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Abstract

In this paper, we study the Hausdorff and box-counting dimensions of diagonally aligned
self-affine carpets whose projections to the x and y-axes satisfy the weak separation condition.
In particular, we will see that the Hausdorff dimension equals to the limit of the Baranski
formula and box-counting dimension is the limit of the Feng-Wang formula taken over the nth
level functions. We also prove various equivalent formulas for the box-counting dimension,
and we provide an alternative limiting formula for Gatzouras-Lalley carpets.

We demonstrate our theorems through two examples that were unobtainable previously,
and we calculate their Hausdorfl and box-counting dimensions.
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1 Introduction

The dimension theory of iterated function systems gained a reasonable attention in the last decades. Let G
be a finite collection of contractions on R?, which is called an iterated function system (IFS). Hutchinson
[15] showed that there exists a unique non-empty compact set A such that A = (Jgcg S(A). We call A the
attractor of G. If the maps of G are affine mappings we call the IFS G and its attractor A self-affine, and
specially, if the mappings are similarities then we call the IFS and its attractor self-similar.

One of the focus points in the theory of iterated function systems is the Hausdorff and box-counting
dimension of the attractor. Let us recall here the definitions. Let £ C Rd7 and denote the diameter of the
set E with respect to the usual Euclidean metric by |E|. We define the s-dimensional (outer) Hausdorff
measure H°(.) by

|U;| < 6, U U;DFE, Iis countable}.
iel

H*(B) = lim inf{Z|Ui|S

i€l

Moreover, we define the Hausdorff dimension of the set E by dimg(E) := inf {s > 0 ’ H*(E) =0}.

*BB and LD acknowledges support from the grants NKFI K142169 and NKFI KKP144059 ”Fractal geometry
and applications” Research Group.



For a bounded set E C R?, define the box-counting dimension as

dimg(E) := lim 710gN5(E)
s—»0+ —logéd

if the limit exists, where Ns(FE) := min {m > 0 | 3z1,2,...,2m : E C U], B(x;,0)}, and B(x,r) denotes
the ball of radius r centered at x. If the limit does not exists, then taking the liminf and lim sup define
the lower- (dimg) and the upper box-counting dimension (dimg). For basic properties of the Hausdorff-
and box-counting dimension, we refer for Falconer’s book [0].

In case of self-similar IFS on R, Hutchinson [15] showed that dimg(A) < min{d, so}, where s is called
the similarity dimension, and it is the unique solution of the equation ) ¢ .. 7¢ = 1, where rs denotes
the contraction ratio of the similarity map S € G. Furthermore, Hutchinson showed that if G satisfies
the open set condition (OSC), that is, there exists a non-empty, open and bounded set U such that
S(U) c U and S(U)NS(U) = 0 for every S # S € G, then dimg(A) = dimp(A) = so. The Hausdorft-
and box-counting dimension of self-similar sets are equal in general, regardless of its geometric structure,
see Falconer [7].

Roughly speaking, the open set condition implies that the overlap between the images S(A) (called
cylinder sets) are negligible. The situation becomes more complicated if we allow overlaps between the
cylinders. Hochman [I3], [T4] showed that if the exponential separation holds then the Hausdorff (and box)
dimension equals to the similarity dimension. In particular, this holds for typical choice of the natural
parameters in some proper sense.

Another type of separation condition is the so-called weak separation condition (WSC) introduced by
Lau and Ngai [19] and Zerner [25]. We say that the IFS G satisfies the weak separation condition
(WSCQ) if the identity map is an isolated point of the set

{505718,5 G},

where G* = {S10---05, : 51,...,5, € G, n € N} is the semigroup induced by the maps in G. In
particular, the WSC allows heavy overlaps between the cylinders. More precisely, it allows exact overlaps,
but the non-identical cylinders are relatively well separated. This makes possible the calculation of the
Hausdorff dimension of the attractor via taking the limit of the similarity dimensions of higher iterates of
the IFS removing the exact overlaps.

Diagonally aligned carpets are one of the most natural not self-similar examples for self-affine sets.
Their introduction is credited to Bedford [4] and McMullen [20], who simultaneously calculated the Haus-
dorff and box-counting dimension of self-affine sets with contractions chosen from mappings taking the
unit square to a rectangle of a homogeneous rectangular grid. To contrast the result of Falconer [7], we
observe that in this setup the equality of the Hausdorff and box-counting dimension is not typical, and
can be characterised with a nice geometric condition.

Their construction has many regularities, which led to generalisations along various avenues. Lalley
and Gatzouras [18] considered diagonally aligned self-affine carpets with a certain column structure and
with strict order between the contraction rates along the coordinate axis. Later, Barariski [2] generalised
the rectangular grid structure to some more general net structure of rectangles. In both cases, the Haus-
dorff and box-counting dimension were determined. Feng and Hu [8] proved a formula for the Hausdorff
dimension of self-affine ergodic measures supported on diagonally aligned self-affine sets, which establishes
relations between projected entropies, Lyapunov exponents and the dimension of the projections to the
coordinate axis. This result (actually, its special cases) is the base expression for the various formulas for
the Hausdorff dimension of the attractor. In particular, Lalley and Gatzouras [I8] and Baraiiski [2] proved
that the Hausdorff dimension of the attractor is the maximum of the Feng-Hu formula over the probability
distributions of G.

In a more general setup, namely, without any grid-like structure or order between the contraction ratios,
Feng and Wang [9] determined the box-counting dimension under the rectangular open set condition for
self-affine carpets.

Several articles have recently been published on the dimension theory of overlapping aligned self-affine
carpets. Fraser and Shmerkin [I1] modified the construction of Bedford-McMullen by considering typical
translations of the columns formed by the maps, and Pardo-Simén [23] considered overlapping Barariski



carpets by taking random translations of the rows and columns formed by the maps. In particular, they
assumed that the projection of the columns (and rows) satisfy the exponential separation condition as
self-similar IFSs. Recently, Rapaport [24] and Feng [10] considered general overlapping diagonal self-affine
sets under the exponential separation condition of the iterated function systems induced by the coordinate
projections.

We wish to continue the study of overlapping self-affine carpets on the plane by introducing the weak
separation condition for this case. Our standing assumption is that the coordinate projections (as self-
similar systems) satisfy the weak separation condition. Under this assumption, we provide a formula for
the Hausdorff and the box-counting dimension of the attractor.

Our results can be considered also as a generalisation of the planar case of the results of He, Lau
and Rao [12], who considered systems with homogeneous linear parts being inverses of expanding integer-
coefficient matrices and with translation vectors of integer coordinates. Such systems are strongly related
to sofic self-affine fractals, see for example Kenyon and Peres [16] [I7], and Alibabaei [I].

1.1 Setup

Now, we present in details our main assumptions and findings. First, let us introduce some notations.

(A1) Let G be a finite collection of maps of the form

S(x,y) = (repx +ts,1,752y +ts2), (1.1)

such that |rg;| € (0,1) for every S € G and i € {1,2}. That is, all the functions in the IFS G have
diagonal matrix part in the standard base. Denote the attractor of G by A. In general, we call such
IFS and its attractor as diagonal or diagonally aligned self-affine carpets.

Denote the orthogonal projections to the main coordinate axis by pi(z,y) = z and pa(z,y) = v,
respectively. These are called the principal projections. It is easy to see that the orthogonal projections
of the maps in G are forming self-similar IFSs on R with attractor pg(A). Indeed, for any map S of the
form in (L.1)), p1 o S(z,y) is independent of y and so, we can define p;S(z) := p1 o S(z,y) = rsa1z + ts;
(respectively for paS). Let us denote this IFS by pG := {p;S : S € G}. Let us note that it might happen
that peS = pgé‘ , although S # S. To avoid redundancies in projections and higher iterates, we will always
consider p,G as a set of maps.

(A2) We assume that conv(p;(A)) x conv(pa(A)) = [0,1]%, where conv(-) refers to the convex hull of a
set. If this assumption holds, we say that the attractor fills [0, 1]2.

Under the name of sef-affine carpets, we are considering also the following possible constructions
regularities:

(B1) The IFS has homogeneous contractions. Under the umbrella of diagonal self-affine carpets,
we mean by this that there exist positive reals r1,ry such that rs; = r; and rg2 = rp for every
S € G. This can be thought of as the homogeneity of the principal projection IFSs. Without loss
of generality, we will always assume in the homogeneous case that r; < rs.

(B2) Both rg1 and rgo are positive for every S € G. This means that the functions of the IFS are
orientation preserving.

(C1) G satisfies the rectangular open set condition (ROSC). That is, for any different S # SeG,
we have that S((0,1)%) N S((0,1)%) = 0.

(C2) For ¢ = 1,2, pyG satisfy the open set condition (OSC) with respect to the unit open interval (0,1).

(C3) Half-grid structure. Meaning that psG satisfies the OSC with respect to the unit open interval
(0,1).

(G1) There is coordinate ordering, meaning that for any S € G, we have that |rg 1| <|rgz2l.



In this paper, we will always work assuming |(A1)| and |[(A2)l Observe that |[(A2)| is only technical,

and the only generality one might lose by assuming it is the case when the attractor is contained in a
horizontal /vertical line, but that IFS is self-similar, and has well-developed, but differing theory.

Note that the previously studied cases by Bedford [4] and McMullen [20], Lalley and Gatzouras [18]
and Baranski [2] can be described by these regularity assumptions. For example, |(B1)| with r; ! being
positive integer, [[B2)] [[CT)] and [[C2)] essentially describes Bedford-McMullen carpets; [(CT)} [B2)] [[GT)]
and are the principal assumptions of Lalley and Gatzouras [I8]; and [[B2)] [[CT)|and [(C2)| corresponds
to Baranski [2].

In this paper, we will generalise the separation assumptions [[C1)| and [(C2)] (or [(C1)} [[G1)| and [[C3)])
for a much weaker version, namely,

(W1) For ¢ = 1,2, pyG satisfy the weak separation condition (WSC).
(W2) The IFS p2G satisfies the weak separation condition (WSC).

We will see that respective to the Hausdorff dimension, we need the WSC for both p;G and p,G
regardless of further separation on the plane if there is no distinguished direction of contraction. The
assumptions is inessential. In the case of Lalley and Gatzouras [18], their arguments would work if
we would let rows of functions switch orientation simultaneously along their y-axes, while switching along
the z-axes seems insignificant. For the case of Baranski carpets [2], something similar would need more
attention.

1.2 Main results

Here we state the elegant, well-dressed form of our theorems, with the note that in their respective sections,
these theorems attain a much more overgrown form.

1.2.1 Hausdorff dimension

The first theorem asserts that, under the assumption that the projection of the IF'S onto the x- and y-axes
satisfies the weak separation condition, the Hausdorff dimension of diagonally self-affine carpets equals
the limit of the maximums of the Baranski formula applied to the functions at the nth level. To be more
precise, let p = (ps)see be a probability vector over the maps of G. For R € p,G, let ¢% = ZSeG:pZS:RpS.
For the IFS G, defined in and probability vector p = (pg)seg, let

> pslogps > dhlogah Y qhlogql
SeG Rep2G Rep2G . r
+ — , if pslog =22 >0
> pslogrs, > pslogrse > pslogrs, SZE:G TS
S€G S€G 5€G
D(p,G) := X X X X (1.2)
> pslogps > L Ir loggr, > L log g,
SeG Rep: Rep: . rg.2
+ - if pslog =2 < 0.
> pslogrss Y pslogrg; > pslogrgs’ SEE:G TS
5€G S€G 5€G

and let
Hpa(G) = max{D(p,G) | p = (ps)sec probability vector}.

Now, we are ready to state our main theorem on the Hausdorff dimension.

Theorem 1.1 (Hausdorff dimension). Let G be a self-affine IFS satisfying|(A1),|(A2) and|(B2). If|(W1)
holds or|(C1)|(G1) and|(W2) hold then

dimg(A) = lim Hpa(G,), (1.3)

n— oo

where G,, is the set of n-fold compositions of the functions of G.

Unfortunately, the formula given in (1.3 seems extremely difficult to calculate for general weakly
separated systems. For homogeneous systems, the formula can be reasonably simplified.



Corollary 1.2 (Hausdorff dimension for homogeneous system). Let G be a self-affine IF'S satisfying|(A1)
(A2), [(W2) and [(BI)| with contraction ratios 0 < r; <1y < 1. If[[WT) or holds then

log ro
log <ZT€szn #{S € G, | peS = T}W)
dimg(A) = lim .

n—00 nlogry

In the part concerning the Hausdorff dimension, we will also show for separated systems and
or [[CT)] [(C3)] and [(GI)) that measures nearly optimal in achieving the dimension are mostly supported
on a confined set of cylinder-rectangles, whose height and length are close to powers of a maximising
Lyapunov exponent pair. Along that lines, we will present an alternative limiting formulas for computing
the Hausdorff dimension of Lalley-Gatzouras carpets, either by maximising over lim sup expressions of the
Lyapunov exponents or by taking the limit of formulas with step-by-step maximisation in the Lyapunov
exponents.

1.2.2 Box-counting dimension

We assert that under the assumption that the weak separation condition holds for the projections of the
IFS, the box-counting dimension exists, and equals the limit of the maximums of the Feng-Wang formula
applied to the functions at the nth level.

Theorem 1.3 (Box-counting dimension). Let G be a self-affine IFS satisfying[(A1), [(A2) and[(W1). For
every n € N, let d. and d? be the unique real solutions of the equations

1= Z <|TS71|> |7‘S,2|d3’” 1= Z <|TS72|> |7”S,1|d’217 (1.4)

SeG, |TS’2| SeG,, |r5,1|

where s', is the unique real solution of the equation ZReszn |7~R12|35L =1. Then

dimg(A) = lim sup max{d.,d?}.

n»'n
n— oo

Let us note that the formula above remains valid by replacing (|1.4)) with the equations

1= Z <|7’S,1 |7,S72|d}1’ 1= Z <|Tsz|

SeG, |T‘S’2 SEG,, |7’S’1|

2

dimp (p1(A))
) |TS,1|dna

)dimB(pz(A))

which corresponds to a limiting version of Feng and Wang’s formula [9] for the box-counting dimension.
Note that the case [[CT)|with [[G1)] and [[W2)|is already covered by the results of Zerner [25] and Feng and
Wang [9], unlike the case of Hausdorff dimension.

Additionally, we provide later further explicit limiting formulas which are characterising the box-
counting dimension.

1.3 Examples

Now, we illustrate our results in two examples. Their calculation is rather lengthy, and hence, the proof
of these assertions will be in the last part of the paper.

Example 1.4. Let G be the IFS depicted in Figure
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Figure 1: Example for application of Theorem under the assumptions [[C1)], [(G1)] and [[W2)]

Then dimg(A) = logs A*, where A\* the unique A > 1 is such that

R SR < ST (\)?
Afigk (A)? k+(A_1)3,

where o :=log, 3, and therefore

dimg (A) = logs 2.8960013515886529426596184724862681808317981559701975 . ...
= 0.967885533595539319438037445903385862252724017052009287837 . . .

Ezxample 1.5. Let G be the IFS depicted in Figure

/ /
I |’I fl’ G :={S, 52, 53,54},

z 6 y
S =2+ 22420,
I’I / @ e VRS T 9>
s r 3y 2

Figure 2: Example for the application of Theorems and under the assumption



Then

= 1.093295401221 . ..

710g3(1 log3) log(2 +v/2)

dimp(A) = -
im(A) = 123\ g1 log 4

while dimg (A) = logz A*, where A\* the unique A > 1 is such that

AMA—1)=2+(A+1) i(k —1)¥(N)2F,
k=3

where a := log, 3, and therefore

dimg (A) = log, 3.01591034782768925227902905124997073016801934451517291 . ...
= 1.0048146516919788685110083227691831552828603487708875874421 . ..

We note that the presented examples above satisfy the assumptions of He, Lau and Rao [I2], Theo-
rem 4.4] based on Kenyon and Peres [16, Theorem 2.2]. However, we present here a different method for
the calculation of the dimension values.

2 Preliminaries

2.1 Some notations

Let G be an IFS. Let us index the maps of G. That is, let ¥ = {1,...,m} be a finite set with m = #G
and G = {S; | i € X}. For simplicity, we may also write for the contraction ratios rg, ; = r; ¢ and for the
translations ts, ¢ = t; 0.

For k € NT let ¥* be the set of k-touples formed by the elements of ¥. Let ©* be the set Uren+ vk,
Usually, the finite words in ¥* will be denoted by the mathfrak style: i,j, € b. In particular, if we refer to
an element in Y, then we might use i, 5, k, h.

For a finite word i € ¥*, denote |i| the length of i. If k < £ € N and i is a sufficiently large finite word
with ¢ < |i], we denote:

k= (kg1 .- 10)
i— = (11...i|”,1) :i|(0,|i\71]-
For i = (i1,...,4;|) € X", write

S«l::S,;lo~-oS¢

Lil”

One can think of S as a function mapping the symbolic space of contractions of RY.

The above symbolic space describes separated sets very well, but where less is assumed for separation,
it shows some shortcomings. Namely, if there are exact overlaps many finite words are redundant.

For n € NT let the nth level functions be

Gy o= {5 | ie ")

Define {7} C %" iteratively. Let {1} := X, Given ¥} define L1} as maximal subset of X¥*! such
that

Gry1 = {Si

ie z{k“}},& £ for i #j e 20+ and 2k 5 {i— ‘ ie z{’fﬂ}}

for every k € N. By the construction, there is a one-to-one correspondence between L} and the maps
G,,. Similarly, for ¢ € {1,2}, let Fén} C 21"} be such that

PG, = {peSi

ie F§"}},pg& £peS; fori £ € T8 and 1Y 5 {i— ‘ ie r}”}}.



Let 2t = | J°2 |, 1"}, Furthermore, for m € N*, let
D L ‘ v extvje(l,...,m}
pimm {jlf...jm ‘ i* e vk e {1,...,m}}.

Now we follow with some specific notation appropriate for diagonally aligned self-affine sets. For ¢ € {1,2},
let

Pmas,e = max {|riel } Pmin,¢ i=1min {[rie[}
Tmax = Max {Tmax,h rmax,2} Tmin ‘= min {rmin,lu Tmin,2}~
For i = (il,i27 e ,Z|1‘) S 2*7 write

il il
Ti1 = Hri(,l Tri2 = HT’QQ-
=1 =1
Define the §-Moran cut-set of the self-similar IFS G = {Si}iez and ¢ € (0,1) as

M;(G, %) = {ie o

ISi(8)] <6 < IS (M)]}.

Furthere define
M} (G,3) = {ie »{s) ‘ 1Si(A)] < 6 < \Si_(A)|}.

In particular, given a diagonally aligned self-affine set G,,, for £ € {1,2} denote M;(p,G,T) as M, and
M (peG,Ty) as My™.
Let

Ng = {ie nix ‘ min{|ri 1], |ri2|} <& < min{|ri_1

,\ri,,2|}} and S5 = {S; | i€ A},
Let us also define
Ag:={ieAs||ria] > |rigl} and AF = {i€ As | [ri2] > |rial}
and

Shi={Si|ie A} and S:={S; | ie A2}

2.1.1 The Weak Separation Condition

The weak separation condition (WSC) was introduced by Lau and Ngai [19] and Zerner [25]. It ensures
that the overlapping structure only affects the dimension values through the exact-overlap structure. For
a general discussion on WSC, we direct the reader to [3, Chapter 4].

The WSC will be used through the following lemma, which, although is stated as a consequence, is
equivalent to the WSC.

Lemma 2.1. Suppose that the self-similar IFSTF = {f;}iex satisfies the weak separation condition. Then
IC € (0,00) Ve € RIVE > 0: # {i € M (F, %) ‘ F(A) N B(z, 6) # @} <c.

In particular, given a diagonally aligned self-affine set G satisfying[(AT), [[A2) and [([WT)| we have that

3C € (0,00) VEE (1,2} Vo e RIVE >0 #{ie My ‘ peSi(pe(A)) N B(,8) # 0} < C.

The proof is due to Zerner [25] Theorem 1]. The following theorem is a typical statement concerning
the WSC.



Theorem 2.2 (Zerner [25]). If the self-similar IFS F satisfies the weak separation condition then

. . . log#M;(F, %
dimy (A) = dimg(A) = }1_% %.

In particular, given a diagonally aligned self-affine set G satisfying[(A1), [(A2) and [(WT) we have that

VEe (1,2} : dimu(pe(A)) = dimp(pe(A)) = lim 2L
: dim = dim = lim ——2%—.
) H(D¢ B(P¢ A
The proof can be found in Zerner [25, Theorem 2]. Another way of expressing these facts is to use
peG,, instead of Mf’*. This works, since the transition affects only at a subexponential cost.

Lemma 2.3. Let F = {f;}iex be and IFS satisfying the weak separation condition. Let F,, := {fi|i € X"}.
Then
dimg(A) = dimp(A) = lim s,
n—oo

where s, the similarity dimension of F,,, is defined by Zfan |rr|*» = 1. In particular, given a diagonally

aligned self-affine set G satisfying [(A1), [(A2) and[(W1)| we have that
Ve e {1,2} : dimp(pe(A)) = dimp(pe(A)) = lim s,

n—oo

where s',, the similarity dimension of p¢G,,, is defined by Zier{”} |7«u|8i =1.
14

For a proof, we refer to Remark 4.2.17 from [3].

2.2 Dimension estimates for carpets

Now, we will state result from the dimension theory of self-affine carpets which we will rely on.

Theorem 2.4 (Feng and Wang [9]). Let G be a self-affine IFS satisfying (A1), |(A2), [(C1) Then
dimp(A) = max{d;,ds}, where

dimpg (pa (A))

s\ 75,2 0
1= Z [rs,2|® and 1 = Z Irs,1]?2.

s \Tsol see \rsal

Let us note that the theorem of Feng and Wang is not stated in this way in [9]. For a proof of this
formula, we refer for [3, Theorem 11.4.2].

Theorem 2.5 (Lalley and Gatzouras [I8]). Let G be a self-affine IFS satisfying [(A1), [(A2), [(B2), [(CT),
and|(C2). Then

> pslogps > qklogek Y. ghloggh

. SeG Rep2G RepaG
dlmH A) = HBA G) = max —
(4) ®) peP | > pslogrsy Y. pslogrss > pslogrsi
S€G SeG S€G

NCRY

where P = {(ps)sec | ps >0, > gegPs = 1} is the set of probability vectors and q% = > 5eG : peS=RPS-
The proof can be found in [I8, Theorem 5.3].
Theorem 2.6 (Pardo-Simén [23]). Let G be a self-affine IFS satisfymg . Then
dimg(A) < Hpa(G) = max{D(p,G) | p = (ps)sec probability vector}. (2.2)

For a proof, we refer for [23] Proposition 3.5].
Let us note that in both of the proofs of Theorems and are assuming [(B2)| (the positivity of
7i,j), but the proofs can be modified in a straightforward way for the more general situation.



3 Box-counting dimension

First, we will study the box-counting dimension of the attractor A. Let us now state a more detailed
version of Theorem [[.3]

Theorem 3.1 (Box-counting dimension). Let

G = {Si(w1,72) :== (ri1w + ti1,mi2y +ti2)}ex

be a diagonal self-affine IFS, with attractor A satisfying the conditions|(A1), [(A2) and|(W1) Let piG the
principal projection IFSs with attractors pe(A) for £ =1,2. Then

: _ , log #8§ | .. log Maim (pe(a)) {Irs.el | S € S5}
dimp(A) = zgi};} llrglj(l)lp ( “Togs + dimp(pe(A)) | 1+ “logd (3.1)

1
where My (x1,...,xy) = (% S xf) " is the power mean with exponent p.

Moreover

dimp(A) = lim sup max {D%, Dg} = lim sup max {d}” di} = lim sup max {'D}L, @i},
6—0 n— o0 n—so00o

where for £ = 1,2 we quantities Dﬁ, d’, and DY are the unique roots of the equations

122(%4

SESs 75,3l

) dimp pg(A)

ot Irs.l dimp pe(A) .

‘TS,37€| (57 1 — Z <TS’Z|> |’["S’37€|dn and
3_

SeG, ?

14

S

r n ¢ £

1= g (|7" “?’A |> |7‘S73_[|©”, where sﬁ is the similarity dimension of peG,,: E Irgel® = 1.
SEG, \'S8t SEpeGn,

In general, the sets S}, S and S5 are uncomfortable to compute and it is relatively simpler to take
higher and higher iterates inductively. The rest of the section is devoted to prove Theorem [3.1]

3.1 Proof of the first part of Theorem (3.1
Let § > 0 and Af be as in Section

Lemma 3.2. Assuming the conditions of Theorem for any € > 0, there is a ¢ = ¢(e) > 0 such that
for any i€ Af; we have

Lo\ dime (Pe(B) =< 1 dims (pe(A)+e
No(Si(A) € ( (") e () )

for every € € {1,2}.

Proof: Let ¢ € {1,2}. We start with a geometric idea. Observe that if i € Af;, then we certainly have
[ris—¢| <, and then

N5(8i(A)) = Nofr =1 (Pe(A))-

See Figure [3] for some intuition.
For self-similar sets, and in particular for p; (A) and pa(A), the box-counting dimension exists, and therefore
for any ¢ > 0 3I' = T'(e) > 0 such that Vo < T' we have:

Ns(pe(A)) € (5— dimp (pe(A)+e _§5— dimB(pz(A))_é.) .

10
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Figure 3: Visualizing the argument for a fixed cylinder and three § by § square transforming.
Notice that for the covering of the cylinder by § by § squares, it is enough to consider the covering
of the projection of the attractor to the y-axis by 4 - |rio| ™! intervals.

S I =1

This alone wouldn’t be enough, since as ¢ approaches 0, the value of §-|r; (| ~! may not converge, but rather
cycle back ever so often, since square-like cylinders ought to happen unless there is coordinate ordering.
This can be controlled with the fact that for i € A%: & |ri¢|7* <r_{, and then

min’

Nsjry o -1 (Pe(A)) Nijri o1 (Pe(A))

su - =max< 1 su -
e | (o TN RNV 5\ - dma(ee(h)—
[ri el Slrie|"t>T [ri el

< max {1, Ne(pe(A)) - rppiy ™7 L <)

min

and
" Nsjr, o1 (Pe(A)) i1 Nsjr, o1 (Pe(A))
TN 5 —dimp(pe(A))+e - ’ ient 5 —dimp(pe(A))+e
(W) 8lrie|1>T (W)
> min {LN,r,l (pe(A)) .FdimB(PZ(A))+s} .
provides a sufficinet constant ¢ := max{cy, c5 1}. |

Lemma 3.3.

ey dims (e(A)
L log (nggg (‘ fs’[‘) >
dimp(A) < max limsup .

3.2
T ee{1,2} §_0 —logd (3.2)

Proof: Let § > 0 and let As and S; be as in Section [2.1] It is easy to see that A = {Jgeg, S(A). Also, by

11



definition, S5 = Uee{l 2} Sg. Moreover, for every i € A%,

log(rmax)
|Ti7€| S 6’rrnin, O Togtrmin) | .

Thus, by Lemma [3.2] for every £ > 0 there exists ¢ > 0 such that for every § > 0

N =N [ U U S@) ] <2 max 3 Ns(S(A)

ee{1,2
£e{1,2} Sesj (1.2} Ses
dimg (pe(A))+e dimp (pe(A))
r log(rmax) _ r
< 2¢ max ‘ S’Zl < 205(1"g(ﬁnin> e max | S’A .

re{12) =, ref12) 2,

5

Since € > 0 was arbitrary, equation (3.2)) follows. a

Now, we continue by defining a sufficiently large subsystem that satisfies the ROSC and of which
dimension is sufficiently close to the dimension of the original set. Let € > 0 and ¢ € {1,2} be arbitrary.
Let us decompose S§ with respect to it’s greater contraction. It is easy to see that for every S € Sf,

log rmax
[rs,s—e|l < |rsel < |rss—e| ™= mn . Thus,
[1/e]
S§ = U Sg:g, where Sg:g = {S € Sk ‘ Irs3_e| T2 < |rg | < |7“573,g|”5}. (3.3)

— | log Tmax
n= LE log " min

Z,
For every S € Sy
(5rmin)(n+l)8 < |TS,£‘ < o"e.

We now construct a separated subset S?Z’* from S?Z: write

sit= U R where R(T) = {5 €5t

Z,n
TEPZS&Z

pgSZT}.

For every T € pgSﬁ:Z, let R*(T') C R(T) be a maximal populous cylinder-disjoint subset. Now, let pgSﬁZZ’*
be cylinder-disjoint such that for every T € pgS?? either T € pgSf;’Z’* or there is an 7' € pgSg’Z‘* such that
T((0,1)) N T((0,1)) # 0, and R*(T) < R*(T). Finally, let

Sg:?’* = U R*(peS). (3.4)

0,m,

PIZSEPZS&E

Intuitively we factorise the elements of, let’s say Sg’:, into rows (columns if S;*g) based on what their

projection to the y-axis (z-axis for Sé’g) is. Then from each row choose as many cylinder-disjoint functions
as possible, and then select the largest rows to include, considering that their defining projections have to
be cylinder-disjoint.

Lemma 3.4. There are universal (meaning that it depends only on G) constants s, s’ such that
—cs’ 0,n,* 2,
s-6¢°F ~#Sé;? > #S&?.

Proof: For j € {1,2} let ijf;’? = {iji|i € Sf;’?}. Since pg_gSg’? C Mg’_z, using Lemma there is a
constant s; (indepenedent of 4, ¢,n, e and of T') such that for any T' € pg,gngg

s1 - #R*(T) > #R(T).

12



On the other hand using Lemma on the ¢ projection gives that there is a constant s, (indepenedent of
0,¢,m,e and of T') such that any T € pgSf;’,? may only cut into so many cylinders from its Moran cut-set.
It is possible that those so-many functions are not in pgSg’Z, but their ancestors/offsprings might. Observe
that

Sf};? c {Si Iris_el <O < |ri_s_el, (0rmin) ™Y < iyl < 5n€}a (3.5)

therefore pngi? C U;er peGy,, where we take the union of at most "E& +(n+1) log@-I—many

log rmax € log rmax

consecutive levels of pyG,,. This also meas that ijg’g C UZ—e M f"f(rmax)i where we again take the union
of at most s3 € log d-many consecutive ¢ € N for a constant s3. Taking bigger and bigger intervals over the
cylinder rectangle of p,S;, with Lemma we have that any T € pgSf;:Z may be cylinder-intersected by

at most sys3 € log §-many T e pgSg’Z assuming |rpe| < |17 ,].

The other direction is simpler, but gives the more crude bound. As stated above, any T € pgSg’Z may
only cut into sp-many cylinders from its Moran cut-set, and with the bound of the number of levels of
pe¢G,, covering pgSg’Z we have that at most so(#X)%€1°8%-many T € pgSg’Z assuming [rre| > |77 |-

Finally, using these bounds, and the construction of S?Z’*, we have the claimed bound. O

Now, let F = Fgf(Sg:?’*) C {Si|i € ¥*} be maximal with respect to containment, such that p,F C
M(f,’:';, such that the maps in p,F are pairwise disjoint and for every T' € F and S € ngg’*, peT((0,1)) N
peS((0,1)) = B. Such kind of set can be defined by induction. Denote Af;’,? the attractor of the IFS
FuU Sg’f’*. By construction, p,F U pgS:{’f’* satisfies the OSC and so,

D, e

L,
TengFumSj;”,e *

dime (pe(A50)) — 1

By definition, the cover
{T((0,1)) | T € pFU PeS?,’f’*}

forms a (87, )" t1-packing and a 36"°-cover of py(A). Hence,
12 (i) D OO 4 (U pyS )
> C—l(é‘rmin)(nJrl)a dimB(pg(Ag’,TEL))é‘—na(dimB (pe(A))—e)

> Cflrmindne(dimg(pg(Ag:?))—dimg(pg(A))ﬁ-e)—‘rE.

Thus,

log(cr}

min

) —elogd

N

dimp (pe(A)) < + dimp (pe (A7) + &

—nelogé

2 log Tmin IOg(CT_.l ) 2 10g Tmin . ‘n
= Y 1 d Ay 3.6
~  —logTmaxlogd * 10g "max + 1) e+ dimp(pe( be ), (3.6)

; log rmax : tn
since n > Telogro Moreover, dlmB(A&e) > d by Feng and Wang’s theorem Theorem where
dimp (pe(A§7))
TS d
Z ( > |TS,37Z| =1, (37)
e \TS3—¢
SeFusyl

since the IFS F U S?”f’* satisfies the ROSC.

Lemma 3.5. Assuming the conditions of Theorem[3.]

max_limsup < dimpg(A). (3.8)

e{1,2} 550 —logd



Proof: Let € > 0 and ¢ € {1,2} be arbitrary, and let Sg:? as in (3.3)). Then

dimp (pe(A))
Z (TS,€|> o < ([1/5“ _ \‘IOgrmaXJ> max #ng §(ne—1)dims(p(A))
o 5 €1og min ne{|298mmax |, . [1/e]} ’

min

by Lemma

s| [1/e] - 108 Tmase 5o max 4Shm . g(ne—1) dimp (pe(A))
EIOg Tmin nef{l d,€

1
Thgmax |, [1/e]}

1
log rmax ete—1) min)

by (3.6) there exist constants c3 = rr(ni:g Tmin o8 Tmax ([1 /el — [ El?fgr;,“r:‘nD > 0 independent of

2log(cr

0>0and s3 =s+ (M + 1) (2 — M) > 0 independent of € > 0 such that

log "max logr

< g6 max #SLnx . §(ne=1) dimp (pe(A57)

nef{| FpErmax |, [1/e]}

by (3.5
dime (pe(AT))
§C3Tmllr16 (st 1) max Z ( )
ne{ | fgrmac |, f1/e1} o S \Irsa—d]
. B Irs.s| dimp (pe (A57))
<ecgrié (s3+1)e max 5—d Z ( ) ) |7"S,3—Z|d
ne(ldgrma | f1/e) (G |rs.3—l

by (3.7)

< Cgrl;liln(S*(serl)a(;fd < 637"7~1 57(S3+1)5*di7m13(/\)’

where in the last inequality we used d < dimp (A ") < dimg(A). Hence,

. dimp (pe(A))
log (ZSESf; (I fs’e‘) >

li < di A 1e.
imn sup “Togo < dimp(A) + (s3 + 1)e
Since sg > 0 is independent of € > 0 and € > 0 was arbitrary, the claim follows. O

Corollary 3.6. Assuming the conditions of Theorem the box-counting dimension of the attractor

exists. Moreover,
- dimg (pe(A))
log (Zs€sg (‘ fs’”) >

dimp(A) = max limsu 3.9
B(A) ee{1)§} [Hop —logé (3.9)
Proof: It is an immediate corollary of Lemma and Lemma (]

From here, it is natural to prove Theorem Simple calculations show that

log 3 (M) dimp (pe(A))
g Ses 5 10g#§5 + dimp (po(A)) [ 14 log M,, ({|7’S/| | S e St })
—log “logs TR —logd

where we have the power mean

My(zr, ... zp) = (%anx';)%

i=1
with exponent p = dimp(p(A)) € [0,1] and with n = #S%. This completes the proof of (3.1)).
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3.2 Proof of the second part of Theorem 3.1
For ¢ € {1,2}, let us define D§ with the equation:

dimp (pe(A))
r [
> ( sl ) rss—e| P =1

S€Ss 75,3l

Denote D! := limsups_,, D§. Notice that

dimg (pe(A))
[rs.el
log (ESGSg (\rsiiA) )

dimp(A) = max limsup

e{1,2} s-0 — 10g5
L r dimp (pz([\)) )
log <Zee{1,2} 5—Ds ZSeSg (IrlsSﬂA) 7ﬂs’gﬂDé)
= lim sup
60 —logé
_pt r dimg (pe(A)) )
log (Zee{m} 5 Ds ZSGS& (|7!Ss3f|/|) rS,32|Dé)
< lim sup
6—0 —logé
e
li o <Z€€{1’2} ’ DS) {r Df} (3.10)
= limsu = max < limsu . .
=0 ~logo iz | st 0

For the other direction, let £5 be such that Df;z = maxXec (1,2} {Dg}. The following two lemmas are similar
to the lemmas from page 335 in [3].

Lemma 3.7. dimg(p;(A)) + dimg (p2(A)) > limsup;_,o D5 .
Proof: Firstly, by the definition of Df;g

.
dimp (pgx (A)) — dimp (pgz (A))+D°
1= lrsyl 5 s K ’

SESs

)

log rmax

Since |rg | € |Tmin0, d & "min ] for every £ =1,2 and S € Sy, it is enough to see that

log (ZSGSJ |1 [Hime (P1(A) |T5’2|dimB(P2(A)))

0 > limsu 3.11
T 550 P —logé (3.11)
Let us argue by contradiction. Suppose the opposite of (3.11), namely that that
lo roq|dmB(P1(A)) |y, |dime(p2(A))
0 < limsup —2 (Eses, sl Irs:a| ) (3.12)
6—0 - IOg d
Now
dimp (pe(A))
|rs.cl
(A) log (Zzg{l,z} ZsEsg (|rsif[|> )
dim = limsu
" §—0 P —logé
log (§— dims (p1(A))—dims (p2(A)) raq|dimB(P1(A)]p . |dims(p2(A))
— lim sup g( 25’685 (| S,1| ‘ 572‘ ))
5§—0 —logd
log (25655 |TS’1|dimB(P1(A))|TSZ,,2|dimB(P2(A)))

= dimp(p1(A)) 4+ dimp(p2(A)) + lim sup
60 —logd
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Therefore, assuming (3.12)) implies that
dimpg(A) > dimp(p1A) + dimp(p2A),
what cannot occur, since A C p1A x p2A, and for any two set, A, B we have that

dlmB(A) + dlmB(B) > dlmB(A X B),

see Falconer’s book [5]. O

Lemma 3.8. There is a constant ¢ > 0 such that

Irss_pe dimp (p3— ¢z (A)) s
3% i
\Ts,eg\ |Ts7zé °
limsup max > c.
Iy dimp (pgx (A)) -
50 303 S BAPey o 3—0% o
SEeS; \ s,eé\ |7"S 4 g ‘Déé §D5 5 —D(;‘
|7‘s,34§| ’ s
343
Proof: Let S € Sy ™°, observe that
dimp (pg_px (A -
‘TS,S—Egl B( 3 25( )) |r |D§_£5 ‘ A 23
Trsexl S,e; [ dimp (p3—¢x (A))+dimp (pex (A))—D;
5 _ S,3 ZS
di * (A -
|TS’Z:§| lmB(pl(s( ) | ng |’["S’Z§‘
raa_px|e
\Ts,:s—z§| 5,343
3—¢% of
D S_D S5
'|TS,Z§ L) s,
. Irs,3—ex| .
Since s e*(|5 >1and ¢ > |’I“S7g:;| > 6§ - Tiin, the claim follows by Lemma [3.7 O
)
Finally, use the Lemma |3.8 as
dimg (pe(A))
Irs.el
) l%<2m@32%%Qmﬁl
dimg(A) = lim sup
5—0 —logd
- dim Pe* A *
. 1 o |7"S,eg B(pex (A)) o4
> lim sup log | 6% g — rsa—ez| 70
50 —logd ‘. \Irss—e
Sesgd

. " . dimg (pgx (A)) «
RS a—ey e |TS,£*| 5 o
D S e L

3—03 ‘TS’3723|
Ses,
. dimp (pex (A)) .
13 * 5 I3
_Ds \Ts,eé\ _Ds
log (5 ° ZSeSa (|7”ssz§ |TS’3*43 °
= limsup
50 —logd
. 05
= limsup Dy’.
6—0

The inequality above together with (3.10) imply that

dimg(A) = limsup max{ D}, D?}. (3.13)
6—0
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3.3 Proof of the third part of Theorem (3.1

Recall that
G, = {Si | ie E”}.

For ¢ € {1,2}, define d’, with the equation

dimg (pe(A))
T 7
Z ( | S,€| > |’I"S73_g|d" -1

S€G, 753l

Let df := limsup,,_, . d’,. Similarly, let us define D¢ := lim sup,_,, D5.

Lemma 3.9. For any 0 € [rmax, 1), we have that

dimp (pe(A)) L/k
limsup< Z ('TSA> rs,34|“> < 1},

DﬁzDe:zinf{a>O

rgs_
A= 75,3l
moreover
s dimp (pe(A)) 1/n
0 0. - : ;
d,=d" :=inf S a >0 | limsup g () |7s3—¢|” <1,.
n— 00 SeG |7'S,37£|

Proof: For any a > D’ there exists € > 0, kg > 0 such that for any k > ko satisfies & — & > Df]k (we will

have the hierarchy: a > a—e > ng% and therefore by the definition of Df;k, and using that |rgs_¢| < nk
for S € S,x, we will have that either

Irs.c| dimg (pe(A)) 1/k
0 = lim sup Z <> |rs,3—e|® <1

k— o0 SGSnk |TS,37£‘

g o] ) dimee(d) 1k
0 < lim sup Z <> Irg3—e|®

k—oo Se5 |rs.s—l
dimp (pe(A) 1/k
) |7“s,sea>

- -1imsup< T (VS@
dimp (pe(A)) 1/k
= limsup< Z ('TS’A) |7“S,3£a77_8k>

or

k—o0 S€s, i |TS,3—E|

k— oo SESnk |TS,3—Z|
dims (peA)) 1/k
< limsu Z [7s.c] | |*—¢
S p |r | rSs,3—¢
k—o0 SESnk S,3—4
|TS El dimp (pe(A)) Dl 1/k
S limsup Z (| : |) |T'S,3_e‘ nk =1.
k—o0 Ses TS,3-¢

n

Meaning that DY < DE.
For the other inequality, let a < DY, then for any ko > 0 there exists k > ko such that o < Df} » and

now
g g\ @R e 1/k g g\ e (Pr(4) o\
> ( 7 ) rs3—e|” > > ( ’ ) Irgs_g|Pn* =1

SES, i |rs’34| S€ES, i |rs’3*é|

This proves that Df > D¢. The proof of d’ = d, apply the same procedure. O
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Lemma 3.10. For ¢ € {1,2}, d* = D*.

Proof: By Lemma [3.9|it is enough to see that the two sums in their definitions differ only by a subexpo-
nential amount, and that is what we show. For the first direction, let 7 € [Fmax, 1) and i € A, then it is
easy to see that

1 logn

. . _losn
log Tmin

<|i|<k-
1Ogrmax

+1. (3.14)

Hence, taking o > d’ we observe that

dimp (pe(A)) 1/k
limsup< Z ( 750l ) r5,3g|a>

k—s o0 SESnk |TS,3—K‘

logn

[k g ] AR 1k
§limsup< Z Z < - > 7"5,3—£|a>

e n= [l@%] SEG, |r5,3—€‘

min

Irs.c] dimp (pe(A)) 1/k
= lim sup max Z —_— Irs.a—e|® <1,
ne{[ 75,3l ’

logn logn
ko0 k log "min —| """ [k log rmax —| } SeGy,

meaning that d¢ > D*.
Absorbing (3.14)) once again, we also have that for any i € X{*}, there exists at least one k € N that
Si € Syx, where
1 . 1 -

logn logn
Then proceed with the prequel argument to get d* < D’ ending the proof of Lemma O
Lemma with (3.13]) implies that
dimg(A) = lim sup max{d.,d?}. (3.15)
n—oo

3.4 Proof of the fourth part of Theorem

In view of the theorem of Zerner (Theorem [2.2)) and it’s variants, we assumed in the previous section that
the box-counting dimension of the principal projections are known exactly. This is not necessary, as in
the next setup we show that for computation, only one limit is sufficient.

Let s be the similarity dimension of p,G,, Y sep,c, ITsel* =1, and let D! be the unique solution

£
_ Irsel )"

of 1=3 see, (\rsifﬂ)
n > N we have that s/ € [dimp(p¢A), dimp(peA) + ¢]. Now, for n > N

|7AS l| dimg (pe(A)) .
1= <> [75,3-e|™

S€G, |TS’3_€‘

st —c
> 7. min< 1, min 75,0l Irs 3ié|dfz
é5. \lrs;3—l S€C., 753l ’

n |7s,e]>|rs,3-¢]

.
S " 0
33—

SeGy,

7‘573_g|©£b. By Lemma for any € > 0 there exists N € N such that for all

where

1 max
2= max{O, (1 _ Ogr)} € [0,1].
log rmin

18



Since ¢ can be chosen arbitrary small as n tends to co, we can conclude that lim sup,,_, . d, > limsup,,_, ., D.
The proof is finished with a mirror argument for the other direction.

4 Hausdorff dimension

4.1 Feng and Hu formula

First, we need some preliminary calculations on the properties of . As usual, let ¥ be a finite set.
Now, let 'y, ' be finite sets such that #I'y < #3 for £ = 1,2, and let py: ¥ — I'y be surjective maps.
Let (rzé)zeZ tef1,2y be reals such that r;, € (0,1), moreover, r;, = r;, for every i,j € X for which
pe(i) = pe()-

Let P be the set of probability distributions over the finite set 3. For p € P, the measure of i € ¥ is
denoted by p;. Let x¢(p) := — > ,cx pilogrie. For j €T, let qf = Zitpe(i):j p;. Define

— Y pilogp; = 3 qjlogq; - X; ¢ log g’
D(p) = €D + JEL __ Jele ’ if Ye(p) < x3—e(p). 4.1
®) == @) ot (D) (p) < x5-2(p) 4L

Observe that the above quantity is well defined, since if x¢(p) = x3—¢(p) then D(p) is independent of £.

Lemma 4.1. Let x1,x2 > 0 be given. Then for every { = 1,2

X¢
~Soplogp - X qflogal  — 3 alloggl)  log( X #{i€ T | pii) = 1)
=P JEle JEle J€ely
max + — = ,
peP X3—¢ Xt X3—¢ Xe

where £ is such that x¢ < x3—¢-

The proof of Lemmafollows by [18, Proposition 3.4] and simple algebraic manipulations by choosing
Ti3—¢ =€ X3¢ and r; o = e”X* for every i € 2.

Lemma 4.2. Let x1,x2 > 0 and g9 > 0 be given, and suppose that e Xt=%0 < r; , < e"X¢T€0 for every
i€X and l € {1,2}. Let £ € {1,2} be such that x¢ < x3—¢. Then

> pilogp; > qiloggs Y ¢blogd)

max 1EX JET, J€EL,

peP | > pilogriz—e >, pilogrie > pilogriz_¢

ies ies ies
Xe
log (5 #{i € X | peli) = j} 57 )
j;‘g } B 2eq log #%
- Xt 10g Tmax(log Tmax — 50) ’

Proof: Recall that qf =>. pe(i)=j Pi- Moreover, clearly log #¥ > — > pilogpi > — > ¢; log qf. So

€D jely
> pilogp; > qiloggs Y qblogd)
€D JEL JEL,
S pilogris—e Y pilogrie Y pilogriz_e
€D €D €D
— Y opilogp;  — X dflogqt  — X ¢flogq
N €Y + Jjely _Jely
T Xz—¢teo Xe + €0 X3—¢ + €0
— Y opilogpi = X2 ¢ilogg;  — Y gflogg]
S _i€% ' ' n jer, 7 el ’ 7 2e0log #X
- X3¢ Xt X3¢ ~ Xe(xe + <o)
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The proof can be finished by Lemma O

The map p;: ¥ — I'y can be naturally extended to py: £* UXN — Ty UTY, by defining py(iyiz...) :=

pe(i)pe(iz) - ...
The distribution p € P induces naturally a distribution on X" for every n € N by p; := p;, ---p;,, for
every i € X", Let us denote this distribution by p*". Also, let qf = Zi:pe(i):j pi = qfl e qfn forj e I'}.
Simple algebraic manipulations show that x¢(p*"*) = nxe(p) for every n € N, and so,

- X pilogpi _-ZF:” ¢/ logqf —'ijn ¢/ log ¢!
D _ _ iewn n jery _Jerg i ) < vanslo). L
() nxs_e(p) nxe(p) s e () Xe(p) < x3-2(p) (4.2)

For x1, x2 positive reals, let

ol 1
" (g0, X1, X2) == {1 € X" | ——logrie € (xe — €0, xe + &) for £ {172}} ,
F? (507)(1’)(2) = {pé(l) ’ ie Zn(s()leaXQ)} and
E;L’Z(EO,X1,X2) = {i € X" (g0, X1, X2) ‘ pe(i) = j} for j € I'y.

Lemma 4.3. For every probability distribution p on 3, n € N and g > 0

X({(P)
log ( #57 (20,x1(p), X2 () XH“”)) ne2
i€l (e0,x1(p),x2(p)) ~Tog2 Tinax
D(p) < +b-e Tmin
®) nxe(p)

8(log #X 4 log4 + log ™2 Imax 4 1)

Tmin
- IOg Tmin

if xe(p) < x3—¢(p), where b=

Proof: Given p € P, let {(X}, X?)}ren be a sequence of independent and identically distributed random
variables such that
P (X}, X7) = (logri,logrs)) = Z Di.
1e{3:r; y=r¢,V4=1,2}

Then by Hoeffding’s inequality, for every n € N and ¢ € {1, 2}

2 n ne2
- og2 Tmax
Z pi < ZP < ZX,f —nxe(p)| > €0n> <4e "* Tmin . (4.3)
ie(Zm(e0,x1(p)sx2(p)))°¢ =1 k=1
o _ YA
Let P i= 3 iesn (e (0) e () Pt = 2o0€07 (00 (p)ixa(p)) G+ L D€
i i i i
— Y pilogpi = —P, > plog 5 — (1= Py) > — 5 log——
ienn i€sn (eo.x1(p)x2(p) " ie(S (e0,x1(p),x2()))° " "

—P,logP, — (1 —P,)log(1 - P,)

by (4.3), the series expansion of the logarithm and the basic properties of the entropy

"LE% 2
i i ~1C.2 Tmax 2
< - S % log % +de (n log #3 + log 4 + —— e+ 1) :
iex™ (e0,x1(p),x2(p)) " Tmin
Similarly,
¢ ¢ ___neg 2
. ! — 2
— Y qfloggf < - 3> Dgog 9y g P EE (nlog #5 +logd + —0 41
iely i€y (c0,x1(p),x2(p)) Tmin
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Let b = 8(log #X + log4 + log ™2 foax 4 1) /(—log rmin). By (4.2)),

_ Di Jog B
€S o) ¢, d 1 1
Do) < 7nx | (p) . 2 P, P, (nx (n)  nx (p)>
st €@ T " ‘ o
TLE%
+be "% Tmin .
Then, by applying Lemma for the right-hand side, the claim follows. (|

As a corollary of the above, we can provide an alternative, limiting formula for the dimension of
Lalley-Gatzouras carpets. This shows that the dimension of the attractor can be well approximated by
close to almost-homogeneous systems.

Theorem 4.4. Let G be a self-affine IFS satisfying the assumptions |(A1), |(A2)|(C1), |(C3) and [(G1)
with attractor A. Let £9(n) > 0 be a non-negative sequence such that o(n) < f% log rmax and lim,, (n
ed(n)) = oco. Then

log ( > #37 (e0(n), X1, X2) T)

i€l (e0(n),x1,X2)

dimg(A) = lim  max
n—00 (x1,x2)€X —nX2

og (X #E(eom) v xe) V)

i€l (e0(n),x1,x2)

= sup limsup
(x1,x2)EX n—o0 —nx2

Proof: It is clear that

log ( > #3572 (20(n), X1, X2) Ll)

i€r'y (eo(n),x1,x2)

sup liminf
(x1,x2)€X M7 —nXx2

log( > #E?’z(ﬁo(n)aXh)Q)%)

i€l (eo(n),x1,X2)

< liminf max

(4.4)
n—00 (x1,x2)€X —nx2

By Theorem dimy (A) = max,ep D(p). Let p* € P be the measure where the maximum is attained.
Then by Lemma [4.3]

x2(p*)
log 5 #572 (20(n), X1 (07, x2 () V1)
J€ETE (e0(n),x1(P*),x2(P*))

nxa(p*)

neq(n)?
" Tog2 Tmax

+b-e Tmin |

D(p*) <

Thus,
X2
log ( > #2?2 (g0(n), X1, x2) )

dlmH(A) = D(p*) S Sup hm lnf jerg(ao(n)7X17X2)
(x1,x2)€EX 7 nx2

On the other hand, by Lemma for every (x1,x2) € X

log ( > #E?’z(Eo(n)v X1 X2)%)

J€ETY (e0(n)sx1,X2)

nx2
pilog pi > q; log ] > q; log ¢
ieXn (eo(n),x1,x2) J€TY (e0(n),x1,X2) jery (eo(n),x1,x2)
< max + —
pepP > pilogri1 > pilogri o > pilogri
iexm (eo(n),x1,x2) iexm (eo(n),x1,x2) iexm (eo(n),x1,x2)

21



2e0(n) log #X™(e0(n), X1, X2)
n? - xe(xe —€o(n))
eo(n) 2log #X
n - xe(xe —eo(n)))’

where the last inequality follows by the Theoremand the fact that the attractor of the IF'S {Si}icsin (e (n),x1 x2)
is clearly contained in A. Hence,

og( X #E(eolm) i) )

iel'y (eo(n),x1,X2)

limsup max < dimg(A).
n—oo (X1,x2)€X —nXx2
Then the claim follows by observing that the equations (4.4)) and (4.5)) hold with lim sup. O

Remark 4.5. We note that in case of constant e(n) = ¢, the limit

X2
og( S #5(covanxe) V)
. i€l'? (c0,x1,x2)
lim
n—00 —nX2

exists and equals to the supremum by Fekete’s lemma. Indeed, we have that {ij ‘ i €T (0, x1,X2),] €

'y (eo, X1,X2)} C T5™ (g0, X1, X2), and similarly for 3% (g9, X1, X2)-

4.2 Weak separation for carpets

Let G be an TFS as in (A1)} Let ¥{"} and F}n} be as in Section With a slight abuse of notation, we
define a map pén}: nint I‘}n} as follows: for every i € ©in}, pzn
such that p,S; = peS;.

Recall

(i) is the unique element of j € I’}n}

sinm {il 2

i* e oint vk e {1,... ,m}}, and similarly,
i = (i | e ke (1, my }
Lemma 4.6. There is a constant C > 1 depending only on G such that for any n,m € NT we have that
Vee 0,12 # {i e nintm ‘ e Si([o, 1]2)} < p2m.om
Ve e 0,1]: #{ieT™™ |z e (pS)([0,1])} < n™C™.
Lemma follows from applying the following lemma inductively.

Lemma 4.7. There is a constant C' > 1 depending only on G such that for any n € NT we have that

vee[0,1]*: #{SeG, | zeS(0,1*)} <n*-C,
va € [0,1] : #{SGngn|x€pgS 1} <n-C".
Proof: Notice that
2 = [ U {13 | s e bl el ma € e, riit),
k=0 h=0

where Y, W < Ln -log,. (m)J Now for £ € {1,2} we have that ri, € [r2Er*L ¢ +h] implies that

Tmax max » ' max

rie < it <pi_ 4, thus {p}"} (i) | rig € [rothtt pnth]} C Mh* “win- Then by Lemma for any given

max — max
Tmax

z e R:
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#{ie st | e it ikl @ € pesi((0,1))}

c#{iest | M) e ML, v e psi(o, )} < O,

T'm

where C” is a constant depending on the IFS. Finally
#{S€G, |z 50,1}

is upper bounded by the product of the upper bounds of the projections, and those upper bounds are
obtained by noticing that from an order of n Moran cover, each has at most constant-many functions
which has cylinder rectangle containing the projection of z. Since G, = {S; | i € »{"}} the first claim
follows. The proof of the second claim is similar, so we omit it. O

Similarly to the previous section, we define subsets of £} and as follows:

M (1) 1 {i e ninim ‘ — % log i, € (X¢ — €0, xe + €0) for £ € {172}} ’
DF™ (20, X1, x2) = {pé(i) ‘ ie E{n}m(ao’XI’XQ)}'

For j € Fén}m let

2;{”}’”’@(80,)(1,)(2) = {i e ™ (e, x1, x2) ‘ Pe(i | (n(k—1),nk) = 3 l(n(k=1)mr] VR € {1, .. 7m}}~

Lemma 4.8. There are constants C,C > 0 such that for £ € {1,2} and for every i e F}”}m(s(], X1, X2)

#{i e If"M"™ (g0, x1. X2) ‘ peSi([0,1]) N peS;([0,1]) # (7)} < (nCCmeoy™,
—nm(xz2—¢0)

Proof: For any i € I‘}n}m(ao,xl,xg), we put in the interval pyS;([0,1]) uniformly [Z_nm(w—‘ many

points. Hence, the distance between any two consecutive points is at most e~ ""™(x¢+€0)  Let us denote
this collection of points by D. For some illustration, see Figure [4]

° L] [ ]
> e—nm(xz2+eo)

. o . ® > < g—nm(x2—¢o)

> e—nm(x1t+eo)

< e—nm(x1—¢0)

Figure 4: Illustration of a similar argument as in the proof of Lemmal[4.8] exept insead of intervals,
we illustrate the cylinder rectangles.

So, for any j € F}”}m(so, X1, x2) with psSi([0, 1]) N peS;([0, 1]) # O we see that there exists € D such
that = € psS;([0,1]). Then, using Lemma we have that

#{i €T o xa,x2) | peSi([0,1) N peSi(0,1]) £ 0} < #DR™C™ < 2O 2o,

Thus, the claim follows. O
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4.3 Proof of Theorem [1.1]

Let P" be the set of probability distributions on X{"}. For p € P", let D,(p) be as in ([£.1)) with the

symbolic spaces L}, F}”}. Let p™ be the probability vector, where the maximum of D, (p) is attained.
By Theorem for every n € N

dimg (A) < max D, (p) =Hpa(Gy).
pGP”L

Denote the normalised Lyapunov exponents of p™ by x;, = % Y iexint Pilogri g, and let £, be such that
X, .n < Xa—¢, n- Hence, by Lemma there exists b > 0 (which is independent of n and m) such that

Xlp,n
{nymbn (1 Xa—tnom me?
log (Zjeréz}’"&so,xl,n,m,n) i (80, X1, X2in) ¥ ?

max D, (p) < Thoe MO (4.6)

peEP™ nmxe,, .n

for every n,m € Ny and g9 > 0.
Now, we construct a separated subset X{n}m:* (60, Xl,n,Xgm) c pintm (50,)(17”,)(2,”) similarly to the

construction in (B-4). For every j € Tf™™ (20, X1.ns X2in), let TV (20, 10, x20) € S (20, X100 X210)

be a maximal populous such that {pg,g”Si((Q 1)) | ie Z;[n}ml"’* (Eo,xl,n,xgm)} are disjoint. Since

E;{n}m,fn (807 X1,n Xgm) can be embedded into F;{:Zn (50, X1,n) ngn), we get by Lemma

#Zj{n}m’en (€0, X1,m: X2,m) < (RCCP0)™ - #Z;{n}m’&L’*(eO’le"’ X2.n)

for every j € I‘}:}m (€O,X17n,X27n). Now, let F}:}m’*(eo,xlm,xg,n) C F}:}m (Eo,len,ngn) be such that
{pe,Si((0,1)) ] i€ ng}m’* (20, X1,n, X2,n) } are disjoint and for every i € I‘}:}m (20, X1,n5 X2,n) there exists

. by, s
) € F}:}m’* (€OaX1,n7X2,n) such that #Z;{n}m’ *(EOaXanXQ,n) S #Zj{n}m *(€0aX1,n7X2,n)~ Hence,
again by Lemma [1.8]

{n}m,én X?’X—ln.n
Z #Ej (507X1,naX2,n) L
jGFEZ}m(Ele,sz,n)
R X3—0y,n X3—Llp,n
< (nCC"sO)m(1+ ). > #2 I (0 Ny xam) S . (47)

IS ’*(507X1,n7><2,n)

{n}m, b, *
£0,X1.msX2 Ej " (€0aX1,n7X2,n)~

Consider the attractor A, ., ., of the IFS @, ,, . = {Si | i € ninpmx (60,)(1’7“)(2’71)}. By the
construction, ®@,, ., satisfies the ROSC. If x3_4, < Xy, then choosing ¢ := go(n) > 0 such that
X3¢, + ~c0(n) < X¢, — ~c0(n) makes ®,, ,, -, a Lalley-Gatzouras carpet, and so

Finally, let ™% (20, X110, X2,0) = U, _ s
; , jer{” (

dimyg A > dimg An7m750(n)

Z”L Z’VL
pilog pi R > ¢;" log g;
iex{ntmx(Leg(n),X1,n,X2,n) JELL ™ (feo(n)xa,noX2,n)
= max
pilogris_g, > pilogrige,
e {nImor (Leg(n),X1,mx2,m) iextndm=(Leg(n),x1,n,X2,n)
b4 4
> g;" log g™
JET ™™ (Leg(n),x1,m:Xx2,m)
> pilogris_e,
iez{n}m'*(%Eo(n):XIJHXZ,n)
by Lemma [£.2]
1 E{n}m7€7l7* 1 X;([';Yn
0g Z # j (560(n)aX1,n7X2771) —tnen

JELE™ ™" (Leo(n),x1,m x2,m)

nngn T
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_ 2e9(n) log (#5™* (L e0(n), x1,0 X20))

n3m? 1og rmax (10g rmax — %so (n))

by (4.7)
1 s {mhmotn (1 Tog
0g Z # j (nEO(n)7X1,n7X2,n) "
Jer ™™ (Leg(n)x1mx2,n
>
nmxs—e,,n
1 Ago(n) m(1+xizemn)
og ((nCC ) ) 2e0(n) log #3
nMmxs—e,, .n 1n2m1og rmax (10g Fmax — %50 (n))
by (4.6)
(1+ Xt ) log(nCC= (™) 2e9(n) log #% - e B
> max D, (p) — st — < —b-e & Tmin
peP™ —nlog ryax n2m 10g Tmax (108 "max — 7€0(n))
> di A (1 + X;Z"n) 10g(ncé€o(n)) 2e0(n) log #X b *,,4::;2%
m — — —0-€e Tmin
- H —n10g rmax n2m10g rmax (10g max — %€O(Tl))
If X3—¢,n = Xe,n =t Xn then choose —logrmaxeo > 0 to be arbitrary, and so,
log #xtmdm (Lo vy
dimH A Z dlmH An,m,so = g# (n 10 X X )
nm(Xn + 550)
S log #X4M™* (Leg X1 0, X2.m) B golog #%
- nmxn n2mxn(Xn + = €0)
~ 2
3eo 1 by 21 cceo — T P
> max D, (p) — folog # T — og(n ) —hee "R
pEP™ n2m 108 Tmax (108 "max — 7 €0) —n10g rmax
~ 2
€0 7m759hm
> dimg A — 3egp log #X : B 2log(nCC*®?) . e
n2m IOg rmax(log Tmax — n 50) —-n IOg Tmax
as before. But
~ 2
3e0(n) log #5 2log(nCCe0 (™) — e R
lim lim £o(n) log # T + og(n ) +b-e Hlog? fmax L 0
n—oom—oo | n?m log Tmax(log Tmax — 5, €0 (n)) —n10g rmax

which completes the proof of Theorem Corollary [1.2] follows by Theorem [I.1] and Lemma

5 On the examples

Here we derive the claimed dimension values for Example and By Ngai and Wang |21, Theorem 2.9
and Nguyen [22], the coordinate projections satisfy the weak separation condition.

5.1 Derivation of Example
By Equation (4.62) from [3], we have the bijection

psGy s DI = {i: (ivin...in) € {1,2,3Y" | Vh = 1,...,n — 1 : ipiss 7e13}.
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For i € T{™, denote (#5{"})18:3 by R Then

Z (#E{n} log, 3 _ Z R = Z R + Z R + ni Z R;

ieri"? icier{™! icieri™ icieri™ k=1 jcier{™
in=1 in=3 in=2
in,—1:2
n—1 in—kp2=2
(n) (n) (n) In—k+172
ay " +ay + E Qg4
k=1
where the last line defined al(.") i € {0,1,...,n} in order. Let agn) := 0 for i > n, and denote a(™ :=

(aé")7 agn)’ aén), .. ) eRY. Let a = log, 3. Notice that

1
dimg(A) = lim {log3 ||a(n)||1}»
n n

— 00

where ||.||1 is the usual 1-norm of real sequences. The decomposition of a(™ may seem ad hoc, now we show

what it represents: if i € an} ends with 1 or 3, then the restriction, that 13 cannot occur, means that for
any j € {1,2,3} we have R;; = R;. On the other hand, if i ends with exactly ¢ 2s, then Ris = Ri3 = Ry,
but Ri; = ({4 1)* - Ry, since

P2Si22..221 = P2Si22..213 = P2Si22...133 = - - - = P25i13...333

while 5122,”221, 5122__,213, Si 22,1335+« Si 13...333 are l +1 different quCtiOHS, if in 122...221 the 1 in the
end was preceded by exactly £ 2s. Therefore

a’= > R= > R+ ZR+Z ' R

ieFén} IEF{”} iel, k=1 iEan}
S in=1 P
in=1 1n_1 i -3 1n=1
in—1=1 nol= in—1=2

lnflc.;l:Q

in— k72

Y gl 1)+Zk+1a (n-1)

(Jr 0 disguised as Z (k+ 1)~ 2111))_

k=n
Similarly,
o= 3 R= > R+ Y R+Z > R
ier{™ ier{™ ier{™ ier{™
in=3 zn—3 17173 zn73
in—1=1 in—1=3 fp—1=2
In—hp1=2
I k72
n—1 0
n—1 n—1) . . n—1
—O+a§ )—i-g a,(wr1 (+Odlsgulsedas E a,(cﬂ)).
k=1 k=n
Next
(n) _ R = (n— 1)+ (n—1)
ay " = Qg a; )
ier{™
in=2
172
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while for j € {3,...,n}:

a;”) = Z R, = Z R; —a(" 1).

ier{™ ier{r—1
Zn72 in_1=2
in—1=2 ip_2=2
in—ji2=2 zn_J+2_2
Tn— j+1?é2 7;”7j+1¢2
From these, we conclude that
™ =La™ Y =... =L"(1,1,1,0,0,...) = L""1(0,1,0,...)

where we define the operator L : RY — RY as

2¢ 3% 4% ¢

=

I
SO O = O
O OO ==
OO = O
o= OO
_—0 o O -
oo o

Lemma 5.1. There exists a unique \* € (1,00) such that there is a € RY with positive entries, ag, a1, as >

1 and with La = X*a. Furthermore

e 2
T

Proof: Let a € RY be such that
Z k%ap < oo.
k=2

Suppose La = Aa, A € (1,00), then

Vk>3: Map=Lap =ar_1 = ar=\>"Fay

and
)\al:La1:a1+iak:a1+i)\2_ka2:a1+a2 A
A—1
k=2 k=2
s = 7>\
al—ag(/\_l)2.
Finally
)\ao—Lao—ao—l—al—i—Zk"‘ k—ao-i-ag +Zka)\2 kg
k=2
= a :L< ZkaAQ k)
T N1
and )
Aaz = Laz = ag + a1, a1=a2(/\_1)2
implies that
1 A > A 2?2
)\:7(7 ko‘)\%k) EONZF 4 7.
A1 (A-1)2+kZ:2 T _12 EE)E

(5.1)

(5.2)



On X € (1,00) the left-hand side of (5.2) strictly increases from 1 to co continuously, while the right-hand
size decreases continuously from oo to 0, proving that (5.2)) is solved by a unique A\* on (1,00). Hence,
choosing as sufficiently large, the claim on the existence of La = A\*a also follows. |

Lemma 5.2. 1log la™]; — log \*.

Proof: Let M € NT, define Ly, : RM — RM as (L o proj,, )| am, where proj,, is the projection of RY
to the subspace spanned by the first M coordinates. Then Lj; can be represented as the non-negative,
irreducible aperiodic, M by M matrix:

1120 3% .. (M—2)* (M—1)"]
01 1 1 - 1 1
11 0 0 - 0 0
Ly=|00 1 0 - 0 0
00 0 0 -- 0 0
00 0 0 - 1 0 |

By the Perron-Frobenius Theorem, there exists a unique Ap; > 0 such that lim,, .~ % log [|L7Y,v]l1 = log Anms

for any 0 # v € RM with non-negative entries, and there is a v* € RM with positive entries such that
Lyv* = Apv*. Therefore, with computations similar to (5.1)—(5.2) we have:

VE € [3,M —1]: Iyvi=vj_, = vf=\ 0}

)\Mvi‘:vf+21);:vf+z)\2 oy = 01_02/\ _12)‘2k

Finally
M—1 1 M—1 | Mo
Amvy = vy + 07 + Z kv, = o) = <72 Z AR k")ﬁ\;’ﬁv;
k=2 (A —1)? = Av =1
and
| M
Apvy =05 +vy, v =0l PN
v —1
k=2
implies that
_ 1 * * 2—k ay2— k
Au = — (v +07) = Gor 17 Z Mt s Z kN2 (5.3)

2

From ) and we have that limps oo Aas = A*, and || L™~ la(l)Hl > LA a™M ]|y follows induc-
tlvely on n, rememberlng that all entries of a(*) are non-negative. Whence

hmlnf 10g||L” LaM |y > log Ayy — log A*. (5.4)

Finally let a € RY be such that La = A*a, ag,a1,as > 1 and the rest of the entries of a are positive. Then

IL"a®y < L alh = (A7) lall

hence
lim sup — log L L@, < log A\*
n—oo
which, along with ([5.4]), proves the statement. O

Then dimg(A) = log)‘ follows by Corollary |1 , Lemma |5.1{ and Lemma
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5.2 Derivation of Example

Remark 5.3. The dimension defining structure of A is bipartite:

e It has exact overlaps on all levels after 1, but these are generated only by 2 equalities: S14 = So1
and 524 = 531.

e po(A) has additional exact overlaps, generated by the equality: ps(Ss4) = p2(Sa1).
Now for Theorem to be applied, it is enough to compute the quantities

log (#02(G,)), - log (#Gu).

For the growth rate of G,, and p2(G,,), we notice that the cylinders form two types of objects: a disjoint
cylinder square, and the 3 overlapping ones, building some kind of stair. Call these two constellations type
1 and type 2. Now we can see that a type produces after one iteration exactly one type 1 and a type 2,
while a type 2 gives rise in the next level to a type 1 and 3 type 2. Hence,

1 10"N
#G, = [1 0] [1 3] M .
where the left vector is for the initial square, and the right vector finally decomposes the constellations into
not entirely overlapping nth level cylinders. Therefore, by the Perron-Frobenius Theorem %log (#Gn) is

log(\), where ) is the largest eigenvalue, 2 + /2 of the matrix in the middle. For ps(G,,) recognise that
#P2(Gn) =3 - #p2(Gp-1) + 1, p2(Go) =1 = p2(Gy) = Z3i
i=0
and hence 1 log (#p2(G,)) = log3 (which agrees with the observation that ps(A) = [0,1], and hence
dimp(p2(A)) = 1, while ro = 1/3). We conclude that
1 {bg (#p2(Gn)) (1- loglraly , los (#Gu) }

dimp(A) = — lim —
imp (A) um log |2 log || log [r1|

n—oo N

_log3 (1 B 10g3) log(2 4 v/2)

= = 1.093295401221 . ..
log 3 log4 log 4

For the Hausdorff dimension we proceed similarly to the computation of Example We partition
>* into types: words of type 1 end with 1, words of type 2 end in 2, words of type 4 end with a 4, and
words of type 3-¢ end with ¢ consecutive 3-s.

Now, the transition can be described as an operator L : RN — RY, where, respecting the overlaps, we
avoid the combinations 14 and 31, and similar to Example we prohibit 41 in favour of 34.

10 0 0 0 0 O
11 1 1 1
2(1 3(1 4a 5a e}

1

D

=

Il
OO OO O
OO OO = =
[N eNeNell D
OO O = O
OO = OO
o= O OO
O O OO
oo o oo

Then the equation, Aa = La defines a system of equations for A and the elements of a. Expressing A we

obtain to the equation
oo

AA=D =2+ A+1)) (k—1)*(N)>*
k=3
if A > 1. This allow us to compute A\* numerically.
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