SCALING LIMITS OF SELF-CONFORMAL MEASURES
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ABSTRACT. We prove that every self-conformal measure on R and every self-similar
measure on R? is uniformly scaling and generate an ergodic fractal distribution, gener-
alizing previous results by eliminating the need for separation conditions. Additionally,
we establish applications to the prevalence of normal numbers in self-conformal sets,
resonance between self-conformal measures on the line, and projections of self-affine
measures on carpets.

RESUME. Nous prouvons que toute mesure auto-conforme sur R et toute mesure auto-
similaire sur R? sont uniformément échelonnées et engendre une distribution fractale
ergodique, généralisant les résultats antérieurs en éliminant le besoin de conditions
de séparation. De plus, nous établissons des applications a la prévalence des nombres
normaux dans les ensembles auto-conformes, & la résonance entre les mesures auto-
conformes sur la droite, et aux projections des mesures auto-affines sur les tapis.

1. INTRODUCTION

Analyzing an object through its small-scale structure via tangents is a classical approach
in analysis, with significant applications in geometric measure theory. For a Radon
measure 1 on R, a point z in its support spt 4, and a number ¢ > 0, the magnification
of 1 at = by 2! is the probability measure p,; on the unit ball B(0, 1), defined by

n(27tA + )
W(B(z,21))
for every Borel set A C B(0,1). Here and throughout the paper, B(x,r) denotes the
closed ball of radius r centered at x. The family (j,)i>0 is called the scenery of u

at x. The statistical properties of the scenery reveal the local geometry of u at . To
capture these statistics, we define the scenery flow of u at x as the one-parameter family

({t) 2, 1) T>0, Where

Mot (A) ==

1 T
ot =7 [ Gt (L.1)

and 0, denotes the Dirac measure at v. The accumulation points of (1.1) in the weak*-
topology are called tangent distributions of u at x. If there exists a measure P such
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that, for py-almost every z, P is the unique tangent distribution at x, we say that u is
uniformly scaling and generates P.

The concept of uniform scaling was introduced by Gavish [14], who proved that
self-similar measures on R satisfying the open set condition are uniformly scaling. A
Borel probability measure p on R is self-similar if there exists a similarity iterated
function system ® = (f;)ien, where A = {1,..., N}, consisting of contracting, affine, and
angle-preserving maps f;: R? — RY, and a probability vector (p;)ica such that

N
p=>_pi(fi)ust. (1.2)
=1

Gavish’s proof utilized Furstenberg’s CP-chains, while Hochman [15] provided a more
direct ergodic-theoretic proof in his comprehensive study of tangent distributions. Subse-
quently, Hochman and Shmerkin [17], employing techniques inspired by Gavish [14] and
extended by Hochman [15], showed that self-conformal measures on R satisfying the open
set condition are also uniformly scaling. A Borel probability measure u is self-conformal
if there exists a bounded, open, convex set U C R such that y satisfies (1.2) with maps
fi: U — U that are contractive, injective, and differentiable, with Holder continuous
derivatives z — D f;|,, where the differentials Df;|, are non-zero and the normalized
differentials || D f;|.||"*Dfi|. are orthogonal for all z € U. The system ® = (fi);ca is
called a conformal iterated function system. In [25], the third author demonstrated
that for a self-similar measure to be uniformly scaling, the weak separation condition is
sufficient.

Self-affine measures are Borel probability measures that satisfy (1.2) with affine maps
fi. Ferguson, Fraser, and Sahlsten [12] established that self-affine measures on Bedford-
McMullen carpets in R? are uniformly scaling. This result largely represents the current
understanding of the scenery flow for self-affine measures. While Kempton [20] showed
that self-affine measures with an irreducibility condition are not necessarily uniformly
scaling, the question for general reducible self-affine measures remains open.

In this work, we fully resolve the scaling properties of self-conformal measures in R¢,
eliminating the need for separation conditions assumed in [14,17,25], and establish their
uniform scaling property on R. Consequently, we derive applications to the prevalence of
normal numbers in self-conformal sets and the dimensions of convolutions of self-conformal
measures on the line, both active areas of research. Additionally, we prove that self-affine
measures on carpets satisfying the strong separation condition are uniformly scaling and
show that the dimension of their non-principal orthogonal projections is preserved.

To present the main results, we introduce the following notation. Let A be a finite set
with at least two elements, and let ® = (f;);ca be a conformal iterated function system
on R¢ with attractor K. A measure fi on AN is called quasi-Bernoulli if there exists a
constant C' > 1 such that

C (D3] < adli3]) < Calli)a(ds)) (1.3)

for all finite words i,j € A* formed from the elements of A, where [i] denotes the
collection of infinite words with prefix i. We assume, without loss of generality, that
is fully supported on AN, adjusting ® by removing maps if necessary. If C' = 1, then
[i is a Bernoulli measure with marginals (fi([i]))iea. Let II: AN — K be the canonical
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projection; see §2.1 for the definition. If i is quasi-Bernoulli, the pushforward measure
w =1L, on K is also called quasi-Bernoulli. Specifically, any measure satisfying (1.2) is
a Bernoulli measure, as it is the canonical projection of the Bernoulli measure on AN
with marginals (p;)iea.

Our first main result establishes that every self-conformal measure on R and every
self-similar measure on R¢ is uniformly scaling, independent of separation conditions.
For the definition of an ergodic fractal distribution, see §2.2.

Theorem 1.1. Let ® be a conformal iterated function system on R or a similarity
iterated function system on R® with attractor K, and let i be a quasi-Bernoulli measure
on K. Then p is uniformly scaling and generates an ergodic fractal distribution.

This follows from Theorem 1.2, which establishes the result under a more general
assumption on the generated orthogonal group. For each j € A*, we define

Os(3) = {lIIDfsilel 71D fjile : i € A* and = € K},

where the closure is taken in the operator norm. Similarly, we define Og as above, but
without reference to j.

Theorem 1.2. Let ® be a conformal iterated function system on RY with attractor K,
and let p be a quasi-Bernoulli measure on K. If Id € Og(j) for all j € A*, then u is
uniformly scaling and generates an ergodic fractal distribution.

The proof of Theorem 1.1 follows from a straightforward compactness argument in
the orthogonal group. The identity map Id belongs to Og(j) for all j € A*, for instance,
when d = 1 or when ® is a similarity iterated function system.

In higher dimensions, self-conformal measures are generally not uniformly scaling.
Fraser and Pollicott [13] provide a counterexample: the upper half of the unit circle’s
boundary in R? is a self-conformal set, and the normalized one-dimensional Lebesgue
measure p on this semicircle is a self-conformal measure. At any point x on the semicircle,
all tangent measures of p at x are supported on lines parallel to the tangent line at z.
Consequently, the collections of tangent measures at distinct points « and y are disjoint,
implying that p is not uniformly scaling.

In the general case, our main result is the following theorem.

Theorem 1.3. Let ® be a conformal iterated function system on RY with attractor
K, and let pu be a quasi-Bernoulli measure on K. There exists an ergodic fractal
distribution P such that, for p-almost every x, every tangent distribution Q) at x satisfies:
if Q@ = [ QudQ(w) is the ergodic decomposition of Q, then for Q-almost every w, there
exists an orthogonal matriz U, € Og such that Qu, = (U,)«P.

This follows from Theorem 1.4, which establishes the existence of a conformal map h
such that the pushforward measure h,u is uniformly scaling along a subsequence. The
class C11¢(U) of conformal maps in R? is defined in §2.

Theorem 1.4. Let ® be a conformal iterated function system on [—1,1]¢ with attractor K,
and let p be a quasi-Bernoulli measure on K. There exists an ergodic fractal distribution

P, a sequence (ni)ren, and a function h € C:F%([—1,1]?) such that

1o
lim (hyept) g, = lim / O(hept)e, dt = P
0

k—o0 k—o0 Ty
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in the weak*-topology for h.p-almost all x.

The proofs of Theorems 1.1-1.4 are presented in §3. These proofs are indirect, relying
on a result of Hochman [15, Theorem 1.7] stating that, for any Radon measure p, typical
tangent measures—weak*-accumulation points of the scenery (us ¢)i>0—are uniformly
scaling and generate fractal distributions. For a self-conformal measure p, these tangent
measures have a specific structure: Lemma 3.6 shows they take the form

(h*ﬂ)‘B(O,l) y
| GomBtoc @

where v is a measure on the space of conformal maps from R to R%. For a quasi-Bernoulli
measure [, its tangent measures are equivalent to measures of this form. Additionally,
Hochman [15] proves that many tangent measures have Hausdorff dimension at most that
of p. The proof is completed by Proposition 3.5, a key technical result, which establishes
that the sceneries of a measure of the form above, with dimension close to that of u, are
asymptotic to the sceneries of 1 at many points, enabling the transfer of regularity from
the local statistics of typical tangent measures to those of u.

We provide a detailed sketch of the proof of Theorem 1.1 for the case where y is
a homogeneous self-similar measure on R. Let pu = > ;-\ pi(fi)«pt be a homogeneous
self-similar measure on R, where homogeneity means that the maps f; have a common
scaling factor. Our goal is to show that there exists an ergodic fractal distribution P
such that, for p-almost every z,

1 T
Wor =7 [ Guuedt =P

To this end, it suffices to prove that for 4 x p-almost every (z,y), if ()1, ; — Pr and
(,u>z,TM — P, where P, and P, are fractal distributions, along some sequences (71 ;)ien
and (75 ;);en diverging to infinity, then P, = P,. By the self-similarity of ;, Lemma 3.6
shows that for P,-almost every measure v, there exists a Borel probability measure v/ on
R and a rescaling S,u of o such that

(V=SB
(v * S,p)(B(0,1))
where x denotes the classical convolution of measures. The same holds for P,.

For simplicity, assume P, and P, are ergodic fractal distributions. By the properties
of P, for P,-almost every v, the scenery flow of v at v-almost every z converges to P,.
Proposition 3.5, the key novel result of this work, establishes that for P,-almost every
v, for all sufficiently large T, and for v/-almost every z; and S,u-almost every zo, the
distributions

1T 1T
<V>Z’T_T/0 5yz’tdt and <S*M>22’T_T/O (5(5*u)22’tdt,

where z = z1 + 29, are arbitrarily close. This relies on v and p having the same Hausdorff
dimension. Since (v), r approximates P, it follows that for p-almost every za, ()., 7 is
close to P,. Similarly, for P,, we obtain that for p-almost every za, (1), 7 is close to P,.
Thus, for p-almost every zg, the distribution (u)., 7 is close to both P, and P,, implying
P, =P,
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We now discuss applications of Theorem 1.2. For a contracting continuously differen-
tiable map f: R — R, we define its asymptotic contraction ratio as A(f) = |D f|,|, where
p is the fixed point of f. For § > 1, the X8 map, defined by x — Sz mod 1, has a
unique absolutely continuous invariant probability measure, denoted by ug, as shown
in [22]. When § € N, this measure is the Lebesgue measure on [0, 1). A real number x is
B-normal if the sequence ("2 mod 1),¢cn equidistributes with respect to p5. Following
Hochman and Shmerkin [17], an iterated function system ® = (f;)iea is totally non-linear
if it is not conjugate to a linear iterated function system via a diffeomorphism; that is,
there exists no diffeomorphism g such that g® = (go f; 0 g !);ea consists solely of linear
maps.

By combining Theorem 1.2 with the methods of Hochman and Shmerkin [17], we
obtain a result on the prevalence of normal numbers in self-conformal sets, with the proof
provided in §4. A conformal iterated function system ® = (f;);ca on R is arithmetically
independent of a real number 8 > 1 if zero is an accumulation point of the set

{log A\(fi) + nlogf :i € A" and n € N},

where log denotes the base-2 logarithm throughout this paper. For instance, ® is
arithmetically independent of 3 if lolgog(gi) ¢ Q for some i € A. A Pisot number is a real
algebraic integer greater than 1 whose Galois conjugates all have absolute value less than

1. In particular, integers greater than 1 are Pisot numbers.

Theorem 1.5. Let ® be a conformal iterated function system on R with attractor K,
and let p be a non-atomic quasi-Bernoulli measure on K. For a Pisot number > 1, if
® is arithmetically independent of 3, then for any diffeomorphism g, g.u-almost every x
18 B-normal. Furthermore, if ® is totally non-linear and consists of real analytic maps,
this holds for every Pisot number g > 1.

Theorem 1.5 extends the result of Algom, Baker, and Shmerkin [1] to the self-conformal
setting. When p is a self-conformal measure, 8 is an integer, and ® exhibits sufficient
non-linearity, the conclusion of Theorem 1.5 can also be derived by combining Fourier
decay results for self-conformal measures from [2-4] with the Davenport-Erdés-LeVeque
criterion for pointwise normality. However, these Fourier decay results rely on p being
the projection of a Bernoulli measure on AN and do not appear applicable to S-normal
numbers for non-integer f.

By combining Theorem 1.2 with a version of the local entropy averages from Hochman
and Shmerkin [16], as extended in [15], we obtain a result on the resonance between
quasi-Bernoulli measures on self-conformal sets. Two exact-dimensional probability
measures i and v on R are said to resonate if

dim(p * v) < min{1,dim p + dim v };

otherwise, they are said to dissonate. Two conformal iterated function systems ¥ = (f;);er
and ® = (g;)jer on R are independent if zero is an accumulation point of the set

{log A(fi) —logA(g;) :i €' and j € A"}

For example, ¥ and ® are independent if % ¢ Q for some (i,7) € T' x A.
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Theorem 1.6. Let ¥ and ® be conformal iterated function systems on R with attractors
Ky and Kg, respectively. If W and ® are independent, then for any quasi-Bernoulli
measures 4 on Ky and v on Kg,

dim(p * v) = min{1, dim p + dim v},
meaning that p and v dissonate.

The proof of Theorem 1.6 is deferred to §5. The study of resonance between dynamically
defined sets and measures has a rich history, originating with Furstenberg’s conjecture
in the 1960s on sums of x2- and x3-invariant sets. Broadly, resonance is expected only
when the sets or their defining dynamics are arithmetically similar. Theorem 1.6 aligns
with analogous results for various dynamically defined sets and measures, as explored
in [10,16,21,24]. Recently, Bruce and Jin [9] established a version of Theorem 1.6 for a
broad class of dynamically defined measures on homogeneous self-similar sets, including
canonical projections of ergodic measures. However, Theorem 1.6 does not readily extend
to ergodic measures, and the results of [9] do not appear to apply to measures on self-
conformal sets. Previously, Theorem 1.6 was known for self-conformal measures only
under the strong separation condition, as shown in [15, Theorem 1.39]. Whether an
analogue of Theorem 1.6 holds in higher dimensions remains an open question, though
recent work by the third author [26] confirms this for a class of planar self-affine measures.

Consider a diagonal iterated function system ® = (fi)ica on R?, where each map
fi: R? = R?, given by f;(x) = A;x + a;, is affine with

_(pi O
Al_(O )\i>'

We call ® prozimal if p; # \; for at least one i € A. The following projection theorem
extends the result of Ferguson, Fraser, and Sahlsten [12] to measures without grid
structure, i.e., without assumptions on the translation vectors a;. We say ® satisfies
the rectangular strong separation condition if f;([—1,1]%) N f;([~1,1]%) = 0 for all i # j.
Additionally, ® has independent eigenvalues if zero is an accumulation point of the set

{log As —logp; :i,j € A"}
For example, ® has independent eigenvalues if % ¢ Q for some i € A.

Theorem 1.7. Let ® be a prozimal, diagonal iterated function system on R? with
attractor K, satisfying the rectangular strong separation condition. If ® has independent
etgenvalues, then for any self-affine measure p on K,

dim 7, = min{1, dim p}
for all non-principal orthogonal projections .

The paper is organized as follows. In §2, we introduce notation and preliminaries. The
proofs of Theorems 1.1-1.4 are presented in §3. Theorems 1.5 and 1.6, concerning normal
numbers and resonance, are proven in §4 and §5, respectively. In §6, we establish that
self-affine measures on attractors of diagonal iterated function systems are uniformly
scaling, concluding the proof of Theorem 1.7.
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2. PRELIMINARIES

Let U C R be a bounded, open, convex set, and let o > 0. Since U is bounded, the
space C1(U) of continuously differentiable maps f: U — R?, equipped with the C'-norm

[fller = sup | f(z)[ + sup [ Dfla|]
zeU xzeU

is a Banach space. Define the space

CHrU) = {f € C(U) : [Dfla < o0},

where IDfle — Dl
Dfl, —D

D = su Y
[ f]a z;ﬁ%? ’37—— y’a

is the a-Hélder seminorm, to be the vector space of all continuously differentiable maps
f: U — R? for which z + Df|, is a-Hélder continuous on U. The a-Hdlder seminorm
vanishes for affine functions, so it is not a norm. Define the space

clrow) = {f e C1(U) : f is injective, f(U) C U,

conf

Dfla
and € 0(d) for all x € U},
1D flell
where O(d) denotes the orthogonal group in R%. Elements of C1%(U) are called conformal

maps. For d = 1, these are simply C'T® functions. For d = 2, conformal maps are complex
analytic, and for d > 3, by Liouville’s theorem (see, e.g., [27, Theorem 4.1]), they are
Mobius transformations. A conformal map f is contractive if sup,cy; || D flz|| < 1. For
M > 0, define the space

le\/-[i-a(U) ={f eCH—a(U) . [Df]a < M and Mt |Dflz]| < M for all z € U}.

conf

By uniform continuity, maps in C}\ZQ(U ) extend to the closure of U. Therefore, by

the Arzela-Ascoli theorem, C]l\jo‘(U ) is a compact metric space under the C'-norm. We
endow Cg;;‘l?‘(U ) = U= C3f“(U) with the Borel o-algebra B(Ci;l?(U )), generated by
the topology induced by the union of the topologies on C]l\fa(U ) under the C'-norm.
Let X be a metric space, and denote by P(X) the set of all Borel probability measures
on X. Unless otherwise stated, all measures in this paper are Borel probability measures.

The weak*-topology on P(R?) is the coarsest topology such that the evaluation functionals
pos [5G dule)
R4

are continuous for every bounded continuous function f: R¢ — R. The Borel o-algebra
B(P(R%)) on P(RY) is the o-algebra generated by the open sets in the weak*-topology.
For p,v € P(X), the Lévy-Prokhorov metric is defined as

dpp(p,v) =inf{e > 0: p(A) < v(A®) + ¢ for all Borel sets A},

where A€ is the e-neighborhood of A in X. The definition of drp is symmetric, as for
any Borel set A, we have (X \ A°)¢ C X \ A and hence,

v(A) =1-v(X\A) ST-v(X\A)7) <1— (X \A%) —¢) = pu(A%) +¢
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ensuring dpp is a metric. If X is separable, convergence in Lévy-Prokhorov metric is
equivalent to the weak*-convergence and also the space (P(X),drp) is separable; for
example, see [8, Theorem 6.8]. For a measure p and a measurable function f, the
pushforward measure is defined as f.u = po f~1. Let D, (R?) denote the partition of R?
into dyadic cubes of side length 27", homothetic to [0,1)%, with vertex at the origin. For
r € R, let Dy, (x) € Dy(R?) be the cube containing x. For a Radon measure y on R?
and x € spt u, the dyadic magnification of p at x is the Borel probability measure

1
MD"(I) = m(fpn(x))*(ﬂ\pn(x)% (2.1)

where fi|p, (z) is the restriction of u to Dy(z), and fp, () is the unique homothety
mapping D, (z) to [0,1)%. If 4 is a Radon measure on R? and A C R? is a Borel set with
0 < u(A) < 0o, then the measure p conditioned to A is the Borel probability measure
pa = p(A) " ula. We will use the convention that if ju(D,(z)) = 0 then xP»(®) is the
zero measure. For Radon measures p and v and C' > 1, we write u ~¢ v to indicate
that 4 and v are mutually absolutely continuous and C~1 < % < C, where 3—’; is the
Radon-Nikodym derivative.

2.1. Symbolic space. Let A be a finite set with #A > 2. Define A* = (J, .y A" as the
set of finite words, and for i € A*, let |i| denote the unique integer such that i € Al%l.
For a finite word i = iy ---i, € A", let i~ =4y ---4,_1 € A" L. For an infinite word
j €AY and k € N, let j|, € A* denote the projection onto the first k& coordinates. The
left shift o: AN — AN is defined by 0j = jajz--- for j = jija---. Equip AN with the
topology generated by the cylinder sets defined as

i) ={j €A j5 =1}

for all i € A*. For an iterated function system ® = (f;);ep with attractor K, the
canonical projection T1: AN — K is defined as

(i) = lim fi, o---o f;,(0)

for all i = iyigig--- € AN. Note that IT is a continuous surjection. For i =iy -- -4, € A*,
we write f; = f;; o---o f;, and if p; € R for all i € A, we define p; = p;, - - - p;,,-

n

2.2. Tangent distributions. We recall the theory of tangent distributions from [15],
with extensions from [19]. Let (S;);>0 be the semi-flow on {z € P(R?) : 0 € spt u}
defined by
St = Ho,t-

For p1 € P(R?) and x € sptpu, the scenery of pu at x is the orbit of (7}).u under
(St)t=0, given by g = Si(Ty)«p for all ¢ > 0, where Tj: R? — R% is the translation
y +— y — z. For a measurable map f: B(0,1) — B(0,1) and a Borel probability measure
P € P(P(B(0,1))), the pushforward distribution f,,P € P(P(R%)) is given by

(fuxP)(A) = P({p € P(R?) : fup € A})

for all Borel sets A C P(R%). We also denote by (S);>0 the semi-flow on P({u € P(R?) :
0 € spt u}) defined by S;P = (S;)wP for P € P({p € P(RY) : 0 € spt u}).
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Let P € P(P(B(0,1))) be a Borel probability measure. We say P is a fractal distribution
if it is invariant under the semi-flow (S;);>0 and, for any A C P(B(0,1)) with P(A) =1,
the scenery i, ¢+ € A for p-almost every z € B(0,1) and every ¢ > 0 such that B(z,27") C
B(0,1), for P-almost every p € A. Although the semi-flow (S;);>¢ is not continuous and
the fractal distribution property is not closed, the family of fractal distributions is closed
in the weak*-topology; see [19, Theorem 1.1].

Theorem 2.1. The family of fractal distributions is closed in the weak”-topology.

We say P is an ergodic fractal distribution if it is a fractal distribution and ergodic
under the semi-flow (S;);>0. Let FD denote the family of all fractal distributions. The
set of ergodic fractal distributions is dense in FD with respect to the weak*-topology;
see [19, Theorem 1.2].

Recall that tangent distributions of p at = are the accumulation points of the scenery
flow ((1)e,7)7>0 in the weak*-topology. We say p is uniformly scaling and generates
P € P(P(B(0,1))) if P is the unique tangent distribution of u for y-almost every = € spt p.
By [15, Theorems 1.3 and 1.6], typical measures drawn from fractal distributions are much
more structured than arbitrary measures. The ergodic decomposition of the dynamical
system (P(B(0,1)), P, (St)1>0) yields a measurable map w — F,, from P(B(0,1)) to
P(P(B(0,1))), defined with respect to the o-algebra Z of (S;);>o-invariant sets, such
that P = [ P,dP(w) and, for P-almost every w, P,, is an invariant, ergodic measure
under (S;)¢>0, supported on the atom of 7 containing w.

Theorem 2.2. Let P be a fractal distribution. Then P-almost every v is uniformly
scaling and generates the ergodic component of P into which it belongs. In particular,
almost all ergodic components of a fractal distribution are fractal distributions.

In fact, every fractal distribution is generated by some uniformly scaling measure;
see [19, Theorem 1.3]. Conversely, by [15, Theorem 1.7], the tangent distributions of any
Radon measure exhibit the structure of a fractal distribution.

In [15], Hochman introduces two types of fractal distributions: restricted and extended.
Our definition of a fractal distribution corresponds to Hochman’s restricted fractal
distribution. While most results in [15], including Theorem 2.2, are stated for extended
fractal distributions, they also hold for restricted fractal distributions, as verified by [15,
Lemma 3.1].

Theorem 2.3. Let p be a Radon measure. Then for u-almost every x, every tangent
distribution of u at x is a fractal distribution.

In particular, tangent distributions are invariant under the semi-flow (S;);>0. The
following theorem is due to Hochman [15, Proposition 1.9].

Proposition 2.4. Let pu be a Radon measure on RY, x € RY, and suppose that
lim; o0 (1) e, , = P in the weak®-topology for some fractal distribution P. Then, for
any diffeomorphism f: RY — R¢ and all sufficiently large to > 0,

i the weak*-topology.
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We also recall an application of the Besicovitch density theorem, as detailed in the
proof of [15, Proposition 3.8].

Proposition 2.5. Let . and v be non-trivial Radon measures on R® such that p < v.
Then, for p-almost every x € RY,

lim dpp(pet, Ver) = 0.
t—o00

2.3. Pointwise dimensions. For a Radon measure y on R%, the upper and lower
pointwise dimensions at x € R? are defined as

_ 1 B
r—0 10g r

log u(B(x,r
it 1 ) = i 20
respectively. These pointwise dimensions naturally induce various dimensions for a
measure, such as the lower Hausdorff dimension, given by dimy; o = essinf,,, dimy . (u, x).
If there exists a constant s € R such that dimjo.(p, z) = dimy,.(u, ) = s for p-almost
every x € R?%, we say p is exact-dimensional and write dim p = s. For instance, quasi-
Bernoulli measures on self-conformal sets are exact-dimensional; see [11, Theorem 2.8].
Let u € P(RY) be a probability measure and A be a finite partition of R? into Borel sets.
The Shannon entropy of p with respect to A is

H(p, A) = =Y u(A)log u(A),
AcA

where log denotes the base-2 logarithm throughout this paper, and we adopt the con-
vention that 0log0 = 0. If p is exact-dimensional, then, by Young’s theorem (see,
e.g., [7, Theorem 2.6.4 and Proposition 2.6.11]), we have

.1 .
nlggo ﬁH(u,Dn) = dim p. (2.2)
By [15, Lemma 1.18], for a fractal distribution P, P-almost every measure v is exact-
dimensional. The dimension of a fractal distribution P is defined as

dim P = /dimudP(V),

which, by [15, Lemma 1.18], equals [logv(B(0,r))/logrdP(v) for all 0 < r < 1.
Although measure dimensions are typically discontinuous, the map P + dim P on FD is
continuous; see [18, Lemma 3.20].

Lemma 2.6. The function P — dim P defined on fractal distributions is continuous
with respect to the weak™-topology.

Moreover, Hochman [15, Proposition 1.19] (see also the remark following [18, Theorem
3.21]) demonstrated that tangent distributions fully capture the dimensional information
of measures.
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Proposition 2.7. Let i be a Radon measure on R%. Then, for p-almost every x € R,
dimiee(p, ©) = sup{dim P : P € FD is a tangent distribution of ju at x},
dim, . (p, x) = inf{dim P : P € FD is a tangent distribution of u at x},

In particular, if p is uniformly scaling and generates P € FD, then u is exact-dimensional

with dim p = dim P.

We also recall the following result from [15, Lemma 6.7], relating the lower pointwise
dimension to the entropy of dyadic partitions. The dyadic magnification P+ ¢ P(R?)
of a Radon measure p is defined in (2.1).

Lemma 2.8. Let p be a Radon measure on R%. Then, for u-almost every x € R,

di7Inloc(:u'7 ) = hnnig.}f ; kzl H Dy(x) Dl)

Additionally, we recall a result stating that fractal distributions with positive dimension
assign zero mass to measures charging boundaries of balls; see [18, Theorem 3.22].

Theorem 2.9. Let P be a fractal distribution with dim P > 0. Then, for P-almost every
v, we have v(OB) = 0 for all balls B C R,

3. SELF-CONFORMAL MEASURES ARE UNIFORMLY SCALING

In this section, we prove Theorems 1.2-1.4. For a finite index set Z, let (p;)iez
and (¢;);ez be probability vectors such that ¢; = 0 implies p; = 0 for all i € Z. The
Kullback-Leibler divergence between (p;)icr and (¢;)iez is defined as

DKL((I% ” QZ z szl()g*'
i€l pi

Lemma 3.1 (Gibbs’ inequality). Let Z be a finite index set, and let (p;)icz and (qi)iez
probability vectors such that q; = 0 implies p; =0 for allt € Z. Then

(1) Dxr((pi)iez || (4:)iez) =0,
(2) Dxi((pi)iez || (gi)iez) < € implies Y ;7 |pi — qi| < /2e#TL for all e > 0.

Proof. Tt is well known that —log(1 —z) > x + W for all z < 1. Hence,

i—qi \ 2
DKL((pl)ZGI || ql @GI sz pi — i (p;Tq)
Di Zmax{l,l — %}

€T

(Pi — @) 1
=S g S - )

2 max{pz, qz} 2 P

from which the first claim follows 1mmed1ately, and the second claim follows by the
Cauchy-Schwarz inequality. O

The L'-distance between probability vectors (p;)iez and (gi)iez is defined as

diStl((pz)zely QZ ZEI Z ’pz - QZ
i€
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For any p,v € P([0,1]¢), the following implication holds for all £ € N:

dist1((u(1))1ep,, (V(D))ren,) <270 = dip(p,v) < Vd2™ (3.1)
Additionally, the L!-distance satisfies
disty ((1(1))1ep,, (v(I))1eD,)

/—1
< z_:o/dist1((upm(x)(f))lei)l,(Z/Dm(a:)(]))lepl)du(x)’ (3.2)

where the dyadic magnification uP=(*)(I) is defined in (2.1). To see this, observe that

diStl((M(I))IEDg> ( IEDe Z |H

1€D,
() v(l
>z {, =)
JEDy_4 IEDK
un ) )
<J;Z 20 = 2 ) 125

= /distl((,uDé1(‘”)(1))16D17(VDZ1(1)(—7))16271)(1#(50)

+disty ((u(1)) 1D,y (W) 16D, )5
where we adopt the convention that if u(J) = 0 (or v(J) = 0) for J € Dy_4, then
w(I)/u(J) =0 (or v(I)/v(J) = 0) for all I € Dy with I C J. The proof of (3.2) is
completed by induction on £. We next state two technical lemmas.

Lemma 3.2. Let 1) be a Radon measure on R? with dimyn > 0. Then, for every e > 0,
there is p > 0 such that for n-almost every x,
N-1

1
lim sup — Z sup 7z x(B(0,7 + p) \ B(0,7 — p)) < e. (3.3)
N—oo k=0 p<r<l

Proof. We proceed by contradiction. Suppose there exists € > 0 such that for every p > 0,
there is a set A, C R? with n(A,) > 0 such that, for each x € A, the assertion (3.3)
fails. Thus, for each z € A,, there exists a sequence (Nf(z))gen in N satisfying

NE(z)—1
liminf ——— sup 7. (B(0,r + B(0,r — > €. 3.4

By Theorem 2.3, for n-almost every x € A,, any accumulation point of the sequence

< 1 /N;f(r) 54 )
_— wp At
N,f(x) 0 o keN

is a fractal distribution. Let P, denote such an accumulation point. Since dimy 7 > 0,
Proposition 2.7 ensures that dim P, > dimy n > 0.
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Define

o = #{j €{0,...,Nf(z) =1} : sup 1,;(B(0,r+p)\ B(O,r —p)) > 2}.
psr<l

and o = liminfy_,o ax/Nf(z). By (3.4), the reverse Markov inequality yields o >
(c—e/2)/(1—2/2) > /2. For any k > 0, if supyyc1 7ok (B0, 7+ p) \ B0, 7~ p)) > £/2.

then the distribution f R Oy, . dt is supported on the set

E,= {u € P(B(0,1)) : u(B(0,r 4+ p) \ B(0,r —p)) > % for some g <r< 1}.

Thus, by the definition of P,, the fractal distribution P, assigns mass at least o > ¢/2
to E,. Let P be an accumulation point of (P,),~0 as p — 0. By Theorem 2.1, P is a
fractal distribution. We claim that P assigns mass at least /2 to the set

™

Ey = {ueP(B(O,l)) n(0B(0,7)) > 25 for some 0 < rél}.

To verify this, consider the sets

™

EI(D):{MEP(B(O,l)):,u({x:r—pgHx||<r—i—p})2forsomeOgrgl}.

[\

Since £, C Eg, and ES is closed and decreases to Ey as p — 0, it follows that P(Eg) >e/2
for each p > 0. Consequently, P(Ey) > ¢/2. Since dim P, > dimyn > 0 for every
o > 0, Lemma 2.6 implies that dim P > 0. However, this contradicts Theorem 2.9, as
P(Ey) 2 ¢/2 > 0. O

Lemma 3.3. For any r,7 > 0 and for all /6 > ¢ > p > 0 the following holds: If n and
A are Borel probability measures on [—1,1] and B = B(z,r) is a closed ball such that
drp(n, A) < p,
n(B(z,r +p)) <n(B(z,r —p)) +¢,
min{n(B), A(B)} > T,

then 6
£
dip(nB, AB) < s

Proof. For any measurable set A, the assumptions on n and A\ imply
Ag(A) = A(B)'A\(Bn A)

(n(B(x,r— p) — p) " (n(B” N A°) + p)

(n(B) —2¢)"'n(B N A?) + 2¢(n(B) — 2¢) ™"

e B) (BN A% +

<
<

N

6e 6
< np(A°) +— < np(A%/) + —

which verifies the claim. O
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For v € P(C'**(R%)) and pu € P([~1,1]%), the generalized convolution is defined as

u-u:/h*udu(h).

We observe that this definition naturally extends classical convolution. Indeed, when v
concentrates on translations, that is, when v = [ 7., d/(y) for some i/ € P(RY), we
recover the classical convolution v - u = p’ * p of probability measures.

The map A: C2rY([-1,1]%) x P([-1,1]%) — P(R?) defined by A(h,p) = hyp is

conf

measurable with respect to the product o-algebra B(C.%([-1,1]%)) ® B(P([-1,1]%))
and the Borel o-algebra B(P(RY)). The measurability follows from the continuity of
the push-forward operation. For any h, — h in C.1%([~1,1]%) and g, — p in the
weak*-topology in P([—1,1]¢), we have (hy)«pn — hsft in the weak*-topology in P(R%).
This follows from the uniform convergence h,, — h on compact sets and the bounded
convergence theorem.

This makes the generalized convolution v - i a well-defined probability measure on R
Moreover, for v-almost every h € Ccl(;?([—l, 1]%) and h.p-almost every y € R we have
y € spt(v- ), ensuring that the magnification (v- ), s is well-defined. The Cclotﬁf—topology
provides sufficient regularity for the conformal maps while preserving the measurability
properties required for integration. The Holder condition with exponent @ > 0 ensures
compactness properties on bounded sets, which are essential for convergence arguments;
see the proof of Lemma 3.6.

The proofs of Theorems 1.1-1.4 rely on a key result established in Proposition 3.5. We
begin by presenting and proving its dyadic version below. Notably, these results do not

require assumptions on the entropy or dimension of the measure v.

Proposition 3.4. Let v € P(C1T%([—1,1]%) and p € P([-1,1]%). For any e > 0 there

conf

erist N € N and 6 > 0 such that the following holds for all n > N: If for some € > 0,
(1) for v-almost every h € C'T(RY), the measure h.yu satisfies

n—1
hm({yﬁ er: L > H((hep)PH®) Dy) > 5}) >1-9,
n
k=1

(2) the Shannon entropy of the generalized convolution satisfies
H(v - 1, Da) < (€ +9),
then

n—1
// % Z drp((v- M)Dk(y), (h*M)Dk(y)) d(hep)(y) dv(h) < e. (3.5)
k=0

Proof. By standard properties of Shannon entropy, for any 7 € P(R%), the entropy with
respect to the partition D,, can be expressed as

n—1
Ho.D)=-3 Y % (i) los M) (3.5

I
k=0 I;,€Dg Tk+1€Dr11 77( k)
Tgp1Clg
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Applying (3.6) to the generalized convolution v - u, we obtain

n—1
Hy-pDa)==>_ > Y. /<h*u(1‘k+1)log VM(IM)) dv(h)

v u(d
k=0 I3 €Dy Tk+1€P41 p(lr)

B (3 e
n—1
-3/ (Ie%m*u)w (1) 1og(v 1)) ) ) ()
= - / / kZO(IZD (hep2) P (1) log (v - 1) P+() <I>) A(h-p1) () dv(h).
To simplify notation, Writ; 1
pio(@) = ((haupt) (1)) e,
gre(x) = ((v - )P (D)) re,,

in which case

H(ply(z)) = = Y (hep)P (1) log () PH (D),

1€Dy
v ) Pr(@)
Proh o) ka0 == 32 100 g ST

The above quantities are defined for v-almost every h and h,p-almost every x, but they

are not necessarily measurable with respect to the product o-algebra B(C:F%([-1,1])) ®

B(P(]—1,1]%)). Nevertheless, the Shannon entropy of the generalized convolution v - u
can be expressed as

n—1
Do) = [ [ 3 k@) dthos) &) dvih)
h=0 (3.7)

n—1
+ / / I;ODKL@ZJ(@ | qr1 () d(ap) () dur(h).

By Gibbs’ inequality Lemma 3.1(1), we have

Dxr(pf 1 (2) | e (x)) = 0.

From assumption (1), it follows that

n—1
/ S”H @) (@) d(ho) (@) > ne(1 - 6). (3.8)
k=0
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Thus, combining (3.7) and (3.8) with assumption (2), we derive

n—1
] X Deavha@) gt (0)) g @) ()
k=0
(3.9)
(v-u,D //ZH «t)(x) dr(h)

n(€+0) —n&(1 —6) < on(l +€).

To simplify notation, define the expectation

1 n—1
_ / / ",;o - d(hp) (@) du(h).

The expected value can be decomposed as

E(dist1 (p 1 (), ar,1(2)))
= E(dist1 (p}1 (2), au,1 () L{ Dk (0} 1 () || a1 (2)) > 6*°})
+ E(dista (p 1 (2), gi,1 (2)) L{ D (9l 1 () | g1 () < 8%7}),

)

where 1A denotes the indicator function of a set A C R?%. Using Gibbs’ inequality
(Lemma 3.1(2)) and the fact that dist; is bounded by 2 for probability vectors, we obtain

E(dist1 (pfe1 (%), ar1 () < 2E(L{ Dxcr.(pf 1 () | gre1 (2)) > 6*/°}) + 61/%27V/2,

Applying Markov’s inequality, this becomes

h
E(dist (o, (@), qua (2)) < QE(DKL(Png(/? | ax,1(2))) L+ 51394 /5,

Finally, by (3.9), we have

26(1
E(dist1 (pf 1 (), qr1(x))) < (522;5) +8'/%20V/2 (3.10)

=6'3(2(1 4 &) +29v2) = €53,

where C' = 2(1 + &) + 2%/2. Using (3.2) and the identity d(h.u)P® (y) d(hep)(z) =
d(hsp)(y), we obtain

J [ st o). a0 a0 av e

-1
disty (PR yn,1(2)s Getm,1 (%)) d(Raep) () dr(R)
7;_:0// 1 Pk+ 1 dk+m,1 K
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for all £ € N. Thus, for all sufficiently large n > ¢, (3.10) implies

n—1
disty ( h’ (@), qre(x)) d(hsp)(z) dv(h)
kzo// 1\ Pk ¢ qk.e 12

n+l—1
</ Z // distl(pzvl(x),qkyl(a:))d(h*,u)(x) dv(h) < 20né/3.
k=0

Choose ¢ € N such that 2=+ < §1/6 < 2=¢, Combining the above inequality with (3.1)
and Markov’s inequality yields

E(dyp ((hep) o), (1 - ) P40
= B (s, (v - ) PO L {dlista (o (), gi()) > 2743)
B (et PO), (- )P ) {dista (9l (), () < 27)
< QE]E(distl(pZ’g(x), Qee(2))) + Vd2~8 < 21003 4 Va2t

< —%(51/6 log § + 2V/ds§/6.

In particular, for any € > 0 there exists § > 0 such that

n—1
] % X due (P, )P ) 0) () <
k=0

as required. O

We next transform the previous proposition into a result on ball magnifications, as
needed to analyze the tangent measures of a quasi-Bernoulli measure.

Proposition 3.5. Letv € P(C1T¥([~1,1]%)) and u € P([—1,1]%) be such that dimy v-p >

conf

0. For any € > 0 there exist N € N and > 0 such that the following holds for alln > N:
If for some £ > 0,
(1) for v-almost every h € C'T(R?), the measure h.u satisfies

n—1
1
h*u<{x e R?: - > H((hap)PH®), Dy) > g}) >1-4,

k=1
(2) the Shannon entropy of the generalized convolution satisfies
then

// % /1” dip((V - () y,t, (hapt)y,) dt d(haep)(y) dv(h) < e. (3.11)

Proof. Building on Proposition 3.4, we aim to transition from dyadic magnifications to
ball magnifications. Specifically, we prove that (3.5) implies (3.11). Fix 6 > 0 and m € N.
By translating the dyadic grid randomly with respect to the Lebesgue measure, we may
assume that v - y-almost every y equidistributes under the map

F:R? > R4, F(xi,...,2q) = (21 mod 1,...,2z4 mod 1).
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Note that this translation does not affect the assumptions or conclusions. Thus, for
v - p-almost every y, there exists a set N5 C N with liminf, e 14NN [0,n]) =21 -6
such that B(FFy,2-™+1) C [0,1]%, or equivalently,

B(y, 27" C Dy(y) (3.12)
for all k € N5. Observe that for any finite Borel measure n on R% and y € spt 7,
1= log n, 1 (B(0,27™)) 1 md . md o
——) = ( ) =<loan(y,2j)—loan(y,2 ’”))-
s m nm i i

The limsup,,_,,, of this quantity is bounded above by dimj,.(7,y). Applying this, for
v-almost every h and h,p-almost every y, there exist ¢ > 0 and a set Nj C N with
liminf, e 24N} N[0,n]) > 1 — § such that

G I )
n(B(y,27%))
for all k € N and n € {v -y, hyp}. In particular, for each k& € Ns NN, we have

1By, 2™
1(De(y))

<1

<1 (3.13)

for both n € {v - u, hop}.

Let ¢/ > 0. By the assumption dimy v - ¢ > 0 and Lemma 3.2, there exists p > 0 such
that for v-p-almost every y, there is a set MY C N with liminf, o L#(NY/N[0,n]) > 1-0
and

sup (v - )y k(B(0,7+ p) \ B0, — p)) < &’ (3.14)
p<r<l
for all k € Nj'. Replacing p by a smaller value if necessary and applying Lemma 3.3, we
conclude that for every y and k satisfying (3.12), (3.13), (3.14), and

dpp((v - )P (hup)PE®) < p,

we have

1 65,
/ drp((v- N)y,k+m—1+t7 (h*:u)y,k—‘rm—l—l—t) dt < e
0

for all 0 < ¢t < 1. By choosing &' sufficiently small, the left-hand side can be made
arbitrarily small, independently of €. Thus, for sufficiently small § > 0, the implication

1 n D > ) 1 n+m
> (WP (PO < P = [ e s () e <
k=1 m

holds for all large n. Since this implication is valid for v-almost every h and h,p-almost
every y, the claim (3.11) follows from (3.5). O

We utilize Proposition 3.5 to demonstrate that a quasi-Bernoulli measure p exhibits
the same tangential behavior as its tangent measures, that is, its weak*-accumulation
points of the scenery (f12.¢)¢>0. To that end, we prove in the following lemma that the
tangent measures of a quasi-Bernoulli measure p are equivalent to convex combinations
of conformal images of u.
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Lemma 3.6. Let ® be a conformal iterated function system on R% with attractor K,
and let v be a quasi-Bernoulli measure on K. For u-almost every x and every tangent
distribution P at x, for P-almost every n, there exists a measure v € P(CLH¢([—1,1]%))
such that 1 ~c (v - ) p(o,1), where C > 1 is the constant from (1.3).

Proof. Write ® = (f;)ica and let i be a quasi-Bernoulli measure on AN with II,i = pu.
For z € spt p and t > 0, define

Az, t) = {i € A* : diam(f;(K)) < 27" < diam(f;- (K))
and f;(K) N B(x,27") # 0}.

The bounded distortion property of ® (see e.g. [23, Lemma 2.1]) gives L > 1 such that
for all i € A*,

D filall
||Df1|y|!
for all z,y € U. Let g, be the affine map y — 2'(y — x). Clearly, there exists M > 1
depending only on ¢ such that g, o0 f; € le\j[a([—l, 1]9) for all 2 € sptyu, t > 0, and
i€ A=,t). Now, plp@a-t) = Xien) el |Bz2-1- Using the quasi-Bernoulli
property (1.3), we have IL.(filj3)) ~c f([1])(fi)«p, where C' > 1is from (1.3). Thus,

L1 < <L (3.15)

W B2t ~C Z D ((f1) ) | B2 1) (3.16)
i€A(z,t)
Define
v(z,t) = Cle,t)™" > i[i])dg, 0p € P(C1F*(RY)),
i€A(z,t)
where C(z,1) = 3 i epzp) M([1])- By (3.16), ot ~c (v(z,1) - 1) p(0,1)- Define
E ={neP(B(0,1) :n~c (v p)p, for some v € P(Cyf*([~1,1]%))},
E. ={neP(B(0,1)):v ( (0,1)) = r and

n~c (V- u)py) for some v € P(Cyf*([~1,1]%)}

for all » > 0. Note that p,; € F for all x € spt 4 and ¢t > 0. Our aim is to show that for
p-almost every x and any tangent distribution P at x, P(E) = 1.

We claim that the set E, is closed for all » > 0. Let (n,)nen be a sequence in E,
converging to n. By compactness of P(C}\ja([—l, 1]%)) in the weak*-topology, by possibly
passing to a subsequence, we find a sequence (v,), in P(C3f*([~1,1]%)) converging to
v such that n, ~c (vn - 1) po,1) and vy, - u(B(0,1)) = r. By Lemma 3.3 and continuity
of v+ v pu, we have (vy - )po,1) — (V- 1)B,1)- Thus, v - pu(B(0,1)) > r and
n~c (V- p1)Bo1), 0 1 € E, and E, is closed.

By (3.16), we have

x,27¢ x,27"
eI <y wpo < HERED @

By the definition of A(x,t) and bounded distortion (3.15), there exists kg € N depending
only on ® such that f;(K) C B(x,27t*0) for all x € sptpu, t > 0, and i € A(z,t), and
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consequently
C(x,t) < p(B(a,27H)). (3.18)
Assume kg > 2. For p-almost every x, we have
15, B 27)
lim sup — —1lo :
n—>oop n kZ:O & M(B(m'v 2_k+k0))
1 ko ko+2
= limsup — [ lo B(z,29)) — 1o B(y,27 "I
msup 1 (1og [ (0,2 ~ log [] n(B0.2"9))
j=0 j=0
< (ko + 3)d.

Thus, for p-almost every x and any & > 0, there exist 0 < r < —C~!log M and

I € N with liminf, e 2#(I5 N [0,n]) > 1 — & such that
p(B(x, 27" 1))
p(B(x, 27 o))

= Cr (3.19)

x —k .
for all k € I}. Indeed, let Js = {k € N : Afzﬁ_—,ﬂ%&)) < Cr}. If limsup,, o0 2#(J5 N
[0,n]) > 6, then

n—1

o p(B(z,2751)
| — —1
s 2 98, )

> 6e7 " > (ko + 3)d,

which is a contradiction.
Hence, for any k € I§ and ¢ € [k, k + 1],

(B2 Ly (B2 )
(1) - ) (B0, 1) > O == > O e S Sy,

L (B2

> 1 lu’( ) >

7 B ) 7

by (3.17), (3.18), and (3.19). Let I5 = Uk;el(g [k, k+1]. Then liminf, o 1LY (IsN[0,n]) =

liminf, e 2#(I; N[0,n]) > 1 — 6, where L' denotes the Lebesgue measure on R. For
p-almost every x and any tangent distribution P at x,

1 n
P(E) > P(E,) > limsup / Opp . (Er)dt
0

n—oo M

1
>liminf/ Oy, (Er)dt =21 -0
Isnomn]

n—oo N
as I, is closed and i, € E, for each t € I5. Letting 6 — 0 completes the proof. O

Remark 3.7. The measure v found in Lemma 3.6 satisfies the following properties:

(1) If ® = (f;)ien satisfies the open set condition or, more generally, the weak
separation condition, then v is a finite sum of weighted Dirac measures. In contrast,
without such separation conditions, v may be non-atomic. To understand why
this holds, recall that the weak separation condition ensures that the set A(x,t) is
finite with cardinality uniformly bounded across = and t. As a result, v(x,t) is a
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finite convex combination of Dirac measures dy, ,of,, with weights z([1])/C(z,1).
In the limit, as t — oo, v inherits this structure, becoming a finite sum of weighted
Dirac measures supported on maps of the form g,; o f;. Without separation
conditions, overlaps between f;(K) for different i may accumulate, leading to
unbounded cardinality of A(x,t) as t — oo. This can produce a continuous
distribution of maps g, o fi in the weak limit, resulting in a non-atomic measure
v.
(2) For v-almost every h € C3F*([—1,1]%) and every = € B(0,1), we have

IDR||~'Dh e {[IDf|-1Dfi : i € A7}, (3.20)

where the closure is taken in the topology induced by the supremum norm. To
see why this holds, recall from the paragraph following (3.15) that for any h in
the support of v, there exists a sequence (gy,, +, © fi, Jnen With y, € spt u, t, >0,
and i, € A* such that

Hh - gynytn © f‘ln”c1 — O

In particular this implies sup,c(_q 14 [|[Dhle — D(gynt, © fi,)lsll — 0. Since
M= < |[|D(gyn.t, © f1,)]| < M for every n € N, it follows that

Dh‘l‘ _ D(gyn,tnofln ’x
DLl 1D (Gyntn © fi)lell

Noting that D(gy,t, © fi.)ls = Dyt fi, @) Dfinle = 2'Dfi, |z, We obtain
(gynvtn fln)|73 Dfin|$

ID(Gyn b © Fi)lall 1D fi, l2 ]

for all = € spt p. This completes the proof of (3.20).

(3) If ® = (f;: R — RY, fi(x) = r;O;x + ai)ien is a similarity iterated function
system, then v is supported on maps of the form = — rOx + a, where r > 0 is
a scalar, O € (Oy,...,Oy) is an orthogonal matrix, and a € R? is a translation
vector. Here the closure of the group generated by the orthogonal matrices
{O;}ien is in the operator norm. To understand why this holds, note that,
as the maps f; are similarities with contraction coefficient r; and orthogonal
matrix O; € (O1,...,0), the composite g, o fi has derivative 2!7;0; with
M~1 < 2%r; < M. Therefore, the claim follows from (2).

sup
zre[—1,1]4

‘—>0

Theorems 2.2 and 2.3 imply that the tangent measures of a quasi-Bernoulli measure
1 exhibit more regular local statistics than p itself. Leveraging Lemma 3.6, which
characterizes these tangents as equivalent to convex combinations of conformal images
of pu, and Proposition 3.5, we can transfer this regularity to p. Specifically, combining
Theorems 2.2, 2.3, Lemma 3.6, and Proposition 2.5, there exists n € P(CLT¢(R?))
such that n - p is uniformly scaling and generates an ergodic fractal distribution. To
apply Proposition 3.5 and conclude that p is also uniformly scaling, we require that the
convolution with 1 does not increase the entropy of p. This is ensured by Proposition 2.7,
given the exact-dimensionality of u.

We are ready to prove Theorems 1.4, 1.3, 1.2, and 1.1.
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Proof of Theorem 1.4. Without loss of generality, we may assume that ® consists maps of
C1He([—1,1]9). Our objective is to establish the existence of a function h € CLF¢([-1,1]%)
such that h.«u, where p is the quasi-Bernoulli measure on K, is uniformly scaling along
a subsequence. We assume that the dimension of u satisfies dimy > 0; otherwise,
by [15, Corollary 6.6], p is uniformly scaling and generates the Dirac distribution Js, .
By Theorem 2.3, we restrict our attention to tangent distributions of y that are fractal
distributions. Let P be an ergodic component of a tangent distribution of u satisfying
the conclusion of Lemma 3.6. Applying Theorem 2.2 and Lemma 3.6 to P, we identify a
measure v € P(C11¥([~1,1]%)) such that (v - ) B(o,1y is uniformly scaling and generates
P. This yields a structured representation of the tangent distributions: each tangent
distribution is expressed as a convex combination of ergodic fractal distributions, with
their associated tangent measures being convex combinations of conformal images of u,
each generating the corresponding ergodic component. Consequently, by the dominated

convergence theorem, we obtain

1 n
li P, — =0. 21
50 ] oy (P[] B ) s =0 oz

By Proposition 2.7, the measure v can be chosen such that (v-p) B(0,1) is exact-dimensional.
Thus, by (2.2),
o1
Jim ﬁH((V' 1) B(0,1)s Pn) = dim pu.

1+«
conf

Moreover, by Lemma 2.8, for v-almost every h € C:1%([—1,1]%) and h,pu-almost every z,

we have

lim inf 1 Z H((hyep)P*®) Dy) = dim p.

Hence, the measures v and p satisfy the conditions of Proposition 3.5 with £ = dim y for
any € > 0. Applying this proposition, for any € > 0 and all sufficiently large n, we have

1 n
// dLP( / O i) (ay.c AT / Oty 1 dt> dp(z) dv(h) < e. (3.22)

Combining (3.21) and (3.22), applying the triangle inequality, and letting & — 0, we

obtain Lo
nlggo //—1(3(0 1) de <P, / (S(h*#)h@)’t dt) d,u,(:c) dl/(h) =0.

Consequently, there exists a 5equence (nk)ken such that

lim / O(hupt) iy At =

k—o0 N,

in the weak*-topology, for v-almost every h and p-almost every z € h=1(B(0,1)). Selecting
h such that h(B(0,1)) C B(0,1) completes the proof. O

The proof of Theorem 1.3 essentially continues where the proof of Theorem 1.4 left.

Proof of Theorem 1.3. The proof builds on the arguments from the proof of Theorem
1.4, aiming to show that any two ergodic components of tangent distributions of the
quasi-Bernoulli measure p are related by an orthogonal transformation, reinforcing the
uniform scaling property across different tangent measures. As before, we restrict our



SCALING LIMITS OF SELF-CONFORMAL MEASURES 23

attention to tangent distributions of u that are fractal distributions by Theorem 2.3, and
we assume that dim g > 0. Let P and P’ be ergodic components of tangent distributions
of i, both satisfying the conclusion of Lemma 3.6. Following the proof of Theorem 1.4,
we identify maps h,g € C*T%([~1,1]%) and a sequence (ny)gen such that

conf
lim / O(hup)yi A =P
*HIh(z),t ’
k—oo N (3.23)
/
Jim [ S 26 = P

in the weak*-topology for p-almost every x. Next, applying Proposition 2.4 to the
measures h,u and g.p with the inverse maps h~! and g~!, and combining with (3.23),
we find that, for p-almost every z and all sufficiently large to(x), t(z) > 0,

Sto(w) (DAl ) ssP —klirgow/ Opips At = Sy (1) (Dgl; ) uu P

Since S; commutes with orthogonal matrices and P and P’ are (S;);>o-invariant, this

implies
(MMI)P:<IMF> P
[Faziirad 1Dglz 1/ o

or, denoting by Py the fractal distribution (||[Dh|; || Dh|; )P

Dg|l71 \ 7! D
P = <g|ﬂ> Py = < la > P. (3.24)
1Dglz [/ 1Dglall / .

Consider a tangent distribution @ of the measure p and let Q@ = [ Q. dQ(w) denote its
ergodic decomposition, where @), are the ergodic components. Applying (3.24) with Q,,
in place of P’ and recalling Remark 3.7(2), we conclude that, for Q-almost every w, there
exists an orthogonal matrix U, € Og such that

Qw = (Uw)**PO

Since every ergodic component of a tangent distribution of u is an orthogonal transfor-
mation of Py, this completes the proof. O

The proof of Theorem 1.2 relies on the arguments presented above.

Proof of Theorem 1.2. We aim to show that all ergodic components of the tangent
distributions of the quasi-Bernoulli measure p are identical, implying that p has a
unique tangent distribution. Recall from the proof of Theorem 1.3 that if P and
P’ are ergodic components of the tangent distributions of u, there exist maps h,g €
ClH%([~1,1]%) and a sequence (ny)ren such that (3.23) holds, i.e., limy o0 (P ft) ()
P and limg o0 (gsft) g(z),n, = P’ in the weak*-topology for p-almost every z € K.
Fix ¢ > 0. The matrices || Dh|;|| "1 Dh|; and ||Dg|.|| ! Dgl, are orthogonal and, by

Remark 3.7(2), there exist ip,1i4, € A* such that

H Dhly  Dfs, s ’ H Dgl.  Dfs,ls
IDhl]|  [Dfs, 2] 1Dglzll 1D fi,lall

ME

(3.25)

‘ €
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for all z € K. Since Id € Og(j) for all j € A*, there exist i,i’ € A* and points zg, 2, € K
such that

flh Of1)|$0 H € H flg fi’)‘x’ H
—1df| < = O —Id|| < =. (3.26)
‘ 1D (f1y, © f1)laol 2 1D(fiy 0 fir)luy 2
Combining (3.25) and (3.26), and applying the triangle inequality, we see that
hofl)‘l‘o H H D(gofi’)|ar’ H
——=2 - _Td||<e and |[[—— 2 —Id||<e. (3.27)
H!D (ho fi)laoll 1D(g 0 fir)lay I

The quasi-Bernoulli property ensures that (f;).pu < p for all j € A*. Thus, (ho fi).u <
hep and (g o fir)ept < gspt. By (3.23) and Proposition 2.5, the measures (ho f;).u and
(g o fir)«it generate P and P’, respectively, along the sequence (ny)ren for p-almost all .
Applying Proposition 2.4 to the measures h, and g, with the inverse maps h~' and ¢,

and using (3.23) and the (S¢);>o-invariance of P and P/, we obtain

(D(ho fi)lz") o _ ((D(go fi)lzh) )

| P=lm (e, = -1 p

[D(ho fi)lz ||/ koo 1D(g o fu)la"|l
in the weak*-topology for u-almost every z. Since p is fully supported on K, we can select
x in a set of positive u-measure arbitrarily close to zg or z(. Taking the limits as z — xg
and x — z{, in this manner, the continuity of the derivatives and (3.27) imply that, as
e — 0, the linear transformations approach the identity. Thus, P = limg_co(tt)gn, = P,
proving that all ergodic components are equal. U

Finally, we show that conformal iterated function systems on R and similarity iterated
function systems on R? satisfy the conditions of Theorem 1.2.

Proof of Theorem 1.1. The case of a conformal iterated function system on R is straight-
forward, since ||D fjile|| ' Dfjile € {—1,1}. Thus, it suffices to show that for every
similarity iterated function system ® = (fi(x) = r;0;x + a;);ep on RY,

Id € O(I)(J) = {031 i€ A*}

for every j € A*. Let j, denote the n-fold concatenation of the finite word j. Since the
group of orthogonal matrices is compact in the operator norm, there exists a sequence
(nk)ken such that Ojnk = (O;)™ converges to some orthogonal matrix U. By passing to
a subsequence if necessary, we may assume that nyy; —ny — co. Hence,

10; I =10;0; — 1| =0

J"k+1 - Jnk JnkJrl ng—1

as k — oo, which completes the proof. O

4. NORMAL NUMBERS IN SELF-CONFORMAL SETS

In this section, we apply Theorem 1.1 to prove Theorem 1.5, following the approach
of Hochman and Shmerkin [17]. We first recall key definitions and results from [17]
concerning the spectral properties of generated distributions. As in [17, Theorem 1.4],
the proof of Theorem 1.5 combines [17, Theorem 1.1] with an analysis of the pure-point
spectrum of the generated distribution. Let P be a distribution invariant under the
semi-flow (S¢);>0. For z € R, define e(x) = €?™ € C. A number o > 0 is an eigenvalue of
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P if there exists a non-trivial measurable function ¢: P(R) — C, called an eigenfunction,
such that

©(Stu) = e(ta)p(u)

for all ¢ > 0 and P-almost every u. The set of all eigenvalues of P is its pure-point
spectrum. The following result, due to Hochman and Shmerkin [17, Theorems 1.1 and
1.2], is central to our proof.

Theorem 4.1. Let u be a Radon measure on R generating a non-trivial ergodic tangent
distribution P, and let B > 1 be a Pisot number. If the pure-point spectrum of P contains
no non-zero integer multiple of 1/log B, then p-almost every x is normal.

Given a Radon measure p and ty > 0, we say that u to-generates a distribution @ at a
point z if

We recall the following property of fractal distributions from [17, Lemma 4.9 and Propo-
sition 4.15].

Lemma 4.2. If P is a fractal distribution, then for any ty > 0, P-almost every n
to-generates an Sy, -ergodic distribution P, at n-almost every x. Furthermore, if ¢ is an
eigenfunction of P for some eigenvalue k/ty with k € 7, then there exists ¢ € C such that
©(C) = ¢ for n-almost every x and Py-almost all C.

With this foundation, we proceed to prove Theorem 1.5. The proof follows the strategy
of [17, Theorem 1.4], utilizing Proposition 3.5 to connect the sceneries of u to its tangent
measures.

Proof of Theorem 1.5. Let P be the tangent distribution generated by p-almost every
x, as guaranteed by Theorem 1.1. Since P is scaling invariant, by Proposition 2.4, for
any diffeomorphism g, P is also the tangent distribution generated by g.pu-almost every
z. Let > 1 be a Pisot number such that ® is arithmetically independent of 5. By
Theorem 4.1, it suffices to show that @ is not an eigenvalue of P for any integer k # 0.

Suppose, for contradiction, that ty = 102?,3 is an eigenvalue of P for some ko # 0, with

an associated eigenfunction ¢: P(R) — C. By Lemma 4.2, there exists a constant ¢ € C
such that, for P-almost every n and n-almost every z, n tp-generates an Sy -ergodic
distribution P, such that ¢(¢) = ¢ for P-almost every (. By Lemma 3.6, we can choose
n ~c (V- 1)po,) for some v € P(C1T2([~1,1])). Following the proof of Theorem 1.4,

conf
there exists h € C.1%([—1,1]) and a sequence (nj)xey such that
1 &
Jm D hesiniar ey = Pito)
k=1

for p-almost all z. In particular, along the sequence (ny)ren, h«pt to-generates almost
everywhere a distribution for which ¢ = ¢ almost surely. The measure h,u is quasi-
Bernoulli for the conjugated conformal iterated function system h® = {ho fioh™! : i € A},
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where A(h o f; o h™1) = A(f;). To simplify notation, we assume that p satisfies

k—oo N “—

1 &
lim — "6, ., =Ps
k=1

for p-almost all x, and that ¢ = ¢ holds P,-almost surely. This assumption entails no loss
of generality, as our goal is to derive a contradiction from the existence of a self-conformal
measure p with this property.

Since @ is arithmetically independent of 3, there exist n € N and i € A* such that
0 < |logA(fi) + nlogB| < %, or equivalently, 0 < |tglog A(fi) + kon| < 1. Thus,
tolog A(fi) is not an integer, so

e(—tolog A(f1)) # 1. (4.1)
Let xg be the fixed point of fi, and let U be a small interval centered at xg. Since
py < pand (fi)«py < p, Proposition 2.5 implies that both uy and (f;).«py to-generate
the distribution P, along the sequence (ng)gen for p-almost every z. By [17, Lemma

4.16], the distribution tp-generated by (fi).uv at fi(y) along the sequence (ng)gen is
(S, logfi’(y))Py' Thus,

- H(lU) / B / 2(C) dP,(C) A(f1)ops(y)

_ M(lU) /U / (S 108 11(0)¢) APy () duly).

Since ¢ is an eigenfunction for to, we have ¢(S_1og s1()¢) = e(—tolog fi(y))p(() =
e(—tolog fi(y))e. As diam(U) — 0, we have |f{(y)] = A(f1i), so the integral approaches

u(lU) /U / e(~to log f{(y))edP,(¢) du(y) — e(~tolog A(fi))e:

By (4.1), we see that ¢ = e(—tplog A(fi))c is a contradiction unless ¢ = 0. Thus, ¢ =0,
contradicting the non-triviality of ¢. Hence, 1012,3 is not an eigenvalue, and the pure-point

spectrum of P contains no non-zero integer multiples of @.
For the case where ® is totally non-linear, the proof follows analogously, with modifi-
cations as in [17, Theorem 1.5]. O

5. DISSONANCE OF QUASI-BERNOULLI MEASURES

In this section, we prove Theorem 1.6. Let I denote the set of linear maps from R?
to R*. By [15, Theorem 1.22], if P is a fractal distribution, then for every = € 14 and
P-almost every p, the pushforward measure 7, is exact-dimensional. This allows us to
define the expected dimension

Ep(m) = /dimﬂ*udP(,u)

for all fractal distributions P and linear maps 7 € Il;,. We denote by GLj(R) the
general linear group of degree k. The group GL4(R) acts on Il viaU -7 =mo U1,
and GLi(R) acts via V - m =V o w. These actions commute, inducing a joint action of
GLi(R) x GLg(R) on I . If A € GL4(R) is a group of invertible linear maps, it induces
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an action on measures and distributions, which we keep denoting by A for simplicity. A
fractal distribution P is non-singular with respect to A if a..P ~ P for all a € A.

For product measures, we equip R% x R* with the maximum metric, under which
the magnification of a product measure u x v at (z,y) by e” satisfies (u x v)(x,y),r =
px,m X vy,. For t,s > 0, define the scaling flow (St, Ss) by (z,y) — (2'z,2%y) and
X v Sy x Sgv on measures. We now recall a key result from [15, Proposition 1.38]
concerning the push-forward of fractal distributions under linear maps.

Proposition 5.1. Let P be an ergodic fractal distribution non-singular with respect
to a group A C GLg(R). Then Ep(-) is constant on the A-orbits in gy, where A is
the topological closure of A. In particular, if an orbit O C Ilg; under the action of
GL%(R) x A has non-empty interior, then

Ep(7) = min{k, dim P}
for all m € O.

The following theorem is a consequence of [16, Theorem 1.10] and is stated in the
language of fractal distributions as [15, Theorem 1.23].

Theorem 5.2. Let ;1 be a Radon measure on RY that generates an ergodic fractal
distribution P along a subsequence. Then

dim 7, > Ep(m),
for all m € Ilgy.

Before proving Theorem 1.6, we establish that for quasi-Bernoulli measures 1 and v
on R, their product pu x v generates an ergodic fractal distribution almost everywhere
along a subsequence.

Lemma 5.3. Let ® and ¥ be conformal iterated function systems on R, with associated
quasi-Bernoulli measures p and v, respectively. There exist a sequence (ng)reny and an
ergodic fractal distribution P with dim P > dim(u X v) such that

klggom/ 5MXV< tdt:P

for u x v-almost all (z,vy).

Proof. Since (1 X V)(gy)+ = Ma,t X Yy under the maximum metric, we apply Proposition
2.7 and Lemma 3.6. These imply the existence of an ergodic fractal distribution P
with dim P > dim(p x v) and measures (1, ¢ € P(C1F%([~1,1])) such that the measure

conf

(C1 - 1)B(0,1) X (G2 V) B(o,1) is uniformly scaling and generates P. Following the argument
in Theorem 1.3, there exist h, g € Ccl;l?([ 1,1]) and a sequence (ng)gen such that

for p x v-almost every (x,y). By Proposmon 2.4, for sufficiently large %,

lim — / 5 (UXV) (2,y),t dt = (Sto—I—log h'(x)» Sto—l—logg’(y))P

k—ro0 N,
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for p x v-almost every (z,y). Since linear maps preserve the ergodicity of fractal
distributions by [15, Proposition 1.8], the distribution (S, ti0gh/(2)s Sto+log g’ () 18
ergodic, completing the proof. O

We are now ready to prove Theorem 1.6.

Proof of Theorem 1.6. Let P be the ergodic fractal distribution given by Lemma 5.3, satis-
fying dim P > dim(puxv) and generated by px v along a subsequence for i x v-almost every
(x,y). For i € I and j € A*, let U and V be open intervals with p(U) > 0 and v(V') > 0.
By the quasi-Bernoulli property, (fi)«uu % (g5)«vv < p x v. Thus, by Proposition 2.5,

(fi)spr % (g5)«vv generates P. Since puy x vy = ((f1) ™", (95) ™) ((fo)eprr % (g5)0v),
Proposition 2.4 implies that, for sufficiently large to, uy x vy generates the distribution

(Sto-tiog(£s) () Sto-+1og(gs) (v)/ P

at p x v-almost every (x,y). Using the (S, S¢)¢>o-invariance of P, we deduce that P is
invariant under (S| loggg(y),logfi/(m)‘,Id) for all i € I'*, j € A*, and (z,y) € fi(U) x g5(V).

Now, let U and V' be small open intervals centered at the fixed points of f; and gj,
respectively. As diam(U),diam(V) — 0, the continuity of (¢,s) + (S, Ss)P implies
that P is invariant under (S)1og(s;)—log ()|, 1d) for all i € T and j € A*. Write
D = {|log A(fi) —logA(g;)| : 1 € I'" and j € A*}. Recall our assumption that for any
€ > 0, there exist i € I'*, j € A* such that 0 < |log A(fi) — log A(g95)| < €. Using this,
and the relation A(f o f) = A(f)A(f), we deduce that the set D is dense in [0, +00). Let
A ={(S:,1d) : t € D} and recall it induces an action on distributions. Consider the map
7 defined as (x,y) — = +y. The orbit of 7 under GL1(R) x A is {(x,y) — a2z +y) :
a > 0 and t > 0}, which has non-empty interior and contains 7. By Proposition 5.1,
Ep(7m) = min{1,dim P}. Since dim P > dim(u X v) = dim g + dim v by Lemma 5.3 and
the exact-dimensionality of p and v, and since dim(p * v) = dim 7, (p X v) > Ep(7) by
Theorem 5.2, the result follows. O

6. SELF-AFFINE MEASURES

In this section, we prove Theorem 1.7. Consider a diagonal iterated function system
® = (f;)iea on R?, where each map f;: R? — R?, given by fi(x) = A;z +a;, is affine with

_(pi O
a=(5 3)

for all i € A. Let i be a Bernoulli measure on AN. By Birkhoff’s ergodic theorem,
there exist Lyapunov exponents x1(u) and x2(p) for the associated self-affine measure p,
defined as
. logp;, . log )y,
x1(p) = lim —Sln and x2(p) = lim —S i

for fi-almost every i € AN. We say that p has a simple Lyapunov spectrum if x1(u) #
x2(K)-

Proposition 6.1. Let ® be a proxzimal, diagonal iterated function system on R? with
attractor K satisfying the rectangular strong separation condition. Then any self-affine

measure | on K is uniformly scaling and generates an ergodic fractal distribution P.
Furthermore, P = (S_1ogp;, S—1og;) P for all i,j € A*.
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Assuming Proposition 6.1 holds, we prove Theorem 1.7 immediately by adapting the
strategy from the final paragraph of the proof of Theorem 1.6.

Proof of Theorem 1.7. Let p be a self-affine measure on the attractor of a diagonal
iterated function system ®, with a simple Lyapunov spectrum. By Proposition 6.1,
1 is uniformly scaling and generates an ergodic fractal distribution P such that P =
(S—logps»S—loga;) P for all i,j € A*.

Consider a non-principal orthogonal projection m € Ily 1, given by 7(z,y) = ax + by
with a,b > 0 (the case a,b < 0 is analogous). Choose N € N such that 27N Ca, b 2N,
By assumption, for any ¢ > 0, there exist i,j € A* such that 0 < |logp; —logAj| < e.
Thus, the set D = {—logp; +logA; : i,j € A*} is dense in either [0, N] or [-N,0].
Without loss of generality, assume D is dense in [0, N].

Define the group A = {(S¢,1d) : t € DN [0, N]}. By Proposition 6.1, P is invariant
under every map in A. The orbit of 7 under GL1(R) x A is {(z,y) = a2z +y) : a >
0 and ¢t € [0, N]}, which contains 7 and has non-empty interior. Theorem 5.2 implies
dim m.p > Ep(m) and, by Proposition 5.1, Ep(7) = min{1, dim P}. Since dim P = dim p
by Proposition 2.7, we conclude that dim 7,y > min{1,dim u} as claimed. O

The remainder of this section is dedicated to the proof of Proposition 6.1. We first
assume that p has a simple Lyapunov spectrum, then address the adjustments needed to
remove this assumption.

6.1. Simple Lyapunov spectrum. Without loss of generality, we assume the y-axis is
the major asymptotic contracting direction, i.e., x1(x) > x2(p). By the definitions of the
Lyapunov exponents x1(x) and ya(u), for fi-almost every i € AN and sufficiently large n
(depending on i), we have Ay, < py|,-

For a rectangle R = [a,b] X [¢,d] with 0 < u(R) < oo, define the normalized measure

pr = uw(R)"tu|r. Let H: R? — R2, given by H(z,y) = (2;;;;(_&;;(1)7 2y;(_cc+d)), be the
linear map that translates and rescales R to [—1,1]%. Generalizing the definition (2.1),
set uf' = Houp. Let m € IT5 1 be the orthogonal projection onto the z-axis. The
disintegration of p with respect to 7 is given by p = [0, X pg dmep(z), where py, is a

measure on R for each z. For i € AN, we denote p; = Por(T1(1))-

Lemma 6.2. Let i be a Borel probability measure on R?, and let m € Tly; be the
orthogonal projection onto the x-axis. Then, for m,u-almost every x,

dLP (Mﬂ'il(B(CE}QiT)), (W*M)IgT X /’Lx) — 0
as r — Q.

Proof. By Lusin’s theorem, for every n € N, there exists a set E,, C R with m,u(E,) >
1 — 1/n such that the map x — p, is continuous on FE,. By the Besicovitch density
point theorem, there exists a subset E! C E,, with m.u(E]) = m.u(E,) such that, for all
x € El,
ro(El N Bz, 277)
ro(B(z,277))

—1
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asr — oo. Fix n € Nand x € E/,. Let H,: R? — R? be the affine map that translates
and rescales 7~ 1(B(z,27")) N (R x [~1,1]) onto [—1, 1]2. The Lévy-Prokhorov distance is

dip (Mﬂfl(B(:c,Q*T))’ (W*'u,)%r X ux) =dip (/B( , )Hr(éy X My) d(”*ﬂ)z,r(y%

/B(a:,z—r) Hy (0 % pta) d(ﬂ*u)z,r(y)> .

Since x + pi, is continuous on E),, for y € E}, N B(x,27"), we have dpp(fy, tz) — 0 as
r — 00. Moreover, as E/ has density 1 at x, the contribution of points outside E, is
negligible. Thus, the integrands converge, and the distance tends to 0,

“H(B(x,277)

dpp(p" s (Teft)ar X piz) — 0

)
n=1

as  — oo. Since m. (>, E) = 1, the result holds for m,u-almost every z. O

By combining Lemma 6.2 with the self-affinity of 1, we deduce that, outside a negligible
set of scales, magnifications of u exhibit a product structure.

Lemma 6.3. Let ® be a diagonal iterated function system on R? with attractor K
satisfying the rectangular strong separation condition, let p be a self-affine measure on K
with x1(p) > x2(p), and let m € a1 be the orthogonal projection onto the x-axis. There
exists ¢ > 0 such that, for fi-almost every i € AN,

n—1

Z dLp (/JH(i),f log Ay, +¢ SC(TH(Jki))*((ﬂ-*:u’)ﬂ'(l_[(aki)),logpi‘k—log)\i|k X :u'oki)) —0
k=0

as n — 0Q0.

1

n

Proof. Define ¢ = max{— logdist(p;([—1,1]?),¢;([~1,1])) : i,j € A such that i # j}.
By the assumption y1(u) > x2(u), for fi-almost every i € AN and sufficiently large k, we
have A;|, < p;|,- The definition of ¢ ensures that the ball B(TI(1), 2198 X4, =€) intersects
only ¢;), ([—=1,1]?). Define the rectangle

Rin = ¢y (B(II(),2°M079),
which is [—2'°8ilx 108 Pa), —¢ 9loB A, Tlog piy =€) [_9¢ 97¢] translated to have center
II(c*1). By self-affinity,

i).2'°8 >\fl|717c .
HI1(3),~ log Ay e = (#1], 1) P2 ) = pfan,

Fix ¢ > 0. By Egorov’s theorem and Lemma 6.2, there exist a set A ¢ AN with
fi(A) >1—¢cand N € N such that, for alli € A and r > N,

“H(B(I(1),277)

dip(p” 7(7-‘—*M)H(i),r X pii) < €.

For i € A and k sufficiently large such that o*i € A, set r, = log p;
Then,

and s = log \;

|k |k

drp (H11(s), — s +er Se(Trigor1)) s (T bt) 2 (11(o% 1)) rp—sp X Hoki)) < € (6.1)
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and

n—1

1
- > dip(pn),—syter Se(Tinors) s (Takt) w(maors)) mg—sp X Hoks)
k=0

n—1
%Z (1{o*i € A}e +1{o 1¢A})+ﬂ
k=0

n—1
1 i ON
< — i N
\E-i-n Eﬁ 1{c"i ¢ A} +

As n — oo, the second term converges to i(AN \ A) < e, and the third term vanishes.
Hence, the sum is bounded by 2e. Since € > 0 is arbitrary, the result follows. ([

To prove Proposition 6.1, we first show that the product measures . X pu; are
uniformly scaling along a subsequence for ji-almost every i € AN, then apply Lemma 6.3
to extend this property to u. Notably, this result does not require assumptions on the
Lyapunov exponents x1(u) and xa(p).

Lemma 6.4. Let ® be a diagonal iterated function system on R? with attractor K
satisfying the rectangular strong separation condition, let p be a self-affine measure on K
with x1(p) > x2(p), and let m € Ila; be the orthogonal projection onto the x-axis. There
exist an ergodic fractal distribution P with dim P > dim v and a sequence (ng)ren such
that

lim — / (5 ﬂ'*MXMl)(z o)t dt = (62)
for fi-almost every i € AN and mopu x psi-almost every (z,y). Furthermore,
P = (S—logpias—logkj)P
foralli,j e A*.

Proof. Let ' € Iy be the orthogonal projection onto the y-axis. By [20, Theorem 4.2],
for fi-almost every i € AN and sufficiently large t, the measure p; satisfies

(1a)m (@) = (Ho(a))n (1o (1)) t+og A (6.3)

implying that p; is uniformly scaling and generates the ergodic fractal distribution

log)\l‘1
Q' = // Trr(ri(a))« s dt dfa(1).

Since . is a self-similar measure on R and dim(m,p X p3) = dim p for f-almost every
i by [5, Theorem 2.7] (see also [6]), we proceed as in the proof of Lemma 5.3. Let
Q@ be an ergodic component of a tangent distribution of u. Since @ is supported on
product measures with second marginal projection @', P-almost every measure has the
form 1 x Si(T})«pi, where 7 is a tangent measure of meu, t > 0, z € R? and i € AN
By Lemma 3.6, 7 = [((h o 7)«t) (0,1 dv(h) for some probability measure v on affine
functions from R? to R. Thus, arguing as in the proof of Lemma 5.3, there exists an
affine map h: R?2 — R? such that h.(m.p X ps) is uniformly scaling and generates Q.
Applying Proposition 2.4, we obtain (6.2) with P as a restriction of an affine image of Q.
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The invariance P = (S_10gp;, S—1oga;) P for all i,j € A* follows from (6.3), the
self-similarity of m,u, and Proposition 2.5. (]

We now prove Proposition 6.1 in the case where p has a simple Lyapunov spectrum.
As the proof follows ideas from Theorem 1.3, we provide a concise sketch.

Proof of Proposition 6.1. Let () be an ergodic component of a tangent distribution of p.
For p-almost every point, (Q-almost every measure is uniformly scaling and generates Q.
By Lemma 6.3, QQ-almost every measure has the form

(77 X /Li)(:v,y),ta (64)
where 7 is a tangent measure of m,u, i € AN, (z,y) € R?, and ¢t > 0. It follows from the
proof of Lemma 3.6 that n = ((v - m«jt) p(0,1)) for a probability measure v supported on
affine maps h: R — R, h(y) = rpy + ap, with 7, in the closure of {pi)\j_l ci,j € A*}
Following the approach of Theorem 1.3, there exist a subsequence (ny)ren and an affine
map h: R — R such that

lim / O((hom). uxul)(m)tdt Q

for mep x pi-almost every (z,y). Let P be the ergodic fractal distribution from Lemma
6.4. By Proposition 2.4, for some tg > 0,

Q = (Stoflogrh; St())P - P7

since r, € {pi)\j_l :1,j € A*} and P is invariant under (S_1ogp;, S—1og ;)P by Lemma
6.4. O

6.2. Equal Lyapunov exponents. Without assuming x1(x) > x2(u), the condition
Ail, < py|, for fi-almost every i € AN and all large n, which was critical in Lemma 6.3,
no longer holds. However, by [28, Theorem 1], for a proximal iterated function system ®,

we have
<Mf=0

for fi-almost every i € AN and for all M > 0. For each £ > 0 and sufficiently large M > 0,
define

Pil

lim #{ke{l n}: ‘log

n—oo N

il

Ax={ke{l,...,n} :log Ay, <logp;), — M},
A, ={ke{l,...,n} :logp;, <logA M}.

Then, lim, oo 2#((4) U 4,) N [1,n]) = 1. For k € A, the inequality (6.1) from Lemma
6.3 holds as stated. For k € A,, (6 1) holds after swapping A;|, and p;), and replacing T,
the projection onto the z-axis, with the projection onto the y-axis. Thus, Lemma 6.3
holds with these modifications for k € A,.

In the proof of Proposition 6.1, this adjustment implies that the measure in (6.4) may
take the form (u; X n)(m,y)7t, where p; is a conditional measure of p supported on a
horizontal line segment, and 7 is a tangent measure of 7, u, the projection of y onto the
y-axis. With the roles of the - and y-axes interchanged as needed, the proof proceeds
analogously.

il —
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