 from the last section,
for cylinders of the following form: Consider [i175 . . .7,] where n(0) = 71, n(7;) = 7172, and so
on, up to n(7y ...7,—1) = |71 ... %,|. For any cylinder of this form, set

,LL([il .. in]) — )\;@)\Zl ce )\5@1“%71 19 ]lil..jn,lXi

n 11 21...1n 1eeln®

By Proposition 5.6 and Kolmogorov’s extension theorem [Taoll, Theorem 1.7.8], for almost
every o the measure p is a well-defined Borel measure on Y. By the construction, it is
supported on the random Cantor set defined in Section 5.1 and satisfies pu(X) = p(R(0,¢)) =
Xp. Note that i can be a zero measure, but using the martingale property, E(u(X)) = 1. For
the remainder of this section we study properties of .
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5.3 Properties of the random measure on the Cantor set

Lemma 5.7. There exists a K > 1 such that for every constructor function with n(()) > K
we have that for every 7,7 € 3. with |7 < n(7) — [1],

Z AT (1-(1- pm)m(i)) < 10p;e7l.
|Al=n(z)—[z|-7]

Proof. By Eq. (5) and Eq. (23),

sz 2 Z}Zeﬂﬂ i . .
Z, i )\h (1 - (1 —pm)m( )) < Qijevlyl Zi 7 /\ﬁ phe,ﬂ )
|B|=n(2)—[2|-3] Blen) ]

_ m n(7)—[7 -3l

— mew‘ 13l 57 o7

= Qije Z Aj'pje
J=1

by Proposition 5.3, one can choose K > 1 such that for every constructor function we get

n(@®—7|-13l

<2p7€’ymp€7|7| 5n(5? n(@)— ]
~ (@) jal

S| -
< 10p;e (pfevm) o

n(7)

by Item 4
< 10pje“/|§|_
[

Lemma 5.8. For all g > 0 there exists a K > 1 such that for every constructor function
with n(Q) > K the following holds: For all 7 € ¥,

E(u([7))) < CAnt?0:([7]),

where Q1 is the Bernoulli measure with the probability vector q; = )\f(V)

pi€’.

Proof. Let 7 € ¥, be arbitrary. Since {Ew}geN is a monotone refining sequence of partitions
of ¥, there exists a maximal n € N such that for every k < n and every 7 € 22 7] N[1] = 0
or [7] € [z]. Thus, there exists 71, ...,%,,7 € X, such that 7=7,...7,7 and 7;...7% € E% for
every k, moreover, for every h € ¥, with |h| = n(7 ...7,) — [7], 7h € 2, ,. Hence,

M(m) — )\;fl)\‘;;l .. )\fzyﬁnq ]l?l e )\;‘lzl...zn Z )\;n...zn ]l?ﬁ...in b (30)

7 21...0n 1
|hl=n(z1...2n) 7]

Then by the independence of the indicators and Xy,
Q) = [T (1= 1= gm0
k=1
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;;lmgn Z )\;?1171 (1 . (1 _ pjh)m(i)) .

|hl=n(71...2n) =[]l

Choose K > 1 sufficiently large such that Proposition 5.3 and Lemma 5.7 hold. Then by
Eq. (5), Eq. (23) and Lemma 5.7

S $771..% 2 g plomy PR -
E(u([7 ]))<10/\@ . nl S 7. zn|H Zh e j}l,.‘lnpj/eﬂﬂ

< 10A° 60|J|@ (),

where in the last inequality we have used Item 4 and Proposition 5.3. [

Lemma 5.9. There exists a K > 1 such that for every constructor function with n(()) > K
we have that for every 7,7 € 3. with |7 < n(z) — [

2

E Z Azz ijleﬁ < IOijeW‘ -+ 100]7;627'3'7
|hl=n(@)—[2|=[7]

where C' > 0 is the universal constant such that E(X?) < C for all7 € 3,.

Proof. Let 7,7 € X, be fixed such that |7 < n(z) — |7]. Then

2
E Z A 1 Xagn = Z E (A A1 e 1]ﬁ2XZ]ﬁ1XUh2)
|hl=n(2)—[z|-3] |7 |=n(2)—[2] 3]
|z |=n(2)—[2| 3l
by the independence of the indicators and Xg’s
= Z AleIE(]]'i]h) (Xfyh) Z )\271 )\isiTQIE ( ha ]]'i]hz) IE(X@fM)]E(X@hl)
|il=n(2)—[z]-[3] |hia|=n(2)—[2]—[7]
|ha|=n(2)—[2][7]

ha#hs
by Proposition 5.6

<C ) AT —pg)™)
Ipl=n{D— -0

D AR (= p)™® = (1= pn) ™ + (1= p, — pgn)" )

[P |=n(2)—[2| (7]
h2|=n(2)—[|—[7]
h1#hg
by Eq. (29)
<C Y A= (- pg)™?)
|h|=n(@)—[2]—7]
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Y AR = (1= )"~ (1= pgn)™)

|1 |=n(2)— 2| -3l
|h2|=n(2)—[2| 7]
hi#ho
2
<G D NTO==p)" D+ Y A= (=) ?)
[hl=n(2)—[2| 3] |hl=n(2)—[z| -3l
by Lemma 5.7
. SN2
< C10p;e™ + (10p;e™7)
for every constructor function with sufficiently large n((). ]

Proposition 5.10. For every 6 > 0 there exists a K > 1 such that for every constructor
function with n(0) > K we have

ﬂ U U €S| pomy,e > (1—¢)} | =0 for P-almost every o,

k=0n=k {=[6n]
where €, > 0 is defined in Eq. (22).

Proof. Let § > 0 be arbitrary but fixed. By Borel-Cantelli’s Lemma, it is enough to show
that

Z Z {7 €2 pempe™ > (1 —¢)3) | < o0

n=1 {=[én

Clearly,

H ({j €X| p(U"ﬁ)lz6 (1-¢)f Z Z p(E){pe” > (1 —¢,)}.

[7|=n [51=¢

Let e > 0 be such that A_ U685 < 1 where 3 is defined in Eq. (22). Note that A e~ <

1. Let K > 1 be such that Lemma 5.8 holds with €. Hence, for every n > N
E (1 ({7 € 21 P 2 (1= ) ) = D D E@u()i{pe’ = (1-e)'}
[2|=n [71=¢
<O S o) e 2 (1 - €)'
[2|=n [7]=¢
AN @y (D) pse™ > (1 - €)'}
71=¢
= A ({7 €X|pye = (1-¢))
A~ eo(n-‘rﬁ)

33



Thus,

00 , B +f /\ eo(1+9)n e—Bon
Z IE (/'I’ ({j e Z | p(anjm(ﬂ 2 (1 - 67 Z )\mu(r)l - Tln_ )\ 506_/3 Y
0=[6n] 0=[6n] min
which forms a convergent series. [
For § > 0, let

Eg = ﬂ ﬂ {7eX] p(a’“‘i)leew <(1- Ev)e}

n==k {=[nd]

It is an immediate consequence of Proposition 5.10, 0 < E(u(X)) < oo and the monotone
convergence theorem that for a well-chosen constructor function

E(u(Ep) > 0
for all large enough k.

Proposition 5.11. For all ¢ > 0 there exists a 6 > 0 and a K > 1 such that for every
constructor function with n(0) > K and every ¢ € N:

3 A OO u([F)2)1{[7] N B # 0} < oo,

JE

Proof. Let 7 € ¥, be arbitrary but fixed. Similarly to the proof of Lemma 5.8, there exists
Uy y0n,J € Xy such that 7 =7,...7,7, 71 ...7% € =0 for every 1 < k < n, and jh € =
for every h € ¥, with || =n(...7,) — |j| By Eq. (30)

2

311 1 g e lh—1 2521 n 571...7n 11 n
I I A 1 )\ g Ap 1; 7h
|hl=n(21...7)— 3]

By the independence of the indicators and X3;’s

H )\2521 -1 (1 - pilnjk)m(h...ik,l))

311 n S$71..7n 1 11...7n
g S A,

Ihl=n(@1...20) =7l

By Lemma 5.9

H 311 g1 (1 . pil..ik)mﬁl...ik_l)) . jsll n (100p 67‘]‘ + 100p2 62'7“ ‘)
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By Eq. (5), Eq. (23) and Item 4 and Proposition 5.3

2s3y..3 $71...7% 7 7
<IN ") A <1ocp7,e'”ﬂ + 100pZe>V I)

28 - 2€7n(ll zkfl)p _ %
= | BN Sy Ay (100 4100 Qe””)
=11~ ) N b v}

S H)\QSII,,,zk_levﬁﬂpik ) 72511 n <1OCZT’€’YIJ| + 100p2 627\1 |)

1k

k
< 200X ([]) + 100300 ([ 3 ])A B

J

Let A := max{1, Zjvzl )\j(wp?e%}. Now, choose § > 0 such that A\2.2A% < 1. By the con-

struction of the sets 2,

> A ERE()?){[) N B # 0}

]EE*

o0 -

ZZ Z ka PO (u([ah) )1 { ] O Y # 0}
100 A0 10050 ST S ST A0 sk L £ 0}

JET. n=03c=0 (=0 |h|=¢

Since the first sum is clearly convergent, we only need to check the summability of the second
part. For n sufficiently large, [7| > ¢ for every 7 € |J,o =} 0 and [7] < Ao/ 2 So, for every

sufficiently large n

> Z ZAm DN pe ML {[ah) N ES # 0}

7€z (=0 |h|=¢
[5]2]]

= 2020 DR (N pie M {fan] 0 g # 0}

7€20 =0 |h|=¢

n(?)—[i]

0 D0 DX e M {ih] N E] # 0}
1ezf (=[47l] Ihl ¢
Lol
< ZAEO@l Z <Z)\ ;) 2&7) +> Z > AL0 ([)Apre (1 — €)M
€=, i 1e=f (=[0[1l] |h|=¢
—[?]

< 2 NG (ENIRAT + 3 Z X0 ()X (1 = €)'

7€=l 7e=f =[0[7[]
<A () AT+ Y A0 ([) (1= Af(1— €)™
ze_n 16_91
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< )\eo/QnAén + \con

max

(1= Al =€)

max

which completes the proof. O

5.4 Energy estimates of the random Cantor measure

Lemma 5.12. Let ® = {fi(z) = \;O;x + t;}Y, be an IFS of similarities of R? such that
® satisfies the open set condition. For every Borel measure v on X = {1,..., N}N with
0 < v(X) < oo, if Yores. Ay w([1])? < oo then dimpy mv > ¢, where T denotes the natural
projection.

The proof of Lemma 5.12 is standard, however, we could not find any proper reference
for it.

Proof. Without loss of generality, we may assume that |U| = 1, where U is the open and
bounded subset of R? with respect to the OSC holds. Let Ay, be the smallest contraction
ratio as usual. For simplicity, let p := m,v. By Frostman’s lemma [BSS23, Lemma 1.9.9], it
is enough to show that ff |z — y||tdu(z)du(y) < oo. Then

// Ha; yHt Z/ le =yl AL < llo =yl < A bdu(x)du(y)

< SN [ p (B ) ).

n=0

Let
d

9, = {H[mj)\mm, (mj + 1)A%,) :m; € Zfor j=1,...,d}

J=1

be the partition of R? into axis parallel squares of side length A", such that the origin is a
vertex of a partition element. Let Q,,(x) be the unique partition element in Qn containing x.

Furthermore, for Q(x) = [Tj_, [m;Nyins (m; + DAy, let Q(x) = 15 [(m; — DA, (my +
2)A". ). Then

S [ B ) ) < S 3 0 ()
n=0 QeQn

Let
={1eX <AL <A}

Clearly, I', N T, :_Q) forAevery n # m. By the open set condition, there exists C' > 0 such
that #{z € ', : H(U)NQ # 0} < C for every Q € Q,,. Thus,

mem"“ > u(@) mefff*” > i)
QEQn QEQn €Ty,
FH(U)NQ#D

36



<CZZ/\;§H”+1 >y

QEQn 1€l
fU)NQ#0

— 2 Z A HmHD D_#Qe o HO)N Q # 0} ([1)*

~

Since for every 7 € T',,, there are at most 5%-many Q € Q,, such that f;(U)NQ # 0

< 025dz)\ t(n+1) ([ ])2

min
ZEFn

< C*5\in Z > A

n=0el’,

< %50t i > Av(f)?

n=07eX,
]

Proposition 5.13. Let o > 0 be such that o < > 7" | A ) pie®log p;, where S )\S(a pie®
1. Suppose that (n) satisfies liminf, . £(n)/logn = 1/a Then, dimgy(R(0,¢)) > s(a )for
P-almost every o.

Proof. Clearly, the map a +— s(«) is continuous and monotone increasing. Thus, it is enough
to show that P({o € ¥ : dimy(R(0,¢)) > s(a —1/n) — 1/n}) = 1 for every n € N. It is
also clear that R(d',¢) = R(o,/) for every o’,0 € ¥ such that there exists n > 1 such that
o, = o for every k > n. Thus, {0 € ¥ : dimy(R(5,¢)) > s(a — 1/n) — 1/n} is a tail
event and by Kolmogorov’s zero-one law [Kho02, Corollary 1.7.1], it is enough to show that
P({o € ¥ : dimyg(R(0,¢)) > s(a —1/n) — 1/n}) > 0 for every n € N.

Let i = s be the random measure constructed in Section 5.2 for o — 1/n. By Proposi-
tion 5.11, choose § > 0 and K > 1 such that for ¢y = (3n)~! we have

> AR () )){ ] N B # 0} < oo, (31)

JE

for every ¢ € N. By Proposition 5.6 and Proposition 5.10, there exists ¢ € N such that
P({o €  : p(E2 N R(o,()) > 0}) > 0. Hence, it is enough to show that P({o € X :
dimp pt|gs > s(a —1/n) —1/n}) > 0. By Lemma 5.12, it is enough to show that

E (Z Aﬁ“l/")“/"mEg([z])?) < oo.

7€

But gy ()2 = (il 0 B < (u()140 1 2 # 03)* = ()10 1 B2 # 0}, and so, the
claim follows by Eq. (31). O
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6 Completing the proofs

Finally, we summarize the proofs of the main theorems.

Proof of Theorem 1.2. Let o > 0 and /: N — N be an increasing function such that

lim inf t) = l,
n—oo logn «

and let P, be the Bernoulli measure defined by the probability vector p = (p1,...,pn). If
a > ag then by Theorem 4.1, R(o,¢) = A almost surely. If a; < a < ay then H*(R(0,()) =
10 (A) Py-almost surely by Corollary 4.3. So we may assume that o < oy.

Let s(a) be as in Eq. (2). By Lemma 2.4, s(«) is the unique root of the probabilistic
pressure defined in Eq. (12), and so, by Proposition 3.1, dimg R(0, () < s(a) P,-almost surely.
If ap < a < a; then dimy R(0,¢) > s(a) by Corollary 4.5 P-almost surely. If o = «; then by
taking ¢ > 1 arbitrary and having ¢'(n) := ¢f(n), we get that dimy R(0,¢) > dimy R(0,¢') =
s(a/c) Py-almost surely. By taking the limit ¢ — 1 on a countable sequence and using the
continuity of @ — s(«) (see Proposition 2.2) we get that dimy R(9,¢) > lim. ,; s(a/c) =
s(a) = sg P-almost surely.

Finally, suppose that a < «g. Then, the almost sure lower bound dimy R(5,¢) > s(«)
follows by Proposition 5.13. 0

Proof of Theorem 1.3. The proof is the combination of Proposition 3.2, Theorem 4.1, Corol-
lary 4.3 and Corollary 4.5 for every o # . One can verify the case o = «a; by relying on the
continuity of o — ¢(a) and on the monotonicity of the set R(o,¢) similarly to the previous
proof. [
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