SPECTRUM OF WEIGHTED BIRKHOFF AVERAGE

BALAZS BARANY!2, MICHAL RAMS3, AND RUXI SHI*

ABSTRACT. Let {s,}nen be a decreasing nonsummable sequence
of positive reals. In this paper, we investigate the weighted Birkhoff
average S—ln Z;& spd(T*z) on aperiodic irreducible subshift of fi-
nite type XA where ¢ : XA — R is a continuous potential. Firstly,
we show the entropy spectrum of the weighed Birkhoff averages
remains the same as that of the Birkhoff averages. Then we cal-
culate the packing spectrum of the weighed Birkhoff averages. It
turns out that we can have two cases, either the packing dimen-
sion of every level set equals to its Hausdorff dimension or for every
nonempty level set it is equal to the packing dimension of the whole
space.

1. INTRODUCTION

Let (X, d) be a compact metric space and T': X — X be a continuous
transformation. Let ¢: X — R be a continuous potential. The Birkhoff
average of ¢ is given by

1 n—1

k=0
The Birkhoff Ergodic Theorem asserts that the Birkhoff averages al-
most surely converge to a constant, namely, the integral of ¢, with
respect to any ergodic measure, for an integrable potential ¢. For a
dynamical system having a large family of ergodic measures (for exam-
ple, a full shift), one may expect that the limit of the Birkhoff averages
can take a wide variety of values. Then one naturally wonders how
large the size (for example, topological entropy, Hausdorff- and Tricot

dimension) of the level sets of the limit of the Birkhoff averages is. In
other words, for an o € R in the set

1
L(¢) :=< a € R: there exists x € X such that lim —

n—oo M,

n—1
Z o(TFz) = a
k=0
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one wants to know how to describe the size of
n—1
1
Ey(a) = {x € X: lim —ZQS(Tkx) = a} :

It leads to the multifractal analysis and there has been a considerable
amount of works on this. As far as we know, the first work is due
to Besicovitch [?] where he studied the Hausdorff dimension of sets
given by the frequency of digits in dyadic expansions. Then it was
subsequently extended by Eggleston [?]. For further results on digit
frequencies, see Barreira, Saussol and Schmeling [?]. For multifractal
analysis of Birkhoff averages, we refer to [?, 7, 7] and references therein.

Let {s,, }nen be a monotone decreasing sequence of positive reals such
that the series S,, := ZZ;(I) sg diverges, that is, lim, ,,, S, = co. In
this paper, we are interested in the weighted Birkhoff average

n—1
1 k
Jim o ZM sp(T"x).
When s, = 1 for all n, it is the Birkhoff average of ¢. When s, =
k
%H, it becomes @ ZZ;& ‘z’gj ) which is sometimes called logarithmic
Birkhoff average (because Zz;é k%l ~ logn when n is large enough).

The study of the logarithmic Birkhoff average has a link to logarithmic
Sarnak conjecture and some problems in number theory. See more
details in [?] and references therein.

Let us note here that there also exists a different object that can be
called a weighted Birkhoff average:

n—1
1
lim — " sp0(T"x),
k=0

n—oo 1
that is the same kind of sums is considered with a different normaliza-
tion. Those kinds of generalized Birkhoff averages were studied lately
in [?] and [?].
By summation by parts, it is not hard to check (see also Lemma ?7)
that the convergence of the Birkhoff average %ZZ;& (T*x) implies

the convergence of the weighted Birkhoff average ézz;é spp(T*x)
and the limits are the same. The converse is not true in general, but
it will turn out to be true under some condition.

For a € R let

n—1
s : 1 k
Ei(a) = {x € X: 7}1_)110105—71 ;Skqﬁ(T T) = oz} ,
In this paper, we investigate Hausdorff dimension and Tricot dimension
of the level sets E of the limit of the weighted Birkhoff averages. In
the literature, the Tricot dimension is commonly called the packing
dimension. However, since it was introduced by Claude Tricot [?] we
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think that it is more appropriate appellation. Throughout the paper
let us denote the Hausdorff- or covering dimension by dimy, the Tricot-
or packing dimension by dimp and the topological entropy by htep. For
the definitions and basic properties, we direct the reader to [?].

1.1. Main results. A sequence {s, }nen of positive numbers is said to
be nonsummable if S, = Z;é s — 00 as n — oo. For a decreasing
nonsummable sequence { s, }nen of positive numbers, we say that it has
bounded asymptotic ratio if

(1.1) lims.upi < 00.
n—oo MNSp
Otherwise, it is said to have unbounded asymptotic ratio.
Notice that if lim, .., s, = a > 0, then it always has bounded
asymptotic ratio.

Theorem 1.1. If {s, }nen are positive, nonincreasing, and nonsummable
weights, and {a,}nen is any bounded sequence of reals, then the follow-
mg s true:

(i) iflimsup,,_,. 2= < oo then the sequence % EZ;& ay s convergent

Nnsn
if and only if the sequence SL Zz;é sgay s as well, and the limaits
are equal;

ii) 4f limsup 21 = oo then the convergence of the sequence

ii) if li e 2 then th q th
%Zz;é ay 1mplies convergence of the sequence Sizz;é Spay to
the same limit, but the opposite is not true. For any such {s, }nen
one can find {a,tnen such that the latter sequence is convergent
and the former is divergent.

This theorem has a simple corollary for the weighted multifractal
spectra.

Corollary 1.2. Let (X,d) be a compact metric space and T : X — X
be a continuous transformation. Then for every continuous potential
¢: X — R and for every monotone decreasing nonsummable sequence
{80 }nen with bounded asymptotic ratio, we have for every a € R

Ey(a) = Ej(a).
In particular, hiop(Eg(@)) = hiop(Ef (), dimy Ey(a) = dimy E}(a)
and dimp FEy(a) = dimp E3(a).

Let A = {1,...,K} be a finite alphabet, and let ¥ = AN be the
symbolic space. Let o be the left-shift operator on ¥. Now we are
concentrated on X5, C ¥ an aperiodic and irreducible subshift of finite
type.

Our first result on weighted Birkhoff average is concerned about the
entropy spectrum. Namely, regardless of the boundedness or unbound-
edness of the asymptotic ratio, we show that the entropy spectrum of
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the weighed Birkhoff averages remains the same as that of the Birkhoff
averages on aperiodic and irreducible subshifts of finite type.

Theorem 1.3. For every continuous potential ¢: Xo — R and for
every monotone decreasing sequence {sy fnen of positive reals such that
lim,, .o S, = 0 and lim,,_,, S,, = 00 and every a € R, we have

hiop(Egp(@)) = htOP(E;(a))'

For Holder continuous potentials and when the symbolic space is a
full shift this result is actually an easy consequence of [?, Theorem 3.3],
to obtain the full generality we first need a more general formulation
of Fan, Schmeling, Troubetzkoy Theorem.

Note that if the sequence {s,, },en has bounded asymptotic ratio then

hiop (B () = dimy B (a) = dimp E} ().

This follows by Corollary ??, and the fact that hyop(Ey()) = dimy Ey(a) =
dimp Ey(a), see Fan, Feng and Wu [?].

Our second main result on weighted Birkhoff average is concerned
about Tricot dimension. We show that when varying the sequence
{Sn}nen, the change of the packing spectrum of the weighed Birkhoff
averages has a ”"gap” in the sense that it equals to either that of the
Birkhoff averages or the whole space.

Theorem 1.4. Let {s,}nen be a monotone decreasing sequence of pos-
itive reals such that 1lim,,_, S, = oo and limsup,,_, an =oo. Then

for every continuous potential ¢: X o — R, we have Eg(a) =0 for all
a € R\ L(¢) and for every a € L(¢), we have

dimp E;(Oé) = htop(ZA).

For example, the sequence ((n + 1)7!),> satisfies the condition of
Theorem ?7?; the sequence (s, = (n+1)%),50, —1 < d < 0, satisfies the
condition of Corollary ?7?.

2. PROPERTIES OF WEIGHTED AVERAGES

The following lemma is well known and follows directly by summa-
tion by parts. We present the proof here for completeness.

Lemma 2.1. Let {a, }nen be a bounded sequence of real numbers. Let
{Sn}nen be a decreasing sequence of positive numbers such that S, =
S o8k — 00 asn — oo. Then

n—1 n—1
1 1
ligr_lgolf - ,;_0 ap < ligglf S_n ,;_0 Skak
(2.1) - B

n—00 n—oo TN

n—1 n—1
1 1
< lim sup e E spap < limsup — E ar.
" k=0 k=0
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Proof. We only need to prove the last inequality of (?7). Indeed, the
proof of the first inequality follows by considering —a; in place of ay.
Denote A,, = Z:é ai. By summation by parts, we have that

n—2
E Skay = E Sk — Sk+1) Akt1 + Sn_14,.

k=0

Let o := limsup,,_, ;An- For any ¢ > 0 let NV be the integer such
that A, < (a+ ¢e)n for every n > N. Thus,

n—2
Zskak<0 Oé+€ (Zk Sk — Sk41 —i—snm)
k=0

< C(N) + (a+e)Sy,

where C'(N) is a constant depending on N but not on n > N. Since
S, — 00 as n — oo and € > 0 was arbitrary we get the last inequality.
0

The next lemma shows that if s,, has bounded asymptotic ratio then
the lemma above can be reversed.

Lemma 2.2. Let {a, }nen be a bounded sequence of real numbers. Let
{Sn}nen be a decreasing summable sequence of positive numbers having

bounded asymptotic ratio G = limsup,,_, (n%f)lsﬂ(z 1). Then

—

n—1

|
Spar + (1 — G) llrrlgg}f S_n Z SEak,

n—1

1
lim sup — Zak < G'lim sup

1
n—o0 n—oo STL

3

Cyr k=0
and,
n—1 1 n—1
hgg)lf - Z ap > Gh?{r_l)glf S_ Z srag + (1 — h;n_)soLolp S Z SkQy.

k=0
Proof. We will show only the first inequality, the proof of the second is
again obtained by replacing (ay ), with (—ax)g. Denote

n—1 n—1

1
o« = liminf — Z sgap and S := limsup e Z SLQk.

n—00 n—00 n

Denote also B,, = ZZ;O sgay. For every € > 0 there exists N > 1 such
that for every n > N

< B < B+
a—ec< — E.
Sn

By summation by parts, we have

n—2

n—1 n—1

—1 1 -1 -1
E ap = E S Sk = E (55" = Spi1)Bre1 +8,-1Bn.
k=0 k=0

k=0
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Since s,, is monotone decreasing for every n > N, we get

Zak <C(N)+ Z o —&)Skr1(s;, " — spty) + 501 (B+¢)Sn

Where C’ (N) is a constant depending on N but not on n > N. Hence,

Zak < C(N)+ Z o —&)Spy1(s; ' — s344) + 5,218 +¢)Sn

=C(N) +na+e (25,815, —n) + (8 —a)s; 'S,
Since € > 0 was arbitrary, the claim follows by the definition of G. [

Note that the the quantity given in the definition of bounded as-
ymptotic ratio (??) equals to limsup,,_, . (nff L by simple algebraic
manipulations because lim,, ., Sy+1/5, = 1.

The following is a simple consequence of Lemma 77.

Corollary 2.3. Let {a,}nen be a bounded sequence of real numbers.
Let {sp}nen be a decreasing summable sequence of positive numbers
having bounded asymptotic ratio. Then

n—1 n—1
nhﬁrgO S_ kzg sgar = « if and only if hm kz;ak = Q.

Clearly, Theorem ?7(??7) follows immediately by Lemma ?? and
Corollary ??. To show Theorem ??(?7), we need the following lemma,
which will be used later also in the proof of Theorem ?7?.

Lemma 2.4. Let {s,}nen be a decreasing nonsummable sequence of
positive numbers having unbounded asymptotic ratio. Then there exist
sequences {ny}ren and {my}ren satisfying that n, < my < ngy1 and

k
> (Sm, = Sny)

=1 . ng

= lim — = 0.

k
(2.2) lim — = lim
k—oo mi

k—o0 k—o0

ng mp
Proof. First, observe that it is enough to show that there exist se-

quences ng and my such that ny < my < ngyq,

(2.3) lim L lim % =0 and Z m’“ Oy < 0.

k—o0 ' k—00 M

The implication of (??) = (?7?) follows by Kronecker lemma ' ([?, Page
390, Lemma 2)).

1Klroneckelr lemma: Let {b,} be a sequence of positive increasing numbers with

lim b, = co. Let {z,} be a sequence of numbers such that Y | x, converges.
n—o0

Then

lim — b n=0.
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In order to show (?7) we construct sequences ny < my, (k € N) such
that

Sm :
(2.4) lim 2™ =1 and lim —* = oo.
k—oo Op, k—oc0 N

If (??) holds then by passing to some subsequences ny, and my,, we will

Sy, —Sn

- <27 "t < 27" and so (?7) follows for
’lLke mkz

the sequences ny, and my, .

It remains to find sequences {n}ren and {my}ren satisfying (?7).

get my, , < ny, and

Let n; be the subsequence for which lim S — 50, For simplicity,
k—oo MkSnp—1
let M, = nkf"’“ -. Let my, be the smallest positive integer greater than
nk*

or equal to ny such that
Skarl - Snk 2 Snle;lﬂ'
Thus,

| < S - 1+M,;1/2,
S

and hence, the first claim of (??) holds since M — oo as k — co. On
the other hand, by the monotonicity of s,
(mk =k + 1), 2 Syt = Sy = S My

and so,
mg — Ny + 1 > Snk
N © NgSp,—1

Mk—l/z _ ]\4;/27

which implies that my/n; — oo as k — oco. This completes the proof.
O

Proof of Theorem ?7?(?7?). Let ny < my < ngy1 as in Lemma 7?7 which
satisfy (?7) and (??). Let us define the sequence a, as follows:
—1 if ng, < £ < moy for some k € N,
ap:=1<1 if nopyr1 < € < mogyq for some k € N,
0 ifmk§€<nk+1.

Let n € N be arbitrary and let k& be such that ny < n < ng.;. Then
we have

n—1 n—1 k—1
S sear] <D silal 3 (S = Su) + Smaxinme) — o
k=0 k=0 £=0

It follows that

n—1

Si Z SEar

" k=0

< =0

We apply Kronecker lemma for by, = Sy, and xf = Smgﬁ
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Since ny < my < ngyq satisfy (?7?) and (?7?), the right hand side tends
to zero as n tends to infinity. On the other hand, we have

Mmaog41—1 mak—1
E aj > Magy1 — Nogy1 — My and E a; < —mMmag + Nog + Mog_1.

Since my < nyr1 < myyq and lim £ = 1, we conclude that
I—00 T

) 1 & . Mokr1 — Nok41 Mok
lim sup — E ar > lim + R =1 and
mok+1 mak+1

1< — -
liminf -3 a, < lim (w(_m o ) .
n—oo 1 0 Mo Moy

3. VARIATIONAL PRINCIPLE

3.1. Subshift of finite type. Let A = {1,..., K} be a finite alpha-
bet, and let ¥ = AY. Denote ¥, the set of n-length finite word.
Moreover, denote X, the set of all finite prefixes of the infinite words in
Y. For an i = (ip,i1,...) € X and m >n > 0 let i|* = (i, ..., %,) be
the subword of i between the positions n and m, and for short denote
by i, the first n element of i, i.e. i|,, = i|j~"'. For an i € %,, denote i
the length of i and let [i] denote the corresponding cylinder set, that
is, [i] := {j € ¥ :j|; = i}. We use [(-) to denote the level of cylinder.
Moreover, The space ¥ is metrizable with metric

(3.1) d(i,j) = o~ min{n>0:in#jn}

For short, denote iAj = min{n > 0: i, # j,}. Note that h,p, = dimpg
for (X, d) with respect to the left-shift operator o.

Let A be a K x K matrix with entries 0,1. We say that the set
Ya C X is subshift of finite type if

Ya={i=(ig,i1,...) € AN: A

We call the matrix A the adjacency matriz. Let us denote the set
of admissible words with length n (i.e. n-length subwords of some
element in ¥4 ) by ¥ ,, and denote 34 . the set of all admissible words.
Without loss of generality, we may assume that ¥ ; = A. Moreover,
we say that XA is aperiodic and irreducible if there exists r > 1 such
that every entry of A" is strictly positive.

=1 for every k =0,1,...}.

Uy ik+1

3.2. Continuous potentials. Let ¢ be a continuous potential. De-
note the Birkhoff average by

o) = Jim -3 6l (1)
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Similarly, we write that x, is the liminf and X:{ is the limsup. Denote
by Hy(s) := hyop({i € Xa 1 x4(i) = s}).

In this section, we prove a variational principle of continuous poten-
tial. To do this we need to use a result on the multifractal spectrum
of irregular sets. The first result of this type comes from Olsen (see for
example [?]), but we will use a variant of the following result of Fan,
Schmeling, Troubetskoy in [?, Theorem 3.3].

Theorem 3.1. Let (Xa,0) be an irreducible and aperiodic subshift of
finite type. Let p : XA — R be a Holder continuous potential. For any
t € R we have

htop({X; < t}) = htOp({X:oL < t}> = sup Hy(s),

s<t

htOP({X; > t}) = htOp({X:; > t}) = Sglt) H,(s).

We use here the convention that H,(t) is 0 outside L(y) and so for
any t smaller than or equal to the left-endpoint of L(y), sup,, H,(s) =
0. In particular, {x, <t} = {x} <t} =0 for such ¢.

Note that by replacing ¢ to —¢ the equalities

htOp({X; <t})= htOp({X:@r <t})= igg H(s),

htOP({X; > t}) = ht0p<{X<—; > t}) = sup H(s)

s>t
hold as well.

The theorem above has been stated in [?] only for full shift, however,
the used smoothness conditions during the proof (see [?, Theorem 3.2])
hold for subshift of finite type, see Barreira, Saussol and Schmeling
[7, Section 4.1], which follows from [?, Example 4.2.6, Remark 4.3.4,
Theorem 4.3.5] and [?, Theorem 1.22].

Let ¢ be a continuous potential. We want to investigate the mul-
tifractal properties of ¢. The following theorem is folklore and may
be known to some experts. However we were unable to find it in the
literature. So we prove it ourselves.

Theorem 3.2. Let (Xa,0) be an irreducible and aperiodic subshift of
finite type. Let ¢ : ¥ao — R be a continuous potential. For any t € R
we have

hiop({X; < t}) = huop({x < t}) = sup Hy(s),

htop({X; Z t}) = htop({X;_ Z t}) = sup H¢(S)'

s>t

For any natural number n, let ¢, be the maximal potential smaller
than ¢ but constant on n-th level cylinders, namely,
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$n(r) = min @(y).

YE[z|n]
Clearly, every ¢, is a Holder continuous potential. Also, there is a
decreasing sequence {e, },en With e, N\ 0 such that

Moreover, for m > n we have ¢,, < ¢, < ¢, and hence

To simplify the notation let us write H,, = Hy,, Xn = X¢n> Xn =
Xy, and X, = X;fn. Let us state the well known properties of the
function H,(s). By Barreira, Saussol and Schmeling [?, Theorem 2],
it is a smooth concave function, nonnegative, defined on some closed
interval L(¢,) = [a;,,a;], with a single maximum at some point «,,
and H, (o) = hop(Xa).

By (?7), we have of < ot < af +¢,, (and similar for a~’s) whenever

m > n. Thus, the limits o~ = lim, , @, and o™ = lim, . o
exist. Also, af < o™ < «af + ¢,, and the same for a~. Clearly,
L(¢) = [a™,a].

Firstly, we study the convergence property of H,.

Lemma 3.3. The functions H, pointwise converge to a limit func-
tion H on [a~,a™). Furthermore, H is continuous and concave on
(a~,a™), and H, converges to H uniformly on every compact subin-
terval in (o=, a™).
Proof. By (?7) we see that for any i € X5 and m > n
(3.4) 0 < Xom(i) =X, (i) <& and 0 < X7 (1) = X, (i) < n
(the same holds for xT).

Let us define two maps Hy,(t) := sup,<, H,(s) and H](t) := sup,., H,(s).
Please pay attention to the fact that those definitions are not symmet-

ric: we use sharp inequality in H” but not in H*. By concavity and
Theorem 77,

HE (1) = hiop(Xa)  for t > ay,
H,(t) for t < au,.
Similarly,
H (1) = H,(t) for t € (ay, ob),
hiop(Xa)  for t < a,.
It is easy to see that the map H! is concave and continuous on [a;, o]
and H is concave and continuous on [« , a;b).
Let t € [a~,a™) now be arbitrary but fixed. Since o, < a~ and

af = at asn — 0o, t € L(¢,) for every sufficiently large n. Further-
more, by (?77?) for every n < m sufficiently large

{6 <t} C{x, <t}and{x, >t} C{x, >t}
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Hence, by Theorem 77?7

HE (1) < HA(t) and H (1) > HE (1)
for every m > n sufficiently large. Since 0 < HE(t), H(t) < hiop(Xa),
the limits H'(t) := lim,,_,oo H'(t) and H"(t) := lim,,_,o, H"(t) exist for
all t € [a™,a™).

Since the maps H! and H are concave, we get that H® and H" are
concave on [a~,a"), and in particular, continuous on (a~,a™). By
Dini’s Theorem, HY and H! converges uniformly to H® and H" on any
compact subinterval of (o™, a™).

Since H,(t) = min{H.(t), H’(t)}, the claim follows for the map
H(t) := min{H"(t), H"(t)}. O

In particular, it follows from the proof that sup,., H(s) = H*(t) and
sup,s, H(s) = H"(t) for t € [a,a™).
We have the following immediate consequence of previous properties.

Lemma 3.4. For every t € (a™,a™),
hiop(IX™ < t}) = hiop({X" < t}) = sup H(s),
huop(IX™ < 1}) = huop(Ix" < t}) = sup H(s).
Proof. By (?7),
{ieSa:x,(i)<t—c,}C{ieSa:x(i)<t} C{ieXa:x, ()<t}

Hence, it follows from Theorem ?? that for every t € (a™,a™) and
every sufficiently large n

Hy(t—en) < hiop({X~ < t}) < Hy(1).

Hence, for t € (™, a™) the claim follows by Lemma ??. The proof of
the other cases are similar and we omit it. O

The final stage of our investigation will be the following result:
Lemma 3.5. Fort € [a™,a"), we have Hy(t) = H(t).
Proof. The upper bound is almost immediate. If t € (o™, a’) and
Xo(1) =t then by (?7) xn(i) < x4(i) < Xn(i) + &n, and
hiop({X6 = 13) < hiop({xn <t < Xn +0}) < min{Hy (1), Hy(t — e5)}-

By Lemma ?7, the left-hand side converges to H(t) as n — co. On the
other hand, if ¢ = a~ then again by (77)

heop({xs = @7 }) < heop({xn < a7 }) < Hy(07) = H'(a7) = H(a7).

Let now t € (o™, a™) be arbitrary but fixed. For the lower bound
we need to construct a large (in the sense of entropy) set of points for
which x, = t. We will do this by constructing an ergodic o-invariant
measure p such that [ ¢dp = t, then the generic point for this measure
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belongs to {xs =t} and the topological entropy of those points equals
the metric entropy of .

Let us first remind the important property of irreducible subshifts of
finite type: there exists a constant K such that for any two admissible
words 1i,j there exists an admissible word k, |k| = K such that the
word ikj is admissible. Given two admissible words i, j, |j| > 2K we
will call their admissible concatenation the word ikj, where k is just
the connecting word making the word ikj admissible. Such k is in
general not uniquely defined, so we can for example choose the first in
the alphabetical order of all the fitting k’s. Similarly, for any finite or
infinite sequence of admissible words of length larger than 2K we can
define their admissible concatenation.

Denote
1 n
Pn = E Zl Eiy
1=

we have p, 0.

Fix some ¢ < min(t — a~,a™ —t)/3. Let n be large enough that
e > 2p,. For every § > 0 we can find N > n + 4K||¢||/e large
enough that the two following properties hold. First, there exist at
least eN(An(t+22)=9) different words (i;); of length N such that there
exists j; € [i;] such that

1 N-1

N Z Gbn(aj(ji)) —t—2¢

J=0

Second, there exist at least ™ (H#n(:=25)=9) different words (k;); of length
N such that there is 1; € [k;] such that

(3.5) <e.

(3.6) > a0~ t 42| <=

=0
Note that if j; satisfies (??) then every j € [j;|n] = [i;] satisfies

<e+pnten<e+2p, <2e

%gé(aj(j)) —t-2

hence if we take any point z obtained by an infinite admissible con-
catenation of the words ;, we will have x; (2), x§ (2) > t. Indeed, the
Birkhoff sum over each 'connecting’ part of the admissible concatena-
tion construction gives a correction K||¢[| < Ne/4, and so x, () >
t+¢e—p,—¢/4 =1t+¢e/4 Similarly, any infinite admissible con-
catenation of words k; gives upper and lower Birkhoff averages strictly
smaller than .

For p € [0,1] consider the measure p4; defined as a distribution of
infinite admissible concatenations of words (i;); U (k;); according to
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the following rule: at any position we have with probability p one of
the words i; (with equal probability each) and with probability 1 — p

one of the words k; (with equal probability each). This measure is

oN-invariant, so we define a new measure

1 N—-1
:up = N Z O-f:ulj)\h
k=0

this measure is o-invariant. As pf; is oV -ergodic, pP is o-ergodic. More-

over, [ ¢duP is a continuous function of p, with

/¢d,ﬂ <t< /¢du0.

We can thus find some measure puP® for which [ ¢du?® = t. Finally,
an easy calculation shows that for every p

h?) > (1— %) min{ H,(t — 2¢), Hy(t + 22)} — 0.

Since all the generic points of y?® have Birkhoff average of ¢ equal to
t, letting n — oo, we have

hiop({xe¢ = t}) > min{H(t — 2¢), H(t + 2¢)} — 0.

Since H is continuous at t by Lemma 7?7, passing with € and § to 0 we
get the lower bound, and hence the result is proven.

Finally, we show that Hs(a~) = H(a™). By [?, Theorem 2.2], the
map t — Hy(t) is continuous on [a~, a"]. Furthermore, by Lemma ?7?,
H is concave on [a~,a™) and so, lower semi-continuous at a~. Hence,

H(a™) <liminf H(¢) = liminf Hy(t) = Hy(a™).
t—oa— t—a—
U
Proof of Theorem ?7. It follows by Lemma 7?7, Lemma 7?7 and Lemma
77?7 that
hiop({X™ < t}) = huop({x" < t}) = sup Hy(s) and

s<t

rap({X” < 1) = huap({X* < £}) = sup Ho(s)

for every t € (a,a™). For t > at and t < a~, the claim is straight-
forward. Finally, for t = o~ we have {x~ <t} = {x" <t} =0 and
since

=X <o }C{x a}c{x, <o’}

the claim follows by Lemma ?? and Lemma ??. Finally, the remaining
equalities follow by taking the potential —¢. Indeed, observe that

{XIy a7 (=0)} ={xy Za"(¢)} and {x_, <a™ (=)} = {xj = a" ()},
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and so
o =a" (@)} ={xp=0a"(-0)} C{x'y <a (-9)}
C Xy <a (-8} C {xTy, <a (-0}

By Lemma ?? H_, (o (—¢)) = H_s(a™(—¢)) = Hy(a™(¢)), which
completes the proof. O

Proof of Theorem ??. By Lemma ?7?, for a € R, we have E,(a) C
Ei(a). It follows that hip(Eg(a)) < hiop(Ej(a)).
On the other hand, by Lemma ?7? again, we have

B3(a) € {x; <a} and Bi(a) C {x} > a}.
Then by Theorem ?? we have

fivop (5 (@) < min{sup Hy(s), sup Hy(s)} = Hy().

where the last equality follows by the concavity and unique maximum
of the function H,, which completes the proof. O

4. PACKING SPECTRUM WITH UNBOUNDED ASYMPTOTIC RATIO

Before we prove Theorem 77, we need the following technical lemma,
which is a direct consequence of Lemma 77

Lemma 4.1. Let ¢: Yo — R be a continuous potential and let o €
L(¢). Suppose that the sequence {s,} has unbounded asymptotic ratio,
and let {ng}ren and {my}ren be sequences as in Lemma ??. Finally,
leti € Ej(a). Then for every j € Xa such that j, =i, for my, < €<
ngv1 — 1,k € N, we have j € Ej(a).

Proof. Let p, = max; jjirjl=n |#(i) — #(j)|. Notice that p, is decreasing
to 0 as n tends to oo.

Heuristically, the idea of the proof is easy: the union of intervals
U, [k, my| has positive upper frequency but has zero 'weighted’ fre-
quency. Thus, if we take some sequence (a), and then change the
values of some ay, ¢ € [ny, my] then the weighted Birkhoff average will
not change. Unfortunately, when a, = ¢(c“(j)) this does not immedi-
ately work: the potential ¢ might depend on not only the first symbol,
and thus modifying i on positions £ € [ny, m;] might also change ¢(o'i)
for other ¢’s. Fortunately, the potential ¢ is by assumption continuous,
thus it has uniformly decreasing variations, and hence the change of
¢(o'i) for my < € < nyyy is bounded by py,,,—s.

In particular,

Prga—e  ifmy <L <ngpy
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for some k. This bound on the effect of modification of i turns out
to be sufficient to prove that the weighted Birkhoff average does not
change.

Let ¢ > 0 be arbitrary but fixed and let N be such that py < €.
Let £ € N be such that ny, < n < nk+1 — 1. To prove the claim, we

show that the sequence Z,, := ‘ ) Dy sm(a 5) — 1 —o S@¢<O’ 1)‘

converges to zero. By (77),

p k-1 | i
0
In S S_ (sz - S_ Z SPpW-H —-p + 5 S Z Sf|¢ U 1 (
" op=1 =1 p=my l=ny,
= I 4+ 72 4 7O
Applying (?7) again, if n < my, — 1 then
S, — S Sy — S,
¥ < 2Ty < T BT
Sn Sy

and if my; < n then

n—1 n—1
Iff’) = —"5—"po + g Z SpPrip S g Lot S Z SpPri1—p

S’Vl n Smk n
p=my p=my
n—N-—1
S, — Sh, Ns
k ko 0p0+ 2 :

S, — Sy, N
< < s, < k ko S0P0

9
Sn Sn - Sm S

p=m

+e.

k k

ko

Hence, lim sup,,_, ¥ <e by Lemma ?77.
On the other hand,

e

-1

(SnlJrl_N - Smé) +

1

3

- poSQ(k' — 1)N <ex poSo(l{? — 1)N

712 <
no= S, =€ [

~
I

By Lemma ?7?, lim sup,,_,, 7% < e. Finally, applying Lemma ?7 again

k—1
p
IV < 5= (S, = Sn) = 0
Mh=1 =1

as n — 0o. Combining the above, limsup,, ,. Z, < 2¢, and since € > 0
was arbitrary, the claim of the lemma follows. O

Proof of Theorem ??. Since L(¢) is an interval, for every o ¢ L(¢)
either {x; < a} or {X;f > «} is an empty set. It follows by a straight-
forward adaptation of the proof of [?, Theorem 3.1].

Thus, by Lemma ??, E3(a) = 0 for o ¢ L(¢).

Let @ € L(¢) and let i € Ej(a) be arbitrary but fixed. By [?,
Theorem 1], it is enough to show that there exists a probability measure
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 such that u(ES(a)) =1 and

lim sup — log p([iln]) = htop(Xa) for p-almost every i.
n

n—oo

Let v be the shift invariant ergodic measure on ¥ for which h, =
hiop(Xa). We remind that there exists a positive integer r such that
the r-th power of the adjacency matrix A has strictly positive entries.
In other words, for any two admissible words i,j € ¥a . there exist a
word k of length r such that the word ikj is admissible. Furthermore,
k depends only on the last symbol of i and the first symbol of j. Let
us define a map k: A x A — X4, such that ik(ij;, jo)j is admissible in
arbitrary but fixed way. Let {ny}ren and {my}ren be sequences as in
Lemma ??. Let us define a subset of F' C X as follows

F={jesa:jrt =i jlret™" = K(in,—1, jn,4r) and

me—1
my—1

e i1 = K(Jmg—r»im,) for every £ € N}

By Lemma ??, F' C E}(). Let us define yu over cylinders [j] of length
my with [j] N F # () as follows:

mg r
V nngr

It is easy to see that p is a Well—deﬁned probability measure supported
on F' by

> i) = w(li) > v([i]) = n(fi])
jeZA,mk+1—nzk jEZA,mk+1—mk—2r
for every i € ¥a ,»,. On the other hand, for p-almost every j

—1
lim sup — log p1([j[]) > hmsup—Zlogu ([ilmseD)

n—00 k—oco TNk

—1
> lim sup — log v([j|

k—oo Mg
my — Ng — 2r

eng)

= h, li = hy, = htop(2a),
me el
where the first equality follows by the Shannon-McMillan-Breiman
Theorem and Lemma ?7, while the last equality follows by the choice

of the measure v. O
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