UNIVERSAL PROJECTION THEOREMS WITH APPLICATIONS TO
MULTIFRACTAL ANALYSIS AND THE DIMENSION OF EVERY ERGODIC
MEASURE ON SELF-CONFORMAL SETS SIMULTANEOUSLY

BALAZS BARANY!, KAROLY SIMON®? AND ADAM SPIEWAK3

ABsTRACT. We prove a universal projection theorem, giving conditions on a parametrized family of
maps Iy : X — R? and a collection M of measures on X under which for almost every A equality
dimpg [Ty = min{d, dimg p} holds for all measures u € M simultaneously (i.e. on a full measure
set of X’s independent of p). We require family ITy to satisfy a transversality condition and collection
M to satisfy a new condition called relative dimension separability. Under the same assumptions, we
also prove that if the Assouad dimension of X is smaller than d, then for almost every A, projection
II, is nearly bi-Lipschitz (i.e. with pointwise a-Holder inverse for every a € (0,1)) at p-a.e. =z,
for all 4 € M simultaneously. Our setting encompasses families of orthogonal projections, natural
projections corresponding to conformal iterated function systems, and non-autonomous or random
IFS.

As applications, we provide novel results on the multifractal analysis, giving formula for the
Hausdorff dimension of a level set of the local dimension for a typical (w.r.t the translation parame-
ter) self-similar measure on the line, valid for the full range spectrum (including the decreasing part
of the spectrum; previous results were covering only the increasing part).

Among another applications, we prove that given a parametrized contracting conformal IFS
satisfying the transversality condition, for almost every parameter the dimension formula holds for
all ergodic shift-invariant measures simultaneously. We also prove that the dimension part of the
Marstrand’s projection theorem holds simultaneously for the collection of all ergodic measures on a
strongly separated self-conformal set and for the collection of all Gibbs measures on a self-conformal
set (without any separation).

1. INTRODUCTION

1.1. Marstrand’s projection theorem. Determining the dimension of certain objects, like sets
and measures, plays a crucial role in geometric measure theory and fractal geometry, just like
understanding how different actions change the value of the dimension. The classical projection
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theorem, originated to Marstrand [Mar54] and later generalized in several ways e.g. by Falconer
[Fal82|, Kaufman [Kau68|, Mattila [Mat75], claims that the dimension of the orthogonal projection
of a set in a typical direction (in some proper sense) does not drop with respect to the natural upper
bound (the minimum of the dimension of the space, where we project, and the dimension of the
projected set). For the present work, the most relevant is a version for measures [HT94, [HK97,[SY97],
which states that for every finite Borel measure u on R"”

(1.1) dimg (Pyp) = min{d, dimg p} for v-a.e. V € Gr(d,n),

where dimp denotes the Hausdorft dinrlensionlj_:]7 Gr(d, n) is the Grassmannian manifold of d-dimensional
linear subspaces in R" endowed with the unique O(n)-invariant probability measure v (see [Mat95,
Section 3.9]) and Py denotes the orthogonal projection onto V' € Gr(d, n) - see Section |4] for defini-
tions.

Marstrand’s projection theorem has been generalized and extended in several directions, with the
methods behind its proof becoming an underlying paradigm for many areas of research in geometric
measure theory [Mat95, Mat15, [FFJ15], fractal geometry [PS95l [Sol95] [Sol23] or dynamical systems
[SYCO1l [Tsul5]. The method is often referred to as the transversality technique. Due to its wide
range of applications, it has been extended to generalized projection schemes, which apply to several
settings at once, see e.g. [Sol98| [PS00, LPS02, BT23|[BSS23|. The aim of this paper is to improve the
strength of this technique in the setting of generalized projections and utilize it for novel applications
in geometric measure theory and fractal geometry.

1.2. Main results - universal projection theorem. The main result of this paper is Theorem
Let us explain it first in a non-technical manner. Let IT : X — R¢ be a collection of Lipschitz
maps (projections) parametrized by a parameter A € U and satisfying the transversality condition
with respect to a measure n on U (see Section [2| for precise definitions and assumptions). A direct
extension of to such a general setting states that given a finite measure p on X the following
holds

(1.2) dimg Iy = min{d, dimg pu} for n-a.e. A € U,

see e.g. [BSS23, Theorem 6.6.2|. The first goal of this paper is to study conditions under which (1.1,
and more generally , hold for all measures in a given class of measures M simultaneously, i.e.
with a measure zero set of exceptional projections independent of measure p € M. More precisely,
we aim at finding conditions on M guaranteeing that

(1.3) n ({)\ eU: 3 dimygIyp # min{d, dimgy ,u}}> =0
HEM

holds. Clearly, this question is relevant only for uncountable families M and it is easy to find
examples of collections M for which does not hold (see Example for the case of orthogonal
projections). Our main result - Theorem - identifies a condition on M, which we call relative
dimension separability (see Definition , guaranteeing that holds. We refer to the result as
the universal projection theoremﬂ We shall emphasize, that the projection scheme studied in this

Lin fact, for general measures one should consider the upper and lower Hausdorff dimensions separately. For
simplicity, we omit this subtlety in the introduction.

2the name universal projection theorem is inspired by seminal results and constructions known in information
theory as wuniversal source codings, providing compression algorithms operating in an optimal rate for any source
distribution in a given class, without any prior knowledge of this distribution, see e.g. [CT06, Chapter 13]. A famous
example is the Lempel-Ziv coding [ZL77, [ZL78| achieving optimal rate for any stationary ergodic source distribution
[CT06, Theorem 13.5.3].
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paper does not require any extra assumptions than the classical ones, hence the simultaneous result
holds essentially whenever the standard transversality technique can be applied.

We also study the same problem in the context of embeddings, corresponding to the injectivity
properties of the projections. This is an important topic in analysis and geometric measure theory,
studied by numerous authors [Mn&1), [SYC91l [EFNT94, BAEFN93, [HK99, [01s02, RS19|. In recent
years there has been an increasing interest in almost surely injective embeddings of measures, due
to its applications to compression of analog signals [WV10, [ABDL*19, IGS20| and time-delayed em-
beddings of dynamical systems [SSOY9S8|, BGS20, BGS22]. Of particular importance is establishing
guarantees on the regularity of the embedding [IIK99, [0Is02), BGS23, |Spi25]. In the fractal setting,
strongest regularity properties have been obtained in terms of the Assouad dimension [Ols02] (see
also [Rob11]), guaranteeing that the inverse to the orthogonal projection of a compact set X c RV
onto a typical k-dimensional plane is almost bi-Lipschitz (in particular: a-Hélder for every o € (0, 1))
provided that dima(X — X) < k (here dimu denotes the Assouad dimension, see Definition [4.2).
It was shown in [BGS23] Theorem 1.7.(iii)], that given a probability measure y on X, a weaker
condition dim4 X < k suffices to guarantee that the inverse is defined p-almost everywhere and it is
pointwise almost bi-Lipschitz at py-a.e. £ € X. In Theorem we improve this result to a universal
version for general projection schemes. In a spirit similar to , we prove in Theorem that the
following holds for relative dimension separable collections of measures M on X

(1.4) if dimy X < d, then n ({)\ eU: HM IT, is not p-nearly bi—Lipschitz}) =0,
€

“w
with the precise definition of the p-nearly bi-Lipschitz property given in Definition [2.6] Establish-
ing the universal nearly bi-Lipschitz property is a crucial step for further applications. As
we explain later, in the context of iterated function systems, the nearly bi-Lipschitz property is
equivalent to a new and non-trivial separation condition called exponential distance from the enemy
(EDE) (see Definition and Proposition [3.10). Its usefulness is verified by novel applications to
the multifractal analysis, elaborated on below. See also Remark [3.11]

1.3. Applications I - multifractal analysis of self-similar measures. Our most important
application of the universal projection theorem described above is to the multifractal analysis of
self-similar measures. To explain it, let us first introduce the general setting of iterated functions
systems.

Let A be a finite collection of indices and let F = {f;: R — R%},c4 be a finite collection
of (strictly) contracting maps, called iterated function system (IFS), and let p = (p;)ica be a
probability measure on A. Then there exists a unique non-empty compact set A and a unique
compactly supported probability measure v such that A is invariant with respect to F in the sense
that A = (J fi(A) and v is stationary, i.e. v =, 4 pi(fi)+V - see Hutchinson [Hut81]. Measure v
is called szeelﬁsimilar if F consists of similarity maps. The multifractal analysis studies the level-set
function o +— dimg ({z : d(v,z) = a}). It can be seen as a fine-scale analysis of the geometry of
measure p and originates from the study of the distribution of singularities on strange attractors
in a chaotic, nonlinear dynamics [HJKT86]. Later, a rigorous mathematical approach has been
developed and became one of the central topics in fractal geometry, see e.g. [Pes9§| for a more
detailed discussion. A basic heuristics for a self-similar measure corresponding to a probability

vector p and an IFS F = {f;(z) = \jz + t; }ic4 is that one expects the formula
(1.5) dimy ({z  d(v,2) = }) = inf (aq + T(0)),
q
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to hold, where for ¢ € R we define T'(¢) to be the unique real number satisfying Z piNT@ =1

(the quantity T'(q) is related to the Li-spectrum of the self-similar measure, see Remark [3.16). The

maximal range of a’s on which one can expect . ) to hold is mljll lig\ R o ma)\ l<l>ogg§7|] Arbeiter
i€ e

and Patschke [AP96] showed that (1.5) holds for the full range of o’s if F satisfies the Open Set
Condition. With the aid of the universal projection theorem we can prove the following result,
addressing the overlapping case for typical parameters.

Theorem 1.1. Fiz \; € (—1,1)\ {0},i € A for a finite set A. For each t = (t;)jeq € RA
and a probability vector p = (p;)ica, let vip be the self-similar measure corresponding to the IFS
Fi = {fi(x) = Niz + ti}ica on R and the probability vector p. The following holds for Lebesgue
almost every t € RA. If the similarity dimension sy = s(Fi) of Fy satisfies sg < 1, then equality

dimg ({z : d(vip,z) = a}) = ;gﬂg(aq +T(q))

holds for every o € ml}ll léglk [ 8 1})gl>\l\ and every probability vector p such that p; # |\i|*° for
S 1€

some 1 € A.

See also Theorem for the multidimensional version. Let us explain the significance of the
above result. So far, the strongest result on the multifractal analysis of self-similar measures with
overlaps is the one by Barral and Feng [BF21, Theorem 1.2, Remark 7.3] (improving upon their
earlier result [BF13, Theorem 1.3, Theorem 6.4|), which establishes for self-similar measures
with sg < 1 and satisfying the Exponential Separation Condition (recall that it is satisfied for t € R4
outside of a set of positive Hausdorff codimension, so in particular for almost every t € R4), for

logp; D |Ail*0 log p;
« min
€ [zeA Tog A7 35, [Ai[°0 Tog Ad]

.. S |A;]%0 1 i .
The remaining range [M, z}i{l gIA | (the decreasing part of the spectrum), uncovered
il il’ e

by their results, corresponds to a’s for which the infimum in (1.5]) is attained for ¢ < 0 and hence is
related to studying the Li-spectrum of the self-similar measure for negative ¢. This is known to be

]. This range corresponds to the increasing part of the spectrum.

notoriously difficult and there are no corresponding results available for typical self-similar measures
with overlaps in this range. With the use of the nearly bi-Lipschitz property from Theorem
we are able to circumvent this problem. According to our best knowledge, Theorem is the first
result on the multifractal spectrum of typical self-similar measures with overlaps, which covers the
full spectrum. Let us emphasize that while the introduction of additive combinatorics methods
of Hochman [Hoc14] and Shmerkin [Shm19] to the study of self-similar measures have led to deep
breakthroughs in recent years (including results of Barral and Feng [BEF21] on multifractal formalism
for self-similar measures), these methods have not been yet able to provide results on the multifractal

analysis in the full range 1221}‘1 log|)\ L zeA 10g|/\ J. The progress in Theorem [1.1| is based on the

classical transversality technique, with establishing (1.4) as the crucial ingredient. It is easy to
extend our results to the Birkhoff spectra of continuous potentials.

1.4. Applications II - dimension of every ergodic measure on self-conformal sets si-
multaneously. The transversality method was first applied to the case of iterated function sys-
tems by Pollicott and Simon [PS95|, and later several generalizations have appeared, see for in-

stance [PS96], [Sol98, [PS00, I.PS02, [SSUN1al [SSUOIL, BSSS22, BSSS24|. See also [Sol23] for a

recent survey and [BSS23| for an in-depth discussion. Roughly speaking, the dimensional parts
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of these statements can be summarized as follows. Let Fy = {f}: R? — Rd}ieA, A € U be

a family of parametrized conformal (C'*9) IFS, which satisfies the transversality condition with

respect to a probability measure n on U (see Example for the precise assumptions). Let

I, : AV = RY, My(w) = lim f,, o---0 f, (z) be the natural projection map corresponding
n—oo

to Fy and let u be an ergodic left-shift invariant measure on AY. Then (see e.g. [BSS23, Theorem

14.4.2])

()
X(1s A)

where h(p) denotes the entropy of v and x(u, A) denotes the Lyapunov exponent of p with respect
to Fy. With the use of our methods, we can improve this classical result to a version holding

(1.6) dimg (ITy\p) = min {d, } for n-a.e. A,

simultaneously for all ergodic measures on AN:

(1.7 n ({)\ € U : there exists u € E,(A"Y) such that dimy (ITyz) # min {d, X}(Lfﬁl) }}) =0,

where &, (AY) is the set of all shift-invariant ergodic Borel probability measures on AN. See Theorem
for the precise statement.

The setting of our general result is wide enough to encompass also other cases, like non-autonomous
IFS, where in each iterate we choose different IFS with the same parametrization (see Naka-
jima |Nak24]) or when in each iterate we add an independent, identically distributed error (see
Jordan, Pollicott and Simon [JPS07], Koivusalo [Koil4] and Liu and Wu [LW03]). More details are
given in Section

A strong dimension result holding simultaneously for all ergodic measures on self-similar sets in R
was obtained by Jordan and Rapaport [JR21, Theorem 1.1]. They showed that if an IFS consisting
of similarities on R satisfies the Exponential Separation Condition (ESC), then holds for all
ergodic measures p on AN, Our result extends this to typical non-linear IFS on R™ satisfying the
transversality condition. Very recently, Rapaport [Rap25| extended considerably Hochman’s result
[Hoc14], proving that holds for any IFS on R consisting of analytic contractions satisfying
ESC and every Bernoulli measure p on AN. It however seems a challenging problem to extend
Rapaport’s result to all ergodic measures in a fashion similar to [JR21], as the latter relies crucially
on Shmerkin’s result on L? dimension of self-similar measures with ESC [Shm19], which does not hold
for IFS consisting of analytic maps, see the discussion in [BKT25] Section 1.2.2]. Our result is
able to deal with all ergodic measures and requires weaker regularity (C'+? instead of analyticity)
than Rapaport’s [Rap25], at the cost of assuming transversality instead of ESC.

1.5. Applications III - orthogonal projections of ergodic measures on self-conformal
sets. Applications of the universal projection theorem (Theorem require verifying the relative
dimension separability property of a given family M of measures on a set X. In particular, we can
verify it in two important cases of dynamical origin, related to the [F'S theory discussed above:

(i) for M being the family of all ergodic invariant measures on a self-conformal set X satisfying
the strong separation condition,

(ii) for M being the family of all Gibbs measures (corresponding to all Hélder continuous po-
tentials) on a self-conformal set X (without any separation conditions).

This allows us to conclude that Marstand’s projection theorem (1.1)) holds simultaneously for

B € M, with M as in and . See Theorems and for precise statements. This can be

compared with a result of Bruce and Jin [BJ19, Theorem 1.3], showing that given a self-conformal
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IFS on R™ which satisfies certain irrationality condition for the derivatives, one has dimy Pypu =
min{d, dimy p} for every V' € Gr(d,n) and every Gibbs measure u (extending the results of Hochman
and Shmerkin [HS12]). Our Theorem does not require any irrationality condition, at the cost of
allowing the dimension formula to fail for a zero-measure set of projections.

2. MAIN RESULT: A UNIVERSAL PROJECTION THEOREM

We shall now describe the setting in which we will prove a universal projection theorem. Let X
be a compact topological space (the phase space) and let U be a hereditary Lindeldf topological
spaceﬂ (the parameter space). Let n be a locally finite Borel measure on U. For A € U let py be
a metric on X compatible with its topology and let B)(z,r) denote the open r-ball in metric py.
Fix d € N and for each A € U consider a map IIy : X — R? (projection). Let Mg, (X) denote the
set of all finite Borel measures on X and consider a collection M C Mg, (X). Our goal is to study
projections Iy, A € U, u € M and provide projection theorems which hold for n-a.e. A € U and all
measures € M simultaneously. A crucial property needed for the proofs is a certain separability-
like condition for the set M and a transversality condition for the family II). For the former one,
we make the following definitions.

Definition 2.1. Let p and v be finite Borel measures on a metric space (X,p). The relative
dimension of p with respect to v is
n(B(z,r))

log JBt)
dim(p||v, p) :==inf ¢ € > 0: —e < essinf lim inf ———— < esssup lim sup
xz~p r—0 log r T r—0 IOg r

w(B(z,r))

log wmG.r) _

where B(x,r) denotes the open r-ball in metric p.

Remark 2.2. We adopt the convention that log M = +o0 if u(B(z,r)) > 0. In particular
dim(p|[v, p) = oo if p(X \ supp(v)) > 0.

Definition 2.3. Let (X, p) be a metric space. Let M C Mjg,(X) be a collection of finite Borel
measures on X. We say that M is relative dimension separable (with respect to p) if there
exists a countable set V C Mg, (X) such that for every u € M and & > 0 there exists v € V with
dim(pllv, p) < e.

We will also require measures in M to satisfy a mild regularity condition.

Definition 2.4. A finite Borel measure p on a metric space (X, p) is weakly diametrically regular

if
log w(B(z,r))
lim — #B@2r) _ 0 for p-a.e. x € X.
r—0 logr

Remark 2.5. It is easy to see that every measure for which the local dimension exists at u-a.e.
point (see Definition is weakly diametrically regular. Moreover, any finite Borel measure on R”
is weakly diametrically regular (with respect to the Euclidean metric) - see [BS01, Lemma 1].

Our principal assumptions on the families {p) : A € U}, {IIy : A € U} and measure 7 are as
follows:

3topologicaml space U is hereditary Lindelof if every subset has the property that its every open cover has a countable
subcover. Every separable metric space is hereditary Lindeldf, see e.g. [Eng89].
6



(A1) for every Ao € U and every £ € (0,1) there exists a neighbourhood U’ of Ay and a constant
0< H = H(& N\) < oo such that for every \ € U’

H ™ px(z,y)7 < pao (@, y) < Hpy(x,y)' ¢ holds for every z,y € X,

(A2) for each A\ € U, map I, is Lipschitz in py,
(A3) for every \gp € U and £ > 0 there exist a neighbourhood U’ of Ay and a constant K = K (Ao, )
such that for every z,y € X, r > 0,6 > 0

n({A € U": [Ia(z) = I(y)| < pala,y)r and pa(,y) > 6}) < Ko6~*r~*.

Assumption [(A3)| is a generalization of the classical transversality condition (see e.g. [BSS23|
Section 14.4] or [Sol23]). We will provide an embedding theorem with the following regularity
property for the embedding map.

Definition 2.6. Let (X, px) and (Y, dy) be metric spaces. Let II : X — Y be a Lipschtiz map and
let p be a finite Borel measure on X. We say that Il is y-nearly bi-Lipschitz if y-a.e. z € X has
the property that for every a € (0,1) there exists C' = C(z, «) such that

px(z,y) < Cpy (Il(z),I(y))* for every y € X.

The main result of this paper is the following. For the definitions of Hausdorff and Assouad
dimensions see Section @l

Theorem 2.7. Let X be a compact topological space and let U be a hereditary Lindeldf topological
space. Let {py : X € U} be a family of metrics on X compatible with its topology and let {II\ : A € U}
be a family of maps Iy : X — RY satisfying assumptions - . Let M C Mgy(X) be a
collection of finite Borel measures on X, such that for every px, A € U, the family M 1is relative
dimension separable and each p € M is weakly diametrically reqular. Then for n-a.e. A € U, the
following holds simultaneously for all u € M:

(1) dimpITp = min{d, dimp (4, pr)} and dimyITip = min{d, dimp (p, pr)},

(2) if dima (X, py) < d, then Iy is p-nearly bi-Lipschitz in metric p).

Here and in the rest of the paper, the precise meaning of simultaneously for all u € M is, for
instance in the case of the first part of point ,

n ({)\ cU: EIM dim 1Ty ¢ # min{d, dim g (4, PA>}}> =0
pe

and likewise for the other statements

3. APPLICATIONS

Let us begin with listing several families of maps II, and metrics p) satisfying conditions -

(A3)}

3.1. Orthogonal projections.

Example 3.1 (Orthogonal projections). Fix 1 < d < n. Let Gr(d,n) be the Grassmannian of
d-dimensional linear subspaces in R"™. Let 1 be the unique Borel probability measure on Gr(d,n)
which is invariant under the action of the orthogonal group O(d), see [Mat95l, Section 3.9]. Given a
compact set X C R", for V € Gr(d,n) let P : X — R? denote the orthogonal projection onto V'

(which one can identify with R?). Let p be the Euclidean metric on X. Setting U = Gr(d, n) and
7



py = p we obtain families {Py : V € U}, {py : V € U} satistying [(A1)| - [(A3)| with |[(A3)|following
from [Mat95, Lemma 3.11]. That is, there exists a constant ¢ > 0

(3.1) n({V € Gr(d,n) : || Pv(z) - Py(y)|| < rllz — y|l}) < c-min{l, %}
for every z,y € X and r > 0. [ |

Given a compact set X C R™ one cannot expect the family of all finite Borel measures on X to
be relative dimension separable, as conclusions of Theorem might fail for it.

Example 3.2. Let X be the closed unit disc in R? centred at zero. For V € Gr(1,2), let uy be
the 1-dimensional Hausdorff measure restricted to the unit interval passing through the origin and
perpendicular to the subspace V. Then clearly dimy gy = 1 but dimyg Pyuy = 0. Therefore, by
Theorem [2.7], the family {uy : V € Gr(1,2)} is not relative dimension separable and hence neither
is the larger family Mgy, (X). [ |

3.2. Conformal IFS. One may find relative dimension separable families within measures of dy-
namical origin. Our main focus is on ergodic measures on self-conformal sets. Let us now describe
those.

For a compact connected set V' C R™ with V' = Int(V), a function f : V — V is called a
conformal C1t? map if it extends to a diffeomorphism f : W — W of an open connected set W D V
such that for every z € V the differential f'(x) = D,f is a non-singular similitude and the map
V 52+ D,f is §-Holder for some 6 > 0. Note that in this case the operator norm || D, f|| is simply
the corresponding coefficient of similarity.

Example 3.3 (Conformal IFS). Let A be a finite set and let V' C R™ be a compact connected
set with V' = Int(V). For each i € A, let f; : V — V be a conformal C'*? map such that
0 < ||f/(z)]| <1 for every x € V. We call the collection F = (fi)ica a conformal C1*? IFS. Let
¥ = AN be the symbolic space over the alphabet A. We can associate to F a natural projection
map Ilr : 3 — V defined as

(3.2) Ir(w)= lim fo, 0 fu, 00 fu (x),

n—oo

where w = (w1, ws,...) and x is any point in V. The set A = IIz(X) is called the attractor of F
and it is the unique non-empty compact set A satisfying

A= f).
€A

Any set A of this form is called a self~conformal set. An ergodic measure on A is a measure
of the form IIzu, where p is an ergodic shift-invariant Borel probability measure on AN. If 4 is
additionally a Gibbs measure corresponding to a Holder continuous potential (see Definition ,
then Il rp is called a Gibbs measure on A, while if 1 is a Bernoulli measure then Ilru is called
a self-conformal measure. We say that F satisfies the Strong Separation Condition if sets
fi(A),i € A are pairwise disjoint. We denote by £,(X) and G,(X) the collections of all, respectively,
ergodic and Gibbs measures on X. If F consists of similarity maps, i.e. fi(z) = Oz + t;, where
Ai € (0,1),t; € R™ and O; are orthogonal n x n matrices, then the corresponding attractor is called
a self-similar set and IIru is called a self-similar measure if i is Bernoulli.

Given a conformal C'*? IFS F, it will be convenient for us to consider an associated metric pr

on 3 defined as follows. Given two infinite sequences w, T € %, let w A 7 denote the longest common
8



o0
prefix of w and 7. For a finite word w € ¥* = |J A¥, let f, = fu, 00 f,,, where w = (w1, ..., wk).
=0

If now w, 7 € ¥ and w # 7, we set

(3.3) pr(w,7) = I fonll

where || - || is the supremum norm on V. It is easy to check that pr is a metric on ¥ and the natural
projection map Iz : ¥ — R™ is Lipschitz in pr. If F satisfies the Strong Separation Condition, then
IT7 is bi-Lipschitz in pr (see [BSS23), Section 14.2]). The metric pr is also significant as natural
dynamical invariants of the system can be expressed in terms of dimensions calculated with respect
to pr. Namely, an ergodic shift-invariant measure p on ¥ is exact-dimensional with respect to pr
and satisfies

h(w)
X(p, F)’
where h(u) is the Kolmogorov-Sinai entropy of u with respect to the left shift o : ¥ — ¥ and x(p, F)
is the Lyapunov exponent of u defined as

X1, F) = / log ||, (Tr(0w)) | du(cw).

(34) dimp (1, pr) =

Similarly, let us define the pressure function Pr : (0,00) — R as

IRT 1 1 s
(3.5) Pr(s) = lim —log ( > I ) -
weA™
It is well-known that there exists a unique solution s(F) of the equation (the so-called Bowen’s
formula)

(3.6) Pr(s(F)) =0,

which satisfies
dimg (3, pr) = dima (X, pr) = s(F).

The Hausdorff dimension being equal to s(F), and in particular, ¥ being s(F)-Ahlfors regular,
follows by Bedford [Bed88] and the assertion on the Assouad dimension (denoted by dim4) follows
by the s(F)-Ahlfors regularity and [Fra21l, Theorem 6.4.1]. [

Our basic example of a relative dimension separable collection of measures is the following one.

Proposition 3.4. Let F be a conformal C'*9 IFS on R™ and let pr be the corresponding metric on
the symbolic space Y. Then the collection of oll ergodic shift-invariant Borel probability measures on
> is relative dimension separable with respect to pr.

The above proposition follows from a more general Proposition An immediate consequence,
as the regular dimension separability is invariant under bi-Lipschitz mappings (see Proposition ,
is the following application of Theorem with the use of transversality of orthogonal projections
in Example

Theorem 3.5. Let F be a C'0 conformal IFS on R™ with attractor A, satisfying the Strong Sepa-
ration Condition. Then the family of all ergodic measures on A is relative dimension separable and
hence for every 1 < d < n, for almost every V € Gr(d,n)

dimpg Pyp = min{d, dimpg p} simultaneously for all ergodic measures p on A.
9



A less trivial application is the result saying that without assuming any separation, the same
holds for all Gibbs measures on a self-conformal set.

Theorem 3.6. Let A be a self-conformal set on R™. The collection of all Gibbs measures on A is
relative dimension separable. Consequently, for every 1 < d < n, for almost every V € Gr(d,n)

dimgy Pyp = min{d, dimg p} simultaneously for all Gibbs measures pn on A.

The above theorem follows from Theorem [2.7] Example [3.I] and Propositions
Let us now turn to parametrized families of conformal IFS. Even in the presence of overlaps, one
can obtain projection results for typical parameters if the transversality condition holds.

Example 3.7 (Parametrized conformal IFS). Let A be a finite set and let V' C R? be a com-

pact connected set with V' = Int(V). For each A\ € U, where U is a (hereditary Lindelof)
topological space, let F* = (fi)‘)ieA be a conformal C't? IFS on V. Assume that there exist

0 <y < v < 1such that v < [[(f})(z)|| < 72 for every x € V,\ € U. Moreover, assume
that the map U > A — F) is continuous, where the distance between F* and F>2 is defined as

Ay PY
max <Hfi)‘1 — 2N = (F2)) + sup 1) (‘Z):y(‘{} 2) (y)”>. We call a parametrized family
i€ r#YeV

F* X €U a continuous family of C'? conformal IFS. Let ¥ = AN be the symbolic space, and
for each A € U, let II := [Tz : ¥ — R? be the corresponding natural projection map . For
each A € U, let py := pz» be the metric on ¥ corresponding to F*, as defined in . Under these
assumptions families {IIy : A € U} and {py : A € U} satisfy assumptions |(Al)| and [(A2)l Prop-
erty follows by the bounded distortion property and the distortion continuity, see for example
Nakajima [Nak24, Section 3| in the more general non-autonomous case, while follows directly
from the definition of metric p).

It is straightforward to check that the transversality condition with respect to the family of
metrics py follows from a stronger (and classical) condition: there exists K such that

(3.7) n({A €U : |y(w) = I\(7)|| < r}) < K min{1,r%} for every w,7 € ¥ with w; # 7.

Indeed, by the bounded distortion property, there exists a continuous function K: U — (0, 00) such
that for every z,y € V and w € %,

12 @) = L2 = KO e =yl
see Nakajima |[Nak24l Lemma 4.1]. And so,

(A€ U () = TL(D)]] < palw, 7)rd) < 0 ({A € U Iy 7w) — Iy (o#7r)| < K(V)r})

< min {1,rd sup K(/\)d} .
AeU

It is usually a non-trivial task to check whether a given parametrized IFS satisfies the transversality
condition |(A3)l We refer to [BSS23| for an overview of the technique and to [Sol23| for a recent
survey. Let us give a one simple construction which leads to a transversal family of conformal TFS.

Example 3.8 (Translation family). Let F = (fi)iea be a conformal C'*% IFS on a compact
connected set V C R? as described in Example and assume that gl&};”f{” + Il < 1. Let
1£)E

U= {(ti)ica € RHA: £(V)+t; € V}, and let ) be the normalized Lebesgue measure on U. Then

Ft = {fl = fi + ti}ica,t € U is a continuous family of C**? conformal IFS. A family of natural
10



projections {II; : t € U} and corresponding metrics {p; : t € U} as in Example satisfy [(A1)| -
(A3)[ with measure 7, with respect to the parameter ¢. See for example [BSS23| Theorem 14.5.2] for
the proof in the case d = 1, which extends in a straightforward manner to higher dimensions.

Note also that if d = 1 and F; = {x — Nz + t;}ica consists of similarities with fixed \; €
(—=1,1) \ {0} and parametrized by t = (t;);ca € RA, then the similarity dimension so = s(F}) is
independent of ¢ and in fact is the unique solution of the equation ) |A\;|*®¢ = 1. Therefore, if

icA
sg < 1, then the condition 'gla}fal [FAIES Hf],” < 1 is satisfied and hence the family F; satisfies the
1£JE
transversality condition. Note that for d > 1, the analogous condition sy < d is not sufficient for
uaranteeing max || f/|| + || /i < 1. [ |
5 5 max |17+ 1)

Before formulating our main result on parametrized families of IFS satisfying the transversality
condition, let us interpret the nearly bi-Lipschitz condition for natural projection maps as a sepa-
ration condition for cylinders. Given an infinite word w = (w1, ws,...) € 3, let w|, = (w1,...,wy)
denote its restriction to the first n coordinates, while given a finite word w € ¥*, let |w| denote its
length and let [w] = {7 € ¥ : 7|, = w} be the corresponding cylinder.

Definition 3.9. Let F be a C'*? conformal TFS on R?. We say that w € ¥ has exponential
distance from the enemy (EDE) if for every ¢ > 0 there exists C = C(w,e) > 0 such that for
every n € N

(3.8) dist | IIr(w), U Ox([7]) | > Cdiam(ITLz([w],]))' e,
I7|=n.

T#W|n

Proposition 3.10. Let F be a C'*Y conformal IFS on R?. Then w € ¥ has exponential distance
from the enemy if and only if for every a € (0,1) there exists C = C(w, «) such that

(3.9) pr(w,7) < C|llp(w) —IIe(7)|Y for every T € 3.

Consequently, for u € Mg, (X), we have that p-a.e. w € ¥ has exponential distance from the enemy
if and only if the natural projection map Il x is p-nearly bi-Lipschitz in metric pr.

Therefore, for a measure u € Mg,(X), p-a.e. w € ¥ satisfies EDE if and only if Iz is p-nearly
bi-Lipschitz in metric pz. For the proof of Proposition see Section

Remark 3.11. Let us emphasize that EDE is a much weaker separation condition that the Open Set
Condition (see [BSS23|, Definition 1.5.2]), so that it can hold for typical IFS with overlaps, while it is
strong enough so that it can be used to deduce novel results on the multifractal analysis, see Section
Bl In particular, see Lemma for a useful consequence of EDE, which is the main ingredient of
the proof of Theorem

The following is our main result on transversal families of conformal IFS.

Theorem 3.12. Let F*,\ € U be a continuous family of C*+Y conformal IFS on V C R™. Assume
that 1 is a measure on U such that the transversality condition (3.7) holds. Then for n-a.e. X € U

(1) dimpg ITyp = min {n, X(}L(’;_)A)} holds simultaneously for all ergodic measures p on 3,

(2) foreveryl < d < n, for almost every V € Gr(d,n), the equality dimg (Py Il u) = min{d, )

X (1, F?)

holds simultaneously for all ergodic measures p on 3,
11
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(3) if s(F*) < n, then simultancously for all ergodic measures p on X, p-a.e. w € % has
exponential distance from the enemy.

Note that point of Theorem agserts that under the transversality condition, despite
possible overlaps, one obtains for typical F) the same conclusion as in Theorem under Strong
Separation Condition. Point [(1)] follows directly from Theorem 2.7 and Proposition [3.4] while point
(3)| requires additionally Proposition

Point requires an additional step to show that the map Py oIly: ¥ — R? satisfies the transver-
sality condition with respect to the parametrisation (V;\) € Gr(d,n)xU. Then the claim of point
follows simply by Fubini’s Theorem. Let us denote by v the unique measure defined in Example
and note that gives that n({\ € U : IIy(w) =IIx(7)}) = 0 whenever w # 7. Therefore for

every r > 0 by (3.1)) and (3.7))
¥ xn({(V,A) : |PvIIN(w) = PVIIN(T)[| < palw, 7)r})

= : w) — T w) — T palw, T)r
= [+ ({v s 1vme) - Arm el < ) - m 2T ) dno

e (s Tin) w0 = [ <{A (e 2em) > }) v

o0
< c’rd/ min {1, a_”/d} da < 'r,
0

3.3. Further examples. Let us now present some more examples related to iterated function sys-
tems to which Theorem can be applied.

Example 3.13 (Parametrized non-autonomous system). Non-autonomous systems were introduced
Rempe-Gillen and Urbanski in [RGUIL6|, with the so-called Open Set Condition being assumed. For
the sake of studying the overlapping non-autonumous systems, Nakajima [Nak24| considered fami-
lies of non-autonomous systems and introduced a transversality condition for the non-autonomous
systems. In particular the following parametrized family of non-autonomous system (with overlaps)
was studied by Nakajima [Nak24]: The parameter domain is U = {t € C : |t| < 2 x 5758} \ R, and

let X := {z €Z: |z < m} For every parameter ¢ € U and j € N Nakajima considered the
mappings
(3.10) gf)é{g, gi)gjg X = X, (;5(()]72(,2) =1tz and ¢§]2(2) =tz + G

Let ®; := (@Ej))éo X where
j:

: 1
(3.11) o) = {z»—>tz,z»—>tz—|—j}

Then ®; is a parametrized non-autonomous system whose attractor is the set of all limit points
. 1 n N
A = {nlbngo ¢£J1),t 0--+0 ¢£Jn)7t(z) © (wr,wa,...) € {0,1} } ,

where z € X. Set A= {0,1}, ¥ = AN and II; : ¥ — C, T(w) = 220:1% for w = (w1, ws,...) €
¥, so that Ay = II;(X). Consider a family of metric on ¥ defined as py(w,7) =t for w, 7 € 2. Tt
is straightforward to that conditions and hold. It follows from |[Nak24l Theorem B| that

the transversality condition |(A3)| holds on every compact subset of U with 7 being the Lebesgue
12



measure on C. Indeed, by [Nak24l Theorem B, if w,7 € ¥ are such that |w A 7| = n, then for a
compact set G C U
n({t € G:|M(o"w) — M (o"7)| < r}) < Cpr?
with C, satisfying lim % = 0. Therefore for every € > 0 there exists K so that C,, < K2" and
n—oo
hence setting v = 2 x 57%/8 we have for r > 0,5 > 0
n({t € G: [Iy(w) —IL(7)| < pelw, T)r, prlw, T) = 6})
=n({t € G: [(o"w) —i(o"T)| <, [t[" = d})
<n({teqG:[(oc"w) —(o"T)| <7, ¥ > 6})
<n({teG:[(oc"w) —M(c"7)| <7}) 1{n<@}
— log~y
< C,ﬂn{ngw} < K2"r?1 —_ < K§®evr2,

log v

II
II

— log~y

Consequently |(A3)| holds in this case. Finally, the set of all ergodic shift-invariant measures on 3
is relative dimensional separable with respect to each p, with t € U by Proposition [7.10] hence all
assumptions of Theorem [2.7] are met in this case. |

Example 3.14 (Random self-similar system). Let 4 be a finite set of indices, and for every i € A,
let 6; € (0,1), O; € OR,d) and t; € R%. Let I C R? be a compact domain and let ¢ be the
normalized Lebesgue measure on I. Let U = I**. Set ¥ = AN and for A € U define II, : ¥ — R?
as I\(w) = Y peq(tw, + Al )0uli 1 Owr.owops Where Oy, = Ouy -+ - 0u, and Oy, = Ouy - Oy
With the choice of a single metric py(w,7) = p(w,T) = Ouar on X, it is easy to check that the
assumptions [(A1)| and |(A2)| hold. Choosing the probability measure n = (>*, the transversality
condition holds by [JPS07, Lemma 5.1] The set of all ergodic shift-invariant measures on X is
relative dimensional separable with respect to p by Proposition |

3.4. Applications to the multifractal analysis. Finally, let us discuss in more details the ap-
plication of Theorem to the multifractal analysis of self-similar measures. Let F; = {fi(z) =
M\iO; +t; }ie 4 be an IFS consisting of similarities on R?, so that \; € (0,1), O; is a d x d orthogonal
matrix and ¢; € R%. Let p = (p;)ica be a probability vector. For every ¢ € R we define T'(q) to be
the unique real number satisfying

Z pg)\iT(q) =1.

icA
The general version of our main result on the multifractal spectra of self-similar measures is the
following.

Theorem 3.15. Fiz d > 1. Let A be a finite set and for each i € A fix \; € (0,1) and a d x d
orthogonal matriz O;. For each t = (t;)ica € (R4 and a probability vector p = (pi)ica, let viyp be
the self-similar measure corresponding to the IFS F; = {fi(x) = \iO;jx + t;}ica and the probability
vector p. The following holds for Lebesque almost every (t;)ica € (R))A. If the similarity dimension
so = s(Fy) of Fy satisfies

(i) so <lifd=1, or

(1) so < d and 1;1&{()\1- <1/24fd>2,

then equality

dimy ({7 : d(vp, z) = a}) = inf (ag + T(q))

inf
geR
holds for

13



(i) every o € {mg\l }ng’max 10gp1] ifd=1, or

cA log A
> )\io log p; ,
.. €A i ogpZ >
(ii) every o € 7.2/\30 oy X Tog X if d > 2.
K3

and every probability vector p such that p; # X.° for some i € A.

We shall make now several comments on the above result.

Remark 3.16. Theorem [3.15 with d > 1 does not cover full range [mmi gf{z,max %ngjf]. This
A 108 €A °8

> >‘7;0 log p;
. . . - i€A log p;
is because our technique deals only with decreasing part of the spectrum > A Tog rzrgi‘ Tog s ]
€A
1 > )\fo log p;
ogp; i€EA
while the increasing part ngtl ogh 3 AT log n, follows from the result of Barral and Feng [BEF21]
i€A

Theorem 1.2, Remark 7.3]. As the latter was so far obtained only for d = 1, the full range result is
limited to this case. Nevertheless, it follows from the proof of Theorem that in the remaining
part of the spectrum we obtain a lower bound on the dimension of the level set, i.e.

dimg ({z : d(vip,z) = a}) > ;glf&(aq +T(q))

1 > A logpi

- O, ;i 1€EA

holds for « € ml}ll logf\ , GZ XTTog
e

Remark 3.17. We shall emphasize that Theorem even for d = 1, does not establish the full

multifractal formalism for the corresponding self-similar measures. One says that the multifractal

formalism holds at « if

dimyy ({2 : d(v1,2) = ) = inf (g = 7, ().

where ¢ — 7, ,(q) is the Li-spectrum of the self-similar measure v, see e.g. [BSS23, Chapter 5].
Our result shows that the dimension of the level sets of the local dimension is preserved under the
projection from the symbolic space onto the self-similar set. Establishing the multifractal formalism
in the setting of Theorem , requires proving additionally that 7, ,(¢) = —T'(q) for ¢ € R. For
q > 0 this was proved by Shmerkin for self-similar measures satisfying the exponential separation
condition [Shm19]. The case ¢ < 0 remains an open problem. The results of Barral and Feng [BEF21]

Z )\f‘() logpx
. . . _ . . ]ogp1 i€A
establish the full multifractal formalism for d = 1 in the restricted range o € Ilrég‘l ogh’ 3 AT logn;
i€ A

(corresponding to g > 0), for self-similar measures on R satisfying the exponential separation con-
dition.

4. PRELIMINARIES

For a map II between metric spaces, we will denote by Lip(II) the Lipschitz constant of II (or
Lip(II, p) if we want to emphasize dependence on the metric). Given a Borel measure p on a metric
space (X, p), we denote by supp(u) the topological support of y, i.e. the set of all z € X such that
pu(B(x,r)) > 0 for every r > 0.

14



Definition 4.1. Let (X, p) be a metric space. The lower and upper local dimensions of a finite
Borel measure p € Mg, (X) at a point x € supp(u) are defined as

d(p, x) = liminf w and E(/% x) = limsup w_
r—0 log r r—0 logr

If the limit above exists, then their common value is called the local dimension of p at x and
denoted as d(p,x). The lower and upper Hausdorff dimensions of p are defined as

dim ;e = essinf d(p, z) and dimpgp = esssup d(u, x).
T~ T

If dimpyp = dimpgp, then their common value is called the Hausdorff dimension of p and de-
noted dimy p. Measure p is called exact-dimensional if d(u,z) exists and is constant p-almost
everywhere.

It is well known (see e.g. [BSS23, Section 1.9.1]) that the Hausdorff dimensions can be equivalently
expressed as

dimyp = inf {dimyg A : A C X Borel with pu(A4) > 0}
and

dimpp = inf {dimy A : A C X Borel with p(RY\ A) = 0}.

Definition 4.2. Let (X, p) be a metric space. For a set Y € R and 6§ > 0, let N(Y,§) denote the
minimal number of balls of radius J required to cover X. Set Y is said to be (M, s)-homogeneous if
N NnB(x,r),p) < M(r/p)® for every x € Y, 0 < p < r, i.e. the intersection B(z,r) NY can be
covered by at most M (r/p)® balls of radius p. The Assouad dimension of YV is defined as

dimyg Y =inf{s > 0:Y is (M, s)-homogeneous for some M > 0}.
We will repeatedly make use of the following simple lemma.

Lemma 4.3. Let X be a metric space. Fiz r > 0. For every set G C X there exists a cover

G C U B(z',r)

z'eF
such that
F C G and {B(2',r/2): 2" € F} consists of pairwise disjoint sets.

Moreover, if X is separable, then F can be taken to be countable and if X is compact, then F can
be taken finite.

Proof. As F one can take a maximal packing r/2-packing of G, i.e. a set F' C G with the property
that balls {B(2,r/2)}cr are pairwise disjoint and no larger set (in the sense of inclusion) has

this property (its existence follows from the Kuratowski-Zorn lemma). Then G C |J B(2/,r), as
z'eF
otherwise F' would not be a maximal r/2-packing. If X is separable, then it is hereditary Lindel6f
[Eng89|, hence one choose a countable subcover of G. If X is compact, then F' must be finite, as
otherwise X would have a sequence without a convergent subsequence. O
15



5. RELATIVE DIMENSION SEPARABILITY

We begin with simple observations providing conditions which guarantee that the relative dimen-
sion separability is preserved under a Lipschitz map.

Proposition 5.1. Let X and Y be metric spaces and let I1 : X — 'Y be a bi-Lipschilz map. Assume
that M C Mgy (X) is relative dimension separable and that for each p € M, measure Ilp is weakly
diametrically reqular. Then the collection {Ilp : p € M} C Mgy (Y) is relative dimension separable.

Proof. Let px and py denote the metrics on X and Y, respectively. Let V C Mg,y (X) be a
countable set witnessing relative dimension separability of M. Fix ¢ > 0, y € M and v € V such
that dim(pl||lv, px) < e. As I is bi-Lipschitz, there exists L > 0 such that for every x € X and r > 0

B(z,r/L) c I"Y(B((z),r)) C B(z,Lr).
Fix x € X such that there exist R > 0 and d > 0 for which
r*v(B(x,r)) < w(B(z,r)) < r “v(B(z,r))
and
Mu(B((x), Lr)) < r*Tp(B(Il(z), )
hold for every 0 < r < R. By assumptions, p-a.e. x € X satisfies the above properties. For
0 <r < R we have
Hp(B(IL(x), 7)) < L*rTu(B(I(z),r/L?)) < L*r~¢u(B(z,r/L)) < L3*r %*v(B(x,r/L))
< L3r~ 2y Y(B(Il(x),7))) = L¥*r~*Ilv(B(I1(x),7)).
Similarly, one has for 0 < r < r/L?
Op(B((z), 7)) > r*Uu(B(M(x), L*r)) > r°u(B(z, Lr)) > Lfr*u(B(x, Lr))
> Ler®p(I Y (B(IL(x),7))) = Lir¥*Iv(B(IL(z), 7).
The two above calculations show together that

og p(B(I(z),r)) log I (B(I(z),r))
—2 < lim inf Hv(B(1I(z),r)) < lim sup Hv(B(I1(z),r))

7—0 logr r—0 log r
Recalling that the above holds for p-a.e. = € X we obtain dim(Ilu||Ilv, py) < 2e. As the set
{IIv : v € V} is at most countable, we see that {IIu : p € M} is relative dimension separable. [

< 2e.

For the next preservation property we need a stronger separability condition.

Definition 5.2. Let p and v be finite Borel measures on a metric space (X, p). The uniform
relative dimension of ;1 with respect to v is
dim, (p||v,d) :==inf{e >0: 3 V V 7rv(B(z,r)) < pu(B(z,r)) <r “v(B(z,r))}.
R>0 zeX 0<r<R

Definition 5.3. Let (X, p) be a metric space. Let M C Mgy(X) be a collection of finite Borel
measures on X. We say that M is uniform relative dimension separable (with respect to p) if
there exists a countable set V C Mg, (X) such that for every u € M and € > 0 there exists v € V
such that dim,(ul||lv,d) < e.

Note that clearly dim(u||v,d) < dim,(u||v, d), hence uniform relative dimension separability im-

plies relative dimension separability. We shall also need a stronger diametric regularity condition.
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Definition 5.4. Let (X, p) be a metric space. Measure u € Mg, (X) is called uniformly diamet-
rically regular if for every € > 0 there exists R > 0 such that

w(B(x,2r)) <r~*u(B(z,r))
holds for every 0 < r < R and z € X.

Proposition 5.5. Let X and Y be metric spaces and let Il : X — Y be a Lipschitz map. Assume that
X is separable, M C Mg, (X) is uniform relative dimension separable and that for every u € M,
W 1s uniformly diametrically regular and Iu is weakly diametrically regular. Then the collection
{TIp : p € M} C Mgy (Y) is relative dimension separable.

Proof. Let ¥V C Mg, (X) be a countable set witnessing uniform relative dimension separability of
M. Fixe >0, p € M and v € V such that dim,, (u||v, px) < e. Let Ry > 0 be such that

(5.1) r'v(B(z,r)) < w(B(z,r)) < r “v(B(z,r))
and
(5.2) w(B(z,2r)) < r “u(B(z,7))

hold for every x € X and 0 < r < Ry. Fix x € X such that there exists Ry > 0 so that
(5.3) Hu(B(Il(x),2r)) < r~<Tu(B(II(x), )

holds for every 0 < r < Ry. By assumptions, p-a.e. x € X satisfies the above properties. Set
R = min{R;, Ra} and L = Lip(II). Using Lemma , take a countable cover

(B (11 (z),/2)) UB(:U )

' el

such that
FcII'Y(B(I(z),r/2)) and {B (x’, i) o' € F} consists of pairwise disjoint sets.

Note that

UB( )cn (B(IL(z),r)).

z'eF

We therefore have by (5.1)) and (5.3) for 0 < r < min{R, LR}

Ty (B (11 (z) 7)) < 257 T (B (I (2) ,7/2) < 2577 3 i (B (x’, %))
' eF
< 228L€r—26 Z M <B (l‘l, %))

<23€L2€ —3e (B( / L))
< T Zl/ x,2L

z'eF
< 2% L% y(B(I(z), 7).
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Similarly for 0 < r < min{R, LR}

HV(B(H(x),r/m)gZV(B(x’,ﬁ)) Z ( (x ))

r’'eF

g

z'eF
< 2°L%r 2 TIu(B(I(x), 7))
< 2% L%y p(B(Il(x), /2)).

The two above calculations show together that

og Mu(B(Il(z),) log 1 Hp(B(I(z),r))
~3¢ < liminf — BUE@) -y, sup Mv(Bl()1) 3
r=0 logr r—0 logr

Recalling that the above holds for p-a.e. = € X we obtain dim(Ilu||[Ilv, py) < 3e. As the set
{IIv : v € V} is at most countable, we see that {IIu : p € M} is relative dimension separable. [

6. PROOF OF THEOREM

This section is devoted to the proof of Theorem We assume in this section that all
assumptions of Theorem are satisfied. We will denote by Lip(I,, py) the Lipschitz constant
of Iy : X — R? with respect to metric py on X.

6.1. Preliminaries on relative dimension. Let us begin with formulating the main technical
consequence of the relative dimension separability assumption, which is a construction of sets on
which one can compare p- and v-measures of balls for all g which are relative dimension close to
the reference measure v. For that, given p,v € Mgy (X), Ao € U,q > 0,6 > 0 and R > 0 define sets

Axoqer(pv) = {JJ € X: 0<Y<R V(B (z, 7)) < (B, (z,7)) < r  v(By,(z,1)),

(B (,7)) <7975, p(B, (2, 2r)) < _EM(BAO(%T))}

and

Ghro.qe,rR(V) = {x € X: W v(By,(z,7)) < ra=2, v(By,(z,2r)) < 2_57“_361/(3%(:10,7“))}.
0<r<R/2

A formal corollary of definitions of Ay, 4 r(1t, V) and Gy 4 r(V) is the following.
Lemma 6.1. For every p,v € Mg, (X), Ao € U,q > 0,6 >0 and R >0

(6']‘) A>\074757R(H7 V) C GAquyavR(V)

and inequality

(62) M(B/\O (‘/I"’ T) N A)\o,q,e,R(:U’u V)) < 2757”7561/(‘8)\0 (‘/1:7 T))
holds for every x € Gy, qe,r(V) and 0 <r < R/2. Moreover, there exists M = M(R,¢e) such that
(6.3) 1(Axg qe.r (1)) < My(X).
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Proof. Containment (6.1) follows directly from the definitions of Ay, g r(1t,v) and Gy g.e.m (V).

For (6.2), fix x € Gyyqe,m(v) and 0 <7 < R/2. If By (x,7) N Axyq.e.r(1t,v) = 0, then (6.2)) holds
trivially. Otherwise, choose y € By, (z,7) N Ay, ¢.,2(1t, V). Then

(B (,7) 0 Axg g.e,m (1)) < 1(Bg (4, 2r)) < 175 pu(Bog (y,7)) < 7% 0(Byy (y, 7))
< r % y(Byy (,2r)) < 275 u(By, (z, 7)),
where the second and third inequality follow from the definition of Ay, 4 r(1, V), the last inequality
follows from the definition of G, 4. 1 (v) and the remaining ones follow from By, (x,7) C By, (y, 2r)

and By, (y,r) C By, (z,2r).
For (6.3) consider a countable cover

Anpger(tv) € | B (', R/4),
z'eF

so that
F C Axyqe,r(1t,v) and {BAO (x', R/S) 2 € F} consists of pairwise disjoint balls.
Then by , and definition of Gy, ¢ 1 (V)
i Argge,m(1:v)) < Y p(Bag(a's R/4) 0 Axg g r(p,v)) < 275(R/4)7F ) (B (@', R/4))

z’'eF ' eF
<27 (R/4) 5 (R/8)% Y w(By,(x, R/8) < 2'™ R™¥u(X).
' eF
This proves (6.3]) with M = 217° R8¢ O

In order to make use of the Lemma we need to prove that sets Ay, 4. r(1, ) have large (or
at least positive) p-measure. This is achieved in the following lemma.

Lemma 6.2. Fiz \g € U,q > 0 and € > 0. Let V), C Mgn(X) be a countable set witnessing the
relative dimension separability of M with respect to py,. For v € V), set

K)\o,q,s(y) = {M eM :@H(Ma p/\()) > q, dlm(:uHVa P)\o) < ‘5}

and
VAO#]@(”) = {:u € M : diimH(:uvp)\o) Z q, dlm(:uHVv p)\o) < 6}'

Then

(6.4) {pe M:dimy(p,pr) > qt € | Vigae®)
VGVAO

and

(6.5 fwe Msdmu(n ) 2 at € | Vange ).
1/€V>\0

Moreover

(6.6) }lziglo (X \ Axgqe,r(1,v)) =0 for every p € KAM’E(V)

and

(6.7) lm  p (Axy ge.r(p,v)) >0 for every p € V)\07q75(l/)

R—0
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Proof. Equalities (6.4) and (6.5) follow from M Cc |J {n € M : dim(ul||lv, py,) < €}, which is a

VEVAO
consequence of the relative dimension separability. For (6.6)), note that if dim(ul||v, py,) < €, then
for pra.e. © € X, there exists R(x) > 0 such that for all 0 < r < R(z) inequalities

(6.8) r°v(Bag (2, 7)) < p(Byg (7)) <77 v(By, (2,7))
hold.

Similarly, if dimg (p, pa,) > ¢, then for p-a.e. € X there exists R(x) such that
(6.9) (B, (z, 7)) <r?°forall 0 < r < R(x)

and if p is weakly diametrically regular with respect to p),, then for p-a.e. x € X there exists
R(z) > 0 such that

(6.10) (B, (z,2r)) <1 cu(By,(x,r)) for all 0 < r < R(x).

Combining (6.8)), (6.9)), (6.10)) proves (6.6). For (6.7) it suffices to note that if dimpyp > g then there

is a set of positive p-measure (rather than full) such that for py-a.e. € X there exists R(x) > 0 for

which holds. O

6.2. Theorem - Hausdorff dimension. The following proposition is the main step of the
proof of the Hausdorff dimension part of Theorem [2.7] Recall that for a finite Borel measure y on
R?, its s-energy for s > 0 is defined as

&= [ [ 1o =yl du()duty).

Proposition 6.3. Fiz L > 0. Let Uy, = {\ € U : Lip(Il,px) < L}. Fiz N\g € Ur, g, > 0 and
0 < £ < 1. There exists an open neighbourhood U’ of \g in U, with the following property: for every
v eV, and every R >0

/ sup  E(M(ilay, - pu))dn(N) < o0
Mezko,q,e(y)

Ul

if 0 < s < min {f—;z —16e, (1+¢) (q — 18— (d—¢) (ﬁ - 1—_}{) - 1%6) }, where V. .(v) is as
defined in Lemma [6.2

Proof. Fix \g € U,qg > ¢ > 0, £ > 0,R > 0,s > 0 and v € V,,. Let us denote for short
Vi=ViaeW), Ay = Axgqer(,v), G = Gy gem(v) and ji = pla,. We will use the following
notation: A < B means that there exists a (finite) constant C' = C()\g, q,¢,&, R, s,v) such that
A < CB + C (here A, B are allowed to depend on all these parameters and possibly some others).
In particular, if A < B, then B < oo implies A < co.

Let U’ C Ug be a neighbourhood of A\g such that n(U’) < co and for every z,y € X inequalities

(6.11) H py(2,9)'7 < pag (2, y) < Hpa(a,y)' ¢
and

(6.12) n({\ € U : |x(z) — Ix(y)| < pa(z,y)r and py(z,y) > 6}) < K6 r?=¢ for 6,7 > 0

_1
hold (it exists due to assumptions |[(A1)| and |(A3)). Set Dy = diam(X, py,) and D := LHD;"*.
Note that (6.11]) gives

1
(6.13) SUp [T\ (z) — T\ (y)| < LHpx,(x,y) ™€ < D.
e /
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By Lemma for each n > 1 take a finite cover

1 .
(6.14) Gc | B (f, D02 ")
z'eF,
such that
1
(6.15) F, C G and {B,\O (x’, 16D02_”) = Fn} consists of pairwise disjoint balls.

Note that for each p € V, we have dimyg i > dimgp > g > 0, hence i has no atoms. Therefore, as
Lemma [6.1| gives A, C G for p € V, we have for each p € V, A € U" and s > 0

E,(ITj) = / / 03 (2) — Ty (y)] () di(y)
(6.16)

- Z//]I{DOQ (n+1) <y, () <Do2~ n}|H>\( r) — My (y)|*dii(z)df(y)-

n=07 &
It follows from that
(6.17) if pag (2, y) < D27 ", then |I(z) — Iy (y)| < D2 T+,
Therefore
]l{DOQ_("+1)<p)\O(m,y)SDOQ*"}‘HA(SL‘) —I\(y)[™

(6.18)

m=0

< - L D7y 2o )y u Y-
- ]l{DDz ("+1><P>\0(937y)§D02 n} Z {|Hk(x)7n>\(y)‘§2—ml)2_m}

Indeed, if py,(z,y) < DOQ*" and IIx(x) # IIx(y), then by (6.17) there exists m > 0 such that

2-(m+1) Do~ TiE < |, (z) — ( )| < 27mD2 T4, so (6.18) follows. If IIy(z) = I\(y) then both
sides of the inequality in are infinite prov1ded D2~ () < Pro(®,y) < Dp27". Applying

(6.18) to (6.16) gives

Es(Thi) < Z Z 9s(m+ie)

n=0 m=0

x i@ fi({(2.y) € G*: D2~ "D < py,(w,y) < D277, [M(w) — Ta(y)] < 27" D27 7¥e }).

To bound each term in the sum, we can cover G2 by products of balls from (6.14)) corresponding to
n 4+ m, obtaining

H)\M Z Z 2 s(m+12= 1+.§ Z Z <B)\0 <.’I,'/, ;DoQ_(n+m)>> i <B)\0 <y/7 ;D(]Q_(n—"m)))

n=0m=0 ' EFntm Y EFntm
x 1 _ A X1
{3 D02~ (D <py, (2’ y)<2Do2 " }

{Ims@)-mi<epe T}
We have used here the observation that if z € By, (x’, %DOQ*(”“”)) and y € By, (y , 8D02 (”+m))
then D2~ "+ < py (2,y) < D27 implies 2 Dp2~ "+ < py (2/,y') < 2Dp27™, while [T\ (z) —

n n L n m n-—+1m
Iy (y)| < 27 D215 implies |1y (2/) — Iy (/)] < 2-™D2 Tre +2LH8 THe DL€ 2 TiE < 2D Tre
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by (6.13). Let N € N be such that #=D¢2™" < R/2. Then
Es(I\r)

619 ¢y gty (BAO (x',;DOQ("””)))ﬂ(B,\O (y',époww))

m+n>N ' E€EFntm YV EFntm

L1 Doz t0 <o (o) <2027} ﬂ{m(az’)—m(y'ngznf el
as by (6.3)
N N
gs(m+ ) By (o 2Do2= ™)) i ( By, (o, 2 Dy2-(m+m)
Z Z Z Z Ao T, 8 0 19 Ao Y, ] 0

n=0m=0 ' E€EFntm Y EFntm

x 1 _ X1
{3 D027 ("D <pxg (@) <2Do2 7" } {|H>\(x’)—H>\(y’)\<2D2_nliTg}

<25N(1+1+£ M2 Z Z# 2

n=0m=0

<1

Continuing from (6.19), as F4+m C G, we can invoke (6.2)) to bound further

n 1
H)\/L Z 2 m+ E)-‘rlOa(n—I—m Z Z I/<B)\O (:E/38D02_(n+m))>

m+n>N ' E€Fntm Y EFntm

1
- —(n+m)
e <B)\O <y ’ 8D02 >) % ﬂ{lDOQ n+1)<p/\0(x/’yl)§2D02_n} % ]1{|H>\(x’)—H>\(y’)|§2D27Tr&n}.

Note further thalt if %DOQ_("H) < pr(@,y), then (6.11) implies py(2/,y") > QgQil%é, where
Q¢ = H1 (Dy/4)T-¢, and so

1 _ —ny X1 ntm
{3 D02~V <py, (a/,y)<2D02 " } {\HA(m')—HA(y')|§2D2*1+T§}

S]]_ 1 —(n+1) ;o _n x 1 m 1 1 n
{3D02= ("D <prg @y S2D02 77} {\H/\(:c/)—HA(y’)KC'P/\(x’»y')Q_m+n<17_5_ﬁ)7P/\(CC’7Z/')>Q§2_W}

for a constant C' = C'()g, §). Combing the last two bounds, which are uniform in p € V and A € U/,
we obtain

n 1
sup 5 H}\H Z 25 m4= 1+§ )+10e(n+m) Z Z v <B>\0 <$/7 8D02—(n+m))>

pev m4n>N x an+nz Yy an+ m

1
—(n+
X v (B/\o <y/7 §D02 (n m)>) X Lt po-tna) <py (at,y)<2D027 )

X ]l 7l+n( 1 )
{|HA($’)—HA(y')|SCPA(I’7ZJ’)2 Fetn(Te 1) | gy (o0, >Qe2 T f}

Integrating with respect to dn(\) and using the transversality condition (6.12)) yields
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/bup £.(Txf2) dn(\ Z o(m+ 1)+ 10 (n+m)
pev i

A"

' €Fp+m Y E€EFntm
X

1{%Do2*<n+1><m0 (2',y)<2Do2 "}
(6.20)

1

n({AeU’:\wx’) ()| < Cortat, )2 T (Fevie), ml,qugz&})

(d—¢) 1 1
Z 28(m+1+5 +10e(n+m)— mH_; +n((d s)(l—_g—l—g)—klf&)

m+n>N

' E€Fp+m Y EFntm

X ]1{%D027(n+1)<p/\0 (x/7yl)§2D02—n}.
To deal with the sums over z/, 3’ we recall that F},,,, C G and use the definition of G to obtain

£ F (o (sl o (oo o)

CUIEF'rH—m y/an+m

(621) X ]1{%D027(n+1)<p>\0 (x’,y/)§2D02_"}

1
S 26a(n+m) Z Z U (BAO ({L‘/, 16D02—(n+m)>> v (B/\o <y 7 EDOQ (n+m)>>
-'L'IGF7L+m y,€F7z+m
X ]]‘{%D02_("+1)<p)\0 (I’,y’)SQD()Q*”}‘

By (6.15) and the definition of G we have for n + m > N (recall that N was chosen so that
£Do27N < R/2)

1
—(n+
Z v <B)\0 <y/’ ED()Q (n m))> ]l{%DO2*("+1)<p>\0(x’,y’)§2D02’"}

ylan+7n
< v (Bx(2,4D27"))
< 27n(q72s) 7

(6.22)

where the last inequality holds for large enough n by the definition of G, while for the remain-
ing finitely many n’s it holds as v(X) < oo. Applying (6.22)) to (6.21) and invoking once more
disjointness of the balls in ({6.15]) gives

1 1
S5 v(Buagmeee) ) (B (i gm0 ) )
'€ Fpym Y EFngm
x ]l{lDOQ (1) <py, (2/,y)<2Do2 " }
< I/(X) —n(g— 28)+65(n+m).
Combining this with (6.20)) gives finally
/Sup £.(Thi) dy(A) < Z Z 2m s+165 1+£)+n<1+£+186+(d 5)(1—i£—ﬁ15)+1f5—q)'

pev

n=0m=0
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The last sum is finite provided that

d—e 1 1 €
s<17+§—165 and s<(1+§)<q—185—(d—5)(1_§—1+€—1_§>>.

g

Proof of point of Theorem By taking a countable intersection over A, it suffices to prove
that for every L > 1, the conclusion of the theorem holds for n-a.e. A € Uy, = {\ € U : Lip(Il,, p)) <
L}.

It is well known that for a Borel measure p on R”, if E5(u) < oo, then dimypu > s, see [Fall4l
Theorem 4.13]. Therefore, a consequence of Proposition is that for fixed g, >0and 0 < ¢ <1
there exists an open neighbourhood U’ of A in Uy, such for every v € V), and every R > 0 we have
that for n-a.e. A € U’ inequality

(6.23)
d—¢

1 1
dim IO (] Ay o () 2 min{l—i—{ — 16e, (14 ¢) <q— 18 — (d —¢) <1 —¢ 1+§> - 155)}

holds for every p eV, . (v).
Point of Theorem follows from by invoking Lemma letting ¢,¢,&, R — 0 and
taking countable intersections over the parameter space. Below we explain this more precisely.
Letting R — 0 in and taking countable intersection over A we see by that for n-a.e.
A € U’ inequality

d—ce 1 1 €
24) dimgIlp > min< —— — 1 1 — 18 — (d — — — .
(028) dimgttyn > min {55 <102, 1+ (=152~ (@9 (12 ~ 1) 1) )
holds for every € V., . .(v). By (6.4), as V), is countable, we have that for y-a.e. A € U’, inequality
(6.24)) holds for every p € M with dim g (u, pr,) > ¢ > 0. We can assume by|(A1)[that U’ is such that

H=p\(2,9)' ¢ < pag (7, y) < Hpx(z,y)' ¢ holds for A € U and therefore dim g (u, pa,) > difm’ff(‘g’m

for all A € U’ and p € M (since By, (z,r) C B,\(x,Hrﬁ)). We conclude that for n-a.e. A € U’,
inequality holds for every pu € M satisfying dimg(p, px) > (1 +&)g > 0. As Uy, is Lindelof
(since U is hereditary Lindelof) we can find a countable cover {U]}22, of Uy, such that for n-a.e.
A € U/ inequality holds for every p € M with dimy (i, px) > (14+£)g > 0 and hence the same
is true for n-a.e A\ € Ur. Finally, taking countable intersections over ¢,&,& € QN (0, 00) we conclude
that for n-a.e. A € Ur, we have

dim ; ITyp > min {d, dimgpu} for every p € M such that dimg (i, py) > 0.

The proof of the Theorem for the lower Hausdorff dimension is finished upon noting that dim I u <
dim (u, py) as ITy is Lipschitz in py (so in particular dim g IIy = 0 if dimyp = 0) and dim I pu < d
as ITyp is a measure on R?.

The case of the upper Hausdorff dimension can be treated in exactly the same way, with the use

of (6.5) and (6.7) instead of (6.4) and (6.6), respectively. O

6.3. Theorem - Assouad dimension and Holder regularity. The remainder of this section
is devoted to the proof of point of Theorem . We begin with a lemma which combines the
transversality assumption with covering bounds coming from the Assouad dimension.

Lemma 6.4. Fiz L > 0 and set U, = {\ € U : Lip(Il, p») < L}. For every \o € U, 0 > 0 there

exists an open neighbourhood U’ of N\g € Ur and a constant D = D(\g, L,0) such that for every
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x € X,0<r <) <1 inequality

(6.25) 7 <{)\ €U 3 M) ~Th)] <7, pale.y) > 5}) <D (g)ddim“‘(X’pAD)e 50
holds provided that dima (X, py,) < d.

Proof. Fix £ > 0 (we will specify it later in terms of 6 and ') and let U’ C Uy, be a neighbourhood
of g such that n(U’) < oo and for every z,y € X inequalities

(6.26) H ' px(,9)' 7 < pag(w,y) < Hpa(z,y)'

and

(6.27) n({\ € U’ : [x(z) — Ox(y)| < palz,y)r and py(z,y) > 6}) < K6 5rd=¢ for 6,r > 0
hold. Fix z € X. Given 7 > 0 take a cover

N;
{y eX:26< P (T,y) < 2“‘15} C U By, (Yim,T)
m=1
such that
i+l dima (X,pxy)+€ ' ‘
(6.28) N; < C¢ ( > and 2°6 < py, (2, yim) < 27716
T

It exists due to the definition of the Assouad dimension (note that C¢ does not depend on z). By
(6.26) we have for A\ e U’, i >0, 1 <m < N;

1
1—

1 1 i+1 1
(6.29) B (Yims ™) © Bx(yim, Hr 7€) and H12T€5T€ < py (2, yim) < H2T€6THE

This gives
p({rev: 2, Mm@ -mwl<r o) = 6})

< Z ({)\ el : yeilx I\ (z) — A(y)| < 7, 2°6 < pa,(,y) < 2¢+15}>

nlixel’: 3 Ii(x) —x(y)| <r
YEBX (Yi,m,T)

n{{rev: 3 (@) -y <r
1 yGB)\(yz',m,HTm)

~
o

(6.30)

IN

= M=

IN

M 1M

]
o
3
I

(2

IfANeU and y € B,\(yi7m,Hr17-1+€) is such that |IIy(z) — II\(y)| < r, then |I\(z) — x(yim)| <
1 1

Iy (z) — x(y)| + [Hx(y) — Ox(yim)| < r+ LHr#€ < Mri+€ for a constant M = LH + 1. Using

this together with (6.29)), we can continue (6.30]) to obtain

{vev's 3 1m@ -mwi<r plen 2 })

2

n

7N

z

n ({)\ S U, : |H/\(.T) - H)\(yz,m)| < M""ﬁv PA($>yi,m) > H_12115517i5})
1

IN

m

z

2 - .
—1 3

1 —1
g <{)‘ € U M (x) = TA(Yim)| < pa(@, yim) MHr 2515, py(2,y;,m) > H 1217
1

IN

e L[]

i
o
i
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Applying (6.27) and (6.28) gives
p({rev: 2, Mm@ -mwl < oo = 6})

d —id

o
—¢ —d —id
< K(MH)"Srime HS5T¢ )~ N;21-¢

i=0

d—¢& T 0 ilai d
< CrmfdlmA(X,pAD)75571—75+d1mA(X,p>\0)+§ Z zz(dlmA(X,P)\o)-i-f—q)’
i=0

for some constant C' = C(Ag, L, &). If now £ > 0 was chosen small enough to guarantee dim (X, py, )+

— -4 < 0 (recall that we consider only the case dim4 (X, py,) < d), then the above sum converges,
) _1 13 0
giving

! <{A €U’ 3 M) — Il <7 px(2,9) 2 5})

4=€_ Jim _ _
< D <g> TTe d A(Xypko) 557(&7%)7
for some constant D = D(\o, L,€§). Finally, if £ > 0 was chosen small enough to satisfy Cltg —
dima (X, px,) — € > d — dima(X, py,) — 0 and 4 — % < 6, then (6.25) holds. O

Proof of point of Theorem Fix a € (0,1), L > 1 and set
Up={X €U :Lip(Il),py) < L and dima(X,py) < d}.

As U is hereditary Lindeldf, by taking countable intersections in the parameter space U it suffices
to prove that every Ao € U, has an open neighbourhood U’ in Uy, such that for n-a.e. A € U’, every
@ € M has the property that for y-a.e. x € X there exists C' such that

(6.31) pa(z,y) < C|II\(z) — I\ (y)|* for every y € X.

For that, by Lemma with ¢ = 0 (and again taking countable intersections over \) it suffices to
show that for ¢ > 0 small enough one has for every v € V,, and R > 0

(6.32) lim Sup  filay o m(ur) (Bon) dn(X) =0,
C—o0 o HGZ*O,O,E(V) 20,0.6,R (1)

where
Bea={oeXs 3 me) > M) - M) |
Indeed, if (6.32) holds, then (note that 1l s, 0.2 n(nv) (Ecp) is decreasing in C)

lim sup A, o pluy) (Bon) =0 for n-ae. A€ U’
=00 ey, o) 0"

and hence
I _
for n-a.e. A e U, Ch_{réo M|A/\O,O,5,R(M7V) (Ecx) = 0 for every p € Vo .(v).

This shows that for n-a.e. A € U’ and every u € V., . (v), for p-a.e. every x € Ayy 0. r(1, V) there
exists C such that (6.31)) holds. By the above holds then for p-a.e. x € X and by (6.4) we have

Mc U V,, 0c(v) with the sum being countable, so we can extend it further to every u € M.
VEV)\O

We shall now prove that for fixed A\g € Uy, there exists a neighbourhood U’ of \g in U, such

that ((6.32) holds provided that € > 0 is small enough. For simplicity denote V =V, ,_.(v), 4, =
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Ao 0.1, V), G =Gy 0er(V) and fi = p|a,. For £ >0 (we will specify later how small £ has to
be) let U’ be a neighbourhood of A\ such that for A € U’

(6.33) H 'pa(2,y)' < pag(z,y) < Hpa(z, )" for every 2,y € X.

_1
Set Dy = diam(X, py,) and D := LHD;**, so that sup sup |II\(z) — I\(y)| < D. By Lemma

AeU’ zyeX
for ¢ > 0 take a finite cover
(6.34) G C | Ba(@, D27

z'eF;

such that

1 .
(6.35) F; C G and {B,\O (2, §D0271) 1’ € E} consists of pairwise disjoint balls.
Let

Rei = {(az, NEGxU: 3 D2 < (x) ~ ()| < D27, paa,y) > Cllin(w) - HA<y>|"‘} .

Note that if z € By, (2/, Dp27%) and (z,)\) € Rc, then there exists y € X such that

1 i . i
[T (2") — x(y)| < [Mx(2") — Tx(2)] + [Mx(x) — Tz(y)| < LHDG™ 27 ¢ + D27° < 2D2" T+¢
and
P20 (2, 9) > pag(@,Y) — pag(z,27) > HICHHEDIHHEo— o)) _ poo=i > g2+

for some constant a = a(\g, L, &) > 0 provided that C is large enough and £ > 0 is small enough to
guarantee o1 + &) < 1. Therefore, for such C' and £ we have by (6.34)

Rei € | Boo(2', Do27") x Qeila),

.Z‘IEFZ'
where
Qi) = {A € U’ [Ty(a') — M\(y)| < 2D27 %, py, (o, y) > aC2 (40},
This gives
/supu (Ec ) dn(X) < Z/sup,u {xeG:(z,X) € Ro,;i})dn(N)
nev pev
(6.36)
< Z / sup 3 i(Bag (2, Do2 ) Lge, oy (Ndn(V).
i= OU/ ,uEVI e F;
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Below we use the following notation: A < B means that there exists a constant C' = C(\g, €,§, R, L, v)
such that A < CB. Let now N be such that %DOQ*N < R/2 and note that applying (6.3) gives

lim Z/sup Z (B, (2, Do2™ ))]ch,i(x/)()‘>d77()‘)

C—oo
) uEVx 'eF;

< lim Z/sup Z (B, (2', Dp2™ ))1Qc,i(z')()\)d77()‘)

(6.37) C—oo < %

' eF;
< tm M0Y Y nQorte
=0 x'€F;

since for each ¢ € N, one has Q¢ ;(z") = 0 for C large enough (as diam(X, py,) < o0). Therefore, by

(6.36)), in order to prove (6.32)) it suffices to show
(6.38) lim ) / sup Y fi(Bx, (2, Do2 ")) g @) (M) dn(X) = 0.
i=N

As F; C G, we can invoke ([6.2)) and recall the definition of G to obtain (we use here $ Dg2™" < R/2)

[e.9]

S / sup 37 By (', Do2 )M g ary(Nidn()

=N HEV e,

§225m / > v(Bag (@', Do2 g @y (V) dn(A)
U’ $EF
- 7 1 —1
S22 [ X v 502 g e (i
U’ z'eF;

1 —i
- Z ST U(Bry (a5 D02 n(@eila).
z'eF;
Applying Lemma with 6 = (g, €, &, ) to be specified later gives
Z [ su 3, #(Bole', Do e o) ()

S CdimA(X,pAO)fd Z 98¢t Z ’/(B)\o (.T/, %D027i))2i(a(1+5)*ﬁ)(dfdimA(X,PAO)*9)2Q(1+§)01'

=0 CIZ’EFz‘
) o 1 . 1 .
— CdlmA(X,p)\O)fd Z 22 <8€+(OZ(1+§)—m)(d—dlmA(X,p)\o)—e)+a9(1+§)) Z V(B)\O (x/7 7D0271))
i=0 z'€F; 2

< Cdima(Xprg)—d i 2z'(8€+(a(1+£)—ﬁ)(d—dim(X,pAO)—6)+oc9(1+£))

i=0
where the last step uses the disjointness in ([6.35]). Since @ < 1 and dima (X, py,) < d, the last sum

converges provided that &, 0, > 0 are chosen small enough. This choice establishes a neighbourhood
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U’ of \g such that

> / sup > (B (@', Do27)) g, @y (N dn(R) S CHmalim)=d

and hence (6.38) holds as dima(X,py,) < d. Together with (6.37), this establishes (6.32) and
concludes the proof. O

7. ITERATED FUNCTION SYSTEMS AND MEASURES ON SYMBOLIC SPACES

In this section we develop tools needed for applying Theorem in the setting of symbolic
dynamics related to IFS. In particular we prove Propositions and

7.1. Relative dimension separability in symbolic spaces. The goal of this subsection is to
prove Proposition [3.4l The proof is based on approximating ergodic measures with Markov measures
in relative entropy, a technique well-known in information theory. Let us introduce some notation
and recall useful results. Most of this exposition follows [Gralll, but note that we use a different
notation.

Let A be a finite set and let ¥ = AN be the corresponding symbolic space. We endow ¥ with the
product topology. We will denote by M (X) the set of all shift-invariant Borel probability measures
on ¥ and by £;(X) C M, (X) the set of all ergodic measures. For p € M,(X), we will denote by
| the distribution of p on words of length n, i.e. ul|, € M(A") is given by u|,({w}) = pu(w]) for
we A"

Definition 7.1. Measure v € M,(X) is called a k-step Markov measure for k£ € N if for every

n >k and every w = (wy,...,w,) € A" it satisfies
n—=k

(7.1) v(wrs . swnl) = ([t op]) [T Polwyanleoss - swyinn).
j=1

where P, is the transition kernel given by

et >0
Pl,(7'|7'1, o aTk) _ v([T1ye,Tk]) 1 V([Tl’ ’Tk]) for 7,71,...17 € A.
0 if v([r1,...,7]) =0

Note that a k-step Markov measure is uniquely determined by its stationary distribution v|; and
its transition kernel P, (so it is in fact uniquely determined by its k 4+ 1-dimensional distribution

V|k+1). Entropy of a k-step Markov measure is given by the following formula (see e.g. [Gralll
Lemma 3.16]):

(7.2) hv)=— Y v(w])log P(wirtlwr, ..., wk).

weAk+1

There is also the following criterion for ergodicity of a k-step Markov measure:

Lemma 7.2. A k-step Markov measure v is ergodic if and only if for every w, € A* with v([w]) >
0,v([r]) > 0, there exists u € X, with v([u]) > 0 such that w is a prefiz of u and T is a suffiz of u.

Proof. For 1-step Markov measures this can be found e.g. in [Wal82, Theorem 1.13]. Statement
for a k-step Markov measure follows by noting that it is isomorphic to a 1-step Markov measure
over alphabet A*. Also, statement in [Wal82| requires the stationary distribution v|; to be strictly

positive, hence in general case one has to consider only the states with positive measure. O
29



Definition 7.3. Let u,v € M;(X) be such that p|, < v|, for every n € N. The relative entropy
of v with respect to v is defined as

Bullv) = tim = S g log “Eﬁjs

n—oo N
weA™

whenever the limit exists (we use the standard convention 0log § = 0log0 = 0).
Whenever the relative entropy exists, it satisfies h(u||v) > 0, see [Gralll Lemma 3.1]. It may fail

to exists for general shift-invariant measures, but it is guaranteed to exists if the reference measure
v is a k-step Markov measure:

Lemma 7.4 (|Gralll Lemma 3.10]). Let u,v € M,(X) be such that p|, < v|, for every n € N and
assume that v is a k-step Markov measure. Then h(u||v) is well defined and satisfies

h(pllv) = =h(u) = D p(lw]) log Py(wirifwr, ..., wi).
weAk+1
We will make use of the following ergodic theorem for relative entropy.

Theorem 7.5 ([Gralll Theorem 11.1)). Let p € E5(X) and v € My (X) be such that p|, < vy for
every n € N and assume that v is a k-step Markov measure. Then

1 pll)
7 (N)

= h(p||v) for p-a.e. w € X.

We will be interested in approximating ergodic measures by Markov measures.

Definition 7.6. For € M,(X) and k € N, we define the k-th Markov approximation of x to
be the k-step Markov measure ;%) with initial distribution u*)|; = u|; and transition kernel P,
given by

u([Tlv'"kavT]) f . > O
P“(k)(T\ﬁ,...,Tk) — { wllmml) 1 pllrs - 7il) for r,m,... 7 € A.
0 lf/i([Tl,...,Tk]):O

It is straightforward to check that ;(*) is well defined and it is a shift-invariant measure (as we have
assumed g to be shift-invariant). Moreover, Markov approximations have the following properties.

Lemma 7.7. Let p € My(X) . The following hold:
(1) for every k,n € N, we have u|, < p®|,,
(2) if p € E,(X), then u®) € £,(X) for every k € N,
(3) h(ul|p®)) = h(ut®)) — h(p) for every k € N,

(4) Jim h(ul|p™) = 0.

Proof. (1) It is clear that |, < u®|, for n < k (the two distributions are equal in this case).
For n > k, it follows from for v = u® that u(k)([wl, ...,wp]) = 0 implies that either
p(lwr, .- wi]) = 0 or Py (wjsk|ws, .- -y wjrk—1) = 0 for some j € {1,...,n —k}. As the
latter case gives p([wy, ... ,wjtk—1]) = 0or pu([wj,...,wjtk]) = 0, we obtain p([wi, ... ,wy]) =
0 in both cases, 5o puln, < pu¥],,.

(2) We will apply Lemma [7.2[to u*). Let w,7 € A* be such that u®) ([w]) > 0, u®([r]) > 0.
Then also p(jw]) > 0, u([7]) > 0 and by ergodicity of u, there exists v € X, with pu(u]) > 0
such that w is a prefix of u and 7 is a suffix of u. By point |(1)| we have u®)([u]) > 0.

(3) This follows by combining Lemma [7.4] with (7.2), as u®) |x41 = plxs1-
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(4) This is [Gralll Theorem 3.4].
U

Proposition 7.8. There exists a countable set V C E5(X) such that every v € V is a k-step
Markov measure for some k € N and for every p € E,(X) and € > 0 there exists v € V such that
0 < h(pllv) <e, and pl, < vl|n for every n € N.

Proof. We define V to consist of all ergodic k-step Markov measures v for which the transition kernel
P, takes only rational values. This is clearly a countable set. Fix u € £,(X) and € > 0. By Lemma
there exists ko such that for all k& > kg

(7.3) 0 < h(ullu®) = h(u®) - h(n) < /2.

Consider v which is a k-step Markov measure for which the transition kernel P, has exactly the
same zeros as P ). As u(k) is ergodic by Lemma , every such v is also ergodic (by Lemma
and hence stationary distribution v|; depends continuously on the transition kernel P, (by
the uniqueness of the stationary distribution, as long as we preserve the zeros of the transition
kernel, see [Wal82, Theorem 1.19]). Therefore v|xy; depends continuously on the transition kernel
P, and hence we can find v € V such that v|g; and u(k)|k+1 = plky1 are arbitrarily close and
have the same zeros. Consequently, by the formula in Lemma [7.4] we can choose v € V such that
\h(p||v) — h(p)|p®))| < £/2. Combining this with and noting that |, < u®|, < vl, for every
n € N (by Lemma and the fact that P, and P, have the same zeros) finishes the proof. O

It remains to connect the relative entropy with relative dimension. We do so for a class of metrics
p on X satisfying the following assumptions:
(i) there exists a function ¥ : ¥* — (0, 00) so that p(w,7) = ¥(w A T) for every w # 7 € X,
(ii) there exists v € (0,1) such that ¢¥(w|pt+1) < ¥ (w|p) for each n > 1 and w € X.

Lemma 7.9. Let p be a metric on X satisfying and. Fiz N € N so that ¥ < 1/2. Then for
every v > 0 small enough the following holds: for every w € X there exists n > 1 such that for

(7~4) [w‘n—l-l] C B(wvr) - [w|n]
and
(7.5) B(w,2r) C [w|n—n]

where B(w,r) denotes the ball in the metric p. Moreover, n can be chosen so that n < 112% + B for
some constant B (depending only on ).

Proof. Take 0 < r < min{¢ (i) : i € A} and given w € Q, let n > 1 to be the unique integer such
that

(7.6) P(wln1) <7 < Y(wln).
If 7 € B(w,r), then p(w,7) = Y (w A T) < r < ¢(w|y), and hence, by wlp, is a prefix of w A 7.
This implies 7 € [w]y], so B(w,r) C [w]y]. On the other hand, if 7 € [w]p41], then w|n41 is a prefix
of w A 7, so[(iD)] gives p(w,T) = Y(w A T) < ¢p(w|py1) < 7. Therefore [w]p41] C B(w,r). This proves
(7.4). Set A =max{ (i) : i € A} and note that implies

w(W|n) S A’Yn_la

hence if (T.6) holds, then r < Ay"~!, so n < (%L — 224 4 1. Finally, if (7-6) holds, then by (i)

2r < 29(wln) < 27V P(wln-N) < Y(Wln-n),
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since N is chosen so that 4% < 1/2. Then the same argument as before shows B(w,2r) C [w|n_n],
proving ((7.5)). O

Now we are ready to establish relative dimension separability of the set of ergodic measures on X
with respect to a large class of metrics.

Proposition 7.10. Let p be a metric on ¥ satisfying and . Then the set E,(X) of ergodic
shift-invariant probability measures on 3 is relative dimension separable with respect to p.

Proof. Let V C E,(X) be as in Proposition Given pu € £;(X¥) and € > 0, let v € V be such that
h(u|lv) < e. By Theorem for p-a.e. w € ¥ there exists ng = ng(w,e) > 0 such that for all
n > ng

(7.7) 27" ([wlal) < plwln]) < 27w ([wln])-

Moreover, as v is a k-step Markov measure we have

= max M'w n with v(|w 00
K, = {V([w|n+1]). € X,n >k with v(] \n+1])>0}< )

as K, = max {P,(wpt1|wr,...,wp) "t twi, ... w1 € A and Py (wpyrlwr, ... wy) #0}. Fix now
w € supp(p) such that (7.7) holds. Note that as w € supp(u), we have u([wl,]) > 0 for every n > 1

and hence (7.7) implies v([w|,]) > 0 for all n > 1. Let A = _kl)m. By Lemma we have for all

r > 0 small enough and n satisfying ng < n < Alog% + B
u(B(w,r)) < p([wla]) < 20([wla]) < 25 Kur™ 4 u([wlnsa]) < 25 Ko™ u(B(w, ),
and similarly
u(Bw,) = pl[wln1]) = 275D ([wlna]) 2 (2°K) 7127 v ((wla])
> 2B K, ) A y(B(w, 7).

The last two inequalities give

log p(Bw,r)) log #(B(w,r))
—Ae < liminf 2 v(Blw,r) < limsup v(Bw.r)) < Ae.
r—0 log r r—0 log r

As this holds for p-a.e. w € 3, we have
dim(p||v, p) < Ae.

Since A is a constant depending only on p, we see that £,(X) is relative dimension separable with
respect to p. O

If F is a conformal C1*? IFS, then setting v (w) = ||.f/,|| one obtains Proposition from Propo-
sition

7.2. Gibbs measures. Let us recall definition of a Gibbs measure on a symbolic space ¥ = AN,

Definition 7.11. Let ¢ : ¥ — R be a continuous function on 3. A shift-invariant ergodic probability
measure u on 2 is called a Gibbs measure of the potential ¢ if there exists P € R and C > 1
such that for every w € ¥ and n € N, holds the inequality

(7.8) cl < o ([wl’i]l) <C.
exp(—Pn+ Y ¢(c*w))
k=0
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It is known that if ¢ is Holder continuous, then there exists a unique Gibbs measure of ¢ (see
[Bow08]). Here, Hélder continuity means Holder continuity with respect to any metric of the form
p(w, ) = 4" on X for v € (0,1). We shall prove that the set of Gibbs measures is uniform relative
dimension separable (recall Definition with respect to metrics on ¥ satisfying [(1)| and .

Proposition 7.12. Let p be a metric on % satz’sfymg and. Then the set G,(X) consisting of
all Gibbs measures corresponding to Héolder continuous potentials on ¥ is uniform relative dimension
separable with respect to p. Moreover, each u € G, (X) is uniformly diametrically reqular with respect
to p.

Proof. Let j14 denote the Gibbs measure corresponding to a Holder continuous potential ¢ : ¥ — R.
It well known that the constant P = P(¢) for which pu, satisfies (7.8) can be expressed via the
following pressure formula

. 1 n—1 .

P(¢) = lim —log > exp(y_ ¢(0" (uw))
|ul=n k=0

for every w € ¥ (see e.g. [Bow08, Proof of Theorem 1.16]). Am immediate consequence is the

following: for a pair of Hélder continuous potentials ¢1,¢s : 3 — R

1P(¢1) = P(¢2)l < [lfr — o2,

where || - || denotes the supremum norm on ¥ (see also [Wal82, Theorem 9.7.(iv)|). Combining this

with gives that for every ¢1, ¢2 there exists M = M (¢1,p2) such that for every w € ¥ and

neN

(19) M exp(~261 - dolpn) < P g Pl o6, — g,
N¢2([w‘n]) /~L¢2([W‘n—1])

To bound dimy,(ft¢,||fte,, p) We can use Lemma . Combined with (7.9), it gives that for every

r > 0 small enough and every w € ¥ there exists n < %ggf; + B such that

bion (B, 1)) < pion (0lu]) < M exp(2li61 — dollmpagn (1)
< M exp(2é1 — bl B) exp <2u¢1 iy 1"“) o (B 1))

log ~y
= M=l (B(a,r),

for a constant M' = M'(¢1,¢2) and ¢ = ¢(y) > 0. Repeating the above calculation using lower
bounds, one obtains similarly

Hey (B(z,7)) > lelrchz’l*(ﬁQ“N@ (B(z,7))
(possibly increasing constants M’, ¢). Those two bounds together give

dimay (g, [ gy, ) < cllé1 — @2l

Therefore to prove that G,(X) is uniform relative dimension separable it suffices to observe that the
set of Holder continuous functions ¢ : ¥ — R is separable in the supremum norm. For example, the
following collection is a countable dense set: all functions ¢ : ¥ — R for which there exists n so that
for every w € ¥* with |w| = n one has ¢|[,) = const € Q.

To prove that each u € G,(X) is uniformly diametrically regular, we invoke Lemma once
more. Fix N € N so that ¥V < 1/2 and take » > 0 small enough so that for every w € ¥ there
exists n € N so that

[Wnt1] € B(w,r) C [w|y] and B(w,2r) C [w|p—N]-
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Then by (7.8)

n—N-—1
1(B(w,2r)) < p([wln—n]) < Cexp(—P )+ > oo
k=0
= C?exp(P(N +1) — Z $(0*w))C exp(~P(n+1) + Y _ ¢(c*w))
k=n—N k=0

< C%exp((N + 1)(P + [|o]))p([wlns1])
< Mp(B(w,7)),

for a constant M depending only on p and ¢. Given € > 0, this implies
p(B(w,2r)) <r u(B(w,r))

for all » > 0 small enough to guarantee r=¢ > M. 0

7.3. Exponential distance from the enemy.

Proof of Proposition First, note that we can assume that the attractor A of the IFS F is
not a singleton (or equivalently IIr is not constant), as otherwise Proposition holds trivially.

We will make use of the bounded distortion property of C'*? conformal TFS: there exists a constant
Cp > 0 such that

IfL(z)] < CplfL(y)| for every z,y € V and w € ¥*.

For the proof see e.g. [MUOQ3, Section 4.2]. An easy consequence (we use here that A is not a
singleton) is that there exist a constant A > 0 such that

(7.10) AT £ < diam(£u(A)) < AlfL ] for all w € 5.

Assume that the EDE condition (3.8) is satisfied at w € ¥. Fix arbitrary « € (0,1) and let £ > 0

be such that a = %ﬁ For 7 € ¥ with 7 # w, let n = |w A 7|. Set v = Izléljlélel‘f/ | f/(z)|| and note

that by assumptions v > 0. By (7.10)), the EDE condition (3.8) gives

A A
pr(w,m) = Mfinell = 1o, I <7 L < ~diam(fo ., (A)) = Zdiam(TLz ([wln]))

1
1+e

__1
S AC 1+¢

S dist | Iz (w), U Hx([v])

|v|=n+1
'U#wln-i-l

1
AC™ T+
< flﬂf(m —IIx(7)|%,

hence (3.8) implies (3.9).
In the other direction, assume that (3.9) holds. Given € > 0, set o = = +€ For given v € X, such
that |v| =n and v # wl, take any 7 € [v]. Then 7 Aw is a prefix of w|,, so by (7.10)

Mr(w) — ()| > Capr(w,7)a = C~ W) 1 |i+e

> ¢ £ 11 > (AC) M diam (T (w]a])) .
34



As 7 € [v] is arbitrary we have

(AC)—(H-&)

——diam ([T ]))

dist [ Tr(w), |J Tr() | >

and hence (3.9) implies (3.8). d

8. MULTIFRACTAL SPECTRUM OF SELF-SIMILAR MEASURES

In this section we prove Theorem [3.15] Let us begin with a general consequence of the nearly
bi-Lipschitz property on the local dimensions of projections. Recall that for conformal iterated
function systems, the nearly bi-Lipschitz property is equivalent to the EDE separation condition

(Proposition [3.10]).

Lemma 8.1. Let (X, px) and (Y,dy) be metric spaces. Let 11 : X — Y be a Lipschtiz map and let

u be a finite Borel measure on X. If 11 is p-nearly bi-Lipschitz, then the following holds for p-a.e
e X:

d(My,x) = d(v,z) and d(Ily,1lx) = d(v, x) for every finite Borel measure v on X.
Proof. As we assume that II is Lipschitz, inequalities
(8.1) d(y, x) < d(v,r) and d(Tv, z) < d(v, )

hold for every x € X and every finite Borel measure v on X. It therefore remains to prove the
opposite inequalities for p-a.e. z € X. Let z € X and o € (0,1) be such that there exists
C = C(z,«) so that

(82) px (z,y) < Cpy (I(z),II(y))* for every y € X.
Then for all » > 0
I~ Y(B(I(z),r)) C Bz, Cr®),
so for any finite Borel measure v on X
y(B(Il(z),r)) < v(B(z,Cr®)).
Therefore, for 0 <r < 1
log Iv(B(I1(z),r)) - logv(B(z,Cr®)) _ logCr® logv(B(z,Cr®))

logr - logr log r log Cre

Taking liminf and lim sup yields
r—0 r—0

(8.3) d(My,(z)) > ad(v,z) and d(Iy, (z)) > ad(v, z).
If II is p-nearly bi-Lipschitz, then for p-a.e. z € X, inequality (8.2]) holds for every « € (0, 1), and

hence (8.3)) gives
d(y, x) > d(v,r) and d(Iv, z) > d(v, )

for p-a.e. x and every v. Combined with (8.1), this finishes the proof. O
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Now we can turn to proving Theorem We will use the following notation: for a self-similar
measure v on R? corresponding to the IFS F = {z + X\;O;z+t; }ica with \; € (0, 1), dx d orthogonal
matrices O; and t; € R and a probability vector p = (p;)ica, given a € R we set

T := inf T
() := inf(aq +T(q)),
where T'(g) is the unique real solution of ) .. 4 pg)\iT(q) = 1. First, we establish the lower bound.

Lemma 8.2. Let F = {fi(x) = MOz + t;}ica be an IFS consisting of similarities of RY, with
similarity dimension sog = s(F), let p = (p;)ica be a probability vector and let v be the corresponding

S
D )\io log p; ax log p;

self-similar measure. If (p;)ica # (N°)iea and so < d then for every o € S T Tog A X Tog X,

dimyg ({z: d(v,x) = a}) < T*(«a) = ég%(aq +T(q))

The proof of the lemma is standard, but we include it for completeness.

X0 logpi log p; : . _
Proof. If a € S AT log A, rlré&}i{ Tog A; | then there exists unique ¢ = g, < 0 such that

(8.4) T'(q) = —«,

and moreover

3Pl Tog ps
22 p{IN[T@ Tog | Al

see for example [Fal97, Chapter 11] or [BSS23, Chapter 5|. Consequently

(8.5) T'(q) = and goo + T(q) = —qT"'(q) + T(q) = T*(e),

(8.6) T"(0) = inf(ag +T(q)).

By continuity, extends to a = mz}ic %gg—i’?. It therefore suffices to show that for every a €
i€ v

> )\fo log pi log p;
N0 log x; 7 TAX Tog Ay
17 ’LGA

} and ¢ < 0 inequality

dimg ({z : d(v,z) = a}) < ag+ T(q)

holds.
Let 1 = p~ be the Bernoulli measure corresponding to p. By definition,

oo o0 o0

{x : d(l/, x) = a} = m U ﬂ {;L' . 2—n(a+1/P) < Z/(B(x, 2—n)) < 2—77,(05—1/]))}.
p=1N=1n=N
Hence, it is enough to show that for every p > 1, N > 1, ¢<0and e >0

[e.e]

(8.7)  dimy ( () {z:27"@T/P) < y(B(z,27")) < 2—”<a—1/P>}> <qla—1/p)+T(q) +e.
n=N

Let Xy, = (2 y{z : 277@F/P) < y(B(z,27™)) < 27@=UP)} and BN = {B(x,27™") : n >

N and z € Xnp}. Then by Besicovitch’s covering theorem (see for example [BSS23, Theorem B.3.2]),

there exists Q = Q(d) such that for every i = 1,...,Q there exists a countable family B C BY such
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that for every distinct B, B' € BN, BNB' = 0 and X, C %, Ugegy B- Clearly, Xn, € Xn11,,

and so UZQ:1 BM is a cover for XNp for every M > N. Hence,

Hg(aM 1/p)+T(q) ) < Z Z |B|a(e—1/P)+T (@) +e < Z Z B)Y|B|T@+e —

i=1 peBM i=1 peBM

For every B € BM there exists u € ¥ such that II(u) is the center of B, furthermore, there exists a
minimal n = n(B) > 1 such that II([ul|,]) C B. Since ¢ < 0 we get

Q Q
x>0 3 B BT 27NN (B )Ny

i=1 BepM i=1 BepM
S S
w(B)|n(B) U(B)ln(B)
=1 BEBM

Since BM is formed by disjoint balls, the cylinders {[u(B)|n(B)|} pepm are disjoint too, and by the
definition of T(g), we get HI, /P O¥ (X ) < 27Me which implies (7). 0

Proof of Theorem Our goal is to prove that for almost every ¢, equality
(55) dimsy ({z : (g ) = @) = inf (ag + T(q))

> )\50 log \;? je A log A
For d = 1 we can additionally apply [BE21, Theorem 1.2, Remark 7.3|, showing that for almost

every t, (8.8) holds for o € [ml}ll %Sgiz, % ;bo iogp’} The upper bound dimg ({z : d(vyp, z) = a}) <

f T foll by L 8.2
;IelR(OéQ'f‘ (q)) follows by emma

holds simultaneously for all « € [Z A 7108Di 1o 1980 | This will finish the proof in the case d > 1.

We shall prove the lower bound for all a € [mgll %ng\z’max logp;

1NAX 100X, ] Let us first introduce some

notation. Let ¥ = AN be the symbolic space. Given a € <m1£} giz , max %S§§Z>, let ¢o € R be

such that (8.4) and (8.5) hold with ¢ = go (recall e.g. [BSS23, Chapter 5|). Further, for a given
probability vector p = (p;)ica, let VP = p®N be the Bernoulli measure on ¥ corresponding to p and
let jiqp be the Bernoulli measure on 3 corresponding to the probability vector (pg“\)\i\T(qa))ie A
Let II; : ¥ — R? be the natural projection map corresponding to the IFS F;. Note that with this
notation vy, = II;»P. Endow X with the adapted metric p = pr, defined in and corresponding
to the IFS F; (note that pr, does not depend on ¢; in fact it depends only on contractions \;,i € A,
which we treat as fixed). A direct computation (see e.g. [BSS23, Lemma 5.1.3|) shows that (with
respect to metric p on )

(8.9) d(V?,w) = a for pgpae we L
and, by (), () and (53)
h(tap) _ > p?‘XI)\iIT(%) log p;

(8.10) dim g Pap = + T(QQ> = Qa0 + T(Qa) = T*(a)'

= —q, -
X(Hap) “ > P [Ai[Tae) Tog | \i]
By Example the assumptions of Theorem are sufficient to establish the transversality

condition for the family F; with ¢ as the parameter. We can therefore apply Theorem (or, more
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directly, Theorem [3.12) and, as we assume sg = s(F;) < d, we can conclude that for n-a.e. t € (R%)A,
simultaneously for every a and p, the natural projection II; is jiq p-nearly bi-Lipschitz, and (recalling
(8.10))) equality

(8.11) dimpg It p = T ()
holds. It therefore follows from Lemma and that for n-a.e. A and every a,p
d(vp, I (w)) = d(ITe?, I (w)) = d(VP,w) = a for g p-a.e.w € 3.
This implies (as the above shows Il pqp ({2 : d(vgp, x) = a}) =1)
dimpg ({z : d(vp, ) = a}) > dimy Hipa p

and so by (8.11))

(8.12) dimyg ({2 : d(vrp, ) = a}) > T*(a)

. . Z,L )\f() log p; log pi
This establishes (8.8)) for a € [Zi T og x 7 AKX o X7 |-

log p;
log [

To complete the proof, if a = mzﬁc then in order to obtain the lower bound (the upper
1€

bound in this case follows from Lemma , one can let Apa.x = {z e A loep — a} and repeat

log [\
the argument above with 1, being the uniformly distributed Bernoulli measure on AY . This
- 35 A;° logpi log p; — hip logpi .,
establishes (8.8)) for a € |:Zi N log )\i,rirgi( Tog A: |- For a = Izrég‘l Tog [X;]» One can similarly repeat the

argument to obtain the lower bound (8.12).
U

Note that it was crucial for the above proof that for almost every translation parameter ¢, the pq p-
nearly bi-Lipschitz property (i.e. EDE) holds simultaneously for all « (and p), as follows from the
universal projection theorem (Theorem [2.7). If it was established only for fixed «, one would obtain

: : 2o )‘fo log p; log pi
equality (8.8) only for a single level-set rather then on the full spectrum (Zi g ay? AX Tog X, |
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